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MAXIMUM EMPIRICAL LIKELIHOOD ESTIMATION OF THE
SPECTRAL MEASURE OF AN EXTREME-VALUE DISTRIBUTION

BY JoHN H. J. EINMAHL AND JOHAN SEGERS1
Tilburg University and Université catholique de Louvain

Consider a random sample from a bivariate distribution function F in the
max-domain of attraction of an extreme-value distribution function G. This
G is characterized by two extreme-value indices and a spectral measure, the
latter determining the tail dependence structure of F'. A major issue in mul-
tivariate extreme-value theory is the estimation of the spectral measure &,
with respect to the L, norm. For every p € [1, o0], a nonparametric maxi-
mum empirical likelihood estimator is proposed for @ ;. The main novelty
is that these estimators are guaranteed to satisfy the moment constraints by
which spectral measures are characterized. Asymptotic normality of the es-
timators is proved under conditions that allow for tail independence. More-
over, the conditions are easily verifiable as we demonstrate through a number
of theoretical examples. A simulation study shows a substantially improved
performance of the new estimators. Two case studies illustrate how to imple-
ment the methods in practice.

1. Introduction. Let F be a continuous bivariate distribution function in the
max-domain of attraction of an extreme-value distribution function G. Up to lo-
cation and scale, the marginals of G are determined by the extreme-value indices
of the marginals of F. The dependence structure of G can be described in vari-
ous equivalent ways; in this paper we focus on the spectral measure @ introduced
in de Haan and Resnick (1977). The spectral or angular measure is a finite Borel
measure on a compact interval, here taken to be [0, 7 /2].

Given a random sample from F, statistical inference on the upper tail of F falls
apart into two pieces: estimation of the upper tails of its marginal distributions,
which is well understood, and estimation of ®, which we will consider in this
paper. The actual representation of the spectral measure depends on the norm used
on RZ; here we will consider the L p norm for every p € [1, 0o], with &, denoting
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the corresponding spectral measure. The most common choices in the literature
are p =1, 2 and oo.

It is the aim of this paper to derive a nonparametric estimator of the spectral
measure, superior to its predecessors, and to establish its asymptotic normality.
In Einmahl, de Haan and Piterbarg (2001), a nonparametric estimator ®,, was
proposed for ®,. This estimator, which we will refer to as the empirical spectral
measure, was shown to be asymptotically normal under the assumption that &,
has a density, excluding thereby the case of tail independence. Moreover the em-
pirical spectral measure is itself not a proper spectral measure because it violates
the moment constraints characterizing the class of spectral measures. A related es-
timator in a more restrictive framework was proposed in Einmahl, de Haan and
Sinha (1997).

The contributions of our paper are threefold: first, to propose a nonparametric
estimator for the spectral measure which itself satisfies the moment constraints;
second, to allow for arbitrary L, norms, p € [1, oo]; third, to prove asymptotic
normality under flexible and easily verifiable conditions that allow for spectral
measures with atoms at 0 or 77/2, including thereby the case of tail independence.
We do this in two steps: first we define for every p € [1, oo] the empirical spectral
measure p and extend the results in Einmahl, de Haan and Piterbarg (2001) un-
der the weaker conditions mentioned above; second, we use a nonparametric max-
imum empirical likelihood approach to enforce the moment constraints, thereby
obtaining an estimator & p that is itself a genuine spectral measure. A simulation

study shows that the new estimator ® p 18 substantially more efficient than the em-

pirical spectral measure P p-

As the new estimator takes values in the class of spectral measures, it can be
easily transformed into estimators for the aforementioned other objects that can
be used to describe the dependence structure of G. This holds in particular for
the Pickands (1981) dependence function and the stable tail dependence function
[Huang (1992), Drees and Huang (1998) and Einmahl, de Haan and Li (2006)].
For a general background on spectral measures and these dependence functions as
well as results for the corresponding estimators, see for instance the monographs
Coles (2001), Beirlant et al. (2004) and de Haan and Ferreira (2006).

An alternative to the nonparametric approach in this paper is the parametric one
[Coles and Tawn (1991) and Joe, Smith and Weissman (1992)]. Parametric models
for the spectral measure are usually defined for p = 1 because this choice tends
to lead to simpler formulae. Many parametric models, such as the asymmetric
(negative) logistic and the asymmetric mixed models, allow the spectral measure
to have atoms at 0 and /2.

The paper is organized as follows. In Section 2 we review the general prob-
abilistic theory for spectral measures. The asymptotic normality results for P »
and ® p are presented in Sections 3 and 4, respectively. In Section 5 some theoret-
ical examples are discussed and used in a simulation study; moreover, the meth-
ods are applied to a sample of insurance indemnity claims taken from Frees and
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Valdez (1998) and to body measurement data of the National Health and Nutrition
Examination Survey 2005-2006 [National Center for Health Statistics (2007)].
Sections 6 and 7 contain the proofs of the results in Sections 3 and 4, respectively.

2. Spectral measures. Let (X, X7) be a bivariate random vector with con-
tinuous distribution function F' and marginal distribution functions F and F;. Put

1

2.1 Zi=— i=1,2.
ITT-F (X)) J

Define E = [0, 00]? \ {(0, 0)}. Assume that

(2.2) sPr[s™N(Z1, Za) € 15 (), s o0,

where “—” stands for vague convergence of measures (in [E): for every continuous
f :E — R with compact support, lims_, sE[f(s_1 (Z1, Zo)] =[x fdu.
The exponent measure p enjoys two crucial properties: homogeneity,

(2.3) pley=c'p(),  O0<c<oo,
and standardized marginals,
(24)  p(lz, 00] x [0, 00]) = pu([0, o0] x [z, 00]) = 1/z, 0<z<oo.

Note that u is concentrated on [0, 00)?2 \ {(0, 0)}, that is, ([0, 00]? \ [0, 00)2) = 0.

Let || - || be an arbitrary norm on R?; for convenience, assume that || (1, 0)|| =
1 = ||(0, 1)||. Consider the following polar coordinates, (r,0), of (z1,22) €
[0, 00)*\ {(0, 0)}:

r=|(z1,z2)|l € (0, 00),
(2.5)
6 = arctan(z/z2) € [0, /2].

As we will see later, the choice of radial coordinate r through the norm has impor-
tant implications; the choice of the angular coordinate 6 is unimportant, that is, we
could just as well have used z1/(z1 + z2) € [0, 1] or z1/||(z1, 22) |-

Given the exponent measure p and using polar coordinates (r,80) as in (2.5),
define a Borel measure ® on [0, /2] by

(2.6) o) =u({(z1.22) €[0,00)%:r > 1,0 € -}).

The spectral measure ® admits the following interpretation in terms of (Z1, Z»)
in (2.1):

2.7 sPr[||[(Z1, Zp)|| = s, arctan(Z1/ Z>) € -] Y D(-), s — 00.
By homogeneity of u, see (2.3), for every p-integrable f:E — R,

_ *© 2
2.8) /E Fdu= /[Wz] /0 F21(r0). 22(r, 0))r 2 dr ®(d6),
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where z1(r,0) = rsinf/||(sinf, cosf)| and z(r,0) = rcosf/|(sinf, cosb)||
form the inverse of the polar transformation (2.5). By (2.8), in the polar coor-
dinate system (r, ), the exponent measure x is a product measure > dr & (d6).
In particular, the exponent measure p is completely determined by its spectral
measure ®. The standardization constraints (2.4) on u translate into moment con-
straints on &:

siné cosf
(2.9) / — ®(dh) =1 :/ ——————®(dh).
[0,7/2] [|(sin6), cosO) || [0,7/21 ||(sin@, cosH) |

Note that X| and X, are tail independent, that is, sPr[Z; > s, Z> > 5] — 0 as
s — 00, if and only if u is concentrated on the coordinate axes, or, equivalently,
@ is concentrated on {0, 7/2}; in that case, ®({0}) =1 = ®({mr/2}). On the other
hand, the variables X| and X, are completely tail dependent, that is, s Pr[Z > s,
Zr > s] — 1 as s — oo, if and only if u is concentrated on the main diagonal,
or, equivalently, ® is concentrated on {7 /4}; in that case, ® ({7 /4}) = ||(1, D)]|. In
general, the total mass ® ([0, 7 /2]) of a spectral measure is finite but even for a
fixed norm it can vary for different exponent measures p, with one exception: in
case of the L1 norm, by addition of the two constraints in (2.9), ® ([0, 7 /2]) =2
for every exponent measure . The spectral measure was introduced in de Haan
and Resnick (1977); for more details on the results in this section see Beirlant et
al. (2004) and de Haan and Ferreira (2006).

