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In this paper, we investigate the asymptotic spectrum of complex or
real Deformed Wigner matrices (My)y defined by My = Wy /N + Ay
where Wy is an N x N Hermitian (resp., symmetric) Wigner matrix whose
entries have a symmetric law satisfying a Poincaré inequality. The matrix Ay
is Hermitian (resp., symmetric) and deterministic with all but finitely many
eigenvalues equal to zero. We first show that, as soon as the first largest or last
smallest eigenvalues of Ay are sufficiently far from zero, the corresponding
eigenvalues of My almost surely exit the limiting semicircle compact sup-
port as the size N becomes large. The corresponding limits are universal in
the sense that they only involve the variance of the entries of Wy . On the
other hand, when A is diagonal with a sole simple nonnull eigenvalue large
enough, we prove that the fluctuations of the largest eigenvalue are not uni-
versal and vary with the particular distribution of the entries of Wy .

1. Introduction. This paper lies in the lineage of recent works studying the
influence of some perturbations on the asymptotic spectrum of classical random
matrix models. Such questions come from statistics (cf. [20]) and appeared in the
framework of empirical covariance matrices, also called nonwhite Wishart matri-
ces or spiked population models, considered by Baik, Ben Arous and Péché [8]
and by Baik and Silverstein [9]. The work [8] deals with random sample covari-
ance matrices (Sy)y defined by

1
1.1 Sy =—=YiYwN,
(1.1) N = YNy

where Yy is a p x N complex matrix whose sample column vectors are i.i.d.,
centered, Gaussian and of covariance matrix a deterministic Hermitian matrix X,
having all but finitely many eigenvalues equal to 1. Besides, the size of the sam-
ples N and the size of the population p = py are assumed of the same order (as
N — 00). The authors of [8] first noticed that, as in the classical case (known
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as the Wishart model) where X, = I, is the identity matrix, the global limiting
behavior of the spectrum of Sy is not affected by the matrix X,. Thus, the limit-
ing spectral measure is the well-known Marchenko—Pastur law. On the other hand,
they pointed out a phase transition phenomenon for the fluctuations of the largest
eigenvalue according to the value of the largest eigenvalue(s) of X),. The approach
of [8] does not extend to the real Gaussian setting and the whole analogue of their
result is still an open question. Nevertheless, Paul was able to establish in [25]
the Gaussian fluctuations of the largest eigenvalue of the real Gaussian matrix Sy
when the largest eigenvalue of X, is simple and sufficiently larger than 1. More
recently, Baik and Silverstein investigated in [9] the almost sure limiting behavior
of the extremal eigenvalues of complex or real nonnecessarily Gaussian matrices.
Under assumptions on the first four moments of the entries of Yy, they showed in
particular that when exactly k eigenvalues of X, are far from 1, the k first eigen-
values of Sy are almost surely outside the limiting Marchenko—Pastur support.
Fluctuations of the eigenvalues that jump are universal and have been recently
found by Bai and Yao in [6] (we refer the reader to [6] for the precise restrictions
made on the definition of the covariance matrix X,). Note that the problem of the
fluctuations in the very general setting of [9] is still open.

Our purpose here is to investigate the asymptotic behavior of the first extremal
eigenvalues of some complex or real Deformed Wigner matrices. These models
can be seen as the additive analogue of the spiked population models and are de-
fined by a sequence (My )y given by

(1.2) MN:ﬁWN'i‘AN =Xy +ApN,

where Wy is a Wigner matrix such that the common distribution of its entries
satisfies some technical conditions [given in (i) below] and Ay is a deterministic
matrix of finite rank. We establish the analogue of the main result of [9], namely
that, once Ay has exactly k (fixed) eigenvalues far enough from zero, the k first
eigenvalues of My jump almost surely outside the limiting semicircle support.
This result is universal (as the one of [9]) since the corresponding limits only in-
volve the variance of the entries of Wy. On the other hand, at the level of the
fluctuations, we exhibit a striking phenomenon in the particular case where Ay
is diagonal with a sole simple nonnull eigenvalue large enough. Indeed, we find
that in this case, the fluctuations of the largest eigenvalue of My are not universal
and strongly depend on the particular law of the entries of Wy . More precisely,
we prove that the limiting distribution of the (properly rescaled) largest eigenvalue
of My is the convolution of the distribution of the entries of Wy with a Gaussian
law. In particular, if the entries of Wy are not Gaussian, the fluctuations of the
largest eigenvalue of My are not Gaussian.

In the following section, we first give the precise definition of the Deformed
Wigner matrices (1.2) considered in this paper and we recall the known results on
their asymptotic spectrum. Then, we present our results and sketch the proofs. We
also outline the organization of the paper.
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2. Model and results. Throughout this paper, we consider complex or real
Deformed Wigner matrices (My)y of the form (1.2) where the matrices Wy
and Ay are defined as follows:

(i) Wy isan N x N Wigner Hermitian (resp., symmetric) matrix such that the N 2
random variables (Wy);;, «/i?ﬁe((WN)ij)iq', «/i?sm((WN)ij)kj [resp., the
N(N + 1)/2 random variables %(WN)H, (Wn)ij, i < j] are independent

identically distributed with a symmetric distribution g of variance o2 and sat-
isfying a Poincaré inequality (see Section 3).

(i) Ay is a deterministic Hermitian (resp., symmetric) matrix of fixed finite rank r
and built from a family of J fixed real numbers 6; > --- > 6; independent
of N with some jy such that 6, = 0. We assume that the nonnull eigenval-
ues 0; of Ay are of fixed multiplicity k; (with Zj;«éjo kj=r), thatis, Ay is
similar to the diagonal matrix

DN=diag(91,...,01,...,9j0_1,...,0,....,0,9j0+1,...,...,91,...).
——— —_—— —_——
k1 kj()—l N—r kj()+1 ky

2.1

Before going into the details of the results, we want to point out that the condi-
tion made on u (namely that p satisfies a Poincaré inequality) is just a technical
condition: we conjecture that our results still hold under weaker assumptions (see
Remark 2.1 below). Nevertheless, a lot of measures satisfy a Poincaré inequal-
ity (we refer the reader to [12] for a characterization of such measures on R; see
also [1]). For instance, consider pu(dx) = exp(—|x|%) dx with o > 1.

Furthermore, note that this condition implies that i has moments of any order
(cf. Corollary 3.2 and Proposition 1.10 in [22]).

Let us now introduce some notations. When the entries of Wy are further as-
sumed to be Gaussian, that is, in the complex (resp., real) setting when Wy is of
the so-called GUE (resp., GOE), we will write Wﬁ instead of Wy. Then X 1(\;, =

W& //N will be said to be of the GUO)E(N, %) and we will let M = X$ + Ay
be the corresponding Deformed GU(O)E model.

In the following, given an arbitrary Hermitian matrix B of order N, we
will denote by A(B) > --- > An(B) its N ordered eigenvalues and by up =
% ZZNZ 1 0;(B) 1ts empirical measure. Spect(B) will denote the spectrum of B. For
notational convenience, we will also set Ag(B) = 400 and Ay4+1(B) = —o0.

The Deformed Wigner model is built in such a way that the Wigner theorem
is still satisfied. Thus, as in the classical Wigner model (Ay = 0), the spectral
measure (upr,) converges a.s. toward the semicircle law . whose density is
given by

du, 1
(2.2) dx“ (x) = 27162‘/402 — x21[_20.207(x).
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This result follows from Lemma 2.2 of [2]. Note that it only relies on the two first
moment assumptions on the entries of Wy and the fact that the Ay’s are of finite
rank.

On the other hand, the asymptotic behavior of the extremal eigenvalues may
be affected by the perturbation Ay . Recently, Péché studied in [26] the Deformed
GUE under a finite rank perturbation Ay defined by (ii). Following the method
of [8], she highlighted the effects of the nonnull eigenvalues of Ay at the level of
the fluctuations of the largest eigenvalue of MJ\C,;. To explain this in more detail, let
us recall that when Ay = 0, it was established in [33] that as N — oo,

(2.3) o INY (0 (X§) — 20) 5> By,

where F; is the well-known GUE Tracy—Widom distribution (see [33] for the pre-
cise definition). Dealing with the Deformed GUE M, it appears that this result
is modified as soon as the first largest eigenvalue(s) of Ay is (are) quite far from
zero. In the particular case of a rank-1 perturbation Ay having a fixed nonnull
eigenvalue 6 > 0, [26] proved that the fluctuations of the largest eigenvalue of Mﬁ
are still given by (2.3) when 6 is small enough and precisely when 6 < o. The
limiting law is changed when 6 = o. As soon as 6 > o, [26] established that the
largest eigenvalue A (Mﬁ) fluctuates around

(2.4) o =6+ %2

(which is > 20 since 8 > o) as

25) VN (M) = po) = N (0, 0D),
where

(2.6) 09 = (0/0)y/6% — o2

Similar results are conjectured for the Deformed GOE but Péché emphasized that
her approach fails in the real framework. Indeed, it is based on the explicit Fred-
holm determinantal representation for the distribution of the largest eigenvalue(s)
that is specific to the complex setting. Nevertheless, Maida [23] obtained a large
deviation principle for the largest eigenvalue of the Deformed GOE M]E,; under a
rank-1 deformation Apy; from this result she could deduce the almost sure limit
with respect to the nonnull eigenvalue of Ay. Thus, under a rank-1 perturba-
tion Ay such that Dy = diag(9, 0, ..., 0) where 6 > 0, [23] showed that

(2.7) MM S g ifO>0
and

(2.8) MG 520 if6 <o
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Note that the approach of [23] extends with minor modifications to the Deformed
GUE. Following the investigations of [9] in the context of general spiked popula-
tion models, one can conjecture that such a phenomenon holds in a more general
and nonnecessarily Gaussian setting. The first result of our paper, namely the fol-
lowing Theorem 2.1, is related to this question. Before being more explicit, let
us recall that when Ay = 0, the whole spectrum of the rescaled complex or real
Wigner matrix Xy = Wy/+/N belongs almost surely to the semicircle support
[—20,20] as N goes to infinity and that (cf. [7] or Theorem 2.12 in [2])

(2.9) MXN) =520 and Ay (Xy) => —20.

