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Abstract. Let K be a compact, non-polar set in R™, m > 3 and let S;( (t) = {Bi (s) +y: 0<s <t,y € K} be Wiener sausages

associated to independent Brownian motions Bi,i=1,273 starting at 0. The expectation of volume of ﬂ?zl S% (t) with respect
to product measure is obtained in terms of the equilibrium measure of K in the limit of large 7.

Résumé. Soit K un ensemble compact, non-polaire dans R™ (m > 3) et soit S; (1) = {Bi (s)+y: 0<s <t,ye K} des saucisses

de Wiener associées 2 des processus Browniens indépendants B, i = 1,2, 3 initalisés 2 0. L’espérance des volumes de ﬂ?:1 S lK ()
par rapport a la mesure produit est obtenue en termes de la mesure d’équilibre de K lorsque ¢ tend vers 1’infini.

MSC: 35K20; 60J65; 60J45
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1. Introduction

Let K be a compact, non-polar set in Euclidean space R™ (m = 2,3,...), and let (B(s),s > 0; P, x € R™) be
Brownian motion associated to the parabolic operator —A + %. The Wiener sausage associated to K, and generated
by B up to time ¢ is the random set Sk (¢) defined by

SK(t)z{B(s)+y: 0§s§t,yeK}.

Its volume, denoted by |Sk (¢)|, is a simple example of a non-Markovian functional of Brownian motion. It plays a
key role in the study of stochastic phenomena like trapping in random media, random Schrodinger operators, and
diffusion of matter [15]. The expectation of | Sk (¢)| has been the subject of extensive investigation. Spitzer [14], Le
Gall [8-10] and Port [12] analyzed its asymptotic behaviour for large ¢, while van den Berg and Le Gall [17] initiated
the study of the asymptotic behaviour for small ¢. See in particular Chapter 2 of [3] for an up to date account of the
small # behaviour in the more general setting of a Riemannian manifold.

Let S}Q (t),i =1,...,n denote Wiener sausages associated to compact, non-polar sets K;,i = 1,...,n, and gen-
erated by independent Brownian motions B',i = 1,...,n respectively. The random set N, Sﬁ(l_ (t) shows up in
numerous places in the physical sciences. In quantum field theory one is interested in estimates for the probability
that this random set is empty, in particular in the case n =2, m =4, and K| = --- = K,, = K [1,2]. The phenomenon
of loop condensation [6] for the intersection of n independent random walks on Z™ (or Wiener sausages in R™) with
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n > m/(m — 2) initiated the study of the large deviations for the volume of intersection on the scale of their mean
[18] in the case where the K;’s are balls with equal radius. In polymer physics one wishes to obtain properties of the
volume of intersection in either the random walk approximation on Z? [7,11], or in the Brownian motion approxima-
tion in R3. Below we calculate the precise expected volume of intersection in the physically relevant cases m = 3, and
n =2, or n = 3. While we only consider identical polymers K| = - -- = K,, = K, and of equal length ¢, extensions can
easily be obtained to include expressions for the expected volume of § i(i (ajt),i =1,...,n, where the g;’s are strictly
positive and not all of them infinite. In the proofs of Theorems 1-3 below we will see that the physically relevant case
m = 3 is mathematically the most challenging yielding a non-trivial leading term.
Define for ¢ > 0 the expectation with respect to the product law by

Sk ® }

i=1
Letu:(R™ — K) x (0, 00) — R be the solution of

0
Au:a—b:, xeR" — K.t >0, (1)

Nn,m(t)=lE$®~--®IEg[

with initial condition

u(x;0)=0, xeR"-K, 2)
and boundary condition

ux;t)=1, xe€dK,t>0, 3)

where 0K is the boundary of K. Equations (1)—(3) are to be understood in the weak sense. (The pointwise limit in (3)
holds only at the regular points of 0K .) It is well known that the solution of (1)—(3) is given by

u(x; 1) =Py[Tx <t], 4)
where Tk is the first hitting time of K,
Tx =inf{s > 0: B(s) e K}. )

We adopt the usual convention in (5) that the infimum over the empty set equals +00. We extend u to all of R™ x
(0, 00) by putting u(x; 1) =1 on K x (0, 00). By Fubini’s theorem we have that

Ny (1) = f dx (P [Tk <11)". (6)
In the last paragraph of this section we will show that

Nojm(t) =2N1m(t) — Nim(21), 1 >0. @)
The asymptotic behaviour of N ,,(¢) as t — oo or t — 0 can then be read-off from the results obtained in [3,8,9,12,
14,17]. No such recursive formulae are known for n = 3, 4, . . .. In this paper we obtain the asymptotic bahaviour in the
case where n =3,m =3,4,..., and t — oo. The strong dimension dependence in our main results, Theorems 1-3
below, is directly related to the integrability properties of P,[Tx < oo] for large |x|. These integrability properties
improve as the dimension m increases. If m = 3,4, ..., then (Theorem 2 in [16])

n
tim N = [ ax(en @i =y ) <o ®)

if and only if n > m/(m — 2), where g denotes the equilibrium measure supported on K, and

em =47 2T ((m - 2)/2).
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Throughout the paper we denote the Newtonian capacity of K by
C(K) = pk (K).
Euler’s constant is denoted by y, Catalan’s constant is denoted by G, and

1/v/3 »
H:f (1+6%)" logh do. 9)
0

Theorem 1. Let m = 3. Then fort — oo
N33(t) =27'@n)72C(K)* logt

— (4m)72C(K)? / ik (dy)log|y| +2(4m) 3 2n — ny — 12G — 6H)C(K)?

+(4m ™ fR dx / / / sk (@AyDp (dy2) ek (dys) (b = yil ™ = yal ™ = 1x17%) b =y ™!
+3@m)"2C(K) T logt + Ot 1),
Theorem 2. Let m = 4. Then fort — 00
3
N34(t) = / dx(c4 / MK(dy)Ix—y|_2> —3@m)~*C(K)*t ogt
R4
+6(4m)tC(K)r! / f i (dyD g (dy2)log|yr — yal
+30@m) "4y —2 —log4 +1og3)C(K)3 1!
3
+ 3(4n)2/4dx<C4/uK(dy)|x — y|2) C(K)t~ ' +o((r™! 1ogt)2).
R

Theorem 3. Letm =5,6,7,.... Then fort — oo

3
Ny () = /R dx (cm / pk (dy)lx —y|2"“>

32" 3 (m — 27T ((m — 4)/2) C(K) / / wk (dyD ik @)yt — ya~e 2/

3
+6m =27 4m ) [ ar (cm [ i - y|2'") (-2
Rm

371@m) (124 = 2V3)C(K)* 124+ 0(t75/2), m=5,
+ 1271 @m)0C(K)} 3 logt +0(173), m =6,
o(r=m/2), m>17.
Define the last exit time of K by
LKzsup{s20: B(s)eK}, (10)

and Lx = +oo if the supremum is over the empty set. The law of Lk is given by (see [13,15])

t
PilLg <1] =/0 ds/w(dy)p(x,y; 9. (1n)
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where p(x, y;s),x e R", y e R", s > 0 is the transition density for Brownian motion (associated to —A + %) given
by

p(x, yis) = (drs) M/ 2P/ @s), (12)

In particular

P Lk <00l =P,[Tx < o0] = C;n/MK(d)’)|x —yPm. (13)

This reproves (8) by the monotone convergence theorem, (6) and (13).
The first step in the proofs of Theorems 1-3 is to substitute

P [Tk <t]=Py[Lg <t]+P[Tx <t < Lg] (14)

in (6), and to bound higher order contributions from terms involving e.g. (Py[Tx <t < L K])2. These bounds are
given in Proposition 4 below. The proof is deferred to Section 2. The asymptotic behaviour of me dx (P, [Lg <1])?
as t — oo is given in Propositions 6—8 below for dimensions m = 3, m =4, and m > 5 respectively. The correspond-
ing calculations are deferred to Sections 4—6 respectively. Finally, the asymptotic behaviour of me dx (Py[Lkx <
o0])?P,[Tx <t < Lk] as t — oo is given in Proposition 5. The proof relies on an application of the strong Markov
property at Tx and is deferred to Section 3.