Dividing the spectral measure & by its total mass yields a probability measure Q
on [0, 7 /2]

(2.10) 0¢)=2()/®([0,7/2]),
which we coin the spectral probability measure. By (2.7)
@11 Prarctan(Z1/2) € - 1(Z1, Zo)l| = 515 0, s — 00.

In words, Q is the limit distribution of the angle arctan(Z;/Z,) when the radius
I(Z1, Z2)]| is large. The moment constraints (2.9) on ® are equivalent to the fol-
lowing moment constraint on Q:

/ sin 6 0(d6) :/ cos6 0(d)
[ [

0,7/2] ||(sin6, cos O) || 0,7/21 ||(sin@, cos )|

(2.12)

=:m(Q).
Conversely, we can reconstruct ® from Q by
(2.13) P()=0()/m(Q).

The spectral probability measure Q allows nonparametric maximum likelihood
estimation; see Section 4. The estimator of & then follows through (2.13).
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In Einmahl, de Haan and Piterbarg (2001), tail dependence is described via the
measure A arising as the vague limit in [0, 00]? \ {(00, 00)} of

2.14)  sPr(s{l — Fy (XD} s{l = Fa(X»)}) €] > A(), 5— o0

Let P be the probability measure on [0, 1]* induced by the random vector
(U1, Up) : = — F1(X1),1 — F2(X3)). Then (2.14) can be written as

(2.15) 7Py S AQ), 0.

Comparing (2.14) with (2.2), we find that u and A are connected through a simple
change-of-variables formula: for Borel sets B C [0, 00]? \ {(00, 00)},

(2.16) A(B) = u({(z1,22) e E: (1/21, 1/22) € B}).
From (2.14) or also from (2.3) and (2.4), it follows that
A(c) =cA(), 0<c<oo,
2.17)
A([0, u] x [0, 00]) = A([0, 00] x [0, u]) = u, 0<u<oo.

The equality above with # = 0 shows that A does not put any mass on the coordi-
nate axes. Combining (2.6) and (2.16), we find

(2.18) ()= A({(u1,u2) € (0,001 : |y, us )| > 1, arctan(us /uy) € -}).
In particular, for u € [0, 00),

A({oo} x (0, u]) = ud®({0}),

A0, u] x {o0}) =ud({m/2}).

The spectral measure corresponding to the L norm,

PzPHVP, if pell,o0)
Iz, )] ={('Zl' i ,09),
r |z1] V |z2], if p = o0,

will be denoted by ®,. Write

00, if x €[0, 1),
1 I/p
219  yp,(x)= <1+ > 1) , ifx €[1,00] and p € [1, 00),
x [e—
1, if x € [1,00] and p = o0.

Note that for x > 1, y,(x) is the (smallest) value of y € [1, oo] that solves the
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equation [|(x !, y~1)||, = 1. Now by (2.18),
®,([0,0]) = A(Cp9), 6 [0, /2],

where
([0, o] x {0}) U ({oo} x [0, 1]),
ifo =0,
{(x,y):0<x<00,0=<y=<(xtan0) A yp(x)},
if0 <6 <m/2,
{(x,y):0<x<00,0<y<y,(x)},
if 0 =m/2.

Further, note that x tan® < y,(x) if and only if x < x, (@), where for 6 € [0, /2],

(2.20) Cpo =

(1+cot?)!/P if pe[l,o0),

(2.21) xp(9)=||(1,C0t9)||p:{1\/Cot9 iprOO

The relation between y, (x), x,(0) and C), ¢ is depicted in Figure 1.

REMARK 2.1. In this paper we shall make no assumptions on the margin-
al distribution functions Fj and F> whatsoever except for continuity. However, if
in addition to (2.2) the marginal distribution functions F| and F» are in the max-
domains of attraction of extreme-value distribution functions G| and G,, then F'is
actually in the max-domain of attraction of a bivariate extreme-value distribution
function G with marginals G and G, and spectral measure ®. More precisely,
if (2.2) holds and if there exist real sequences a, > 0, b,, ¢, > 0 and d, such

that F{'(a,x + b,) 4 G1(x) and Fy'(cpy + dyn) 4 G, (y) for all x, y € R and as
n — oo, then

F™(anx + by, cny +dn) > G(x, y) = exp[—l{—log G (x), —log G2(»)}]

for all x, y € R. The function / on the right-hand side is called the stable tail
dependence function [Huang (1992) and Drees and Huang (1998)] and can be

p=1 p=2
,V=}’p(X) y=xtan6 ,V=,Vp(X) y=xtan6
14 b 1 ;
8 3 Cpo A\ Cpo
0 T T 0 T T
1 xp(6) 1 xp(6)

FIG. 1. The region Cp g in (2.20) for p =1 (left) or p =2 (right) and 0 <0 < 7 /2.
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expressed in terms of either A, u or ® through
I(x1, x2) = A({(u1, u2) € [0, 00]* 1u; < x1 or U3 < x2})

= n({(z1,22) €0, 0017121 = x; ' or z2 > x; 1)

max(x; siné, x cos )
= : ®(do),
[0,7/2] ||(sin®, cosO)||

where we used (2.8) for the final step. Standardizing the marginals of G to the
unit-Fréchet distribution yields the extreme-value distribution function

(2.22) G(x1, x2) =exp{—I{(1/x1, 1/x2)}, x1,x2>0.

In the notation of Coles and Tawn (1991), we have [(1/x1, 1/x3) = V(x1, x2). The
Pickands dependence function A:[0,1] — [1/2,1] is defined by A(v) = I(1 —
v, v) for v € [0, 1] [Pickands (1981)]; we have

1 1 X1
G (x1,x2) =expy— ;—i—g A()q—i—xz) .

The spectral measure H in Coles and Tawn (1991) and Joe, Smith and Weiss-
man (1992) is connected to our @ through the relation

(2.23) H ([0, w]) = ® (arctan{w/(1 — w)}), w € [0, 1].

The Pickands dependence function A can be recovered from H by the formulas

Av) :/ max{w(l — v). (1 — wyv}H(dw)
(2.24) e
=1- v+/ H(O0, w])dw.
0

EXAMPLE 2.2 (Asymmetric logistic model). The asymmetric logistic model
with parameters » > 1, 0 < ¢¥r1, ¥» <1 is defined by its stable tail dependence
function

I(x1,x2) = (1 = Y)x1 + (1 — ¥2)x2 + {(P1x1)" + (Yax) }/"

for (x1,x1) € [0, 00)? [Tawn (1988)]. The special case ¥ = Y = 1 yields the
logistic model, originally due to Gumbel (1960). Tail independence arises for
r=1 or Y1y = 0, whereas complete tail dependence arises for ¥ = ¢¥» =1
and r — oo. It can be shown that for 1 < r < 0o, the spectral measure @, has
point masses ®,({0}) =1 — v, and ®,({r/2}) = 1 — |, while on the interior
(0, 7/2) the measure @, is absolutely continuous with density

do
d—g”(@) = (r — D)(Y1¥2) (sin? 6 + cos” )P (sin6 + cos ) 2

x (sinf cos )" ~2{(y1 cos0) + (Y sin@) /72,
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3. Empirical spectral measures. Let (X;1, Xj2), i = 1,...,n, be indepen-
dent bivariate random vectors from a common distribution function F satisfy-
ing (2.2). Our aim is to estimate the spectral measure @, corresponding to the L,
norm for arbitrary p € [1, oc]. For convenience, write ®,(0) = ®,([0, 0]) for
0 €0, /2].

Consider the left-continuous marginal empirical distribution functions

~ 1
(3.1) Fj(xj)=521(xij<xj), xjeR, j=1,2.
i=1
Define
. . 1—R;j
(3.2) U,-,-:l—Fj(Xij)z’Hi”, i=1,...,n; j=1,2;
n

here R;; = >/, 1(X;; < X;;) is the rank of X;; among X1, ..., X,;. Let P, be
the empirical measure of (ﬁil, ﬁiz), i=1,...,n,thatis,

A 1 ~ ~
Py() = p D U (Uir, Up) € ).
i=1

Observe that the transformed data (0“, 0,2), i=1,...,n, are no longer indepen-
dent. This dependence will contribute to the limiting distribution of the estimators
to be considered.

