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Abstract: We investigate in this paper the estimation of Gaussian graphs
by model selection from a non-asymptotic point of view. We start from an
n-sample of a Gaussian law P in RP and focus on the disadvantageous case
where n is smaller than p. To estimate the graph of conditional dependences
of P, we introduce a collection of candidate graphs and then select one of
them by minimizing a penalized empirical risk. Our main result assesses the
performance of the procedure in a non-asymptotic setting. We pay special
attention to the maximal degree D of the graphs that we can handle, which
turns to be roughly n/(2logp).
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1. Introduction

Let us consider a Gaussian law Po in RP with mean 0 and positive definite

covariance matrix C. We write 6 for the matrix of the regression coeflicients
associated to the law P, more precisely 8 = [91(] )] is the p X p matrix

such that 9§j) =0forj=1,...,pand

4,5=1,...,p

E[XY) | X®)| k£ 4] = Zolgj)x(k), je{l,...,p}, as.
k#j

for any random vector X = (X(l), cey X(p))T of law Pc. Our aim is to estimate
the matrix 6 by model selection from an n-sample X1, ..., X,, i.i.d. with law Pe.
We will focus on the disadvantageous case where the sample size n is smaller
than the dimension p.

We call henceforth shape of 6, the set of the couples of integers (i, j) such

that Hfj ) # 0. The shape of  is usually represented by a graph g with p labeled
vertices {1,. .., p}, by setting an edge between the vertices i and j when Hfj ) # 0.
This graph is well-defined since Hfj ) = 0 if and only if 9§-i) = 0; the latter
property may be seen e.g. on the formula 617) = —(C7Y);;/(C71); ; for alli +# j.
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The graph g is of interest for the statistician since it depicts the conditional
dependences of the variables X (9)s. Actually, there is an edge between i and j if
and only if X is not independent of XU) conditionally on the other variables.
The objective in Gaussian graphs estimation is usually to detect the graph g.
Even if the purpose of our procedure is to estimate 6 and not g, we propose
to simultaneously estimate g as follows. We associate with our estimator 6 of
0, the graph g where we set an edge between the vertices ¢ and j when él(J ) is
non-zero.

Estimation of Gaussian graphs with n < p is a current active field of research
motivated by applications in postgenomic. Biotechnological developments (mi-
croarrays, 2D-electrophoresis, etc) enable to produce a huge amount of pro-
teomic and transcriptomic data. One of the challenge in postgenomic is to infer
from these data the regulation network of a family of genes (or proteins). The
task is challenging for the statistician due to the very high-dimensional nature
of the data and the small sample size. For example, microarrays measure the
expression levels of a few thousand genes (typically 4000) and the sample size
n is no more than a few tens. The Gaussian graphical modeling appears to be a
valuable tool for this issue, see the papers of Kishino and Waddell [14], Dobra et
al [9], Wu and Ye [20]. The gene expression levels in the microarray are modeled
by a Gaussian law Pc and the regulation network of the genes is then depicted
by the graph g of the conditional dependences.

Various procedures have been proposed to perform graph estimation when
p > n. Many are based on multiple testing, see for instance the papers of Schafer
and Strimmer [16], Drton and Perlman [8; 10] or Wille and Bithlmann [19]. We
also mention the work of Verzelen and Villers [17] for testing in a non-asymptotic
framework whether there are (or not) missing edges in a given graph. Recently,
several authors advocate to take advantage of the nice computational proper-
ties of the I'-penalization to either estimate the graph g or the concentration

matrix C~1. Meinshausen and Biihlmann [15] propose to learn the graph g by
regressing with the Lasso each variable against the others. Huang et al. [13] or
Yuan and Lin [21] (see also Banerjee et al. [1] and Friedman et al. [11]) suggest

in turn to rather estimate C~! by minimizing the log-likelihood for the concen-
tration matrix penalized by the I'-norm. The performance of these algorithms
are mostly unknown: the few theoretical results are only valid under restrictive
conditions on the covariance matrix and for large n (asymptotic setting). In
addition to these few theoretical results, Villers et al. [18] propose a numerical
investigation of the validity domain of some of the above mentioned procedures.

Our aim in this work is to investigate Gaussian graph estimation by model se-
lection from a non-asymptotic point of view. We propose a procedure to estimate
0 and assess its performance in a non-asymptotic setting. Then, we discuss on
the maximum degree of the graphs that we can accurately estimate and explore
the performance of our estimation procedure in a small numerical study.

We will use the Mean Square Error of Prediction (MSEP) as a criterion to
assess the quality of our procedure. To define this quantity, we introduce a few
notations. For any k,q € N, we write || - [|xxq for the Frobenius norm in R¥*4,
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namely HAH%XQ = Trace (AT A), for any A € R¥*%. The MSEP of the estimator
0 is then

MSEP(6) = E [[|CY/2(8 = 0) 2, ]| =B [IIX%e (0 )13, -

where C/? is the positive square root of C' and X, is a random vector,
independent of é, with distribution Po. We underline that the MSEP focus on
the quality of the estimation of 6 and not of g. In particular, we do not aim to
estimate at best the “true” graph g, but rather to estimate at best the regression
matrix 6. We choose this point of view for two reasons. First, we do not believe
that the matrix 0 is exactly sparse in practice, in the sense that 91(] ) =0 for
most of the 7,5 € {1,...,p}. Rather, we want to handle cases where the matrix
0 is only approximately sparse, which means that there exists a sparse matrix
6* which is a good approximation of §. In this case, the shape g of §# may not
be sparse at all, it can even be the complete graph. Our goal is then not to
estimate g but rather to capture the main conditional dependences given by
the shape g* of 8*. The second reason for considering the MSEP as a quality
criterion for our procedure is that we want to quantify the fact that we do not
want to miss the important conditional dependences, but we do not worry too
much missing a weak one. In other words, even in the case where the shape g of
0 is sparse, we are interested in finding the main edges of g (corresponding to
strong conditional dependences) and we do not really care of missing a “weak”
edge which is overwhelmed by the noise. The MSEP is a possible way to take
this issue into account.