Note that this last result holds true in a more general setting than the one considered
here (see [7] for details) and in particular only requires the finiteness of the fourth
moment of the law w. Moreover, one can readily extend the previous limits to the
first extremal eigenvalues of X, that is,

(2.10) foranyfixedk>1,  Ax(Xy) =320 and Ay_x(Xy) —> —20.
y

Here, we prove that, under the assumptions (i)—(ii), (2.10) fails when some of
the 6;’s are sufficiently far from zero: as soon as some of the first largest (resp.,
last smallest) nonnull eigenvalues 6; of Ay are taken strictly larger than o (resp.,
strictly smaller than —o), the same part of the spectrum of My almost surely
exits the semicircle support [—20, 20 ] as N — oo and the new limits are the pp;’s
defined by
o2
(2.11) p9j=9j+?.
J
Observe that P9; is > 20 (resp., < —20) when 0; > o (resp., < —o) (and po; =
20 if 0; = f0).
Here is the precise formulation of our result. For definiteness, we set k1 + - - - +
kji—1:=0if j=1.

THEOREM 2.1.  Let Jy; (resp., J_) be the number of j’s such that 0; > o
(resp., 0j < —0).

() VI<j=<Jyp,VI<i=< kj»)‘kl-l—'"-l—kj,]-l—i(MN) — Pg; A.S.

(®) Akjtotky,, +1(My) —> 20 a.s.

(C) )\,k1+“.+k1_]_a (MN) —> —20 a.s.

(d) Vj=J—Jog+ 1,V <i <kj, icyjot;_+i (MN) —> pp; a.s.

REMARK 2.1. Following [9], one can expect that this theorem holds true in
a more general setting than the one considered here, namely one that would only
require four first moment conditions on the law p of the Wigner entries. As we
will explain in the following, the assumption that p satisfies a Poincaré inequal-
ity is actually fundamental in our reasoning since we will need several variance
estimates.
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This theorem will be proved in Section 4. The second part of this work
is devoted to the study of the particular rank-1 diagonal deformation Ay =
diag(9,0, ..., 0) such that & > o. We investigate the fluctuations of the largest
eigenvalue of any real or complex Deformed model My satisfying (i) around its
limit pg. We obtain the following result.

THEOREM 2.2. Let Ay =diag(b,0,...,0) with 6 > 0. Define

(2.12) t <m4 — 304) n r ot
. vg=——5— = ,
=4\ 2 202 — o2

where t =4 (resp., t = 2) when Wy is real (resp., complex) and my := fx4 du(x).
Then

2\ —1
(2.13) «/N(l - ‘;—2> (M (My) — pg) —> 115 N (0, vg).

Note that when m4 = 30 as in the Gaussian case, the variance of the limiting
distribution of /N (A1 (My) — pg) is equal to 092 (resp., 2092) in the complex (resp.,
real) setting [with oy given by (2.6)].

REMARK 2.2. Since u is symmetric, it readily follows from Theorem 2.2
that when Ay = diag(0,0,...,0) and 6 < —o, the smallest eigenvalue of My

fluctuates as vN (1 — 02/62) " Oy (My) — pa) -5 115 N (0, vg).
In particular, one derives the analogue of (2.5) for the Deformed GOE:

THEOREM 2.3. Let Ayn be an arbitrary deterministic symmetric matrix of
rank 1 having a nonnull eigenvalue 6 such that 6 > o. Then the largest eigenvalue
of the Deformed GOE fluctuates as

(2.14) VN ME) = pg) - N (0, 202).

Obviously, thanks to the orthogonal invariance of the GOE, this result is a direct
consequence of Theorem 2.2.

It is worth noticing that, according to the Cramér—Lévy theorem (cf. [14], The-
orem 1, page 525), the limiting distribution (2.13) is not Gaussian if p is not
Gaussian. Thus, (2.13) depends on the particular law p of the entries of the Wigner
matrix Wy which implies the nonuniversality of the fluctuations of the largest
eigenvalue of rank-1 diagonal deformation of symmetric or Hermitian Wigner ma-
trices (as conjectured in Remark 1.7 of [16]).

The latter also shows that in the non-Gaussian setting, the fluctuations of the
largest eigenvalue depend, not only on the spectrum of the deformation Ay, but
also on the particular definition of the matrix Ay. Indeed, in collaboration with
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S. Péché, the third author of the present article has recently stated in [16] the uni-
versality of the fluctuations of some Deformed Wigner models under a full defor-
mation Ay defined by (Ay);; =60/N forall 1 <i, j < N (see also [17]). Before
giving some details on this work, we have to specify that [16] considered De-
formed models such that the entries of the Wigner matrix Wy have sub-Gaussian
moments. Nevertheless, thanks to the analysis made in [27], one can observe that
the assumptions of [16] can be reduced and that it is, for example, sufficient to
assume that the W; ;’s have moments of any order. Thus, the conclusions of [16]
apply to the setting considered in our paper. The main result of [16] establishes the
universality of the fluctuations of the largest eigenvalue of the complex Deformed
model My associated to a full deformation Ay and for any value of the parame-
ter 6. In particular, when 6 > o, it is proved therein the universality of the Gaussian
fluctuations (2.5). The approach of [16] is mainly based on a combinatorial method
inspired by the work [31] (which handles the non-Deformed Wigner model) and
some results of [26] on the Deformed GUE. The combinatorial arguments of [16]
also work (with minor modifications) in the real framework and yield the univer-
sality of the fluctuations if 8 < o. In the case where 6 > o which is of particular
interest here, the analysis made in [16] reduces the universality problem in the real
setting to the knowledge of the particular Deformed GOE model (this remark is
also valid in the case where 6 = o). Here, we will prove the needed results on the
Deformed GOE which, thanks to the analysis of [16] and [27], allow us to claim
the following universality.

THEOREM 2.4. Let Ay be a full perturbation given by (Ay);j = 6/N for
all (i, j). Assume that 0 > o. Let Wy be an arbitrary real Wigner matrix with
the underlying measure p being symmetric with a variance o® and such that
[1x]9du(x) < 400 for any q in N.

Then the largest eigenvalue of the Deformed model My has the Gaussian fluc-
tuations (2.14).

REMARK 2.3. To be complete, let us notice that the previous result still holds
when we allow the distribution v of the diagonal entries of Wy to be different
from p provided that v is symmetric and has moments of any order.