Proposition 4. Let m =3,4,.... Define R, (t) by

N3, (1) =/ dx (Py[Lg < t])3 +3/ dx (Py[Lg < oo])sz[rk <t <Lgl+ Ru(1).

m

Then for t — 00
Ra(1) =0(t~1/3),
R4(r) =O(r*logt)
and form =5,6, ...
R () =0(t*™™).

Proposition 5. Letm =3,4,.... Then fort — 0o

(i) m=3
/w dx (Py[Lg < oo])zPX[TK <1< Lgl=@m)2C(KY P logt + 02,
(i) m=4
/R4 e (Pl <o) Pul T <1 < L] = (4 [1;4 dx (By[Lx < oel)’C(K)r ™ +0((r " log1)?),

(i) m=5,6, ...
/ dx (P [Lg < 00])’Py[Tk <1t < Li]

-1
= (4n)"”/2<% - 1) / dx (Py[Lg < 00])’C(K)™/2 1 O(1~™P2).
R4
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Proposition 6. Let m = 3. Then fort — oo
/RS dx (PelLg <11)’
=2"14m)2C(K)*logt — (4m) 2C(K)? / wk (dy)log|yl
+2@n) 2 Q2n — y — 126G — 6H)C(K)?
+@m~ /R dx f //MK(d)’l)MK(dy2)MK(d)’3)(|x =7 e =yl T = ) = sl
+0(:71/3).
Proposition 7. Let m = 4. Then for t — oo
/w dx (P[Lx <1])’ = /1;4dx(IP’x[LK <o0])’ =3@m*C(K) 1 logt
+6(41T)_4C(K)t_1//MK(dyl)MK(dyz) log|y1 — y2l
+3@m) "y —2—log4 +10g3)C(K)* ™! + O(t *logt).
Proposition 8. Letm =5,6,.... Then fort — oo
/m dx (P.[Lg <1])’
= / dx (P,[Lg < o0])’

302" — 27 T ((m — 4)/2)C(K) f / pk (dyD ik (dya) v — ya " -m2

371 dm) (12 + 1 = 243)C(K)3 72+ 0(t75/2), m=5,
+ 1 271 @m)~0C (k)33 logt +O(t73), m=6,
o(r=""2). m=17.

We conclude this Introduction with a short proof of (7). Let ¢ > 0, and let B'(s) = B(t + s) — B(t), and B"(s) =
B(t —s) — B(z) forevery s € [0, t]. Then B’ and B” are two independent Brownian motions on the time interval [0, ¢].
Let S (1) and S (t) respectively denote the corresponding Wiener sausages associated to K over the time interval
[0,¢]. Let Sg(¢,2t) = {B(s) + y: t <s <2t,y € K} be the Wiener sausage generated by B over the time interval
[z, 2]. By translation invariance of Lebesgue measure E[|Sk (1) N Sk (¢, 20)[]1 = E[|S) (1) N Sk (1)]1 = N2, (t). On the
other hand, N, (2t) = E[|Sk (20)[]1 = E[|Sk ()11 + E[|Sk (¢, 20)|1 — E[|Sk (t) N Sk (2, 20)]1 = 2N1 m (1) — Nom (1),
which is (7).

2. Proof of Proposition 4
To prove Proposition 4 we define Lx and Tk as in (10) and (5) respectively. Then
3 3 3 2
(Px[Tk <11)” = (Px[Lk <t]+Pc[Tx <t < Lgl)” = (Px[Lx <11)” +3(Pe[Lg <1t])Pu[Tk <t < Lg].
On the other hand, since P, [Tx <t < Lxg]=P,[Tx <t < Lg <o0] <Py[t < Lg < o0], we have that

Py[Lg <t](Px[Tk <t < LK])2 <P,[Lg < oo]P,[t < Lx < oo]P,[Tx <t < Lg]
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and

(Po[Tx <t < Lg])’ <Py[Lg < o00lPy[t < Lg < oo]P,[Tk <1 < Lg].
Hence

(PulTx <11)’ < (PelLk <11)’ +3(PelLk <1])’PulTx <1 < Lg]
+ 4P, [Lg < o0]Py[t < Lg < o0o]P, [Tk <t < Lg]

and

m

0 <R, (1) 54/ dxPy[Lg <oo]Py[t < Lx < o0]P,[Tx <t < Lg].

Lemma9. Letm =3,4,.... Then for x e Rt >0

—1

Proof. By (11) and (12)
o0
P.[t < Lg <c>o]=/ ds/uK(dy)p(x,y:S)
t

< / Vs f pk (dy) (dms) "2
t

By (15) and Lemma 9

-1
—1) (@n)"2C(K)Em2,

| 3

0<R,(t)<CEK)P ™2 | dxPy[Lx <oolP[Tx <1 < Lgl.
Rm
Le Gall showed that for m = 3 and t — oo (Lemma 2 in [8])

/ dxP,[Lg < o0o]P,[Tx <t < Lg]= (411:)_2C(K)3 +o(1),
R3

and that for m =4 and t — o0 ((9) in [8])

/ dxPy[Lg < 0o]Py[Tx <t < Lg]=2(@4m)"*C(K)*t~ (logt)(1 + o(1)).
]R4

5)

(16)

A7)

(18)

19)

(20)

Proposition 4 follows for m = 3 and m = 4 from (18)—(20). The proof of Proposition 4 for m > 5 relies on some
independent estimates ((32), Lemmas 10 and 14) which will be proved in Sections 3 and 4 below. By (15) and (32)

below we have that for r > 2T

Rn(t) <4C | dxP,[Lg < 0o]Py[t < Lx < 0o]Py [Tk < t]t@™/2
RIH

t—T
+4c<§ - 1)/ dxP,[Lg < 0o|Py[f < Lk <oo]/ dsPy[s < Tx < 1](t —s)""/?, (21)
m O
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where
m -1
C= (3 - 1) (4m)"™?C(K) (22)
and
T = C2/(m=2) (23)

By Lemma 9 we have that the first term in the right-hand side of (21) is bounded by

4ACC(K) | dx (P[Lg < o0])’r2".

Rm
To estimate the contribution from the second term in the right-hand side of (21) we consider the contributions from
[0,T],[T,t/2] and [t/2,t — T1] to the integral with respect to s. Since
T
f dsPls <Tx <11t —s) ™ <T@t — T)""*P,[Lx < 0]
0

we have by (17) that [0, T'] contributes at most

C(K)Z/ dx (P[Lg < 00])’T (1 — T)~"/>C=m/2 —o(s'-m).