To estimate 6, we will first introduce a collection M of graphs, which are our
candidates for describing the shape g of 6. If we have no prior information on
g, a possible choice for M is the set of all graphs with degree! less than some
fixed integer D. Then, we associate with each graph m € M, an estimator O, Of
6 by minimizing an empirical version of the MSEP with the constraint that the
shape of O is given by m, see Section 2 for the details. Finally, we select one
of the candidate graph m by minimizing a penalized empirical MSEP and set
6 = ,5,. Our main result roughly states that when the candidate graphs have a
degree smaller than n/(2logp), the MSEP of 6 nearly achieves, up to a log(p)
factor, the minimal MSEP of the collection of estimators {f,,, m € M}.

It is of practical interest to know if the condition on the degree of the can-
didate graphs can be avoided. This point is discussed in Section 3.1, where we
emphasize that it is hopeless to try to estimate accurately graphs with a degree
D large compared to n/(1+log(p/n)). We also prove that the size of the penalty
involved in the selection procedure is minimal in some sense.

The remaining of the paper is organized as follows. After introducing a few
notations, we describe the estimation procedure in Section 2 and state our main
results in Section 3. Section 4 is devoted to a small numerical study and Section 6
to the proofs.

Lthe degree of a graph corresponds to the maximum number of edges incident to a vertex.
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A few notations

Before describing our estimation procedure, we introduce a few notations about
graphs we shall use all along the paper.

a. Graphs

The set of the graphs with p vertices labeled by {1,...,p} is in bijection with
the set G of all the subset g of {1,..., p}2 fulfilling

e (j,j) ¢ gforallje{l,... p},
o (i,j)€g = (j,i)egfloralli,je{l,...,p}

Indeed, to any ¢ € G we can associate a graph with p vertices labeled by
{1,...,p} by setting an edge between the vertices i and j if and only if (i, j) € g.
For simplicity, we call henceforth “graph” any element g of G.

For a graph g € G and an integer j € {1,...,p}, weset g; = {i: (i,7) € g}
and denote by |g;| the cardinality of g;. Finally, we define the degree of g by
deg(g) = max{|g;|: j=1,...,p}.

b. Directed graphs

As before, we will represent the set of the directed graph with p vertices labeled
by {1,...,p} by the set G of all the subset g of {1,...,p}” fulfilling (j,7) ¢ ¢
for all j € {1,...,p}. More precisely, we associate with g € G* the directed
graph with p vertices labeled by {1,...,p} and with directed edges from i to j
if and only if (7, 7) € g.

We note that G C GT and we extend to g € G the above definitions of 9j
lgj|, and deg(g). Although G is contained in GF, it should be noted that the
associated interpretation is different since the graphs in G* are directed with
possibly two directed edges between two vertices.

2. Estimation procedure

In this section, we explain our procedure to estimate . We first introduce a
collection of graphs and models, then we associate with each model an estimator
and finally we give a procedure to select one of them.

2.1. Collection of graphs and models

Our estimation procedure starts with the choice of either a collection M C G
of graphs or a collection M C GT of directed graphs which are our candidates
to describe the shape of 8. Among the possible choices for M we mention four
of them:

1. the set ./\/lﬁ C G of all graphs with at most D edges,
2. the set ./\/l%cg C G of all graphs with degree less than D,
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3. the set ./\/lﬁ’Jr C G* of all directed graphs with at most D directed edges,
4. the set ./\/l%cg’Jr C G* of all directed graphs with degree less than D.

We call degree of M the integer Dy = max {deg(m)m € M} and note that
the above collections of graphs have a degree bounded by D.

To the collection of graphs M, we associate the following collection {O,,,
m € M} of models to estimate 6. The model ©,, is the linear space of those
matrices in RP*P whose shape is given by the graph m, namely

Om ={A R (i,j) ¢ m= AV =0},

As mentioned before, we known that Hl(j ) = 0 if and only if 9§-i) = 0, so
it seems irrelevant to (possibly) introduce directed graphs instead of graphs.
Nevertheless, we must keep in mind that our aim is to estimate 6 at best in terms
of the MSEP. In some cases, the results can be improved when using directed
graphs instead of graphs, typically when for some i, € {1,...,p} the variance
of 97X is large compared to the conditional variance Var(X0)|[X®), & # j),
whereas the variance of 9§-1)X(j) is small compared to Var(X®|X®) & £ 4).
Finally, we note the following inclusions for the families of models mentioned

above
U enc U oenc U enwc U ©Om

meMpt memM?, meMye meMEEs T

2.2. Collection of estimators

We assume henceforth that 3 < n < p and that the degree Dxq of M is upper
bounded by some integer D < n — 2. We start with n observations X;,..., X,
i.i.d. with law Po and we denote by X the n x p matrix X = [X;, .. .,Xn]T. In
the following, we write A ..., A®) for the p columns of a matrix A € R¥*P,

We remind the reader that ||C/2(I — 6)||?> = infaco ||C/2(I — A)||?, where
O is the space of p X p matrices with 0 on the diagonal. An empirical version of
[CY2(1 = A)||? is n || X(I — A)||2 ., which can also be viewed as an empirical
version of the loss ||[C/2(A — 6)||?, since by Pythagorean theorem ||C1/?(A —
0)||? = |CV2(I — A)|]? — ||CY*(I — )2, for all A € ©.