The fundamental tool of this paper is the Stieltjes transform. For z € C \ R, we
denote the resolvent of the matrix My by

GNn() = (zIy — My)~!

and the Stieltjes transform of the expectation of the empirical measure of the eigen-
values of My by

gn (2) = E(try (G (2))),
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where try is the normalized trace. We also denote by

8@ =E(z—s7")

the Stieltjes transform' of a variable s with semicircular distribution st

Theorem 2.1 is the analogue of the main statement of [9] established in the con-
text of general spiked population models. The conclusion of [9] requires numer-
ous results obtained previously by Silverstein and co-authors in [30], [3] and [4]
(a summary of all this literature can be found in [2], pages 671-675). From very
clever and tedious manipulations of some Stieltjes transforms and the use of the
matricial representation (1.1), these works highlight a very close link between the
spectra of the Wishart matrices and the covariance matrix (for quite general covari-
ance matrix which includes the spiked population model). Our approach mimics
the one of [9]. Thus, using the fact that the Deformed Wigner model is the additive
analogue of the spiked population model, several arguments can be quite easily
adapted here (this point has been explained in Chapter 4 of the Ph.D. thesis [15]).
Actually, the main point in the proof consists in establishing that for any ¢ > 0,
almost surely,

(2.15) Spect(My) C K2 (01, ...,60))
for all N large, where we have defined
Kg-(ela ~~-99J) = KO'(QI’ -..,9]) + (_878)

and

Ko (Or1,....00) = {pg;s-- -5 po;_y_ 1} U[=20,20]1U{pg,, :...5 pg}-

This point is the analogue of the main result of [3]. The analysis of [3] is based on
technical and numerous considerations of Stieltjes transforms strongly related to
the Wishart context and that cannot be directly transposed here. Our approach to
prove such an inclusion of the spectrum of My is very different from the one of [3].
Indeed, we use the methods developed by Haagerup and Thorbjgrnsen in [18], by
Schultz [29] and by the two first authors of the present article [13]. The key point
of this approach is to obtain a precise estimation at any point z € C \ R of the
following type:

1 1
2.16) 80 () = gN (@) + Lo () = 0(@)’

where L, is the Stieltjes transform of a distribution A, with compact sup-
port in K,(01,...,605). Indeed such an estimation allows us through the in-
verse Stieltjes transform and some variance estimates to deduce that a.s.,

INote that in some papers to which we make reference, the Stieltjes transform is defined with the
opposite sign.
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tI‘N(chg(gl _____ o (My)) = O(N_4/3). Thus the number of eigenvalues of My in
°KZ(01,...,0y) is almost surely an O(N~1/3) and since for each N this number
has to be an integer, we deduce that it is actually equal to zero as N goes to infinity.

Dealing with the particular diagonal perturbation Ay = diag(é, 0, ..., 0) such
that 8 > o, we obtain the fluctuations of the largest eigenvalue A;(My) (Theo-
rem 2.2) by an approach close to the one of [25] and the ideas of [11]. The rea-
soning relies on the writing of the rescaled variable VNG (M) — pg) In terms
of the resolvent of a non-Deformed Wigner matrix. Then, to complete the analysis
of [16] and justify Theorem 2.4, we focus on the particular Deformed GOE model
and improve the previous convergence at the level of Laplace transform.

The paper is organized as follows. In Section 3, we introduce preliminary lem-
mas which will be of basic use later on. Section 4 is devoted to the proof of Theo-
rem 2.1. We first establish an equation (called master equation or master inequal-
ity) satisfied by gn up to some correction of order % (see Section 4.1). Then we

explain how this master equation gives rise to an estimation of type (2.16) and thus
to the inclusion (2.15) of the spectrum of My in K2 (61, ..., 6;) (see Sections 4.2
and 4.3). In Section 4.4, we use this inclusion to relate the asymptotic spectra
of Ay and My and then deduce Theorem 2.1. Section 5 deals with the fluctua-
tions results. The proof of Theorem 2.2 is given in Section 5.2; Theorem 2.4 is
justified in Section 5.3.

3. Basic lemmas. We assume that the distribution p of the entries of the
Wigner matrix Wy satisfies a Poincaré inequality: there exists a positive con-
stant C such that for any €' function f:R — C such that f and f’ are in L(u),

V(f) < c/ P,
with V(£) = E(|f — E(f)?).

Let Tr denote the classical trace.
For any matrix M, define ||M||y = (Tr(M*M ))1/2 the Hilbert—Schmidt norm.

Let W:(Mpy(C)g) — RV [resp., W : (My(C)y) — RNWV+D/2] be the canonical
isomorphism which maps an Hermitian (resp., symmetric) matrix M to the real
parts and the imaginary parts of its entries (resp., to the entries) (M);;,i < j.

LEMMA 3.1. Let My be the complex (resp., real) Wigner Deformed matrix

introduced in Section 2. For any C' function f : RV (resp., RVNWN+D/2y 5 C such
that f and the gradient V( f) are both polynomially bounded,

C
(3.1) VIS o w(My)] < SE(IVIS 0 W (MMII13}.
PROOF. According to Lemma 3.2 in [13],

C
(3.2) VIf o W(Xm)l < CE(IVIfo W (X3}
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Note that even if the result in [13] is stated in the Hermitian case, the proof is
valid and the result still holds in the symmetric case. Now (3.1) follows putting
g(xij;i = j):= f(xij + (An)ij; 1 < j) in (3.2) and noticing that the (Ay);; are
uniformly bounded in i, j, N. [J

This lemma will be useful to estimate many variances. Now, we recall some
useful properties of the resolvent (see [13, 21]).

LEMMA 3.2. Foran N x N Hermitian or symmetric matrix M, for any 7 €
C \ Spect(M), we denote by G(z) := (zIy — M)~ the resolvent of M.
Let z€e C\R.

Q) 1IG@)| < |3m(z)|~" where || - || denotes the operator norm.
(i) |G(2)ijl <13m()|"  foralli, j=1,...,N.
(iii) For p>2,
1

N
N > 1G @17 < (13m ()|~ HP.

ij=1
(iv) The derivative with respect to M of the resolvent G (z) satisfies
?VI(Z) -B=G((z)BG(2) for any matrix B.

(v) Let z € C such that |z| > | M ||; we have

1
IGN = ——77-
|z| — 1Ml

PROOF. We just mention that (v) comes readily noticing that the eigenvalues
of the normal matrix G (z) are the W, i=1,....,N. O

We will also need the following estimations on the Stieltjes transform g, of the
semicircular distribution ft .
LEMMA 3.3. g, is analytic on C\ [—20, 20] and
(i) Vze{z e C:3m(z) # 0},
33)  0%g2(2) —28,(2) +1=0,

(3.4) g6 (2)] < I3m(2)| 7",
(3.5) g0 ()7 < |zl + a2 13m (D)7,
(3.6) |’<>|—]/%d <z>'<|° @)
. g(f )= (Z —[)2 Mo = [SmZ ’
~ —1
3.7 fora>0,0 R, —aga(z) — +9' <|Sm(z)| .
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(i) Vze{z€C:|z| > 20},

(3.8) 8@l = -5
(3.9) 1€, (2)] = ‘ / g —L
“ (z—1)? ~ (lz| —20)%’
2
(3.10) 8o (D)7 < |z + :
|z| — 20

PROOF. For (3.3), we refer the reader to Section 3.1 of [2]. Equation (3.7) is
a consequence of Im (g, (z))Im(z) < 0. Other inequalities derive from (3.3) and
the definition of g,. [J

4. Almost sure convergence of the first extremal eigenvalues. Sections 4.1,
4.2 and 4.3 below describe the different steps of the proof of the inclusion (2.15).
We choose to develop the case of the complex Deformed Wigner model and just
to point out some differences with the real model case (at the end of Section 4.3)
since the approach would be basically the same. In these sections, we will often
refer the reader to the paper [13] where the authors deal with several independent
non-Deformed Wigner matrices. The reader needs to fix r =1, m =1, ag =0,
a; = o and to change the notation A =z, Gy = gy, G = g, in [13] in order to use
the different proofs we refer to in the present framework. We shall denote by Py
any polynomial of degree k with positive coefficients and by C, K any constants;
Py, C, K can depend on the fixed eigenvalues of Ay and may vary from line to
line. We also adopt the following convention to simplify the writing: we sometimes
state in the proofs below that a quantity Ay (z), z€ C\Ris O(N7P), p=1,2.
This means precisely that

1 Pe(3m ()| ™)
NP

for some k and some / and we give the precise majoration in the statements of the
theorems or propositions.

Section 4.4 explains how to deduce Theorem 2.1 from the inclusion (2.15).

The goal of Sections 4.1 and 4.2 is to establish Proposition 4.4 below which is
fundamental in the proof of the inclusion (2.15). Before describing rigorously the
different ideas of these two sections, let us help the reader’s intuition by a heuristic
understanding of the approach. Assume that we can establish that gx(z) satisfied
the rough quadratic equation (also called master inequality):

AN ()] = (Iz] + K)

) | lE _o 1
o°gn(2) —zgn(2) + +N o (2) = (W)

Then, for any suitable z, divided by gx(z) the last approximation would provide
us an estimation of Ay (z) — z where Ay (z) =z (gn(2)) With z,(g) = é +o%g
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being the inverse function of g, (see Lemma 4.4 below). Then, intuitively, a Taylor
expansion of g, between Ay (z) and z would lead to an estimation of the type

gn(@) — (z)——i( @) el ()E (z)+0<i>
N 8o - N 8o 8o o N2 .

This intuitive process may throw light on the expression (4.20) of L (z) in Propo-
sition 4.4 below.

4.1. The master equation.

4.1.1. A first master inequality. In order to obtain a master equation for gy (z),
we first consider the Gaussian case, that is, Xy = X 1(\;/ is distributed as the
GUE(N, 02/N) distribution.?

Let us recall the integration by parts formula for the Gaussian distribution.

LEMMA 4.1. Let ® be a complex-valued C! Sfunction on (Mpn(C)sq) and
Xn ~GUE(N, 02/N). Then,

N
4.1 E[¢'(Xn) - H] = U—ZE[‘.b(XN)Tr(XNH)]

for any Hermitian matrix H, or by linearity for H = E j;, 1 < j, k < N where E ji,
1 < j,k <N is the canonical basis of the complex space of N x N matrices.