Let k =k, € (0,n] be an intermecAliate sequence, that is, k — oo and k/n — 0
as n — 00. We find our estimator ®, by using (2.15) and (2.18) with 7 = k/n
and P replaced by P,,. In terms of distribution functions, this becomes

n na(k
®,0) = %Pn ;Cp’g
1 n
=Y H{n+1—R)"+m+1—Rp) " >k7,
kD
n+1—Rp<(m+1—R;1)tan6}
for 0 € [0, /2] and with C), 4 as in (2.20).

In Einmahl, de Haan and Piterbarg (2001), the limiting behavior of P p has
been derived in case p = 0o. We now present a generalization to all L, norms for
p € [1, oco]. More precisely, we will study the asymptotic behavior of the process

VE(®,0) - ®,0)),  6€l0,7/2l.
We will assume that
(3.3) A=A+ Ay,

where A, is absolutely continuous with a density A, which is continuous on
[0, 00)2 \ {(0,0)}, and with Ay such that A4([0, 00)?) =0, Ag({oo} x [0, u]) =
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u®,({0}) and Ay([0, u] x {o0}) = ud,({m/2}) for u € [0,00). In contrast to
Einmahl, de Haan and Piterbarg (2001), ®,, is allowed to have atoms at 0 and
7/2; in particular, tail independence is allowed. Also, the restriction of &, to
(0, r/2) is absolutely continuous with a continuous density. This excludes com-
plete tail dependence, that is, ®, being degenerate at 7 /4, in which case A
is concentrated on the diagonal. The homogeneity of A in (2.17) implies that
Acur, cuz) =c 'Auy, un) for all ¢ > 0 and (uy, u2) € [0, 00)? \ {(0, 0)}.

Let P, be the empirical measure of (U;1, Ujz) = (1 — F1(Xi1), 1 — F2(X;i2)),
i=1,....,n,and let Tj,(u) =n~' Y7_, 1(U;; <u),u €[0,1] and j € {1,2}, be
the corresponding marginal empirical distribution functions; for u € (1, oo], we set
" j,; (u) = u. Furthermore, for 6 € [0, 7r/2], define the set

N n k
Cpo= E{(”l» u2) € [0, 00]* \ {(00, 00)}: (T1,(u1), Ton (2)) € ;Cpﬂ}-
From the identity I"j, (1) =1 — ﬁj(Fj_l(l —u)) foru € (0, 1) it follows that

~ (k k A
Pn(;Cpﬁ) = Pn<;Cp’9>.

This representation yields the following crucial decomposition: for 8 € [0, /2],
X k k A
V[ ,(0) — @,(0)} = ﬁ{ﬁpn<—cp,9) — EP(—Cp,g)}
k n k \n
n_(k . N
+ «/%{—P(—c,,,9> —~ A(cp,e)}
k \n
+VE(A(Cpo) = A(Cpp))

= n,p(e) +rn,p(9) + Yn,p(e)-

The first term, V), ,, features a local empirical process evaluated in a random set

3.4)

C ».6- The second term, r;, p, is a bias term, which will vanish in the limit under our
assumptions. The third term, Y}, ,, is due to the fact that the marginal distributions
are unknown and captures the effect of the rank transformation in (3.1) and (3.2).

Next we will define the processes that will arise as the weak limits of the
processes V,, , and Y, j, in (3.4). Define W, to be a Wiener process indexed by the
Borel sets of [0, co]? \ {(0c0, 00)} and with “time” A, that is, a centered Gaussian
process with covariance function E[W (C)Wa(C’)] = A(C N C’). We can write,
in the obvious notation, Wa = Wy + Wy ,, where the two processes on the right
are independent. Note that

(WA (Cp.0))oel0,7/2] 4 (W(D,(0))oe[0,7/2]

with W a standard Wiener process on [0, 00). Define Wi (x) = Wx ([0, x] x [0, oo])
and Wh(y) = W ([0, oo] x [0, y]) for x, y € [0, 00). Note that W; and W, are



2962 J. H.J. EINMAHL AND J. SEGERS
standard Wiener processes as well. For p € [1, 00), define the process Z. , on
[0, /2] by

xp(g)
Zep(0) =10 < n/Z)/O A(x, xtanO){Wi(x)tan6 — Wr(xtan6)} dx

[ AW () = Walp () dx,

P

if p < o0,
+ 1Vvtan8 [e’s)
—W1<1)/ w(1, y)dy — Wa(1) a(x, 1) dx,
. 1 I'veotd
if p=o0

with y/, the derivative of y,. Define Z4 by
Z4(0) = —P,({0H Wa(1), 0 €10, /2],

and write Z, = Z. , + Zg4. It is our aim to show that

d
Va,psTn,ps Yn.p) = (Wa(Cp.), 0, Z)), n— oo.

This convergence and the decomposition in (3.4) then will yield the asymptotic
behavior of \/I;(Ci)p — ).

Assume that P is absolutely continuous with density p. Then the measure
t_lP(t-), for t > 0, is absolutely continuous as well with density tp(fuy, tus).
For1 <T < oo andt > 0, define

(3.5) Dr(t) = /L \tp(tur, tuz) — Aur, uz)| dus dus,
T
where L7 ={(u1,u2):0<uj Aup <1l,uyVu, <T}.

THEOREM 3.1. Assume the framework of Section 2 and suppose A is as
in (3.3). Then, if D1/:(t) — 0 as t | 0 and if the intermediate sequence k is such
that

(3.6) VkDy i (k/n) =0,  n— oo,

then in D0, /2] and as n — o0,
(3.7) Vi(®, — @)% WA(Cp.) + Zp = ap.

The condition lim; ¢ D1/, (#) = 0 in Theorem 3.1 implies ®, ({0, r/2}) = 0 and
thus Ay = 0. Indeed, in case Ay # 0, the convergence in (3.7) cannot hold: when,
for example, ®,({0}) > 0, we have, since <i>p(0) =0, \/I;{Ci)p(O) - ®,0)} —
—00. In contrast, the following result does allow ®,, to have atoms at 0 or 7 /2.
Recall D7 (¢) in (3.5) and ), in (3.7).
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THEOREM 3.2. Let n € (0,7/4). Assume the framework of Section 2 and
suppose A is as in (3.3). Then, if D1(t) — 0 as t | 0 and if the intermediate
sequence k is such that

(3.8) «/%Tinfo{ﬂr(k/n) +1/T}—>0, n— oo,
then in D[n, /2 —n] and as n — o0,
(3.9) Vi(®, —@,) % a,.

In case of tail independence, that is, ®,({0}) = ®,({7/2}) =1 and A =0, we
have o), = 0.

Under a stronger condition on the sequence k, the convergence of the process
\/E(CiD » — ©p) holds on the whole interval [0, 7r/2], provided that we flatten the
process on intervals [0, n,] and [7/2 — n,, /2], with n, € (0, 7/4) tending to
zero sufficiently slowly. Define the transformation t,, : [0, 7 /2] — [0, /2] by

M, if 0 <6 < n,,
e, iftn, <0 <m/2—n,
(3.10) 7,(0) = /2 — N, ifn, <0 <m/2,
/2, if0 =m/2.

THEOREM 3.3. Let k be an intermediate sequence and let n, = (k/n)? for
some fixed a € (0,1). Assume the framework of Section 2 and suppose A is as

in (3.3). If
(3.11) \/%Tirzlf (Drk/n)+1/T}—0,  n— oo,
=>2/Nn

then in D[0, /2] and as n — oo,
(3.12) Vi@, — ®,) 01, > ay.

Theorems 3.1 and 3.3 will be instrumental when establishing our main results
in the next section.

4. Enforcing the moment constraints. Fix p € [1,00] and let @, be the
class of probability measures O, on [0, 7r/2] such that

4.1 0 do) =0,
@.1) fm’ﬂm £(0)0,(d0)
where
sin® — cos 6
4.2) fO) = fp0) = 0 €[0,m/2].

l[(sin@, cosO) ||,

If O is the spectral probability measure of some exponent measure p with respect
to the L, norm, then O, € @, by (2.12). Conversely, if O, € @, then we can
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define an exponent measure . through (2.8) and (2.13) which has Q, as its spectral
probability measure with respect to the L, norm. As before, denote distribution
functions of measures under consideration by Q ,(8) = Q, ([0, 0]), etc.