In this direction, we associate with any m € M, an estimator O of 0 by
minimizing on ©,, this empirical risk

H 2 _ : 2
XU = Om)llxp = min [ XTI — A5, (1)

We note that the p x p matrix 0., then fulfills the equalities
Xéf(gL) = Projx@(j) (X(J)), fOI“ ] = 1, oD,

where ©4) is the linear space oy — {H(j) e @m} C R? and Proj, o)

is the orthogonal projector onto X 0% in R (for the usual scalar product).
Hence, since the covariance matrix C' is positive definite and D is less than n,
the minimizer of (1) is unique a.s.
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2.3. Selection procedure

To estimate ¢, we will select one of the estimator Om by minimizing some penal-
ized version of the empirical risk || X (I —6,,)||2/n. More precisely, we set 6 = 0,
where 7 is any minimizer on M of the criterion

p .
Crit(m) = [|X(j) — X0W % x (1 + w)] , (2)
j=1 n — |my|
with the penalty function pen : N — R™ of the form of the penalties introduced
in Baraud et al. [4]. To compute this penalty, we define for any integers d and
N the Dkhi function by

x

d

N 42
thl(d, N, CC) =P (Fd+2,N > fﬂ) — =P (Fd,N+2 > + x) , x>0,

Nd

where Fy n denotes a Fisher random variable with d and N degrees of freedom.
The function x — Dkhi(d, N, z) is decreasing and we write EDkhi[d, N, z] for its
inverse, see [1] Section 6.1 for details. Then, we fix some constant K > 1 and
set

pen(d):K#Ethl [d+1 n—d-1,(ci (d+1)2)*1}. (3)

Size of the penalty

The size of the penalty pen(d) is roughly 2K d logp for large values of p. Indeed,
we will work in the sequel with collections of models, such that

Dy <

, for some n <1,

n
2 (1.1 + \/1ogp)2
and then, we approximately have for large values of p and n
2
pen(d) < K (1 + e”\/210gp) (d+1), de{0,...,Dnm},

see Proposition 4 in Baraud et al. [1] for an exact bound. In Section 3.2, we
show that the size of this penalty is minimal in some sense.

Choice of the tuning parameter K

Increasing the value of K decreases the size of the graph m that is selected.
The choice K = 2 gives good control of the MSEP of é, both theoretically and
numerically (see Section 3 and 4). If we want that the rate of false discovery of
edges remains smaller than 5%, the choice K = 3 may also be appropriated.
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Computational cost

The computational cost of the selection procedure appears to be very high.
For example, if M = ./\/l%cg’Jr the computational complexity of the procedure
increases as p(P*1) with the dimension p. In a future work [12], we will propose
a modified version of this procedure, which presents a much smaller complexity.

A few additional remarks on the estimation procedure

1- The matrix 6 belongs to the set
I'= {6 € RP*?: 3 K positive definite such that 6; ; = —K; j/K;;, for i # j},

but the estimator # has no reason to belong to this space. To avoid this unpleas-
ant feature, it would be natural to minimize (1) on the space ©,, N T instead
of ©,,. Unfortunately, we do not know how to handle this case neither theo-
retically nor numerically. We also emphasize that the matrix 6 is not assumed
to be exactly sparse, so it does not belong to any of the {0,, "I, m € M} in
general. In particular, it is unclear whether the MSEP of the estimator obtained
by minimizing (1) on ©,, NI is smaller than the MSEP of 6,,,.

2- In the special case where M = ./\/l%cg’Jr, the minimization of (2) can be

obtained by minimizing || X — X09)||2 x (1 + %) independently for
each j. This nice computational feature does not hold for the other collections
of graphs introduced in Section 2.1.

3. The main result

Next theorem gives an upper-bound on the MSEP of a slight variation 6 of é,
defined by

0D =49 Lrjooy<ypr,)s foralljefl,....p}b, with T, = n?losn. - (4)

We note that 6 and 6 coincide in practice since the threshold level T}, increases
very fast with n, e.g. Tho ~ 6.10”.
In the sequel, we write o5 = (ijjl)il = Var(X0) | X(®) k # 5) and define
0, by
1/29_9 2 _ : 1/29—14 2'
IC772(0 = Om) " = min [|C75(0 — Am)|

Theorem 1. Assume that p > n >3 and Dy = max {deg(m), m € M} fulfills
the condition

n

(1.1 + \/1ogp)2,

1< Dy <n for some n < 1. (5)
2
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Then, the MSEP of the estimator 0 defined by (/) is upper bounded by

Eflc20-0)7] < k) n%{m”%o—omﬁ (1+%)

j:1

3

where K is the constant appearing in (3), c¢(K,n) = W and the resid-

ual term R, (n,C) (made explicit in the proof) is of order a p*n=4l8".
The proof of Theorem 1 and of the next corollary is delayed to Section 6.3.

Corollary 1. Assume that p > n > 3 and that Condition (5) holds. Then, there
exists some constant Ck ,, depending on K and n only, such that

MSEP () < Cf ,, log(p) x (mln {MSEP(0,,,)} Vv ~ |\C1/2 I-— 9)|2> + R, (7)

where R, = R, (n,C) is of order a p>n=*l°en,

Corollary 1 roughly states that when the candidate graphs have a degree
smaller than n/(2logp), the MSEP of 6 nearly achieves, up to a log(p) factor,
the minimal MSEP of the collection of estimators {6,,, m € M}. In particular,
if g € M, the MSEP of 6 is upper-bounded by log(p) times the MSEP of ég,
which in turn is roughly upper bounded by deg(g) x ||C'/2(I — 6)||? log(p)/n.