To estimate the contribution from [T, /2] we note that
Pyls < Tx < 1](t — )2 < (1/2)7™/*P,[s < Lg < o0]. (24)

Hence [T, t/2] contributes, by (24), the first equality in (16) and Lemma 14 below, at most
m )2
4C(3—1)2m/2t_m/2/ dsf dxPy[Lg < o0]Py[t < Lg < o0]Py[s < Lg < 00]
T m
I/Z [e°] [ee] o0
=< C(K)4t_m/2f ds/ dS] / dsZ/ ds3 (S1S2 + 5053 + S3S1)_m/2
T 0 t s
/2 o0 00
=< C(K)4t—m/2/ ds/ d52/ ds3 (s + s3)—1(s2s3)(2—m)/2
T t s

4,—m/2 2 *© 2 [ 2-m)/2
<C(K)'t ds dsz s, ds3 55
T t T

S C(K)4T(4_m)/2t2_m.

To estimate the contribution from the interval [t /2, 1 — T'] we have, by Lemma 10 below, that

t—T
dx Py [Lx < 0o]Py[t < Lg < 00] dsPy[s < Tx < t](t —s)""/?
Rm t/2
t—T
<C; / dxP,[Lxg < 0o]Py[t < Lx < 00] ds s ™2 (1 — 5)m)/2
m t/2

t—T
<Ci(t/2)7"? | dxP,[Lx < oo]Py[t < Lg < oo]/ ds (t — 5)2=m/2

R oo

< C2FmM2TE=m2 [ qy P L < 0o]Py[t < Lgx < oo]t™"/2. (25)
Rm
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By the first equality in (16)

dxP[Lg < oo]Py[t < Lg < o0]

R
o0 o
:/R dX/MK(dyl)/ dsm(x,yl;m)/uK(dyz)/ dsz p(x, y25 52)
m 0 t

0 o0
://MK(dyl)MK(dyZ)/ dS]/ dsz p(y1, y2; 51+ 52) SC(K)21(4*"1)/2'
0 t

Hence (25) is O(z2~™).

3. Proof of Proposition 5

Letce R, r >0, and let B(c;r) ={x: |x —c| <r}, Re =inf{r > 0: K C B(c;r)}, and let R = inf{R,: ¢ € R"}.
Without loss of generality we may assume that the infimum in the latter is attained at the origin.

The main ingredient in the proof of Proposition 5 is to use the strong Markov property for P, [Tx <t < Lk] at the
stopping time Tk . So

P Tk <t < Lg]= EX{I{TKSI}PB(TK)U —Tx <Lk < OO]} (26)

For any z € K and y € K, we have that |y — z|] <2R. Hence

o0

IP’Z[t—s<LK<oo]=/

t—s

dr (4mr) "2 / i (dyye =2 /60
o0 2

> / dr (4nr) " / sk dy)e K71
t

-1
B (% - 1) (4m) 2O (K )e /1 2m2, @7

It follows that

/ dx (Py[Lk < o00])’P,[Tx <t < Lg]

m

-1
> (% - 1) (4n)—’"/2C(K)e—R2/fz<2—m>/2f dx (P[Lg < 00])*P,[Tx <1]. (28)
To prove the lower bound in Proposition 5 for m > 5 we note that
Py [Tk <t]=P:[Lx <o00o] —Py[t < Lx < o0]. (29)

Hence for m > 5 we have, by Lemma 9, that

/ dx (P,[Lg < 00])°Py[ Tk <1] z/ dx (P,[Lk < o0])’ — C(K)t@*mW/ dx (P[Lg < o0])’.

]Rm

m

We conclude that for m > 5 the left-hand side of (28) is bounded from below by

-1
<% —~ 1) (47()””/2C(K)/ dx (PL[Lg < 00])’1@™/2 L o(:—72).
Rm
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To prove the lower bound in Proposition 5 for m = 4 we note that by (28), (29)
/ dx (P,[Lg < 00])’P.[Tk <1 < Lg]
R4

> (47)2C(K)e /14! /

dx (P [Lg < o0])’ — C(K)t_I/ dx (P [Lg < 00])’P.lt < Li < ocl.
R4 4

R
Lemma 15 in Section 5 implies that
/R4 dx (]P’X[LK < oo])ZIP’X[t <Lg <o0]= O(t_l logt).
We conclude that for m = 4 the left-hand side of (28) is bounded from below by
(41)~2C(K) Ay dx (P[Lg < o00])’ 171 +0(1 2 log1).

Finally for m = 3 we have that the left-hand side of (28) is bounded from below by

2(4n)*3/ZC(K)e*R2/ff1/2/

dx (P[Lg < 00])’P.[Lg <1].
R3

Lemma 12 in Section 4 implies that
/ dx (P[Lg < oo])ZIP’x[LK <11=2""4m)2C(K)  logt + O(1). (30)
R3

We conclude that for m = 3 the left-hand side of (28) is bounded from below by
@) 2K 10gt +0(7173).

This completes the proof of the lower bound in Proposition 5.
To prove the upper bound in Proposition 5 we note that by the first equality in (27)

-1
P.[f —s < Lx <00] < (% — 1) @)~ (C(K)(t — )P AT). (31)
By (26), (31) and the identity (1 — Tx)?™/2 = C=m/2 4 2=1(n —2) fOTK ds (r — s)7™/? it follows that
m t—T
P.[Tx <t < Lx] < CP,[Tx < t]t@™/? 4 C(E - 1) / dsP.[s < Tx <t](t —s)"™/2, (32)
0
where C and T are given by (22) and (23) respectively. For m > 4 we have, by (32), that
f dx (P[Lg < 00])’P.[Tk <1 < Lg]
<C / dx (Py[Lg < o0])’1@=m/2 (33)
5 t—T
+C(K) | dx(Px[Lk <o0]) / dsPyls < Tx <1t1(t —s)~™/2.
0

Rm

The first term in the right-hand side of (33) jibes with the leading term in Proposition 5 (for m > 4). To estimate the
second term in the right-hand side of (33) we need the following lemma.
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Lemma 10. Let m > 3, and let T be given by (23). There exists a constant Cy depending on K only such that for all
s<t—T and x € R"

Pols < Tk <t]1<Cis™™?*@1 — ).

Proof. By the Markov property at s we have that

Pyls < Tg < 1] =/ dy pre g (x,y; )Py [Tk <t — 5]

< / dy px, v P, [Tk <1 —s] < (@d7s) 2Ny m(t — 5), (34)

where prm_g (x,y;s5),x € R",y € R, s > 0 is the transition density with killing on K. Since N, () = C(K)t +
o(t) as t — oo we have that there exists 77 such that ¢+ > 77 implies Ny ,,(t) <2C(K)t. Let T > 0 be arbitrary. If
T > T then Ny ,(t) <2C(K)tforallt > T.If T < Ty and T <t < T then we have by monotonicity of t — Ny ,, ()
that Ny (t) < N1,n(T1) <2C(K)T1 < (2C(K)T1/T)t. Hence forall t > T

T
Niw(®) < 2C<K)(?‘ v 1):, (35)
and the lemma holds with
—m/2 T
Ci=2(4mn) C(K) T v1). (36)
O

To complete the proof of Proposition 5 for m > 5 we estimate the second term in the right-hand side of (33) as
follows. The contribution from s € [0, T'] to the integral is bounded by T (¢ — T)"™/2C(K) me dx (Py[Lg < o0])? =
O(:~™/2). The contribution from s € [T, ¢ /2] is bounded, using (16), by

12
C(K) | dx(PilLk < oo])z/ dsPy[s < Lg < 00](t — 5)~"/2
Rm T

t/2
50(1{)2[ dx (Pe[Lk <oo])2/ dss@mR2 ¢ — )72 = 0(r7m/?),
m T

while the contribution from s € [¢/2,t — T] is bounded, using Lemma 10, by

t—=T
dx (Py[Lk < oo])Z/ dss™"2(t — 5)FM/2 = 0(r/?).
/2

C(K)le

m

This completes the proof of Proposition 5 for m > 5.