In view of (2.10), we define the empirical spectral probability measure Q p by
R d(-) 1
43) 0,()=r——=—3 1O¢€"),
P d(r/2) Na ,; "
where N, = |I,;| and
@in=arctan(l7i2/0,~1), i=1,...,n;
Li={i=1...n:00;" U3, =n/k}
Typically,
A 1
[ rd6, =3 r©w
Ny iel,

is different from zero, in which case Q p does not belong to @, that is, Q p isitself
not a spectral probability measure.

Therefore, we propose to modify Q p such that the moment constraint (4.1) is
fulfilled and the new estimator does belong to @ ,: define

0,():=)_ pinl(Ojn € ),
iel,

where the weight vector (p;,:i € I,,) solves the following optimization problem:

maximize 1—[ Din,
i
constraints pin=>0 foralli € I,,
4.4)
i
Zpinf(e)in) =0.
i

The thus obtained estimator Q p can be viewed as a maximum empirical likeli-
hood estimator (MELE) based on the sample {®;,:i € I,,}; see the monograph
Owen (2001). Actually, the optimization problem in (4.4) can be readily solved by
the method of Lagrange multipliers [see, e.g., Owen (2001), page 22]: let [, be
the solution in (—1, 1) to the nonlinear equation

@ 2 L4 fin f (©in)

iel,
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and define
1 1

Nn 1+ llnf(G)in)’
then the vector (pin:i € I,) is the solution to (4.4). Observe that the original es-
timator Q) corresponds to (i, = 0 and is the solution to (4.4) without the final
constraint )_; pin f(©;,) =0.

Since Q) € @), we can exploit the transformation formulas in Section 2 to
define estimators of the spectral measure ®,: as in (2.13),

®,() = 0,()/mp(Q)p),

where for a bounded, measurable function 4 : [0, 7/2] — R,

(4.6) Din = i€l

cosd )
l|(sin@, cos )|,

cf. (2.12). Further, for 6 € [0, /2], define 1 (0) = f[o,a] f@)dQp(¥) and
D, (m/2)0p(0) — ap(w/2)D ) (0)

/2
mp(h) = —fo h(®)d

Bp(©) = /) ,
Jo,z21 Bpdf
4.7 0) = 0) + P 1p),
4.7) Yp(0) = B,(0) Toma 1240, ®)
5,(0) = mp(Qp)yp) —mp(yp)Qp(0)
p(0) = )

m2(0,)

Note that under the assumptions of Theorem 4.1 below, Q,({rr/4}) < 1 and thus
[ f2dQ, >0, so that y,(9) is well defined.

The next two theorems, providing asymptotic normality of ® p» are the main
results of this paper.

THEOREM 4.1. Let the assumptions of Theorem 3.1 be fulfilled. Then with
probability tending to one, (4.5) admits a unique solution [i, and hence in this case
the vector (piy . i € Iy) in (4.6) is the unique solution to (4.4). Also, in D[0, /2]
and as n — 00,

~ d
(4.8) Vk(Qp = Qp) > vp.
(4.9) Vi@, —0,) % s,.
Since Theorem 4.1 is based on Theorem 3.1, the spectral measure cannot have

atoms at 0 or /2. The following result, based on Theorem 3.3, does allow for
such atoms.
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THEOREM 4.2. Fix n € (0,7/4) and let n,, = (k/n)* for some 0 < a < 1.
Assume the framework of Section 2 and suppose A is as in (3.3). If

(4.10) kDo, (k/n) +Vkn, =0,  n— oo,
then in D[n, /2 — n] and as n — oo, the convergence in (4.8) and (4.9) holds.

REMARK 4.3.  From (4.7), it is straightforward to express the limit process J,,
in terms of the process «, and thus of W . However, because of the presence of the
process Z,, no major simplification occurs. As a consequence, we were not able
to show that ® p 1s asymptotically more efficient than d> . However, the simulation
study in Section 5 does indicate that enforcing the moment constraints leads to a
sizeable improvement of the estimator’s performance.

REMARK 4.4. Replacing ®; by @ in (2.23)—(2.24) yields an estimator A of
the Pickands dependence function A that is itself a genuine Pickands dependence
function. The weak limit of the process Vk(A — A) in the function space C[0, 1]
can be easily derived from the one of «/?(Cil — ®&1). Nonparametric estimation
of a Pickands dependence function in the domain-of-attraction context was also
studied in Capéraa and Fougeres (2000) and Abdous and Ghoudi (2005).

5. Examples, simulations and real data analyses.
5.1. Examples.
EXAMPLE 5.1 (Cauchy). Consider the bivariate Cauchy distribution on
(0, 00)? with density (2/7)(1 4+ x% + y?)~3/2 for x, y > 0. It follows that
AQO, X1 x [0, y) =x+y— @ +y)!2  0=<x y<oo

and

0
®,(0) = / |(sin®, cosB) ||, d?
0

for 6 € [0, /2]. It can be shown that Dy/;(¢) = O(z) as ¢ | 0. Therefore, Theo-
rems 3.1 and 4.1 hold when k = 0(n?/?) as n — o0o. In Figure 2, the function ®,
is plotted for p € {1, 2, 3, oo} together with trajectories of the empirical spectral
measure and the MELE for a single sample of size n = 1000 and at kK = 30. Ob-
serve that both estimators share the same set of atoms but with possibly different
weights.

The bivariate Cauchy distribution on the full plane R? has density function
Qo) YA +x%2+ yz)_3/2 for x, y € R and spectral measure

1 6
d,0) = 5(1 +f0 | (sin®, cos D) ||, d¥ + 1(0 =JT/2)).
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Bivariate Cauchy on (0, «)% p=2

®(6)
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FI1G. 2. Trajectories of the empirical spectral measure (dashed) and the MELE (solid) for a single
sample of size n = 1000 and at k = 30 from the bivariate Cauchy distribution on (0, 00)2 and for
pe{l,2,3, o0}

In particular, ®,({0}) = ®,({n/2}) =1/2. Forevery 0 <a < 1 and n,, = (k/n)“,
we find Dy, (k/n) = 0((k/n)2_”) as n — oo. Hence the conclusions of Theo-
rems 3.3 and 4.2 hold provided k = o(n?/(2a+1)y a5 n — o0. In fact, the results of
Theorem 4.2 can be shown to hold when k = 0(n?/3) as n — oo.

EXAMPLE 5.2 (Mixture). For r € [0, 1], consider the bivariate distribution

function
1 1 r
F(x,y)=(1——><1——><1+ ) x,y=1;
X y xX+y
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cf. de Haan and Resnick (1977), Example 3. Its density can be written as a mixture
of two densities, (1 —r) f1(x, y) + rfa(x, y), where

x,y>1.

2 ( +x2+3xy+y2>
(x+)? )
Note that f; is the density of two independent Pareto(1) random variables. Ob-

viously for » = 0 we have (tail) independence. The law P of (1 — F1(X),1 —
F(Y))=(1/X,1/Y) is determined by

1
fl(x7y):x2—y27 f2(x9y):

1-— 1—
P([O,u]x[O,v])zuv(l+rw), O<u,v<l,
u-+v
hence
Xy
A([0,x] x [0,y]) =T , 0<x,y<oo0.
xX+y

For p € [1,00], the corresponding spectral measure &, satisfies ®,({0}) =
®,({m/2})=1~—r and

 ||(sin®, cos )|,
0 (cos® +sin®)3
for 6 € [0, w/2]. It can be seen that Dr(r) =T O(t) as t | 0, uniformly in 7 > 0.
As a consequence, conditions (3.11) and (4.10) in Theorems 3.3 and 4.2 hold for
a = 1/2 provided k = o(n'/?) as n — oo. If r = 1, the spectral measure ®, has

no atoms. Then Dy,,(t) = O(¢) as t | 0, so that condition (3.6) in Theorems 3.1
and 4.1 holds provided k = o(n?*3) as n — oo.

®,0)=1—r+2r

dv+(1—-r)1(0 =mn/2)

5.2. Simulations. In order to compare the two spectral measure estimators,
a simulation study was conducted involving the following distributions:

e Figure 3: the extreme-value distribution G, in (2.22) with logistic dependence
structure r = 2 and Y| = Y = 1 (Example 2.2);

e Figure 4: the bivariate Cauchy distribution on (0, 00)? (Example 5.1);

e Figure 5: the mixture distribution with » = 0.5 (Example 5.2).