The additional term n~!||C*/2(I—#)||? in (7) can be interpreted as a minimal
variance for the estimation of . This minimal variance is due to the inability of
the procedure to detect with probability one whether an isolated vertex of g is
isolated or not. We mention that when each vertex of the graph g is connected to
at least one other vertex, this variance term n=!||C'*/2(I — 6)||? remains smaller
than the MSEP of fg.

Below, we discuss on the necessity of Condition (5) on the degree of the
graphs and on the size of the penalty.

3.1. Is Condition (5) avoidable?

Condition (5) requires that D4 remains small compared to n/(2logp). We may
wonder if this condition is necessary, or if we can hope to handle graphs with
larger degree D. A glance at the proof of Theorem 1 shows that Condition (5) can

2
be replaced by the weaker condition (\/DM +1+ \/2 log CDM +1/(4 ij‘f)) <

nn. Using the classical bound 0571 < (ep/D)P, we obtain that the latter con-
dition is satisfied when

n

Dy<-X —m———
M= 2.1 +log 5=’

w3

(8)
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so we can replace Condition (5) by Condition (8) in Theorem 1. Let us check
now that we cannot improve (up to a multiplicative constant) upon (8).

Phythagorean equality gives [|C1/2(0—0)||2 = ||CY/2(1—0)|]>—||CY2(1—0)]2,
so there is no hope to control the size of [|C'/2(8 — §)||2 if we do not have for
some § € (0, 1) the inequalities

(1= OIC(I = A)lpxp

1

TR IXU = Al < (4D = Dy Forall A€ | O (9)
n meM

<

with large probability. Under Condition (5) or (8), Lemma 1 Section 6 ensures
that these inequalities hold for any ¢ > /i with probability 1 — 2 exp(—n(d —
V/1M)?/2). We emphasize next that in the simple case where C' = I, there exists
a constant ¢(d) > 0 (depending on § only) such that the Inequalities (9) cannot
hold if M? C M or M¥+ € M with

n

D >c(0)——.
z e(0) 1+logZ

Indeed, when C = I and M7, ¢ M (or M%T © M), the Inequalities (9)

enforces that n~™'/2X satisfies the so-called §-Restricted Isometry Property of

order D introduced by Candés and Tao [5], namely

(L= 8)lIBllpx1 < [In™2XBllpxp < (1 +8)lIBllpx1

for all # in R?P with at most D non-zero components. Barabiuk et al. [2] (see
also Cohen et al. [6]) have noticed that there exists some constant ¢(d) > 0
(depending on 6 only) such that no n x p matrix can fulfill the d-Restricted
Isometry Property of order D if D > ¢(d)n/(1 + log(p/n)). In particular, the
matrix X cannot satisfies the Inequalities (9) when ./\/lﬁ C M (or ./\/lﬁ’Jr M)
with D > ¢(0)n/(1 + log(p/n)).

3.2. Can we choose a smaller penalty?

As mentioned before, under Condition (5) the penalty pen(d) given by (3) is
approximately upper bounded by K (1 + e \/Wf (d+1). Similarly to The-
orem 1 in Baraud et al. [1], a slight variation of the proof of Theorem 1 enables
to justify the use of a penalty of the form pen(d) = 2Kdlog(p — 1) with K > 1
as long as D remains small (the condition on D4 is then much stronger
than Condition (5)). We underline in this section, that it is not recommended
to choose a smaller penalty. Indeed, next proposition shows that choosing a
penalty of the form pen(d) = 2(1 — v)dlog(p — 1) for some v € (0, 1) leads to a
strong overfitting in the simple case where 8 = 0, which corresponds to C' = I.

Proposition 1. Consider three integers 1 < D < n < p such thatp > e*/(1=7) 4
1 and ./\/lﬁ C M or Mﬁ’Jr C M. Assume that pen(d) = 2(1 —~)dlog(p—1) for



C. Giraud/FEstimation of Gaussian graphs 551

some vy € (0,1) and 8 = 0. Then, there exists some constant c¢(v) made explicit
in the proof, such that when 1 is selected according to (2)

N ¢(v) min(n, p?/* _ 2 /83
P (il > SO a8 ) 2 13— 1)t 2

In addition, in the case where M = ./\/l%cg’Jr, we have

¢(v) min(n, p?/4
P(Imjlz (7)(10g;)3’/€ )/\L”YD/SJ>

21—3(1)—1)71—26772"/83 forall j € {1,...,p}.

4. Numerical study

In this section, we carry out a small simulation study to evaluate the perfor-
mance of our procedure. Our study concerns the behaviour of the estimator 6
when the sparsity decreases (Section 4.2) or when the number of covariates p
increases (Section 4.3). In this direction, we fix the sample size n to 15 (a typ-
ical value in post-genomics) and run simulations for different values of p and
for different sparsity levels. For comparison, we include the procedure “or” of
Meinshausen and Bithlmann [15]. This choice is based on the numerical study
of Villers et al. [18], where this procedure achieves a good trade-off between the
power and the FDR. We write henceforth “MB” to refer to this procedure.