To complete the proof of Proposition 5 for m = 4 we note that Lemma 10 cannot be used to estimate the integral
in (33) since fR4 dx (Py[Lx < oo])?is divergent. Instead we will use the first inequality in (34). First we note that by
(16),Py[s < Tg <t]<Py[s < Lg <00] < C(K)sfl. Hence

/ dx (Py[Lk < oo])sz[s < Tk <t1<|B(0;2R)|C(K)s~". 37)
B(0;2R)

Furthermore for |x| > 2R and y € K we have that |x — y|> > (|x| — R)? > |x|?/4. Since K C B(0; R) we have that

/ dx (]P’X[LK < oo])z]P’x[s < Lg < o0]
{|x|>2R}

S/{l ‘ 2R}dx(Px[LB(0;R)<oo])2/ d‘c//,LK(dy)p(x,y; 7) @)
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R\* [ ,
< C(K)/ dx (1 A —) / dr (4mr) 2~ I/016)
{Ix|>2R) lxI /) Js

<C(K)R*@8s)™! foo dop=3(1— e_pz) < C(K)R*s™'(log(R™%s5) v 1).
R/(Q25)
By (37) and (38)
/ dx (P [Lg < 00])’P.[s < Tx < 1] < Cas™" <1og<iz> v 1) (39)
R4 R

for some C, depending on K only. First of all

T
/ ds/ dx (P [Lg < 00])’Pols < Tx <t11(t —s) 2 <T(t — T)*2/ dx (P[Lg < o0])’ =0(72).
0 R4 R4

By (39)

t/2
/ ds/ dx (Py[Lk < o0])’Puls < Tk <11(t —s) >
T R*

12
< 4t_2C2/ dss! (log(%) v 1> =0((r™! logt)z).
. R

To estimate the contribution from s € [¢/2, t — T'] we have by the first inequality in (34) and Fubini’s theorem that
—T

/ dx(IPx[LK <oo])2/ dsPy[s < Tg <t](t—s)_2
R4 t/2

t—T
5/ ds/ dyP,[Tx <z—s](t—s)*2f dx (Py[Lk <oo])2(4ns)*2e*'H'2/<4s>
/2 R4 R4

t—T
< (2m)—2/ ds/ dyP,[Tx <t—s](t—s)_2/ dx (Py[Lgo: r) <oo])2e_|x_y|2/(4’). (40)
t/2 R4 R4

By the Hardy-Littlewood rearrangement inequality [5] and (35), (36) we have that the right-hand side of (40) is
bounded by

t—T
(2m)’2/ ds/ dyPy[Tk <t—s](¢—s)*2/ dx (Pe[Lo:r) <oo])2e*'”2/<4’>
/2 R# R*

t—T

c 00 R\*
< —12 ds (t — )~ / dp ,03(1 A —) e=PH/@n — o((r™ logt)z).
2t2 Jip 0 o

This completes the proof of Proposition 5 for m = 4.
Finally we prove the upper bound in Proposition 5 for m = 3. By (22)

C t—T
Py [Tk <t <Lg]<C(Pi[Lx <t1+P[Tx <t <Lgl)t™ "%+ 5/ dsPy[s < Tx < 1](t —s)"3/2.
0

It follows that for t > 27T) Vv (4C2)

t—T
P[Tx <t < Lgl<Ct 2(1+2Ct7 2Py [Lg < 1]+ C/ dsPy[s < Tx <t1(t —s) /2.
0



324 M. van den Berg

By (30) we conclude that

/ dx (P,[Lg < 00l)’P,[Tk <1 < Lg]
R3

< @) 2K 10gt +0(r71?)
+C/ dx/ s (Pe[Lk < oo]) s < Tk <t]@t — )72,
R3
By the first inequality in (34) we have that the second term in the right-hand side of (41) is bounded by
— T
e[ ax [ asudnon <o) / dy pCe, v O Ty <1 = 51t — )2

Let 1/2 <a < 1. Since Py [L (0. p) < 00] < and p(x;y;s) <s@@=3I/2|x — y|72* we have that

2 _ _ _
/de (P<[Lp.r) <00l) plx,yis) < R2s2*=3/2 /M dx [x| 72 |x — y| 7>

(41)

(42)

(43)

The integral in the right-hand side of (43) converges for 1/2 < o < 3/2. By scaling there exists C3 depending on «

only such that
[ st 2 =y = calyp
R3
By (43), (44) and Fubini’s theorem we obtain that (42) is bounded by
—T
CC3R2/ dss@e=I72( — s)_3/2/ dy [y 72 Py [T ) <t — s].
0 R3
Lemma 11. Let 1/2 < o < 1. There exists C4 < 00 depending on o« and R such that fors <t — T
/ dy |y]' 2Py [Ty < — 51 < Ca(t —5)C720/2,
R3 i
Proof. By p. 392 in [8], we have that for |y| > R
P ld 4 2R(1y] — —1o=(Iy|—R)?/(47)
y[Tgo;r) <t]= T (4mt ) R(lyl = R)ly|"'e .
Hence for |y| > 2R
! —-1/2 2
Py[TB(O;R) <t] < R/ dr (47[1’3) e_ly‘ /(16t).
0
It follows that
1—s
/ dy |y|1_2a]py[TB(0;R) <t— S] S Rf df (4]_[1_3)—1/2/ dy |y|l—2ae_|y|2/(l6‘f)
{Iy1>2R) 0 R3

S RCS(I _ s)(3720[)/2

for some constant C5 depending on « only. Furthermore for 1/2 <o <lands <t —T

/ dy [y 2Py [Tposr) < 7 = 5] < f dyly'2 <2m@RFRT IR —5)C20,
{lyI<2R}

{Iyl<2R}

(44)

(45)

(46)

(47)
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The lemma follows by (46) and (47). O

Finally, by Lemma 11 we have that (45) is bounded by

CC3C4R? f
0

r—

T
dss@ I — )= =0(t7'/?).
This completes the proof of Proposition 5.

4. Proof of Proposition 6
To prove Proposition 6 we write

(PolLk < 1)’ = (P[Lg < 00])’P,[Lg <1]
—2P,[Lx <o0]P,[Lg <t]Py[t < Lg < o0]
+ (Polr < Lk < 00])’PulLk <1].