For each distribution, 1000 samples of size n = 1000 were drawn. For each sam-
ple, the empirical spectral measure and the MELE were computed for various
ranges of k and at p € {1, 2, 3, co}. For each estimate, the Integrated Squared Er-
rors f:(ci)p — dDP)2 and f:(&)p — CIDI,,)2 were computed, where (a, b) = (0, 7/2)
for the logistic model and the Cauchy distribution on (0, 00)? whereas (a, b) =
(0.057/2,0.957 /2) for the mixture model. Next, the ISEs were averaged out over
the 1000 samples, yielding the estimates of the Mean Integrated Squared Errors
which are displayed in the figures.

From the plots, it can be seen that in all these cases the minimum MISE of
the MELE is smaller than the one of the empirical spectral measure. Overall the
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F1G. 3.

MISE of the empirical spectral measure (dashed) and the MELE (solid) for 1000 samples
of size n = 1000 from the logistic model withr =2 and p € {1,2, 3, 00}.

MELE outperforms the empirical spectral measure, but in two cases, away from
the minimum MISE, the empirical spectral measure performs slightly better than
the MELE (Figure 5). Moreover, most of the time, the MISE is decreasing in p.
Finally, the presence of atoms at the endpoints has an adverse effect on the estima-
tors.

5.3. Case studies.

5.3.1. Loss-ALAE data. In Frees and Valdez (1998), copula fitting was illus-
trated on a dataset of 1500 insurance company indemnity claims, displayed in Fig-
ure 6. Each claim consists of an indemnity payment (Loss) and an allocated loss
adjustment expense (ALAE), that is, an expense specifically attributable to the set-
tlement of the individual claim such as lawyer’s fees and investigation expenses.
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FI1G. 4. MISE of the empirical spectral measure (dashed) and the MELE (solid) for 1000 samples of
size n = 1000 from the bivariate Cauchy distribution on the positive quadrant and p € {1, 2,3, oo}.

The problem is which bivariate tail dependence structure to fit to these data. The
first question is whether the data are tail independent or not. If yes, then the spectral
measure should be the sum of the Dirac measures at 0 and 7 /2. In Figure 6, the
MELE (p = 1, k = 40) shows substantial increase away from the endpoints, in
clear contrast to the case of independence, for which the spectral measure is flat on
(0, 7/2). Note that a formal test for tail independence is not possible, since under
the null hypothesis of tail independence the limit process o, in Theorem 3.1 (and
hence all limit processes in subsequent theorems) is degenerate at zero; in contrast,
tests with tail independence in the alternative hypothesis can be constructed in the
more specialized framework of Ledford and Tawn (1996). By way of illustration,
we compared the MELE for the Loss-ALAE data with the MELE for a random
sample of the same size from the bivariate lognormal distribution fitted to the data
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FI1G. 5. MISE of the empirical spectral measure (dashed) and the MELE (solid) for 1000 samples
of size n = 1000 from the mixture distribution with r = 0.5 and p € {1, 2, 3, oo}.

(right-hand panel of Figure 6). The MELE for this sample is compared to the
MELE of the Loss-ALAE data in Figure 7 (left-hand panel). Despite the fact that
the correlation (on log scale) of both samples is equal to 0.44, the MELE of the
lognormal sample is much closer to the spectral measure of independence (which
is the true one for this sample).

The next question is then which model to fit to the data. In Genest, Ghoudi
and Rivest (1998), the logistic model (Example 2.2) is proposed, while in Beirlant
et al. (2004), Chapter 9, both the logistic (r = 0.73) and the asymmetric logistic
model (r = 0.66, Y| = 1, ¥» = 0.89) are fitted. In the left-hand panel of Fig-
ure 7, the spectral measures (p = 1) of both parametric models are displayed
and compared to the MELE. The asymmetric logistic model follows the MELE
much more closely. Interestingly, the spectral measure of the fitted asymmetric
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Loss-ALAE: data bivariate lognormal data (rho = 0.44)
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FIG. 6. Left: Scatterplot of the Loss-ALAE data (axes on log-scale). Right: Scatterplot of a bi-
variate lognormal sample of the same size and which on a log-scale has the same mean vector and
covariance matrix as the Loss-ALAE data.

logistic model does not have an atom at rr/2 while it has an atom at O of size
1 — ¢, = 0.11. Formal goodness-of-fit tests based on the stable tail dependence
function / are described in de Haan, Neves and Peng (2008) and Einmahl, Krajina
and Segers (2008).

Loss-ALAE v. bivariate lognormal data Loss-ALAE: spectral measures
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F1G. 7. Left: MELE (p = 1, k = 40) of the spectral measure of the Loss-ALAE data and MELE of
the bivariate lognormal data of Figure 6. Right: MELE of the spectral measure (p = 1, k = 40) of
the Loss-ALAE data compared to the spectral measures of the fitted logistic and the fitted asymmetric
logistic models.
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FI1G. 8.  Scatterplot (left) and spectral measure estimates for p = 1 (right) of the variables “stand-
ing height” and “weight” in the NHANES 2005-2006 body measurement data for females.

5.3.2. NHANES data. We consider the variables Standing Height (cm) and
Weight (kg) for females from the National Health and Nutrition Examination Sur-
vey (NHANES) 2005-2006 [National Center for Health Statistics (2007)]. Data
of females of age 18-64 years only have been retained; this leads to a sample
size of 2237. In Figure 8, the MELE of the spectral measure (p = 1) has been
computed for k € {25, 50} and compared to the spectral measure for tail indepen-
dence. Although the data have a nonnegligible positive correlation (0.283), the
MELE strongly suggests tail independence, since it hardly shows any increase
away from the endpoints 0 and 7r/2. The conclusion is that extremely tall women
are not extremely heavy and conversely. This nicely illustrates the difference be-
tween (in)dependence and tail (in)dependence. Similar results were obtained for
the data for males.

6. Proofs of Theorems 3.1-3.3.

PROOF OF THEOREM 3.1.  A. We first prove weak convergence of the process
\/E(Cbp — &) in D[0, 7 /4]. More precisely, with A € {1, %, %, ...}, we will show
that for probabilistically equivalent versions of the processes involved and any
e>0,

lim limsupPr{ sup  [Vk{®,(0) — ®,(6)}

0 n—so0 00, /4]
(6.1)

— {(Wa(Cpo) + Z,©0)}| = 36} =0,

where ® p= o p.A and Wy = Wx . In part B below, we will prove weak conver-
gence in D[0, 7 /2].
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Fix A € {1, %, %,...} and M > 1; later on, M will be taken large. Let A =
{ANA:A A € A}, where A = A(A, M) is a Vapnik—Cervonenkis (VC) class

of sets defined as follows. Form =0,1, 2, ..., % — 1 define
[mAXx,(0), (m+1)Ax,(0)], if 6 € (0, /4],
In(m,0) = 1 [0, 00), if@ =0and m =0,
a, if6 =0and m > 0;

Ia(m) =[y,(1+ QY7 —=1)(m + DA), y,(1+ QY7 — hyma)].

Set /A to be the class containing all the following sets:

1/A—1
U {(x,y):x € In(m),0 <y < xtan6 + B, (x tan6)'/16},
m=0
for some 0 € [0, 7 /4] and By, By, ..., Bija—1 € [—1, 1],
1/A—1
U {(x,y):x € Ja(m),x >x,(0),0<y <y, (x)(1+ Kn)},
m=0
11
for some 0 € [0, /4] and Ko, Ky, ..., Ki/a—1 € [_5, 5],

{(x,y):x <a}, {(x,y):y=a}
and
{(x,y):x<aory<a}, for some a € [0, M].

Next define Ay = {A,: A € A}, where, for A € A, Ay = {(x,y):(y,x) € A}. Fi-
nally define A = A U A.