4.1. Simulation scheme

The graphs g are sampled according to the Erdos-Rényi model: starting from a
graph with p vertices and no edges, we set edges between each couple of vertices
at random with probability ¢ (independently of the others). Then, we associate
with a graph g a positive-definite matrix K with shape given by g as follows.
For each (i, j) € g, we draw K; ; = K ; from the uniform distribution in [—1, 1]
and set the elements on the diagonal of K in such a way that K is diagonal
dominant, and thus positive definite. Finally, we normalize K to have ones on
the diagonal and set C' = K 1.

For each value of p and ¢ we sample 20 graphs and covariance matrices
C. Then, for each covariance matrix C', we generate 200 independent samples
(X1,...,X15) of size 15 with law P¢. For each sample, we estimate 6 with our
procedure and the procedure of Meinshausen and Bithlmann. For our proce-
dure, we set M = M{°® and K = 2 or 2.5. For Meinshausen and Biihlmann’s
estimator fyp we set A according to (9) in [15] with v = 5%, as recommended
by the authors.

On the basis of the 20*200 simulations we evaluate the risk ratio

MSEP (6)

r.Risk = —,
min,,, MSEP(0,,)
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as well as the power and the FDR for the detection of the edges of the graph g.
The calculations are made with R www.r-project.org/.

4.2. Decreasing the sparsity

To investigate the behaviour of the procedure when the sparsity decreases, we fix
(n,p) = (15,10) and consider the three graph-density levels ¢ = 10%, ¢ = 30%
and ¢ = 33%. The results are reported in Table 1.

When ¢ = 10% the procedures have a good performance. They detect on
average more than 80% of the edges with a FDR lower than 5% and a risk ratio
around 2.5. We note that MB has a slightly larger risk ratio than our procedure,
but also a slightly smaller FDR.

When ¢ increases above 30% the performances of the procedures decline
abruptly. They detect less than 25% of the edges on average and the risk ratio
increases above 4. When ¢ = 30% or ¢ = 33% our procedure is more powerful
than MB, with a risk ratio 33% smaller.

In this simulation study, all the candidate graphs have a degree smaller than
4. Using candidate graphs with a larger degree should not change the nature of
the results. Actually, when ¢ = 30 or 33%, less than 2% of the selected graphs
have a degree equal to 4 and the mean degree of the selected graphs is between
1 and 2.

4.3. Increasing the number of covariates

In this section, we focus on the quality of the estimation of # and g when the
number of covariates p increases. We thus fix the sample size n to 15 and the
sparsity index s := pg to 1. This last index corresponds to the mean degree of
a vertex in the Erdos-Rényi model. Then, we run simulations for three values
of p, namely p = 15, p = 20 and p = 40 (in this last case we set M = M5 to
reduce the computational time). The results are reported in Table 2.

TABLE 1
Our procedure with K = 2, K = 2.5 and MB procedure: Risk ratio (r.Risk), Power and FDR
when n =15, p = 10 and q = 10%, 30% and 33%.

q=10% q=30% q=33%
Estimator | r.Risk Power FDR | r.Risk Power FDR | r.Risk Power FDR
K=2 2.3 82% 4.9% 4.3 23% 6.8% 4.4 13% 5.6%
K=25 2.5 81% 4.4% 4.9 20% 5.4% 4.9 10% 4.1%
MB 3.3 81% 3.7% 6.9 14% 2.9% 6.4 3.8% 1.1%
TABLE 2

Our procedure with K = 2, K = 2.5 and MB procedure: Risk ratio (r.Risk), Power and FDR
when n =15, s =1 and p = 15, 20 and 40.

p=15 p=20 p =40
Estimator | r.Risk Power FDR | r.Risk Power FDR | r.Risk Power FDR
K=2 3.6 74% 6.6% 3.7 69% 6% 5.4 68% 5.4 %

K =25 4.3 72% 6% 4.4 68% 5.3% 6.5 67% 4.7%

MB 17 60% 4% 160 20% 4.8% 340 0.0% 0.0%
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When the number p of covariates increases, the risk ratios of the procedures
increase and their power decrease. Nevertheless, the performance of our pro-
cedure remains good, with a risk ratio between 3.6 and 6.5, a power close to
70% and a FDR around 5.6 +1%. In contrast, the performances of MB decrease
abruptly when p increases. For values of p larger or equal to 22 (not shown),
MB procedure does not detect any edge anymore. This phenomenon was already
noticed in Villers et al. [18].

5. Conclusion

In this paper, we propose to estimate the matrix of regression coefficients 6 by
minimizing some penalized empirical risk. The resulting estimator has some nice
theoretical and practical properties. From a theoretical point of view, Theorem 1
ensures that the MSEP of the estimator can be upper-bounded in terms of the
minimum of the MSEP of the {ém, m € M} in a non-asymptotic setting and
with no condition on the covariance matrix C'. From a more practical point
of view, the simulations of the previous section exhibit a good behaviour of
the estimator. The power and the risk of our procedure are better than those
of the procedure of Meinshausen and Biihlmann, especially when p increases.
The downside of this better power is a slightly higher FDR of our procedure
compared to that of Meinshausen and Bithlmann. If the FDR should be reduced,
we recommend to set the tuning parameter K to a larger value, e.g. K = 3.

The main drawback of our procedure is its computational cost and in practice
it cannot be used when p is larger than 50. In a future work [12], we propose a
modification of the procedure that enables to handle much larger values of p.

Finally, we emphasize that our procedure can only estimate accurately graphs
with a degree smaller than n/(2logp) and as explained in Section 3.1, we cannot
improve (up to a constant) on this condition.