We apply the above lemma to the function ®(Xy) = (Gn(2))ij = ((zIy —
Xy — AN)fl)ij, 7€ C\R, 1 <i,j < N. In order to simplify the notation, we
write (Gn(2))ij = G;j. We obtain, for H = E;;,

N
E(GHG)ij) = ZE[Gj Tr(XyH)],

o
N

E(G;iGjj) = EE[Gij(XN)ji]-

Now, we consider the normalized sum ﬁ >_ij of the previous identities to obtain
1
E((trvG)?) = —E(try (GX ).

Then, since
GXy=(z—Xy—AN)""(Xny + Ay —zIy — Ay +zIy) = —Iy — GAy +2G,

we obtain the following master equation:

E((tryG)?) + %(—zE(trNG) + 1+ E(tryGAy)) =0.

2Throughout this section, we will drop the subscript G in the interest of clarity.
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Now, it is well known (see [13, 18] and Lemma 3.1) that

C|3m(z)|~*

Var(try (G)) < N2

Thus, in the case where Xy = X 1(\;, we obtain:

PROPOSITION 4.1.  The Stieltjes transform gy satisfies the following inequal-
ity:
[Sm ()~

1
(42 |o%sh @) — 2@ + 1+ SET Gy @A) < O3

Note that since Ay is of finite rank, E(Tr(Gn(z)An)) < C where C is a constant
independent of N (depending on the eigenvalues of Ay and z).

We now explain how to obtain the corresponding (4.2) in the Wigner case. Since
the computations are the same as in [13]° and [21],* we just give some hints of the
proof.

STEP 1. The integration by parts formula for the Gaussian distribution is re-
placed by the following tool:

LEMMA 4.2. Let & be a real-valued random variable such that E(|&|PT2) <
00. Let ¢ be a function from R to C such that the first p + 1 derivatives are con-
tinuous and bounded. Then,

p
43) E(E$®) = ) ““HE@ () + ¢

a=0

where k, are the cumulants of &, |e€| < Csup, o@D ()| E(|E|PH2), C depends
on p only.

We apply this lemma with the function ¢ (§) given, as before, by ¢ (§) = G;;
and £ is now one of the variables Re((Xy)x), Sm((Xy)x). Note that, since the
above random variables are symmetric, only the odd derivatives in (4.3) give a
nonnull term. Moreover, as we are concerned by estimation of order # of gn,
we only need to consider (4.3) up to the third derivative (see [13]). The com-

3This paper treats the case of several independent non-Deformed Wigner matrices.
4The authors considered a non-Deformed Wigner matrix in the symmetric real setting.
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putation of the first derivative will provide the same term as in the Gaussian
case.

STEP 2. Study of the third derivative.
We refer to [13] or [21] for a detailed study of the third derivative. Using some

bounds on Gy (see Lemma 3.2), we can prove that the only term arising from the
third derivative in the master equation, giving a contribution of order %, is

k=1
In conclusion, the first master equation in the Wigner case reads as follows:

THEOREM 4.1. For z € C\ R, gn(z) satisfies

1
o’gn (@) —zgn () + 1+ NE[TT(GN(Z)AN)]

g [(1 & 2

k=1

(4.4)
- Ps(|3m(z)|™")
—_ N2 b

where k4 is the fourth cumulant of the distribution [i.
4.1.2. Estimation of |gn — g+|. Since

1 2
IE|:<N Z(GN(Z))]%]{> i|

k=1

IE[Tr(G N (2)AN)]| V < Py(I3m ()| 7Y,

Theorem 4.1 implies that for any z € C\ R,

X -1
(45) |028N(Z)2—28N(Z)+1|§M,

To estimate |gy — g | from (3.3) and (4.5), we follow the method initiated in [18]
and [29]. We do not develop it here since it follows exactly the lines of Section 3.4
in [13] but we briefly recall the main arguments and results which will be useful
later on. We define the open connected set

Ps(ISm@)|™h) 5 1 1
— x5 o m@) +|Z|)<4|3m(z)|‘l}'

For any z in C such that Im(z) > 0, we set

Oy = {z e C,3Im(z) >0,

1
(4.6) ANG) i=02gn(@) + ——.
gn(2)

One can prove that for any z in O:
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e ¢n(z) #0and

<2(c13m@) |~ + 1z));

4.7
@7 lgn ()]

e from (4.5) and (4.7),

_ Ps(3m@™h

(4.8) |AN(z) — 2] < N (0213m(2)| " + Iz])
and
(4.9) Sm(Ay () > 2 .

e writing (3.3) at the point A (z), we easily get that

(4.10) gn(2) = 8o (AN(2))

on the nonempty open subset Oy, = {z € O}, Im(z) > 20} and then on Oy
by the principle of uniqueness of continuation.

Using

128 (2) — 80 () = [E[(z — ) (An () —5) " (An () — 2)]|
<3m(z) - Im(An(2)) - |AN(2) —zl,

this allows us to get an estimation of |gy (z) — g5 (2)| on (9;\, and then to deduce:

PROPOSITION 4.2. For any z € C such that Im(z) > 0,

Po(|3m(z)|~")

(4.11) 18N (2) = 85 (2)| = (Iz] + K) N

4.1.3. Study of the additional term E[Tr(AyGn(z))]. From now on and until
the end of Section 4.1, we denote by y1, ..., 3 the nonnull eigenvalues of Ay
(yi = 6; for some j # jo) in order to simplify the writing. Let Uy := U be a
unitary matrix such that Ay = U*AU where A is the diagonal matrix with entries
Aji=vyi, i <r;A;=0,i>r.Weset

r N
(4.12) hy (@) :=E[Tr(ANGN @) =D v Y UL UiEIGjil.
k=1 i, j=1

Our aim is to express iy (z) in terms of the Stieltjes transform gy (z) for N large,
using the integration by parts formula. Note that since we want an estimation of
order O (N ~2) in the master inequality (4.4), we only need an estimation of /1 (z)
of order O(N~1). As in the previous subsection, we first write the equation in the
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Gaussian case and then study the additional term (third derivative) in the Wigner
case.

(a) Gaussian case. Apply (4.1) to ®(Xy) = Gj; and H = Ej; to get
N
E[GiGul = = EIG ji(Xn)iil
o

and
1 Y 1
~ ;E[G jiGul = —5EI(GXN) jil.

Expressing G Xy in terms of G Ay, we obtain
4.13)  Ij; := 0’E[G jitrn (G)] + 8;j — zE[G i1 + E[(GAn) ;i1 = 0.

Now, we consider the sum Zi’j U3 Ukjlji, k=1, ...,r fixed and we denote oy =
i U UkjG ji = (UGU™)kk. Then, we have the following equality, using that U
is unitary:

oEloxtry (G)]+ 1 — zE[ax] + Y U U E(GAp) ji1 =0.
i,J

Now,
>_ Ui UG EI(GAN) i) =E[(UGAN U]
" =E[(UGU*AUU")i]
= NE[(UGU )] = yxElo].
Therefore,

o2 Elaxtry (G)] + 1 + (v — 2)Elax] = 0.

Since ay is bounded and Var(try (G)) = O (N ~2), we obtain
1
(4.14) Eloe](02gn (2) + v —2) + 1 = O(ﬁ)‘

Then using (4.11) we deduce that E[ag](0%gs(z) + vk —2) + 1= O(N"") and
using (3.7):

r

4 1
@15)  hy@ =Y nElel=Y " + o(_).

k=1 k=1 = O’ng-(z) — Yk
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(b) The general Wigner case. We shall prove that (4.14) still holds. We now rely
on Lemma 4.2 to obtain the analogue of (4.13):

Jij = UZE[GjitrNG] +6ij — ZE[Gji]

(416) +E[(GAN)]1] +— 6 ) ZE[AZ jl

=1
1
_0N2

The term A; ;; is a fixed linear combination of the third derivative of ® := G j;
with respect to Re(Xy)i; (i-e., in the direction e;; = Ej; + Ej;) and Im(Xy)ir
[i.e., in the direction f;; := ~/—1(E;; — E;;)]. We do not need to write the exact
form of this term since we just want to show that this term will give a contribution
of order O(N~!) in the equation for &y (z). Let us write the derivative in the
direction ¢;;:

E[(Gei1GeiGeiG) ji]
which is the sum of eight terms of the form
4.17) E[G111G1213Gt415 Gt(,l]»

where if iog 1 =i (resp., [), then izg o =1 (resp., i), g =0, 1, 2.

LEMMA 4.3. Let 1 <k <r fixed; then

N
> UjUii— ZE[A, m

i j=1 NI

(4.18) F(N):= < Cl3m(z)|™*

for a numerical constant C.