From lim, o D1,(t) =0, =P ([0, 00] x [0, ]) = A([0, 00] x [0, 1]) =1 (0 <
t < 1), and the homogeneity of A we obtain
(6.2) lim sup |t~ P(tA) — A(A)| =0

tLO AcA/
forall A € {l,3,%,...} and M > 1. Theorem 3.1 in Einmahl (1997) now yields
our basic convergence result: for a special construction (but keeping the same no-
tation) we have
k k
\/%{’lpn<—A) — EP( A)} — Wa(A)
k n k

a.s.
— =0, n— oo.
n

(6.3) sup
AeA

Throughout, we will work within this special construction.
In the sequel we can and will redefine C, ¢, 0 € [0, /4], by

k
{(x,y):OSx <00,y>0,y< %an((tane)l"m(;x)),

=t (i)
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where Q j, is the quantile function corresponding to I' j,, j = 1, 2, with O, (y) :=
0 for 0 < y < (2n)~! by convention. Define the marginal tail empirical processes
by

k
Wi (x) :J%{%an(—x) —xb xz0j=12,
n
and the marginal tail quantile processes by
k
vjn(x):x/l;{%an(—x)—x , x>0, j=1,2
n

Note that w, and v;, converge almost surely to W; and —W;, respectively, for
j =1, 2, uniformly on [0, M]. Observe that for x > 0,

(6.4) "0 ((tane)rln (Sx)) _ xtanf + Z”j(g) ,
where
(6.5) Zn,0(X) = wiy(x)tand 4 vy, (x tanf + wi,;](;x) tan9>.
Also

n k r

% Q2n ( ( 1n ( ) >
(6.6)

win(x) w1, (x)
=l =)+ e e =)
We will treat the terms V), ,(0), Y, ,(0) and ry ,(6) from (3.4) in paragraphs

A.1-A.3, respectively.
A.1. First we deal with V,, ,(0) in (3.4). Set

ép,9,1={(x,y)€ép,9ix<xp(9)} and ép,@,Zzép,G\ép,G,l-

We focus on both sets separately when considering V), ,(8). For p = oo, c 0.0.1
has been dealt with in Einmahl, de Haan and Piterbarg (2001). We will omit the
small modifications that are needed for general p € [1, co]. However for o) 2.0,25
the case p = oo is trivial compared to p € [1, 00). Therefore we will consider

n k A n k A
Vn,p,2(9) = ‘/%{ EPn (;Cp,é),Z) - EP(;C;JﬁJ)}

in detail now.
Recall z, ¢(x) in (6.5) and define s, (x) through

yp(x + wi"/(%x)> + %UZn(yp(x + w1n7§€x))) = yp(X)<1 + S"j?)
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Further, put
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Zn.0(X) xtand
Wt . ,= sup {s (x)/\( ’ +«/%( —1>>},
AT T U Vp(x) yp(x)
x=xp(0)
- Zn,0(X) xtan6
= inf {sn(x)/\( ’ +ﬁ( —1>>}.
A0 T cely am Yp(x) yp(x)
x>xp

Set, for either choice of sign,

+
R g = | )ix € Jam). v 25,00, 0 =y =y (14 =222 )}
Vk
and
1/A-1
+
Nyg= U Rm INCE
m=0
We have
\/— n k +
oo = 2 (82.) ()
n _
(6.7) +\/%EP(;(N;9 \NM))
=V, 20) 470 p2(6);
similarly
n k n k
Vn,p,Z(e) = \/z{EP”<;NA,9> - EP(;NA,Q)}
n k . _
(6.8) - «/%EPG(NM \NM)>
= Vn_p 2(9) - rn,p,2(0)-

We first deal with 7, , 2(0) and next with V/ p »(80). Using (3.6) and well-known
results on tail empirical and tail quantile processes [Csorgé and Horvath (1993)
and Einmahl (1997)] we can show that, as n — 00,

(6.9) sup |, p.2(0) = VEANL ,\ N3 o)| 5 0.

0e[0,7/4]

Now consider

sup x/_A(NAQ\NA 0)-
0e[0,7/4]
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Set ¢ = y,(1 + (27 — 1)mA) v x,,(6) and note that

l/a-l YO A+W /)
VEANZ y\ N3 ) <Vk Y / / ) A(x,y)dydx.
m=0 YCm+1 le(x)(l‘i‘Wm'Aﬁ/\/%)

Setting y = y,(x)(1 +z/ Vk), we can rewrite the right-hand side of the previous
display as

1/A—1

Z —/cm+1 YP(X)/ (x,y,,(x)(l—i—%))dzdx
l/Al o
/Cm+1/ N 1+Z/[ <();:Z/lz/;,l)dzdx

W,IM/ <(xp—1)‘/l’ )d p
xXazg
empr 1+ z/f 1+z/vVk '

1/a- I/W;M/cm_l)'/w(ww—w/f)( (1 +2/VE)v)? )1‘””
=DV W VRN + (14 2/} P
x Muv, ) dvdz.

l/A 1

The integrand is bounded by A(v, 1), whence

kKANS ,\Nx ) < Wt ,—w
VEA( Ao\ A’a)_me{o,ll,l}?l,)li/A—l}( m,A,0 ),

(6.10)

I/A—l/(cp 1)1/[7/(1+W*A6/\/_) )\'( 1)d
X v, V.

e S GRS LA ER ANV

We have

1 wi, (x
sp(x) = mﬁ{yp(x + :/(E )) - Yp(x)}
6.11) g

p1< )””‘(y”(” MT/(:C)»

Now from the behavior of tail empirical and tail quantile processes it readily fol-
lows that sup,¢[21/» o0y 12 (x)| = Op(1). Hence the right-hand side of (6.10) can
be bounded, with probability tending to one, by

o
(Wn—:,A,@ - Wn:’A’G)/O A(v, 1) dv.

3 max
me{0,1,....1/A—1}



2978 J.H. J. EINMAHL AND J. SEGERS

As A has uniform marginals, necessarily [;° A(v, 1)dv < 1. So in summary we
have for fixed A and with probability tending to one,

sup fA(NAO\NA )
0€l0,7/4]
(6.12) .
<3 su ax (W W— ).
0elo, 5/4]"16{01 ..... 1/a—1y  MA0 A0
From the behavior of s, it follows that for any 6 > 0,
lim lim su Pr{ su max (W e 5} 0.
AJO e oel0. 5/4]me 01, lja1) A0 A0

and hence, by (6.9),

&
(6.13) lim limsupPry sup r, ,200)>=1=0.
AJO n—)oop [96[0}3/4] n.p.2 2]

Next consider V . p, »(8), for either choice of sign. Since
nll)ngoPr{NAﬁ € A, forall 6 € [0, 7/4]} =
we have, using (6.3),

(6.14) sup |V, ,(0) — WANE )50, n— oo
0el0,7/4] ’

But with similar calculations as for (6.12) we obtain

ANE, AC w*
(Nag 8 Cpo2) = Sk me(0.1... )](/A—l}| m,a.0]

with Cp g2 ={(x,y) € Cpg:x > x,(0)}. Since

wE
sup max W Aol =0p(1), n— 0o,
9e[0,m /41 mel0,1,...1/A=1} "

we have for any A € {1, % %,...},

sup A(NAQACPQZ)—>O n— oo.
0€[0,7 /4]
Hence, since Wy is uniformly continuous on 4 with respect to the pseudometric
AAAA)for A, A" € A,
(6.15) sup  |WaA(NZE ) — Wa(Cpo)l 50,  n— oo
0€[0,7/4]

Combining (6.7), (6.8), (6.13), (6.14) and (6.15), we now have proven

lim hmsupPr{ sup Vi, p,2(0) = WA(Cpo2)| > 8} =0.
Al0 n—oo 0€[0,/4]
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This, in conjunction with the aforementioned result for C 0,1, yields

(6.16) hmhmsuppr{ sup [V, p(0) — WA(cp9)|>2s} 0.
A0 n—o0 0el0,7/4]

A.2. Next we consider Y, ,(0) = \/E{A(CA‘,,,Q) — A(Cp)}. We will show that

(6.17) sup Y, ,(0) —Z,(0) 50, n— oo
0€l0,m/4]

Again, we will only consider C ».6,2- The other part, C ».6,1, can be handled as in
Einmahl, de Haan and Piterbarg (2001); only minor modifications are needed.
So we will need to show that, as n — oo,

sup  |VA{A(Cpp2) — A(Cpo2))

0e[0,7/4]

(6.18) =
= / o M TPV 03, () = Wl ()} x| 5 0.

p

Observe, with z, ¢ and s, as in (6.5) and (6.11), respectively, that

VI(A(Cp0.2) — AMCpo2))

¥p O {1+3, (x)/vk)
—f/ / ’ A(x,y)dydx,
xp(@0) Jy

p(x)

(6.19)

where

Sp(x) =5, (x) A {Zn,e(x) + \/%<xtan9 — 1) }
yp(x) yp(x)

Since for fixed x > x,(6) the expression Vk(

xtan6
Yp (x)
that we can (and will) replace s, (x) by s, (x) in the integral on the right-hand side

of (6.19). Write

— 1) tends to infinity, it follows

s(x) =

1 /
) {(Wi1(x)y,(x) = Walyp(x)}.