6. Proofs
6.1. A concentration inequality

Lemma 1. Consider three integers 1 < d < n < p, a collection V1,..., VN of
d-dimensional linear subspaces of RP and a n X p matriz Z whose coefficients
are i.4.d. with standard gaussian distribution. We set || - ||n = || - |lnx1/+v/n and

M2 = e A2

veViU-UVy  ||vlpx1

Then, for any x >0

Vd++/2logN +6n +
vn

where N has a standard Gaussian distribution and oy = (N\/Slog N)il.

P (Az<z> <1- ) <PV >a2)<e 2 (10)
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Similarly, for any x >0

YAIPS d 2log N
P( wp N2 o VA VIToEN +5N+x>gpwm>§exz/;

vEVIU---UVN HUHpXI \/ﬁ

(11)

Proof. The map Z — (y/nXj(Z)) is 1-Lipschitz, therefore the Gaussian concen-
tration inequality enforces that

P (N5(2) SE(N(Z) —2/Vi)) PN 2 a) < e /2,

To get (10), we need to bound E (A\}(Z)) from below. For i =1,..., N, we set

o [1Zvln
Ni(Z) = inf
(2) = ik T
We get from [7] the bound
Pln(z) <1—4/2— 2 ) <P > a)
i > 1= —— == = ),
n \/n

hence there exists some standard Gaussian random variables A; such that

Xi(Z) =2 1= d/n— (Ni), [vn,

where (2)4 denotes the positive part of z. Starting from Jensen’s inequality, we
have for any A > 0

E(,max, (V). )

.....

1
X\

1y, (ﬁE (6A<M>+)>
)\ ¢ =1

1 1
< 3 log N + X log (e)‘2/2 +1/2)
logN A e /2

A 2 2\

IN

10g]E(e)‘ maxXi=1,..., N(N1)+)

IN

<

Setting A = /2log N, we finally get

d+2TogN +§
E(\5(Z) = ]E(_ min )\i(Z)) S Vd+ V2l + oy
i=1,..., N \/ﬁ
This concludes the proof of (10) and the proof of (11) is similar. O

6.2. Proof of Corollary 1

Corollary 1 is a direct consequence of Theorem 1 and of the three following
facts.
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1. The equality Y-"_, 0% = [[C*/2(I — 6)[|* holds.
2. Proposition 4 in Baraud et al. [1] ensures that when Dy, fulfills Condi-
tion (5), there exists a constant C'(K,n) depending on K and 7 only, such

that g
penld) _ g, y) forall d < Dy,
n—d
3. When D fulfills (5) the MSEP of the estimator 6, is bounded from
below by

1 > my) &
(1+\/77/(210gp))2 j=1 Tn’

The latter inequality follows directly from Lemma 1.

E (IICY2(0 = 6)I1?) > 11CY/2(6—6,n) |+

Finally, to give an idea of the size of C(K,n), we mention the following
approximate bound (for n and p large)

_ pen(Da) _ K (1+e7y2Togp)’ n o
C(K,n) = VIS 5 x 7 5 < Kne.
n— D n— D 2 (1.1 + vIogp)

6.3. Proof of Theorem 1

The proof is split into two parts.

First, we bound from above E[[|C1/2(6 — 6)||?] by (1 — \/ﬁ)f4 E[|X(0 - 0)|12]+
R,,. Then, we bound this last term by the right hand side of (6).

To keep formulas short, we write henceforth D for Day.
a. From E[[|C'/2(6 — 0)|]%] to E[||X (0 — 0)]2].

2
We set ||+l = Il lnx1/v/7, Ao = (1= )",

L IX09, . [XC~ ' 20]l .
A= 7Hcl/29(j)” and A} = inf T v E U Vin

mGM;,D

where V,, = C/2 < §9) > +C1/20%) and M 1 is the set of those subsets m of
{1,...,5—1,j4+1,...,p} x {j} with cardinality D. Then, for any j =1,...,p

E[ICY2(09 —o)|2] = E[ICY209 = 091,50, i) ]
IE |:|‘Cl/29(j)”21{)\;2)\0, §reo, )\]1.§3/2}}
+E [Hcl/Qo(j)HQl{A;on, 6 =0, A]1.>3/2}}

+E[ICOD — 0D P1 . o]

= EY +EY +EY) +EP.
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We prove in the next paragraphs that >0, EY) < Ao 2E[| X (0 - 0)||2] and

that the residual term R, (n,C) = Z?Zl(Egj) +EY) +EY)) is of order p*T; 2.
The proofs of these bounds bear the same flavor as the proof of Theorem 1 in
Baraud [3].

Upper bound on Egj). Since

CI2D — gy e | Vi,

mGM;,D

we have

Hcl/z(é(j) _ 9(;'))||21{A;2A0} < )\52 HX(@(J‘) _ g(j))”i

and therefore ) o )
) < A2E [|X (09 - 09))2)] . (12)

Upper bound on Egj). All we need is to bound ]P)()\;f > Ao, 6) = 0, )\} < 3/2)
from above. Writing A\~ for the smallest eigenvalue of C, we have on the event
{A) 2 2o}

ICH269D] _ [ X609l

9| < .
109 < P < B

Besides, for any m € M,
X0 = Projy g (X09) + 0,el?)

with £@) distributed as a standard Gayssian random variable in R".
Therefore, on the event {)\;‘ > \o, 09 =0, Aj < 3/2} we have

1269 1 + 9,19

169 < =
AoV A
1.5 |CY209)|| + 04D
- AoVA~ '
As a consequence,
P (X = x, 09 =0, Al <3/2)
15 |CY209)|| + 0j][eW]|n )
< P > T,
- ( )\0\/)\7 \/ﬁ
1 when 3 [|CY/200) || > \oy/pA~ T,
- P (2aj|\€(j)|\n > Ao/ pA~™ Tn) else,

9(|C1/20W)||2/ (N3N~ pT?2)  when 3[|C1/200)|| > Xg/pA\~ T,
402 /(AN pT}) else.
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Finally,
9(|C*/20W)||2 + 407
N3N~ pT?