PROOF. F(N) is the sum of eight terms corresponding to (4.17). Let us write,
for example, the term corresponding to iy =i, i3 =i, i5s =1i:

1
Z Ui Ui ElGiG1iGiiGy) = [ ZU;;(UG)MGZ,-GHGH}
z Jsl i,l

- E[% 3 ;(UG),G-(GTGDGT),-,},

where the superscript T denotes the transpose of the matrix and G is the diagonal
matrix with entries G;;. From the bounds |Gy (2)|| < |Im(z)|~' and |U|| = 1, we
get the bound given in the lemma.
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We give the majoration for the term corresponding to iy =1, i3 =1, i5 =1:
1 1
N 2 Ui UELG 3G}l = E{ﬁ > Ufi(UG)sz?z}-
ij.l il
Its absolute value is bounded by E[% il |Gi1I2113m(z)|~! and thanks to Lem-
ma 3.2 by |3m(z)|~*. The other terms are treated in the same way. [

As in the Gaussian case, we now consider the sum }_; j U} UkjJji. From
Lemma 4.3 and the bound (using the Cauchy—Schwarz inequality)

N
> UjUgI =N,
i, j=1
we still get (4.14) and thus (4.15). More precisely, we proved:
PROPOSITION 4.3.  For any z € C such that Im(z) > 0,

- P11 (ISm(2)|™h
N

r

Vk
E[Tr(AnG -
[Tr(ANG N (2)] ;Z_ngg(z)_m <

(K +z])-

4.1.4. Convergence of E[(% Z,ivzl G,%k)z]. We now study the last term in the
master inequality of Theorem 4.1. For the non-Deformed Wigner matrices, it is
shown in [21] that

& 2

Moreover, Proposition 3.2 in [13], in the more general setting of several indepen-
dent Wigner matrices, gives an estimate of |Ry(z) — gf; (2)]. The above conver-
gence holds true in the Deformed case. We just give some hints of the proof of the
estimate of |Ry(z) — gﬁ (z)| since the computations are almost the same as in the
non-Deformed case. Let us set

1Y,
Nk:l

We start from the resolvent identity

N
G =1+ (MN)uGir
I=1

N N
=14+Y (AMuGi + Y _(XmuGix
=1 =1
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and
1 N
zdy(2) = Z Gk + — Z(ANG)kkak +5 > (XWuGiuGi.
N k=1

For the last term, we apply an integration by parts formula (Lemma 4.2) to obtain
(see [13, 21])

1Y 1 Y 1
E[ﬁ > (XN)lelkak] = UZE[(ﬁ > Gkk) dN(Z)j| + O(N)'

k,l=1 k=1

It remains to see that the additional term due to Ay is of order O(N~!):

1 Y 17
5 2 ANGGr= 1 D 7 (UGGPU™)
k=1 p=1

-2
- (Zl p|) |Sm(2)]~

We thus obtain (again with the help of a variance estimate)

and

1 N
— ANG i G
‘ngl( NGk Gk

1
cEldy ()] = gn(2) + 0 gn (Eldy (2)] + O (ﬁ)

Then using (4.11) and since dy (z) is bounded we deduce that

1
ZEldy(2)] = 80 (2) + 02g0 (DEldy ()] + O (N)

Thus [using (3.7)]
(o2 1 o
Eldy(2)] = Zgi + 0(—) B A )

—ngg(z) N/N—occz—0 gg(z)

Now, using some variance estimate,

1 1
Eld? ()] = (Eldy @] + O (ﬁ) =gt + 0(N>.
We can now give our final master inequality for gy(z) following our previous
estimates:
THEOREM 4.2. For z € C such that Sm(z) > 0, gy () satisfies

Pia(ISm(z)|™")
NZ

+ % g§ (2), k4 is the fourth cumulant of the dis-

1
ngjzv(z)—zgzv(z)JrleﬁEa(z)‘ < (Iz] + K),

where E; (7)) =
tribution (.

Zr Yk
k=1 z—02g ()~
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Note that £, (z) can be written in terms of the distinct eigenvalues 6; of Ay as

K4 4
4.19 Eys(z) = k; + —g2(2).
19 ©O= 2 Miogmog T 2@
Let us set
(4.20) Lo(2) =85 (2) 'E((z — ) ") Es (2),

where s is a centered semicircular random variable with variance o 2.
4.2. Estimation of |g+(z) — gn(2) + %La (z)]. The method is roughly the

same as the one described in Section 3.6 in [13]. Nevertheless we choose to de-
velop it here for the reader’s convenience. We have for any z in O}, by using (4.6)
and (4.10),

1
8o (2) —gn () + NLU(Z)

1
=180(2) — g (AN(2)) + NLG(Z)

_ 1
_ E[(z—s)—l(AN@—s) AnG) —z)+Nga@)—l(z—s)—zEa(z)”

A

_ 1
E[(Z—S)l(AN(Z)_S) ]<AN(Z)—2+Nga(z)lEa(z)m
_ 1
+E[[z—5)"Ez—9"" = (AnG) — ) ‘}|]ﬁ|ga<z>—1Ea(z)|

1
< 2|~?sm(z>|—2'AN(z) —z+ NE(,(z)gg(z)“

Pg(|3 -1
+%|Am>—&qz|+m,

where we made use of the estimates (3.5), (4.9), Vz € C\ R,
Vx R < Sm()|™,

4.21)
|Es(2)| < Pa(ISm(z)|™h) [using (3.7)].

Let us write

1
‘An(z>—z+ﬁga(z>—‘

Es (Z)>

<02g12\,(z) —zgn(@) + 1+ N

" en ()
Es(z)/N

m(gN(Z) — 85 (2)).
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We get from Theorem 4.2, (4.7), (4.11), (4.21), (3.5),

Pis(ISm(z)| 7Y

<(zl + K)° 2

1
‘AN(z) et B (g @)

Finally, using also (4.8), we get for any z in O,

Pi7(I13m(2)| 7Y

<(zl+K) 2

1
8s(2) —gn(2) + NLO'(Z)

Now, for z ¢ 9, such that Im(z) > 0,

Ps(|(3m(z)~'])

1<4 (2] + o 213m(2)|~H|Im(z)| !

N
~ —1
< (2l +K>—P8('“g";v@ D,
We get
20 (2) — gn () + %LU @) < 180@) — gn ()| + %ma @)
~ —1

< (el + ) HERELD)

x [(|z| + K)%(Z)'_l) + %Pﬂl%m(z)l‘l)(lzl + K)}
<z + K)ZW.

Thus, for any z such that Im(z) > 0,

Pi7(I3m(2)| 7Y

(4.22) 2

1
80(2) —en (@) + Lo ()| < (2l + K)?

Let us denote for a while gy = g;\\,N and L, = LﬁN . Note that we get ex-
actly the same estimation (4.22) dealing with — Ay instead of Ax. Hence since
g5 (2) = —go(—2), g]:,AN (2) = —g;‘,’v (—2z) (using the symmetry assumption on i)
and L; AN (z) = LAV (—z), it readily follows that (4.22) is also valid for any z such
that Im(z) < 0. In conclusion:

PROPOSITION 4.4.  Forany z € C\R,

s P(3m@)™h)

(4.23) 8o (2) —gn(2) + %LU(Z) = (z[+K) N2
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4.3. The spectrum of My. The following step now consists of deducing
Proposition 4.6 from Proposition 4.4 (from which we will easily deduce the ap-
propriate inclusion of the spectrum of My). Since this transition is based on the
inverse Stieltjes transform, we start with establishing the fundamental Proposi-
tion 4.5 below concerning the nature of L. To this aim, it will be relevant to
rewrite L, as

0;
424) L@ =g x g, x <Z k; 1/ 2 @) = —ga (z))

We recall that J4, (resp., J_) denotes the number of j’s such that 6; > o (resp.,
6j < —o). As in the Introduction, we define
o2
,OGj = 9] + Z
which is > 20 (resp., < —20) when 6; > o (resp., < —0).

PROPOSITION 4.5. L, is the Stieltjes transform of a distribution A, with
compact support

Ko (Or1,...,00) :=1{pg;s---5po;_y 1} U[=20,20]1U{pg,, :...5 pg}-

The proof relies on the following characterization already used in [29].

THEOREM 4.3 [32].

e Let A be a distribution on R with compact support. Define the Stieltjes trans-
formof A,1:C\R — C by

l(z):A( : >
—X

Then | is analytic in C\ R and has an analytic continuation to C \ supp(A).

Moreover:

(c1) I(z) > 0as |z| > o0,

(c2) there exist a constant C > 0,ann € N and a compact set K C R containing
supp(A) such that for any z € C\ R,

|1(z)] < C max{dist(z, K)™", 1},

(c3) for any ¢ € C*°(R, R) with compact support

A(gb):—l lim :Tsm/ dx)l(x +iy)dx.
T y—>07t R
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e Conversely, if K is a compact subset of R and if | :C\ K — C is an analytic
function satisfying (c1) and (c3) above, then [ is the Stieltjes transform of a
compactly supported distribution A on R. Moreover, supp(A) is exactly the set
of singular points of | in K.