Now

sup Ax,y)dydx

00 /yp(X)(Hsn(X)/«/l?)
0¢el0,/4] y

NG /
xp(e) p(x)

- f |, VPR 3 (s ) d

p

Vk

/'yp(X)(1+Sn @)/Vk)
xp(6)

< sup

< Alx,y)dydx
0€[0,7/4]

yp()(1+s(x)/Vk)
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yp () (14s(x)/Vk)

+Vk / Alx, y)dydx
xp @) Jyp(x)

- f IOAE, s dx

p®

/oo /sn(x) (x)A(x (x)(l—l—i))dzdx
0@ Jsey 7 P Jk

L b (1 )

— Alx, yp(x))i| dzdx

< sup
0e[0,7/4]

_.l_
ee[o n/4]

=T+ 1.

Since A(v, 1) = v~!A(1, 1/v) and by continuity of A on [0, 00)? \ {(0, 0)}, we
have limy, oo A(v, 1) = 0 and thus sup,>¢ A (v, 1) < co. For some (large) M > 2

MVx,(0) psp(x) 1 (xP — l/P
T < sup f / A( ,1>dzdx
0e[0,7 /411 x, (0) sy 1+z/vVk \ 1+4+2z/Vk
00 psu(x) » 1/p z
+/ / )»(x —1 ,1+—>dzdx =:T11+Ti>.
‘ v o ( ) NG 11 1,2
We first show
(6.20) sup  Isp(x) —s(x)| >0,  n— oo.
2l/r<x<M
Define
/
- yp(x) 1 w1n(X)
Sp(x) = wip(x) + ——v3 <y <x + —>)
" yplo) " ypo) P vk

Then it follows from the mean-value theorem and the almost sure convergence of
w1y, to Wi, uniformly on [0, M], that

sup sy (0) =5, (01 50, n— oo
2l/p<x<M
It also follows easily that
sup |§n(x)—s(x)|—p>0, n— 0o,
2l/p<x<M

whence (6.20). We have with probability tending to one,
Ti,1 <2Msupi(v, 1) sup s, (x) —s(x)],

v>0 2/ p<x<M
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which, because of (6.20), tends to 0 in probability (for any M > 2). Let ¥ > 0 and
set § = /k /2. Using again (6.20) and the behavior of W near infinity, we see that
for large enough M and with probability tending to one,

Wa(1)+5 y 2
T12</ / ((xp—l) p,l+ﬁ>dzdx

Wa(1)—8
Wa(1)+8 1 P _nl/p

—/ ’ / A((x ) ,1>dxdz
wa—-s Jm 14+z/vVk \ 14+z/Vk

—Wa()+48 poo p 1-1/p
5/ / ( (A +z/vh) > A, 1) dvdz
1/2(Mp—1)1/p

—Wa(h)—s 1+ {(1 +z/Vk)v}?
—Wa(D)+6 )
§f §dz =282 = k)2,
—Wo(1)=8
whence
(6.21) lim limsupPr{T} > «}=0.

M—0 n—oo

Now consider 7. Write ||s{| = sup,i/p <, <o [$(x)| and

Dy= sup ‘k((xp—l)l/p,l—i-%)—A((xp—l)l/p,l)‘.

x221/17
—lsl=<z=lls|l
For M > 21/p,
o= sup /Oo /S(X){x<(xl’ — P 1+ i) AP =DV, 1)}dzdx
6e[0,7/411/xp(0) JO JVk

M s
5/ D, dzdx
2P J—|s||

/- /VII {)L<(xp_1)1/1’,14—%)+k((xp—1)l/p,1)}dde'

lls1l
Clearly, as n — oo,
lIsll P
/ D,dzdx <2M|s| D, - 0
21/p J—|is]|

and also, with probability tending to one,

lIs 1l z
p _ 1n\1/p S p_ \1/p
/ / s||{)\‘((x DY 1+ ﬁ) +A(xP =17, 1)}dzdx

; PNY
_/ /”|s||1+z/f ((T:z/ljfp )dde
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sl
/ / AP = 1D)VP 1) dzdx

lls

lIsl sl
/ / Av, 1)dvdz+/ / AMu,l)dudz
sl 1/2(M” ni/p sl J(MP—1)1/P

<A4|s|| A(v, D dv.
1/2(Mp—1)1/p

As a result,

(6.22) lim limsupPr{77 > «}=0.
—>00 n—00
Combining (6.21) and (6.22) yields (6.18), which, in conjunction with the afore-
mentioned result for A(é p,0,1), yields (6.17).
A.3. We now consider r;,_,(0) in (3.4). From (6.4), (6.6), (3.6) and the behavior
of tail empirical and tail quantile processes, it follows that

(6.23) sup |rp,p(0)] L)) asn — oo.
0€l0,7/4]
Combining (6.16), (6.17) and (6.23) yields (6.1). So actually we proved the theo-
rem for 6 € [0, 7w /4].
B. Observe that, using a symmetry argument, it rather easily follows from (6.1)
with 0 = /4 that
hm lim sup Pr[|vVk{®, (71/2) — @, (7/2))

—{WA(Cpnp2) + Zp(/2)}| = 6] = 0.

Observe in particular that the first term of Z, , (7 /4) cancels out with the similar
term coming from the mirror image (with respect to the line y = x) of Cj, /4. By
a similar symmetry argument, observing that for 6 € (7 /4, 7/2) (the closure of)
Cp.n2 \ Cp,g is the mirror image of C), 7/2—¢, it follows that

lim lim supPr[ sup ]\/%{Ci)p(e) - ®,(0)}
Al0 n—o0 0e(r/4,7/2]
(6.24)

— (WA (Cpo) + Zp ()] = 9] =0
Combining (6.1) and (6.24) completes the proof. [

PROOF OF THEOREM 3.2. The proof of this theorem follows in the same way
as that of Theorem 3.1; only small adaptations are needed, including the obvious
adaptation of the VC class +. The main difference between both results is the
weaker condition (3.8) which allows A to put mass on {oo} x [0, co) or [0, 00) X
{oo}; on the other hand 8 is bounded away from 0 and 7 /2 in the present result.
In the limit process, the term W (C), ¢) stays the same as in Theorem 3.1 but with
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weaker conditions on A; the term Z,(0) = Z, ,(8) + Z4(6) may now be different
from that in Theorem 3.1, since there Z; = 0, which might not be the case here.
Therefore, we confine ourselves to explaining how condition (3.8) is set to use and
to the adaptation of that part of the proof that deals with Z.

Condition (3.8) implies that for some sequence 7,

(6.25) VkDr, (k/n) + kT, +1/T}? - 0, n— 00.

We focus on the bias term SUDPg e[, /4] |70, p(0)]; see (3.4). For 6 € [n, /4], write
CA‘p,Q =C1UCyUC(C3, where

C1=CpoN (0, T,] x [0, 0],

N n k
C = Cp,@ N ([Tna 00] x I:Oa EQ2n<;>:|)a

) k
C3=Cpon ([Tn, o] % [%an(;), oo))

By the triangle inequality the bias term can be split up into three terms, based
on C1, C2 and Cs, respectively. The first one of these terms converges to zero in
probability, because the first term in (6.25) tends to 0. Using

(oo oo (4] =t (2)=afo- s ()

the second one can be handled similarly. For the third term we replace the differ-
ence in the definition of r,, , () by a sum and deal with both terms obtained from
this sum separately. Using the behavior of tail empirical and tail quantile processes
we obtain the convergence of both these terms from the convergence to O of the
second and third term in (6.25).

Recall that Z;(0) = —®,({0}) W2(1). We have to show the following analogue
of (6.18):

sup  |VA{A(Cpp2) — A(Cpo2))

Oeln,m/4]

(6.26) —/ (G)X(x,yp(X)){WMX)y}(X)— Wa(yp(x))}dx

+ @, ({0 Wa()| B 0.