Lemma 12. Let m = 3. Then for t — 0o
/ dx (P,[Lg < 00])’P.[Lg <1]
R3
=27'@4m 2C(K) logr — (4m) *C(K)? / px(dy)loglyl +27 (40722 - y)C(K)?
wm ™ [ ax [ [ [y @ @m (=i~ =l = -l
+0(:713).
Proof.
/ dx (P,[Lg < 00])’P.[Lg <1]
R3
t
= /R (dx / f f @y @y (dys) (dalx = i) (@l = al) ™ /0 ds (d4ms) /2ol 40
= [ ax [ [ [ nst@mr @@ @m = (s =i =l =61yl
= [Lax [ [ [ ux@rou @@ @ (e ==l = 1517
y / % ds (dos) -2/ 49)
1

t
+ (4m)T2C(K)? / 1k (dys) / ,dx |72 / ds (d7us) 32 P /A9) . A 4 As + As. (48)
R 0

By a change of variables we have that A, equals
—(m)~2 /R d [ / / sk (dyn) e (@y2)pek (dys) (b +y3 = 3117+ 33 = 32l ™1 = e+ 33 7)

o0 2
« / ds (d7s)~3/2e—lxP/@s). (49)
t
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The contribution from the set {|x| < 3R} to the integral in (49) is bounded by

2 [ 32 1P /ds
/ dx/uK(dy3)(IP’x+y3[LK <oo]) / ds (47us) 73/ 2e X1/ G)
{Ix|<3R}

t

o0
+ @n)"2C(K)? / dx / i dy3)|x + 3|72 / ds (41us) =32 Ix12/(s) (50)
{lx|<3R} t

The first term in (50) is bounded by C(K)|B(0; 3R)|t~'/2. The second term in (50) is bounded, using (16), by

o0
dx |x + y3|72/ ds (4ns)73/2e*|x|2/(4s)
[x+y3|<4R} t

4m)2C(K? / pk (dy3) /{
<C(K)3Rt™1/2. (51)

To estimate the contribution from the set {|x| > 3R} to the integral in (49) we note that for y; € R3, lyil <R,i=1,2,3
and |x| > 3R

x-(y1+y2)

T +0(]x|™), (52)

x4+y3 =yl 3=yl = s 7=

with uniform remainder. The contribution from the O(|x|~%) term in (52) is, using (16), o=V, By spherical
symmetry we have that for all y;, y» € K

. o0
/ dx M ds (4ms) 32 IW1P/G9) — 0, (53)
{Ix|>3R) x| t

Putting (49)—(53) together we obtain that A, = o=V,
In order to compute the asymptotic behaviour of A3 as t — oo we use spherical coordinates to calculate that

00 .
/ dx |x|—2e—|x—y3|2/(4s) — Sﬂe_‘mﬁ/(%)/‘ dp Slnhpe—spz/\yﬂz. ”
R3 |Y3| 0 0

Hence (putting y3 = y)
t 8 [ee]
Ay = (@A) 2C(K)? / 1k (dy) / ds (4ns)*3/2%e*'ylz/<4s> f dp e’/
0 y 0
o0 8 o0
+ (@4m)2C(KY? / ik (dy) f ds ) #2TebE/ / dp(
0 y 0

- (4n)_2C(K)2/HK(dy)/Oods (4ns)_3/28|i|se_|~"‘2/(4s) /Oodp (Sinh'o - 1>e_“’2/y|2
t y 0 o

= A4+ As + Ae. (55)

Sll‘lhp . 1>esp2/y|2
P

The absolute value of Ag is bounded, for ¢ > R2, by

C(K)Z/MK(dy)lyl_lf dss_l/Q/ dp(sm P _ 1>e—mz/|y2
t 0 Iy

o o 3 h
<2C(K)? / i (dy)lyl 7'V /1 do fo dp(s‘“pp —1>e—"’2”2/'y2

o0 sinh p 1 2,
szc<K)2/uK<dy>|y|r”2/0 dp( ; —1)”76: 11
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< 2C(K)3Rt_1/2/00dp (sinhp 3 l)p_ze‘f/’z/Rz
0 Y

< 2C(K)3Rt_l/2/ dp (Sm pL_ 1),0_26_'02. (56)
0 1Y
To calculate As we use 3.471.15 in [4] to obtain that

/ % ds s~ 12e-/ts—sp iy _ 1721 57)
0 P

Hence, by the expression for As in (55), and (56)—(57) we conclude that

ArqmwﬂaKffwm<“?p—Qp*€ﬂ=mmﬂa—kgmaKﬁ. (58)
0

For A4, defined in (55), we use 8.211.1 and 8.214.1 in [4] to obtain that

o
Ay = 2*1(4n)*ZC(K)2/MK(dy) dss'e™s
2/ (41)
t
=2"14n)2C(K)? / i (dy) 1og(m> +27'@m)2C(K) (log4 — y) +O(t ™), (59)
y
where y is Euler’s constant. The lemma follows by (48)—(59). O

Lemma 13. Let m = 3. Then for t — oo

/R3 dxP.[Lg <t]P,[t <Lk < oo](IPx[t < Lg <00] —2P,[Lg < oo])

=-3n"'@m) 722G + H)C(K)* +O(t7'/?), (60)
where G is Catalan’s constant, and H is the constant defined in (9).
Before we give the proof of (60) we state the following.

Lemma 14. Fory; e R",5; >0,i=1,2,3,

A@m dx p(x, yi; s1)p(x, 25 52) p(x, ¥33 83) = (470) " (5152 + 5253 + s351) "/ 7 COTI2 I8 (61)
where the quadratic form Q is given by

1 2
oy ¥
ST S 83

2
T b=

62
4dsq 45y 4s3 (62)

1/1 1 1\!
OOyi, y2, y3:81,82,83) = —| —+ — + —
4 S1 2 $3
Moreover, Q is negative semi-definite.

Proof. A straightforward calculation of the Gaussian integral in the left-hand side of (61) yields (61) and (62).
01, ¥2, ¥3; 81, 52, 83) < 0 by Jensen’s inequality. O

Proof of Lemma 13. By Lemma 14 and (11) we have that the left-hand side of (60) equals

t o0 o0 t
—(4Tr)_3/ dS1/ dsy (/ dS3+/ dS3>(S1S2+szS3 + 5351) /2
0 t 0 0

x / / / p (dyn) g (dyp)pg (dys)e@0mzaionass), (63)
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Since Q < 0 we have that (63) is bounded from below by

t o0 [ee] t
—(@4m) 3 C(K)? [ ds / dsy < / dss + / ds3>(S132+3253+S3S1)_3/2- (64)
0 t 0 0

On the other hand, for yi, y2, y3 € K

1 1 1
01, y2, ¥3; 51,52, 83) = —R? +—+—, (65)
4s1 4sy  4s3

and so (63) is bounded from above by
t o0 [oe] t
—(47()73(;(1()3/ dsq / dso (/ ds3 +/ dS3) (5182 + 5253 + 5351) >/
0 t 0 0
t o0 o 5
+ 2(4n)_3C(K)3f ds / dsz/ dsz (1 — e R /@sH/ @)@ (5155 + 5753 + 5351) /2. (66)
0 ' 0
Changing variables s; — ¢ /sl.z, i =1, 2,3 we obtain that the second term in (66) is bounded by
24 (4m)~ 3C(K)3/ ds1/ dS2/ dS3 R2(312+S%+s%)/(4’))(sl2 —l—sg +s32)_3/2
<2'4m) (k) / / sy ds; / sy (1 — = RCHFHD/a0) (2 | 2 | 2)=32
0

:(4n)*2C(K)3/ ds/ d,o,o73/2(1 —efRzp/(‘”))