The following properties of the Stieltjes transform g, will be useful for showing
that L, fulfills the previous conditions.

LEMMA 4.4. g, is analytic and invertible on C\ [—20, 20 ] and its inverse 7,
satisfied

1
wlg) =+ o’s  Vgegs(C\[-20,20]).
(a) The complement of the support of s is characterized as follows:

x € R\ [-20,20] <= 3g € R" suchthat

1
—‘ >0 and x = 275(g).

8
(b) Given x e R\ [—20,20] and 6 € R such that |0| > o, one has
L o = o0+
= X = — = 09.
8o (x) 6

This lemma can be easily proved using, for example, the explicit expression
of g, [derived from (3.3)], namely for all x € R\ [—20, 20],

g0 (x) = 2z—z(l — /1 —452/x2).

PROOF OF PROPOSITION 4.5. Using (4.24), one readily sees that the set of
singular points of L, is [—20,20] U {x € R\ [—20, 20], ﬁ € Spect(An)}.
Hence [using point (b) of Lemma 4.4] the set of singular points of L, is exactly
K,(01,...,0)).

Now, we are going to show that L, satisfies (c1) and (c;) of Theorem 4.3. We

have obviously that

1z —0%85(2) —6;1 > ||z — ;] — o285 (2)].

Now, let o > 0 such that o > 20 andforanyj:l,...,],a—|9j|>£.For
any z € C such that |z| > «,
2
z—0i|>1z| —10;] >
o =61 2 |21 = 16 > ———
and according to (3.8)
2 2

o

10280 ()] < ——— < .
|z| =20 ~ a —20
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Thus we get that for z € C such that |z| > «,

o2

2
|z —0o ga(Z)_9j|Z|Z|—|9j|_a_2G-

Using also (3.8)—(3.10), we get readily that for |z| > «,

|L<)|<(||+ o ) !
=T 220 ) (2] - 20)2

J
k;lo;l K4
8 (Z |z| = 16;] — (02/(a — 20)) * 2(|z| —20)4>'

Jj=1

Then, it is clear that |L, (z)| — 0 when |z| — +00 and (c) is satisfied.
Now we follow the approach of [29] (Lemma 5.5) to prove (c2). Denote by &
the convex envelope of K, (01, ..., 0;) and define the interval

K :={x e R; dist(x, &) < 1}
=[min{x € K;(01,...,0;)} —1;max{x € K,(01,...,0;,)}+ 1]
and
D={ze€C;0<dist(z, K) <1}.

e Let ze DNC\ R with Re(z) € K. We have dist(z, K) = |Im(z)| < 1. Using
the upper bounds (3.4), (3.5), (3.6) and (3.7), we easily deduce that there exists
some constant Cq such that for any z € D N C\ R with ite(z) € K,

Lo (2)] < ColIm(z)|”" = Codist(z, K)~' = Comax(dist(z, K)~'; 1).

e Letze DNC\ R with Re(z) ¢ K. Then dist(z, K5 (01, ...,05)) > 1. Since L,
is bounded on compact subsets of C \ K,(61,...,60;), we easily deduce that
there exists some constant C such that for any z € D with Re(z) ¢ K,

ILy(2)| < Cy < Cydist(z, K)~7 = Cy max(dist(z, K) s 1).

e Since |Ls(z)] — 0 when |z| — 400, L, is bounded on C\ D. Thus, there exists
some constant C; such that for any z € C\ D,

|Lo(2)| < Ca2 = Co max(dist(z, K)~'; 1).

Hence (cy) is satisfied with C = max(Co, C, C») and n = 7 and Proposition 4.5
follows from Theorem 4.3. [

We are now in position to deduce the following proposition from the esti-
mate (4.23).
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PROPOSITION 4.6. For any smooth function ¢ with compact support,
1 1
@25 Bley M) = [ @diuse + 1 Aa(9) + o(m).
Consequently, for ¢ smooth, constant outside a compact set and such that
(4.26) try (@(My)) = O(N~*3)  as.

PROOF. Using the inverse Stieltjes transform, we get, respectively, that, for
any ¢ in C*°(R, R) with compact support,
Aglp) 1

—— lim J / iy)dx,
N o, Sm R(p(x)rN(x—{—ly) X

Eltry (0(My))] — / odjise —

where ry = g5 (2) — gn(2) + %LG (z) satisfies, according to Proposition 4.4, for
any z € C\ R,

1
Irn (@] = S5l + K)* Pe(|Sm(2)~ 1)),

where « =3 and k = 17.
We refer the reader to the Appendix of [13] where it is proved using the ideas
of [18] that

<C < +o0,

lim sup
y—0t

/Rw(x)h(x +iy)dx

when £ is an analytic function on C \ R which satisfies
1h(@)] < (1z] + K)* Pe(ISm(2)~").
Dealing with h(z) = N 2y N (2), we deduce that

C
<

lim sup
y—0t

/Rgo(x)rN(x +iy)dx

and then (4.25).

Following the proof of Lemma 5.6 in [29], one can show that A, (1) = 0. Then,
the rest of the proof of (4.26) sticks to the proof of Lemma 6.3 in [18] (using
Lemma 3.1). O

Following [18] (Theorem 6.4), we set K = K;(01,...,0;) + (=5.%5), F =
{t € R; dist(¢t, K5 (01, ...,05)) > ¢} and take ¢ € C*°(R, R) such that 0 < ¢ <
1, ¢(t) =0 for t € K and ¢(¢t) =1 for t € F. Then according to (4.26),
try(@(My)) = O(N~%3) as. Since ¢ > 1, it follows that try(1p(My)) =
O(N~*/3) a.s. and thus the number of eigenvalues of My in F is almost surely an
O(N~'/3) as N goes to infinity. Since for each N this number has to be an integer
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we deduce that the number of eigenvalues of My in F is zero almost surely as N
goes to infinity. The fundamental inclusion (2.15) follows, namely, for any ¢ > 0,
almost surely

Spect(My) C Ky (01, ...,07) + (=€, ¢€),

when N goes to infinity.
Such a method can be carried out in the case of Wigner real symmetric matrices;
then the approximate master equation is the following [compare with (4.4)]:

1 2
o2gn(2)? —zgn (D) + 1+ —K—“E[( ZGkk@ ) ]+%E<trNGN<z)2>

1
+E({try[ANGN(2)]) = O (m)

Note that the additional term "WZE(trN Gy ()P already appears in the non-
Deformed GOE case in [29]. One can establish in a similar way the analogue of
(4.11) and then, following the proof of Corollary 3.3 in [29], deduce that

1
E(try Gy ()?) = E((z — 5)2) + 0<N)’

where s is a centered semicircular variable with variance 2. Hence by similar
arguments as in the complex case, one gets the master equation

2 2 I+~ B0 =o0f -
024N (@) = 28N (D) + 1+ 1o (2) = (W)

where
. 0 k4 4 -2
Es()= ), ki— + =g () +E((z—9)77).
j=titi O 8e@) 2

It can be proved that L, (z) := go (@) "E((z—5)"%)E,(z) is the Stieltjes transform
of a distribution A, with compact support K, (61, ..., 8y), too. The last arguments
hold likewise in the real symmetric case.

Hence we have established:

THEOREM 4.4. Let (My)N be any real or complex Deformed model satis-
Sying (1) and (ii) in Section 2. Let J14 (resp., J_y) be the number of j’s such that
0; > o (resp.,0; < —0o). Then for any ¢ > 0, almost surely, there is no eigenvalue
of My in

(—OO, ,091 - 6) U (/091 + €, P91_1 - E) U..-u (pej_]_o,+] + €, —20 — 6)
4.27)
U Q20 +€,p;,, —€)U---U(pg, + €, pg —€) U (pg, +€,+00),

when N is large enough.
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REMARK 4.1. As soon as € > 0 is small enough, the union (4.27) is made of
nonempty disjoint intervals.

4.4. The almost sure convergence result. As announced in the Introduction,
Theorem 2.1 is the analogue of the main statement of [9] established for general
spiked population models (1.1). The previous Theorem 4.4 is the main step of the
proof since now, we can adapt the arguments needed for the conclusion of [9]
viewing the Deformed Wigner model (1.2) as the additive analogue of the spiked
population model (1.1).

Let us consider one of the positive eigenvalues 6; of the Ay ’s. We recall that this
implies that Ak1+...+kj_1+,~(AN) =0, forall 1 <i <k;. We want to show that if
0; > o (i.e., with our notation, if j € {1, ..., J45}), the corresponding eigenvalues
of My almost surely jump above the right endpoint 2o of the semicircle support
as

V1<i<k; Mootk +i (MN) —> pe; as.,
whereas the rest of the asymptotic spectrum of My lies below 20 with
)Lk,+...+kj+a+1(MN) — 20 a.s.