ES) < ||c"/20W)|? (13)

Upper bound on Egj ). We note that n ()\})2 follows a x? distribution, with n
degrees of freedom. Markov inequality then yields the bound

P (A > 3/2) < exp (_ g (9/4—1— 1og(9/4))) < exp(—n/5).
As a consequence, we have
E§) < [|C1/209) )2 exp(—n/5). (14)

Upper bound on Eij ). Writing A* for the largest eigenvalue of the covariance
matrix C', we have

£}

IN

28 [(CH 20D + |20 ) 1.y 5

IN

2 (|\cl/29<ﬂ'>|\2 + A+pT3) P (X5 < Ao

The random variable Z = XC~1/2 is n xp matrix whose coefficients are i.i.d. and
have the standard Gaussian distribution. The condition (5) enforces the bound

VD + 1+, /2log|M] pl+ 0jme )
<V

\/ﬁ /r]’

so Lemma 1 ensures that
P (X <o) < exp(—n(l—+/m)n/2)
and finally
B <2 (€209 |2 + XpT2) exp (—n(1 = vin/2).  (15)

Conclusion. Putting together the bounds (12) to (15), we obtain

P
E[IC2@ - 0)2] = S_E [ICV20 - 0)]12] < A2E[IX(0 - 6)]2]+ Ra(n, C)
j=1
(16)
with R, (n,C) = Zle(Egj) +E{) + EY)) of order a p?T;;2 = p2n—4losn,
b. Upper bound on E [HX(@ - 9)”%} Let m* be an arbitrary index in M.
Starting from the inequality

)3 (|X<j> _ X691 (1 N pen(l?%l)))

j=1 n — ||

. o en(|m*|)
< X0 = x9)2 x (14 2T
_§j<| Y

Jj=1 J
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and following the same lines as in the proof of Theorem 2 in Baraud et al. [1]
we obtain for any K > 1

K—1¢ A :
TZHX (09 —y|2

Jj=1
< ST HIXED — o902 + RY) + L | KUY — pen(jriny|) — "2 —
n g n — 1]

j=1

where for any m € M and j € {1,...,p}

(g(J)fprOJ (])( g(j)),

£ (B[ X1 £5) < penn) |

n — |my|

X (00 — g)y2 2
I A
n

and the two random variables U(J ) and V(J ) are independent with a 2 (lmjl+1)
and a x*(n — |m;| — 1) distribution respectlvely. Combining this bound with
Lemma 6 in Baraud et al. [1], we get

K—1 R )
TE[I\XW —-0)7]

_ E[|| X (69 — aY)

]

]+ pen(lm;) [ i
FEY S (myl+ D)

m; EM;

—mal =1 )
kahi(|mj|+1,n—|mj|—1,(” [my| )penqu')),

K(n —[mj])

2
J
-+ =
n

where M; = {m;, m € M}. The choice (3) of the penalty ensures that the last

term is upper bounded by K >

JlJ

o2log(n)/n. We also note that || X (09 —

Zoge

(17)

3

B2 < | X (8D —6))||2 forall j € {1,..., p} since X0 = Proj,.o o) (X09).
Combining this inequality with E [HX(W) - 957{2)|\,21} = ||C/2(9D
we obtain
K—1 A
—IE[ X0 -0 2}
w EIXEO -0l
P 1/20p9G) _ pl)yy2 2
[CT2(0Y) — 0,0 )]
< [ICY2(0 = ) [1* + D pen(|mj]) o
; J n —[m}| n
P52
“J
—|—KZ " logn
Jj=1
1/2 2 pen - UJQ
< [ICHEO = )l +Z pen(|m;|) + Klogn)—=
i=1 "
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c. Conclusion. The bound (17) is true for any m*, so combined with (16) it
gives (6).

6.4. Proof of Proposition 1

The proof of Proposition 1 is based on the following Lemma.

Let us consider a n X p random matrix Z whose coefficients Zl-(J ) are i.i.d. with
standard Gaussian distribution and a random variable € independant of Z, with
standard Gaussian law in R™.

To any subset s of {1, ...,p} we associate the linear space Vy = span{e;, j €
s} C RP, where {ei1,...,e,} is the canonical basis of RP. We write Z0, =
Proj 4y (), we denote by 54 the set of cardinality d such that

1Z0:,1* = max | 26, (18)

and we define

Crit'(s) = ||e — 26,2 (1 + pen“S')) .

n—|s|
Lemma 2. Assume that p > ¢*/ (=) and pen(d) = 2(1 — ~)dlogp. We write
D, , for the largest integer smaller than
p/* J y’n
(dlogp)2 ™ B12(1.1+ Viogp)?

Then, the probability to have

5D/6,

Crit'(s) > Crit'(8p, ) for all s with cardinality smaller than vD,, ;, /6

is bounded from below by 1 — 3p~! — 2exp(—n~y?/512).

The proof of this lemma is technical and in a first time we only give a sketch
of it. For the details, we refer to Section 6.5.