0 52
oo

< (4n)_2C(K)3/ dp p~ 32 (1 — e FoPIE0) = o(1~1/2).
0

It remains to calculate the multiple integral (64). Changing variables s; — ts;,i = 1, 2, 3, and integrating with respect
to s3 gives that (64) equals

2 1
—(A) 3 C(K / ds / ds < - )
(4m) " C(K) 1 s+ \ G2 (5182 + 51 +52)12

Furthermore,

[ee) 1 4 1 o0 _1 1
/ dSz/ dsq —— 5 = 8/ dszsz_l arctans, = 16[ ds s arctans = 16G,
1 0 s1+ 52 (s152)1/ 1 0

by 4.531.1 in [4], and

/ q / q 1 1 2/1ds . s
s s = — arctan ———,
0 : 1 ? s1+ 82 (s152 + 51+ 52)1/2 0 (2s +D1/2

by 2.224.5 in [4]. A change of variables s = (2s + 1)]/2 tan@ gives that

1 ds s m/2 do m/2 ] n/3 0
2| —arctan ———p =T — =2 —do+3 —do:=J + Jo + J5.
0o S 2s + D/ x/3 sinf o sind o siné

Finally,

T /2 0 n/4
Ji = ) log 3, Jr= 2f log<tan —) do = 4/ log(tan6) d6 = —4G,
0
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by 4.227.2 in [4], and
T
J3=——log3 —6H.
2
We conclude that the multiple integral in (64) equals =37~ (47) "2(H 4+ 2G)C(K)>. O

The proof of Proposition 6 follows by Lemmas 12 and 13.

5. Proof of Proposition 7
To prove Proposition 7 we write
(PulLx <11)’ = (PilLi < 00])® = 3(Pel[Lk < 00])*Pylt < Lk < 0]
+3P[Lg < 00](Pylr < Lx < 00])’ — (Pylt < L < o00l)’. (67)
Lemma 15. Let m = 4. Then for t — 0o
A.y dx (]P’X[LK < oo])ZIP’X[t < Lg < 0]

1 1
= @2 4w iom)- / / jk (dyn) p (dy2) log ————
t t |y1 — ¥z
+ @2 +logd —y)Em)~*C(K)} 7 +0(r logt). (68)

Proof. Denote the left-hand side of (68) by /. Then
o
I = / dx (Py[Lg < oo])2 / i (dy) f ds (4ms) " 2e~ Y1/ @9 (69)
R4 t

We will show that we may replace e~ —yP/Gs) by e~/ ip (69) at a cost of a remainder O(z 2 log ). Since

2 214,12
eleyan (1L XY DI cevpran < gmean (4 20 KEDE Gayes)
2s 4s )~ - 2s 8s2 '

we have to show that R; = O(+ 2 logt),i =1,2,3, where

2 > —2 —Ix]2/as) X " Y
Ri= [ dx(Pi[Lg <o0l)” | uk(dy) ds (4ms) e -,
R4 t 2S

2 * 2 et 1
Ro= [ ax@idix <00’ [uxtay) [ asno) e 2L
t

2 o0 2 2 /(4 2 |x|2|y|2
R3=/4dx (Pr[Lk < o0]) /uk(dy)/ ds (4ms) "2 I/ @FIlyI/C S)sT' (70)
R t

First we note that

CK) \*\ [~ o P Xy
Rl:f;&“d.x ((Px[LK <OO])2_ <4n2|x|2> )[ dS(4T[S) 26 | ‘/(4)/MK(dy)7, (71)

C(K) \? [ :
/ dx [ EE) / ds (47s) e~ XIP/49) / wrdn=2 —o, (72)
R4 4m2|x|? P 2s

since
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by spherical symmetry. The absolute value of contribution from {|x| < 2R} to the integral in (71) is bounded by

CK) \*\ [®. o
/{x|<2R}dx <1+(4T[2|X|2> )/t dss |x|/MK(dy)|y|_O(t ) (73)

In order to estimate the absolute value of the contribution of {|x| > 2R} we need some bounds on P, [Lx < co]. We
state these for m > 3. Since

Py[Lk < 00] — cuC(K) x| =cp / i (dy)(Jx — y27" =[x 27, (74)
and ||x — y|>™" — |x|>7™| < (m — 2)|y|max{|x — y|'™", |x|'~™} we have that

|Py[Lg < 00l — cnC(K)|x[*™"| < cp(m — z)/uK<dy>|y|max{|x — (75)
On the set {|x| > 2R > 2|y|} we have that |[x — y| > |x|/2. Hence by (75)

IPy[Lg < 00l — enC(K) x> < cn2™ " (m — 2)C(K)R|x|' ™. (76)
Similarly for |x| > 2R

Py[Lg < 00] < 2™ 2C(K)|x >, (77)

The contribution from {|x| > 2R} to the absolute value of the integral in (71) is bounded, up to a numerical factor, by

o
C(K)3R2/ dx |x|_4/ ds s 3e~ ¥/ Gs)
{lx|>2R} t

< C(K)3R2/ dx x|~ (72 A 16]x|7*) = O(r " log1). (78)
{Ix|>2R)

By (71)-(78) we conclude that R = o2 logt). To bound the absolute value of R, we have that the contribution of
{|x] < 2R} is bounded by

/ dx//ug(dy)|y|2/oods (4ms) 2 (4s)” = 0(172). (79)
{|x|<2R} t

The contribution from {|x| > 2R} is bounded, using (77), up to a numerical factor, by

C(K)\? %
/ dx <—( 2)) / ek (dy)lyl? / ds s Fe Tk P/
(Ix|>2R)} | x| '

< C(K)3R2/

o0
dx |x|_4/ ds s 3e— K1/ =0(:*logt), 0
{lx|>2R} !

where we have used (78). So Ry = O(r~2 logt) by (79) and (80). The contribution from {|x| < 3R} to the integral in
(70) is bounded by O(r~3). On {|x| > 3R} we have that |y| < R < |x|/3. Hence e~ X2/ @)+IxlIyl/2s) < e~ xIP/(129),
Hence

* 2 x| y]?
/ dx (Py[Lk <oo])2/,”<(dy)/ ds (47us) "2 K12/ @) F1xllyl/2s) Y
{Ix|>3R} '

8s2
C(K)\? o0
{Ix|>3R) x| p

o0
§C(K)3R2/ dss*“/ dx [x|2e—¥2/(129) =0(r72).
t {|x|>3R}




Intersection of three independent Wiener sausages 331

We conclude that R3 = O(z~2), and that for  — 0o

o0
I = / dx (P,[Lg < ocl) / i (dy) / ds (47s) 2 /49 L 0 (r 2 1og1)
R4 t

2
= (@) / dx P, [Lg < oo]lx| (1 — e II/40)
R4

472

C(K)

S0y CK) . ay i
a2 /IR4dXPX[LX<OO]<Px[LK <OO]_W>|)C| 2(1—6 x| /(4t))+o(t 210gt)

=L+ 5L+ O(t_2 log?).