Analogous results hold for the negative eigenvalues 0; [see points (c¢) and (d) of
Theorem 2.1]. To describe the phenomenon, one can say that, when N is large
enough, the (first extremal) eigenvalues of My can be viewed as a “smoothed”
deformation of the (first extremal) eigenvalues of Ay. According to the analysis
made in the previous section [Lemma 4.4(b)], we already know that the limits pg ;
are related to the 0;’s through the Stieltjes transform g, . More precisely, one has

1
8o (p9 j)
Our main purpose now is to establish the asymptotic link between the spectra of
the matrices My = Xy + Ay and Ay.

Intuitively, this link seems rather natural when o is close to zero. Indeed,
when N goes to infinity, since the spectrum of Xy is concentrated in [—20, 207]
[recall (2.9)], the spectrum of My should be close to the one of Ay as soon as o
will be close to zero (in other words, the spectrum of My is, viewed as a deforma-
tion of the one of Ay, continuous in o in a neighborhood of zero). Thus given an
interval [a, b] C °K (01, ..., 0;), the result of Theorem 4.4 saying that [a, b] does
not contain eigenvalues of My should be improved: it should correspond to [a, b]
some interval I close to [a, b], lying outside the spectrum of Ay and such that the
number of eigenvalues of My in one side of [a, b] is equal to the one of Ay in the
corresponding side of /. Following [4], we will say that there is exact separation
of eigenvalues of the matrices Ay and My .

In the following section, we justify that the exact separation phenomenon occurs
regardless of the size of o. The proof of Theorem 2.1 will then follow from some
suitable choices of [a, b] (see Section 4.4.2).

for all j such that |6;| > o, Iz
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4.4.1. Exact separation of eigenvalues. According to the previous discussion,
we need to refine the analysis made on g, in order to identify and understand the
link between intervals in K (61, ..., 0;) and the complement of the spectrum of
the Ax’s. We also need to understand the dependence on o . This is the aim of the
following important Lemma 4.5.

As before, we denote (recall Lemma 4.4) by z, the inverse function of g, which
is given by

1 2
Zd(g)=§+o' 8-

Using Lemma 4.4, one readily sees that the set “K; (61, ..., 0;) can be character-
ized as follows:

(4.28) x€Ky(01,...,0)) <= g€ Gy suchthatx =z,(g),

where

(4.29) Gy 1= {g e R*,

1 1

—‘ >0 and — ¢ Spect(AN)}.
8 8

Obviously, one has g = g, (x) if x € ‘K5 (01, ...,67).

LEMMA 4.5. Let[a, b] be a compact set containedin K, (61, ...,07). Then:

O [g@ @) C (Spect(An)*.
(ii) For all 0 < 6 < o, the interval [z5(gs(a)), 25 (g5 (b))] is contained in
‘Ks(1,...,07) and 25 (85 (b)) — 25 (85 (a)) = b —a.

PROOF. The function 1/g, being increasing, (i) readily follows from (4.28).

Noticing that G, C G4 for all 6 < o implies (recall also that g, decreases on
[a, b]) that [g, (D), g5 (a)] C $4. Relation (4.28) combined with the fact that the
function z4 is decreasing on [g, (b), g»(a)] leads to

(25 (80 (), 25 (80 (D)) C K5 (01, ..., 0))

and the first part of (ii) is stated. Now, we have
I6(6) :=25(85 (D)) — 25 (80 (a))

1 A2
— — (D) — g5 .
w® m@ o & ® @)

Since g, decreases on [a, b], we have g, (b) — g»(a) <0 and thus [, is decreasing
on R™. Then the last point of (ii) follows since I, (0) =b —a. [

The exact separation result can now be stated. Let [a, b] be an interval con-
tained in K, (01, ..., 07). By Theorem 4.4, [a, b] is outside the spectrum of My .
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Moreover, from Lemma 4.5(i), there corresponds an interval I = [a’, b'] outside
the spectrum of Ay, that is, there is iy € {0, ..., N} such that
1
(4.30) hiv+1(AN) < :=d' and A, (Ay) > b.
8o (a)
a and @’ (resp., b and b’) are linked as follows:
0,2
/
a=py:=a + 0 (resp., b = pypr).

2, (b)

We claim that [a, b] splits the eigenvalues of My exactly as / splits the spectrum
of Ap. In other words:

THEOREM 4.5.  With iy satisfying (4.30), one has
“4.31) PlAiy+1(Mn) < a and A, (My) > b, forall large N]=1.

This result is the analogue of the main statement of [4] (cf. Theorem 1.2 of [4])
established in the spiked population setting (and in fact for quite general sample
covariance matrices). Its proof is quite technical and is inspired by the work [4].
It mainly relies on results on eigenvalues of the rescaled Wigner matrix X com-
bined with the following classical result (due to Weyl).

LEMMA 4.6 (cf. Theorem 4.3.7 of [19]). Let B and C be two N x N Hermitian
matrices. For any pair of integers j,k suchthat 1 < j,k<Nand j +k <N + 1,
we have

Ajpk—1(B+C) <X ;(B) + 1 (O).
For any pair of integers j, k such that 1 < j,k <N and j + k> N + 1, we have
Aj(B) + Ak (C) < Ajr—n(B +C).

REMARK 4.2. Note that this lemma is the additive analogue of Lemma 1.1
of [4] needed for the investigations of the spiked population model.

In particular, Lemma 4.6 gives that A;, +1(My) < Ajy+1(An) + 21 (Xy) and
Aiy(My) > Xiy(An) +An(Xn). Besides, as both A1 (X ) and —A (X y) tend to-
ward 20 as N — oo [this is (2.9)], the statement of Theorem 4.5 can be quite easily
derived when o is close enough to zero. To handle the general case, the key idea
is that one can reduce to the previous situation by introducing some parameters.
More precisely, given L > 0 and k > 0, we will introduce the Wigner matrix

Wyt =Wy//1+k/L
and let
MII%’L =AyN+ WII\{,L/\/N
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be the Deformed Wigner matrix of parameter

okL=0/\1+k/L.

The proof will be organized as follows. On the one hand, as ox ; — 0 when k —
oo (for any fixed L > 0), we will readily prove that exact separation occurs for
the matrices Ay and M 1{,( ‘L as soon as K is large enough. On the other hand, we
will show that exact separation also occurs for the eigenvalues of My = M%L and
M 115 L choosing L large enough. This latter point will be established by induction
on k; the underlying idea is that when the parameter L is large, the matrices M,li,’L
and M,]§,+1’L are close to each other and hence split their spectrum in a similar way.

PROOF OF THEOREM 4.5. With our choice of [a, b] and the very definition of
the spectrum of the Ay’s, one can consider €’ > 0 small enough such that, for all

large N,

+€.

1
Liy+1(AN) < —¢€ and Ay (An) >
v g0 (a) v g0 (b)

Given L > 0 and k > O (their size will be determined later), we define
ak,L =Zo,; (8o (@) and by = zo, , (80 (D)),

where we recall that z5, , (g) = 1/g + orkz’Lg. Note that for all L > 0, one has
ap, L =a and bO,L =b.

We first choose the size of L as follows. We take Lq large enough such that for
all L > Ly,

(4.32) max((0?/L)(Igs (@)| + |go (B)1); 30 /L) < (b —a) /4.

From the very definition of the ay ;’s and bi 1’s, one can easily see that by ; —
ak,. > b — a [using the last point of (ii) in Lemma 4.5] and that this choice of L
ensures that, for all L > L and for all k > 0,

(4.33)  laky1,L —akLl <(b—a)/4 and |bgy1,L — b | < (b—a)/d.

Now, we fix L such that L > Lo and we write ay = a1, by = bx,1 and oy = ox L.
We first show that there exists K large enough such that, for all k > K, there is
exact separation of the eigenvalues of the matrices Ay and M kL that is,

4.34) Py 1 (MS) < ap and Aiy (M) > by for all large N1 = 1.

Lemma 4.6 first gives that

1 N
Myt (MDY <ap — € — 028 (@) + ——=11(Xy)  ifiy <N

JVIFk/L
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and

hiy(MNE) = b+ € — oftge (b) + an(Xy)  ifiy > 0.

1
V1+k/L
Furthermore, according to (2.9), the two first extremal eigenvalues of X are such
that almost surely and for all N large enough,

0 <max(—Ay(Xn), 11(Xy)) < 30.
Thus for all k£, almost surely, at least for N large enough (N does not depend on k),
1
< —
V1+k/L

As o — 0 when k — +o00, there is K large enough such that for all k > K,

x max(—An(Xn), M1(Xn)) < 30%.

max(|30x — 0 g (@)l, |30k + 0 gs (b)) < €

and then, almost surely, for all N large enough

(4.35) Myt (M5 <ap  ifiy <N
and
(4.36) Ay (MNEY > b ifiy > 0.