In view of the proof of (6.18), the proof of (6.26) is complete if we show that, as
n— 00,

. [SUP/4] 1@, ({0D) 2 (1) + @, (0D Wa ()] = @, ({0D) w2, (1) + Wa(1)] 5 0.
eln,m

But this immediately follows from (6.3). [
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PROOF OF THEOREM 3.3. The proof of Theorem 3.3 goes along the same
lines of those of Theorems 3.1-3.2. Observe that we only have to consider the
process ﬁ(&)p —®,) on[n,, /2 —n,] and at /2, since on [0, n,) and (7 /2 —
N, /2) the process is constant and the limit process is continuous on [0, 7 /2).
Then we are in a similar situation as in Theorem 3.2, but now the interval under
consideration depends on n and converges to (0, 7 /2).

The essential difference lies in the VC class «. If we would adapt the VC class
in the proof of Theorem 3.1 in the obvious way, that is, restrict 8 to [n,, 7/2 — 1,1,
the VC class would depend on n and hence Theorem 3.1 in Einmahl (1997) would
not be applicable. We will, however, consider the VC class that is obtained from 4
of our Theorem 3.1 by omitting 6 = 0. Of course, (6.2) does not necessarily hold
for this new class, but it can be shown to hold when we replace ;{—’P(%-) by ﬁ(n),

the measure that is obtained from %P(% -) by projecting the probability mass of

£ ([T, n/ k] x ([0, 1 =k~ V41U 1 + k7174 3]))

n

(6.27)
on the axis {oo} x [0, 00), and by projecting the probability mass of
k
(6.28) =(([0, 1 =k~ U1+ k%, 3]) x [T, n/k])
n

on the axis [0, co0) x {oo}; here T,, > 2/n, is a sequence of T's for which (3.11)
holds. The points %(U“, Ujpp),i =1,...,n, in the region (6.27) or (6.28) are pro-
jected on {oo} x [0, 00) or [0, 00) x {oo} in a similar way, that is, are replaced
by (00, 7Uin) or (7 U1, 00), respectively. It is easily seen that, with probability
tending to one, this projection does not change the processes involved in the result.

O

7. Proofs of Theorems 4.1-4.2.

PROOF OF THEOREM 4.1. Equation (4.9) is an immediate consequence
of (4.8), so we focus on (4.8).
Similarly it is immediate from Theorem 3.1 that, in D[0, /2] and as n — o0,

A d d>p(7r/2)oep—ap(7r/2)cl>p_
@b kG -0n> o)

Recall the definition of f in (4.2) and observe that supy-y—, 2 | (@) =1. Put
Ain = f(®yy) for i € I,. By (7.1) and since Q,({rr/4}) < 1, necessarily Pr[3i €
I,:Aj #0] - 1 as n — oo.

Consider the random function

1

niel,

Ain

_ —l<pu<l.
1"*’MAin o
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The derivative of ¥, is
/
\Ijn w=-3 Z (1 + MAzn)z

Hence, on the event {3Ji € I,,: A;, # 0}, the function W, is strictly decreasing and
there can be at most one i, € (—1, 1) with ¥, (i1,) = 0.

If g : [0, 7 /2] — R is absolutely continuous with Radon—-Nikodym derivative g’,
then by Fubini’s theorem,

— O 6)0 ,(do
Zg( )= /’ﬂmg< )0, ()

niel,

/2 n
—g(n/2) — /[0 . /9 ¢'(9)d9 0,(do)

/2
=g(n/2) - A 0,()g (9)dv.

Since similarly [ gdQ, = g(w/2) — [/* 0,®)g' (¥) d, by (7.1),
Oin) — d
( l; g( ) fO,T(/Z] & Qp)
/2 n
(72) —— [ VEO,©) - 0,05 ©)d8

1
—/0 Bp(0)g'(0)do, n— 0.

Here we used the fact that the linear functional sending x € DI[0, /2] to
ST x(6)g' (6) d6 is bounded.
Since 1/(1+x)=1—x +x2/(1 + x) for x £ —1, we have
242

u-A;
lIJn (/»L) Z Am( MAin + 7”1)
niel, 1+ A
> >y
=— ) Ap-— M— Ap+uP— Yy
niel, niel, niel, 1+,bLAm

Define

1 2 A 2 1A
_ZAm/N_nZAin=/fde/ff dQP‘
iel, iel,

Since [ fdQ,=0and [ f2dQ, > 0,by (7.2), i, = O, (k~1/?) as n — co. We
have

W, (0) = Z Ain

e,
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as well as
W) =~ A+ A S Ay
n - — n R A
N iely niel, 1+2MnA
=——ZAm ( — 41, Zle]n Am/(1+2PLn m))‘
”ze] Zzeln

Because iy = 0p(1), |Ap| < Land Ny ' Y0, A2, 5 [ deQ,, > 0, we obtain
Jim P24, ] < 1, W, (0) W, (214,) < 0] = 1.

Since moreover, with probability tending to one, W, is continuous and decreasing,

nll)ngo Pr[there exists a unique i, € (—1, 1) such that ¥, (i,) =0] = 1.

Also, Pr(|fin] < 2|fin]) — 1 and thus fi, = O, (k~1/?) as n — co. We have

1 A3
OZ\Dn(lln)— ZAm ZA ~2 Z+,
nielr, nicl, N 1+MnAin
whence
L 1+ i}
i =+ R A U _ o oty o
Zleln
Define
—Z tnf [ P00
niel,
Since N, 'Y Ay = 0,(k™1/?) and N, 1Y, A2 = [ £2dQ, + 0,(™1/?), we

have (i, = ft, + Op(k~ 1) and thus
ﬁn:l\ln'i‘op(kil)’ n— o0.

Put
ﬁin ::L(l_llnAin), i €ly;
Ny
0,0) =3 pul(®n<6),  6€l0,7/2].
iel,
Then
0,(6) — 0,(0) = Z(% —q —ﬁnA,-n))l(@m <0)
Nn I+ nAin

~ . ~ v 2
_ Z (fn — Mn)Ain + MnMnAml(@in <0).
1+MnAin

niel,
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Since both i, — fi,, and fi, L, are OP(k_l),

(7.3) sup  10,(0) — 0,(0) =0,k h, n— oo.
0el0,7/2]

Therefore, as n — oo and uniformly in 6 € [0, 7 /2],
Vk(Q,6) — 0,(®))
(7.4) = VE{0,0) — 0@} + 0,(?)
= Vk{0p() — 0,0} — VEitnI(0) + 0, (k')

where
~ 1
16) =+~ > Anl(©5<0),  0€[0,7/2].
niel,

The function f is absolutely continuous; denote its Radon—Nikodym derivative
by f’. By Fubini’s theorem, for 6 € [0, /2],

. . . 6.
i) = /[w] FdO,=f©)0,®) — /0 0,0) f'(?)dv,

9 /
16) = /W FdO,=f6)0,®) — /0 0,(®) f'(9)do.

As a result,

(7.5) sup  |1(0) — 1) =0,k /%), n— 00.
0€[0,7/2]

Moreover, by (7.2) with f =g,

/2
7.6 kfiin=— f JE(O,(6) — 0,®))f(6) d6.

f [f*do,
Write B, = \/%(Qp — Qp). Combine (7.4), (7.5) and (7.6) to see that

S Bn.pdf

I+ 0,k /2
[2ag,’ T

(7.7) VK(Qp— Qp)=PBup+

as n — 00. Since the linear operator

[xdf

——1
[f*dQ,

D[0, /2] - D[0, /2] :x > x +
is bounded, (7.1) and (7.7) imply (4.8). U

PROOF OF THEOREM 4.2. It is immediate from Theorem 3.3 that, in DJ[O,
/2] and as n — o0,

\/];(Qp - Qp) o Ty i> IBp-
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Now the proof of Theorem 4.1 applies here as well, except for one change: we
have to check that (7.2) still holds. But this follows from the fact that

/2 . /2 A
‘ /0 KD, — 0,)(0)g'(0)do — /0 V(O — 0,)(1(8))g'6) db
is bounded by

2V knn sup 18'(0)],
0€l0,n, V[ /2—n,,7 /2]

which by assumption tends to zero as n — oo provided that g’ is bounded in the
neighborhood of 0 and /2. This is the case for g = f and g = f2, the only
functions to which (7.2) is to be applied. [J
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