By (11) and Lemma 14 we have that

I = /R Kt / / / sk (dyD ik (dy2) ik (dys) /0 ds, fO ds / ds3 p(x. yi: s p(x, 0: 52) p(x. 0; 53)
t
= @4m~* / / / ek (dyn ek (dy2) i (dys)

o o0 o
X / dslf dsz/ ds3 (5152 + $253 + s351) 2 Q010.0:51,52,53) 81
0 0 t

where we have used Fubini’s theorem and the definition of Q in (62). In order to evaluate the multiple integral we
note that

. 0 2
(5152 + 5253 + 5351) " 2e2010.0:51,52,83) 4|y, |72(s2 + S3)—2a_s16—|y1| (s2+53)/ (4(s152+5253+8351)) (82)

Putting (81) and (82) together we obtain that

o0 o0
— — — —_ Vi 2
I =4@n)*C(K)? / pr (dyDlyi| ™2 / ds> / ds3 (52 +53) 72(1 — e~ 171/ Es2)F1/@s3)) | (83)
0 t
An integration by parts with respect to s» yields

o
/ dsp (52 + 53)"2(1 — e~ P/ s41/52))
0

o
=57 (1 — e IP/és)) +/ dsy sy s (52 4 s3) e TP/ G/ s |y 124, @4
0
Hence I} = I3 + 14, where

oo
_ _ _ _ 2
Iy := 4(4m) 4C<K>2/MK<dy1>|y1| 2/ dsz sy (1 —e /)

t
o]

= @dmn)~*ck)! +4(4n)_4C(K)2/uk(dy)|y|_2/ doo'(1 _e ! -6, (85)
4t/|yl?
Since |y| < R, 4t/|y|*> > 4t/R?. Moreover, —0~2 < | —e 0 _p! < 0. Hence
L=@n*CK) T +0(t7?). (86)

By (83)—(85) we have that 4 is implicitly defined by

o0 o0
Is = (47)~*C(K)? f i (dy) / ds3 sy f dsy 53" (52 + 53) eI/ @)1/ (s (87)
t 0



332 M. van den Berg

By first changing the variable s; = s3/6 and then performing the integration with respect to s3 we obtain, by 8.211.1
and 8.214.1 in [4], that

oo
Iy = 44~ C(K)? / ek @)ly| /O 40 (0 + 1)72(1 — e~ PFU+0/E0)

=4(4K)_4C(K)2/MK(dy)|y|_2(1 —e_lylz/(4’))+(4n)_4C(K)2/,uK(dy)t_1/1 do gl hro/n

= @) "1 —y)CK) ™ + @) ~rC (k) /;ug(dy)/ 1og<|;%) +0(r72). (88)
1
Putting (85)—(88) together we obtain that
I =@Em k) ! / px (dy)log # + @02 +logd - )CEK) T +0(7?). (89)
y

It remains to find the asymptotic behaviour of I, ¢t — oo. By definition

CK) y-1 C(K)
I, = 12 (41) /1;4deX[LK <OO]<IPX[LK <OO]_W>
C(K)/ C(K) 1 | 2 |x|2
dx P,[L Py [L _ W) N e X
+ 4]‘[2 R4 x[ K<OO]< x[ K<OO] 4n2|x|2>|x|2< € 4t
=I5+ Ip.

It is easy seen that

Is=— dx dsi dss px (dyD ek (dy2) (p(x, yi; s1) p(x, y2; 52) — p(x, y1; 1) p(x, 0; 52))
16Tt R4 0 0

C(K) [ 00
= Toxt )y dsy ; dsz wr dyDuk dy2) (p(yi, y2: s1+52) — p(y1, 05 51 + 52))

o
= (4m)*C(K)r! //MK(dyl)MK(dyz)/ dss ™! (el /9 _ gmnP/4s))
0

112

=(411)_4C(K)t_1//Mk(d)’l)ﬂk(d)’z)k’g—z'
[y1 — ¥z

By expanding e~I¥*/@1 \ye see that the contribution from {|x] < 2R} to the integral defining I¢ is O(t~2). The con-
tribution from {|x| > 2R} to the integral defining /¢ can be written as

C(K C(K) \* 1 2
{ 2) dx (IP’X[LK < o00] — %) _2<1 _ e llP/@n _ ﬁ)
4% J{ix|>2R) 4n2(x?) x| 4t

C(K) 2/ C(K) 1 o Ix|2
—5 dx (Py[L BRI CON B PR CO N 1 I
+< 42 ) {|x|>2R} xllx < oo] 472|x|2 ) |x |4 ¢ At 7+ 18

By (76) we see that by expanding e~ *I*/4)

2
dr 1|8 <e|x2/<4t> LR 1)
41

|I7] < c<K>3R2/
{|lx|>2R}

< C(K)3R2/ dx |x|8(ﬁ A Ix_l‘;) =0(rlogt). (90)
{|x|>2R} 4t 32t
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By expanding P,[Lx < oo] in x we have that

C(K) 1 Xy _4
Py[L =——4+— dy)—- +0 , 91
Lk <col=7on ™ 27[2/#1(( Nt (Ix17%) ©n

where the remainder is uniform on {|x| > 2R}. The term with % in (91) does not contribute to /3. Hence |Ig] is
bounded, up to a numerical factor, by the right-hand side of (90). So I = o2 logt). We conclude that

Iy 1?
Iyt — y2I?
and the lemma follows by (89) and (92). ([l

b= @m)*cE! f / sk (dyDpik (dy2) log +0(log1), 92)
Lemma 16. Let m = 4. Then fort — oo

/ dxP,[Lg < 00](Pi[r < Lg < o0l)” = 4m)~*(log4)C(K)* 1" +0( 2 log1),

R4

/4 dx (P,[t < Lx < o0])’ =3(4m)*(log4 —log3)C(K)’ 1~ + 0(:2). (93)
R

Proof. By Lemma 14

/AdeP’x[LK < 00] (Pt < Lg < 00])’
R
— (4 / / / pk (dyD ek (dy2) ik (dys)

oo oo oo
* / / / dsy dsy ds3 (5152 + 5253 + 5351) eI 33519253), (94)
0 t t

Since Q <0 we have that the right-hand side of (94) is bounded from above by

o0 o0 o0
@)~ / / / MK(dyl)MK(dyZ)MK(d)’S)/ / / dsy dsa ds3 (s152 + 5253 + s351)
0 t t
= (4m)*(og4)C(K)3 L.
To obtain a lower bound we note that for y1, y», y3 € K and s7, 53 € [, 00)

R R?
El El ;S ’ N bl N 2 — T T T .
O(y1, y2, ¥3; 81, 52, §3) ey

Hence the left-hand side of (94) is bounded from below by

o0 o0 o0
(4n)*4C(K)3/ / / dsy dsy ds3 (5152 + 5253 + s381) 2~ K 1/ @GD+1/C0)
0 t t

o o
=@n)*C(K)3 ! / ds; / dsy (s1 +52) L(s1s2 + 51 + sz)_le_Rz/(4s1’) + O(t_z)
0 1

(s1+1)?

o0
— 4 C(K 3t—1[ d —R%/(4s11) -2
(4m) " C(K) A sie s ~log 25 4 1

> +0(t72)

(s+1)2 _2
) +0(r77)

o0
= (@) *logHC(K) '+ @)t k)3 ! / ds s_2(e_st/(4’) —1)log
0

= (4m)~*(logH)C(K)*t ™' +O(t % logt).
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To prove (93) we have that its left-hand side is bounded from above by

(4m~ / / / 1k (dyD g (dy2) i (dys) f f f dsy dsz ds3 (s152 + 253 + s351)
t t t
=3(4m)*(log4 —log3)C(K)* 1. (95)

For y1, y2, y3 € K and s1, 52, 53 € [t, 00) we have by (65) that

2
eQ01y2.73:81.52.83) > 1 _ 3i (96)
4t
We conclude that the left-hand side of (93) is bounded from below by (95) up to 0o@2). U

Proposition 7 follows from (67), Lemmas 15 and 16.