Sketch of the proof of Lemma 2. We have

161> = el — inf [le — Za|?
aeVy

sup [2 < e, Za > —||Zal?] .
aevVs

According to Lemma 1, when |s| is small compared to n/logp, we have || Z&||? ~
n||@||? with large probability and then

. 1

[ Z0,]]> ~ sup [2 < ZTe,& > —nl|a|?] = = ||Projy. (Z7¢)|*.
aevs n

Now, ZTe = |||V with Y independent of ¢ and with A(0, I,,) distribution, so

el

120, ||* ~ = [[Projy, Y >
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Since max|s—q ||[Projy. Y[|? &~ 2dlogp with large probability, we have 265,12 ~
2dlogp x ||&||?/n and then

min Crit’(s) = Crit(34) =~ ||| (1

2~vd 1ogp>
|s|]=d '

n

Therefore, with large probability we have Crit'(s) > Crit'(sp, ) for all s with
cardinality less than vD,, ,,/6.

Proof of Proposition 1. We start with the case Mﬁ’Jr C M. When |m| <
vDy p—1/6, we have in particular || < vD, p—1/6. We build m from m
by replacing 7y by a set my C {1} x {2,...,p} which maximizes HX@(%)W
among all the subset mq of {1} x {2,...,p} with cardinality D, ,_i. It fol-
lows from Lemma 2 (with p replaced by p — 1) that the probability to have
Crit(m) < Crit(m) is bounded from above by 3(p — 1)7! + 2 exp(—n~y?/512).
Since m € ./\/lﬁ’Jr, the first part of Proposition 1 follows. When ./\/lﬁ C M, the
proof is similar.

When ./\/l%cg’Jr C M, the same argument shows that for any j € {1,...,p}
the probability to have || < yD,, ,—1/6 is bounded from above by 3(p—1)~*+
2 exp(—nvy?/512). O

6.5. Proof of Lemma 2

We write D for D,, , and € for the event

_ f1265, )% = 2D(1 = 7/2)||e|)? logp and
° 20,2 < 2|s| (2+7)|e]|2 logp,  for all s with |s| < D |’

We will prove first that on the event Qo we have Crit’(s) > Crit'(3p, ,) for
any s with cardinality less than vD,, ,/6 and then we will prove that )y has a
probability bounded from below by 1 — 3p~! — 2exp(—ny?/512).

We write A(s) = Crit’(8p) — Crit/(s). Since we are interested in the sign of
A(s), we will still write A(s) for any positive constant times A(s). We have
on QO

A(s2) < (1_210gp
llell n

1ooe) (14525

_ (1 - 21ng(2+”y)|s|> (1+ %) |

We note that pen(|s|)/(n — |s|) < pen(D)/(n — D). Multiplying by n/(2logp)
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we obtain
A(s) < (1-7)D (1 LD 2“7;_”/5””0@) —(L=~/2)D
(@l + @4 )]+ 2+ )l P
< (1-v)D (1 L D20 V/Q)D;LO%Z;F 2(2+79)ls| 10gp>

—(1—7/2)D + (14 2v)|s|.

When p > €= and |s| < yD/6 the first term on the right hand side is
bounded from above by (1 — ~)D, then since v < 1

A(s) < (1+42vy)yD/6 —~+D/2 < 0.

We will now bound P (Qg) from above. We write Y = ZT¢/||e| (with the
convention that Y = 0 when ¢ = 0) and

2 | Za|)? —-1/2 .
0 = — << (1 —/2 , forall & e Vs o
24 7 [lal? (=772 L,J
|s|=D
Q = {lnlla)[() [Projy Y>> 2(1 — v/2)2D 1ogp} ,
Qg = {r111ax }/,L-2 < 410gp} .
i=1,...,p

We first prove that 1 N Qs N Q3 C Qp. Indeed, we have on 21 N Qs

1205,1> = max sup [2 <e, Za > —|Za|?]
Is|I=D aeV,
> max sup [2 < ZTe &> —n(1—~/2)" 2|42
[s|=D aev,

(1 —/2)"? |||

n

Y

max ||Proj, Y|
ol DH v Y|
> 2D (1—~/2)|l|? logp.

Similarly, on Q; we have ||Z64]|> < |[¢]|2[|[Projy. Y||? x (2 +~)/2 for all s with
cardinality less than D. Since |[Projy Y||* < |s|max;—1,..,(¥;?), we have on
0N Qs )

1261 < 2(2 +7)ls| [le]|7 log p,

for all s with cardinality less than D and then € N Qy N Q3 C Q.
To conclude, we bound P(£2¢) from above, for i = 1,2, 3. First, we have

.....

p(2) = B (max ¥ > tlogp ) < 2pB(Y; > 2yI08(7) <2
i=1,...,p
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To bound P(2), we note that (1—+/2)"/* > 14+~/8 and \/2/(2 +7) < 1—~/8
for any 0 < v < 1, so Lemma 1 ensures that P(Q5) < 2e~™7"/512 Finally, to
bound P(25), we sort the Y;? in decreasing order Y(Ql) > Y(22) > > Yé) and
note that

max [Projy, Y[ > DY{%,.

Furthermore, we have

D—-1 p—D+1
]P)(Y(2D) <2(1—7/2)"? 10gp) < ( ) )P(Y{" <2(1—7/2)"? 10gp)
D1 pV1i—7/2 v
< pP (11—
=7 41— /2) /2 Togp ’

where the last inequality follows from p > ¢/ (!=7) and Inequality (60) in Baraud
et al. [4]. Finally, we obtain

(p— D+ 1)pVi—/2 )

P (Y3, <2(1—~/2)"21 < p! Dlogp —
((m—( 7/2) ng) < prew | Dlogp =y e

< ph
where the last inequality comes from D < p7/4/(41log p)3/2. To conclude P(Q5) <
p~tand P(Q5) < 3p~! + 2exp(—n~y?/512).
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