6. Proof of Proposition 8

Lemma 17. Let m > 5. Then for t — o0

/ dx (P[Lg < 00])’P,[t < Li < o¢]

= @m)™"2"m = 2)7'T (n — 4)/2) / / sk [@AyDp (dy2)lyr = a7 C (K=

R27'dm =Kt +0(t7?%), m=5,
—167'@n)7SC(K)} 3 logt +0O(t7%), m=6,
m>1.

o(t=™/?),

v

Proof. By (11)

/ dx (P[Lg < 00])’P,[t < Li < o¢]
- / dx (P [Lg < o00])*Ct®~m/2

+/ dx (Py[Lg <oo])2/w(dy)foods () /2 (e P/ ), (97)
m t

where C is given by (22). A straightforward calculation, using (11) and the semigroup property of the heat kernel,
gives that for m > 5

/ dx (Py[Lk < o00l)® = (4m0) /22" 4T ((m — 4)/2) f / i (dyDpk dy2)lyr — yal 7"

It remains to obtain the asymptotic behaviour of the second term in the right-hand side of (97). For |x| < 3R,
y € K,s >t we have that (1 — e"x’“z/(‘”)) < 4R?/t. Hence the contribution from {|x| < 3R} to the integral with
respect to x is bounded by O(t~"/?). For |x| > 3R,y € K, s > t we have that | — e~ —yIP/@s) <4|x|*/s. By (77) we
have that f{|x|22R} dx P, [Lg < 00]?|x|?* < oo for m > 7. Hence the contribution from {|x| > 3R} to the integral with

respect to x is O(t~"/2) for m > 7. Next we consider the cases m = 5, m = 6. By a change of variable we have that
the contribution from {|x| > 3R} to the integral equals J, where

o
J =fMK(dy)/ dx (Px+y[LK < oo])zf ds (4T[S)_m/2(e_|“r|2/(45) _ 1)
{lx+y|>3R} .
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Moreover, J; < J < J,, where

o0
Jg=/MK(dy)/ dx (Pysy[Lk <oo])2/ ds (e PP/ — 1) (dms) /2,
(Ix|>4R) :

o0
J, = / i (dy) / dx (Pegy[Lg < oo])2 / ds (e*‘xlz/““‘) — 1)(@dmns)~"/2.
{|x|>2R} t

It is easily seen that

Jo =T, +0(™™/?). (98)
Furthermore,
Pyiy[Lg <001 = cmC (KX + cp(m —2) / pi (dyD|x|™"x - (y1 —y) +O(Ix|™"), 99

where the remainder is uniform on {|x| > 4R}. Hence

(Pery[Lk < o0])*

= ¢, C(K)?|x[*72" +2¢7,(m = 2)[x 7" C(K) f pk (dyDx - (1 — y) +O(Jx[*7>"), (100)
where the remainder is uniform on {|x| > 4R}. By spherical symmetry
/ dox [x [ / sk (dyn)x - (v =y (e /40 — 1) =0, (101)
{|x|>4R}
Also
© 2
/ du [x[ 22" / ds (4ms) ™2 (e MI/E) 1) = O (r—™/?). (102)
{Ix|>4R} :
We conclude that
o
Jo=c2C(K)> f dox x|+ 2m / ds (4ns)—”’/2(e—'“2/<4s) —1)+0(t™?). (103)
{|Ix|>4R)} t

Straightforward calculations show that

Jo=—12"'am)tC(K) 2+ O(t %), m=s5, (104)
Jo=—6"14m)"°C(K)*t*logt +0(17), m=6. (105)
The lemma follows by (98)—(105). O

Lemma 18. Let m =S5. Then for t — oo

/ dxPy[Lg < oo](Pxlr < L < oo])2 =3"'4m @ - 0)CK) 12 +0(t7?), (106)
RS

/ dx (Pxlr < L < oo])3 =3"'4m > 2v3 - n)C(K)t 2+ 0(t 7). (107)
R5
Let m > 6. Then for t — oo

dxP,[Lg < o0](P,[t < L < oc])” =0(:>™), (108)
Rm

/ dx (Po[r < Lg < ocl)’ =0(>™). (109)
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Proof. By Lemma 14

dxP,[Lg < 0ol(Pylt < Lg < 00])’
Rm

— (4" / / / jk (dyD ik (dyn) g (dys)

o0 o0 o0
X/ / / dsy dsy ds3 (5152 + 5253 + s351) 7"/ 2 @O Y2035152.53)
0 t t

Since Q <0 we have that the left-hand side of (110) is for m = 5 bounded from above by

o0 o0 o0
(47:)_5C(K)3/ / / dsy dsy ds3 (s152 + 5253 + s351) > =371 40) 24 — ) C(K)* 2.
0 t t

For y1, y2, y3 € K and s3, 53 € [t, 00) we have that

eQOr1.y2,3:51,52,53) > e*Rz(l/(4sl)+1/(2l)).
Hence (110) is for m =5 bounded from below by
o (o8] (o8] 2
(4n)_5C(K)3t_2/ / / dsy dsy ds3 (s152 + s253 + s351) "/ 2e R 1/G1D+1/C0)
o Ji1 Ji
=314 @ - 0)CK) 12+ ) C(K)3 2
o0 o0 o0 2
X / / / dsy dso ds3 (s152 + 52853 + 33s1)_5/2(e_R (1/@siD+1/20) _ 1)
o J1 Ji
= FE1 + E».

Furthermore
o0 o 5
|Ea| < C(K)3l_2/ dsy / dsy (51 +2) 7 (5152 4 51 4 52) /2 (1 — e F /D))
0 1
o0 o0
< C(K)3f2/ dsy (s1 + 1)*‘/ ds (s152 + 51 +52) /2(1 —e*Rz“/(““'H‘/@’)))
0 1

< 2C(K)3t_2/00ds1 (51 + 1)—5/2(1 . e—Rz(l/(4x1t)+l/(21)))
0

3o 00 52 R2 R2 1/2 52
<2C(K)’t~ d 1)~ — 4+ — =0(t777).
<2C(K) /0 S+ 1) <4st+2t) (")
This proves (106). Estimates (108) and (109) follow immediately from (110) and the fact that Q <0.
To prove (107) we note that by Lemma 14

/m dx (Pulr < Lg < o0])’ = (4JT)_'"///Mk(dy1)m<(dyz)m<(dy3)

(110)

(111)

o0 o0 oo
X / / / dsy dsp ds3 (5152 + 5253 + s351) "/ 2eQUTI2 V3L - (112)
t t t

By (96) and (112) we have that

o0 o0 o0
/ dx (Py[t < Lg < o0])’ = (4n)*SC(K)3f2/ / / ds dsa ds3 (152 + s253 +5351) /2 +0(¢ 7).
R> 1 1 1



Intersection of three independent Wiener sausages 337

A tedious calculation shows that

00 o0 oo
/ / / dsy dsy ds3 (s152 + 52853 + S3S1)_5/2 =31 (2\/§ - TlT). 0
1 1 1

The proof of Proposition 8 follows by (67), and Lemmas 17 and 18.
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