Since A1 (MEE) = —ro(MET) = —o0, (4.35) [resp., (4.36)] is obviously sat-
isfied if iy = N (resp., iy = 0). Thus, we have established that for any iy €
{0, ..., N} satisfying (4.30), (4.34) holds for all kK > K. In particular,

4.37) Py (M5 < ag and Ay (M) > b for all large N1 = 1.

Now, we shall show that with probability 1: for N large, [ax, bx ] and [a, b] split
the eigenvalues of, respectively, M Jl\f L and M ~ having equal amount of eigenval-
ues to the left sides of the intervals. To this aim, we will proceed by induction on k
and establish that, for all k£ > 0, [ak, bx] and [a, b] split the eigenvalues of MII;’L
and My (recall that My = MR,’L) in exactly the same way. To begin, let us consider
for all k£ > 0, the set

Ej = {no eigenvalues of M]];’L in [a, b ], for all large N}.

By Lemma 4.5(ii) and Theorem 4.4, we know that P(E;) = 1 for all . In particular,
from the fact that P(Eg) = 1, one has for all w € Eq and for all large N,

(4.38) djn(w) €10, ..., N} such that & (w)+1(My) <a and Ay w) (My) > b.

Extending the random variable jy by setting, for instance, jy := —1 on “Eg, we
want to show that for all k,

4.39)  PlAjy+1 (MZ’L) <ag and Ay, (Mjli,) > by, for all large N] = 1.
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This can be done by induction calling, one more time, on Lemma 4.6. By (4.38),
this is true for k = 0. Now, let us assume that (4.39) holds true. One has

1 1
k+1,L k,L

MEFLE — ks - X
N N +<Jl+(k+1)/L ¢1+k/L> N

s0, by Lemma 4.6,
Mjn 1 (MR <0y (M) + (= (XN) /L.
But, for N large enough, 0 < —Ax(Xy) <30 a.s., so by the condition (4.32) on L,
Ayt MR < a4+ (b — a) /4 = .
Similarly, one can show that
as. Ay (MNTUEY > by — (b —a) /4= by

By (4.33), oneAreadily observes that a; — agy1 = ax — ag+1 + (b —a)/4 > 0 and
similarly that by — by1 < 0. This implies that

[ax, bi] C [ak+1, b+1).

As P(Ex41) = 1, we deduce that with probability 1,
)\jNH(M]]i,H’L) <agy1 and  Ajy (MII;H’L) > bpy1 for all N large.

As a consequence, (4.39) holds for all k¥ > 0 and in particular for k = K. Compar-
ing this with (4.37), we deduce that jy =iy a.s. and

PlAiy+1(My) <a and A, (My) > b for all large N]=1.
This ends the proof of Theorem 4.5. [J

Now, we are in position to prove the main Theorem 2.1.

4.4.2. Proof of Theorem2.1. Our reasoning is close to the last Section 4 of [9].
It is enough to establish parts (a) and (b) since the assertions (c) and (d) can then
be deduced by taking — M instead of My .

The proof of (a) is mainly based on successive applications of Theorem 4.5.
Fix an integer 1 < j < J.,, and let us consider for € > 0, the interval [a, b] =
[,Ogj + €, 00, — €] which is included in the union (4.27) (at least for ¢ small
enough). We define K ;1) =k +---+kj(1). We also take 6 := +00 and recall
the conventions that Ag(My) = Ao(An) = +o00 and Ko = 0. Since 1/g4 (ps,) = 6k
for k = j — 1 and j and since the function 1/g, is continuous and increasing
on [a, b], the compact interval [a, b] satisfies (4.30) with iy = K;_;. Hence by
Theorem 4.5, one has

PlAg; (MN) = po;, , —€ and Ak, 11 (MN) < pg; + €, for N large] = 1.
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Similar arguments imply that for all j € {1,..., J4s — 1},
PlAk;(MN) = pp; — € and Ag;+1(MN) < po,,, + €, for N large] = 1.
As aresult, we deduce that forall 1 < j < Ji5 — 1,

Plpg, —€ <Ag;(MN) < <Ak, +1(MN) < pg; + €
(4.40)
for N large] = 1.

So, letting € go to zero, we obtain (a) for each integer j of {1, ..., J4» — 1}
Let us now quickly consider the case where j = Jy,. Note first that, from the
preceding discussion, we still have (for € small enough)

]P’[AKJ+J_1+1(MN) < py,,, t€ for N large] = 1.

Then, using the fact that 1/g, increases continuously on ]20, +oo[ with 1/
80 (120, +00[) =]o, +o0[, one can show that once € > 0 is small enough, the com-
pact set [a, b] = [20 + €, pg o T €] satisfies the assumptions of Theorem 4.5 with
iy =K, . This leads to

IP[)»K”U (My) > Po;,, —€ and )LK,+U+1(MN) <20 +¢€, for N large] = 1.

Letting ¢ — 0, we deduce that (4.40) holds for j = J4, and the assertion (a) is es-
tablished. For point (b), the preceding analysis gives that lim sup A g o1 (My) <
20 a.s. and it remains to prove that

lirr}vianKj+a+1(MN) > 20 a.s.

This inequality follows from the fact that the spectral measure of My converges
a.s. toward the semicircle law g, which is compactly supported in [—20, 207].
This completes the proof of Theorem 2.1.

5. Fluctuations. The (complex or real) Wigner matricial models under con-
sideration are the same as previously [i.e., defined by (i) in Section 2] but now we
assume that the perturbation Ay is diagonal: Ay = diag(é, 0, ..., 0) with unique
nonnull eigenvalue 6 > o. According to the previous section, the a.s. convergence
of A1 (My) toward pg is universal in the sense that it does not depend on w.

In the first part of this section, we will show that the fluctuations of Aj(My)
around this universal limit are not universal any more. Indeed, we are going to
prove that VN(1 — o2 /92)_1(k1(M N) — pp) converges in distribution toward
the convolution of v and a Gaussian distribution. Hence, the limiting distribution
clearly varies with u and in particular cannot be Gaussian unless u is Gaussian.

In the second part of this section, we will sharpen the analysis of the particular
Deformed GOE model and explain how this gives Theorem 2.4.
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5.1. Basic tools. We start with the following results which will be of basic use
later on. Note that in the following, a complex random variable x will be said to
be standardized if E(x) =0 and E(|x|?) = 1.

THEOREM 5.1 (Lemma 2.7 [3]). Let B = (b;j) be an N x N Hermitian ma-
trix and Yy be a vector of size N which contains i.i.d. standardized entries with
bounded fourth moment. Then there is a constant K > 0 such that

E|Y}BYy — Tr B> < K Tr(BB*).

THEOREM 5.2 (cf. [6] or Appendix by J. Baik and J. Silverstein). Let B =
(bij) be a N x N random Hermitian matrix and Yy = (y1, ..., yn) be an inde-
pendent vector of size N which contains i.i.d. standardized entries with bounded
fourth moment and such that E(ylz) =0 1if yy is complex. Assume that:

(i) there exists a constant a > 0 (not depending on N) such that ||B| < a,

(ii) % Tr B% converges in probability to a number as,
2

(iii) % ZZNZI bizi converges in probability to a number aj.
Then the random variable (1/ VN)(Y ~BYn — Tr B) converges in distribution to a
Gaussian variable with mean zero and variance

Elyi[* =1 —1/2)a} + (t/2)as,

where t =4 when yy is real and is 2 when y1 is complex.

PROOF. This result is in fact a particular case of a more general result of [6]
(Theorems 7.1 and 7.2) which follows from the method of moments. We give an
alternative elegant proof by J. Baik and J. Silverstein in the Appendix of the present
paper. [

THEOREM 5.3 (Theorem 1.1 in [5]). Let f be an analytic function on an open
set of the complex plane including [—20, 20]. If the entries of a general Wigner
matrix Wy = ((Wn)ij)1<i<j<n satisfy the conditions:

o fori# j,E(|(Wy)ij|*) = const,
o for any 1> 0, imy— yo0 ayz i BUWNi Ly 2] = 0

then the random variable N (try (f (ﬁWN)) — [ fduse) converges in distribu-
tion toward a Gaussian variable.

In our setting, pu satisfies a Poincaré inequality and thus, as already noticed
in Section 2, u satisfies [ |x|9du(x) < 400 for any ¢ in N. Hence, the general
Wigner matrices we consider obviously satisfy the conditions of Theorem 5.3.
Nevertheless, in the following study of fluctuations, we do not use the Poincaré
inequality; thus one can expect that Theorem 2.2 is still valid under assumptions
on the only four first moments of u provided one can prove the a.s. convergence
of A1 (My) toward pg under these weaker assumptions.
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5.2. Proof of Theorem 2.2. The approach is the same for the complex and real
settings and is close to the one of [25] and the ideas of [11]. Let M, N—1 be the
N —1x N — 1 matrix obtained from My removing the first row and the first
column. Thus, /N/(N —1) M, N_11Sa non- -Deformed ngner matrix associated
with the measure . We denote by M(M N—1) [resp., An— 1(M ~—1)] the largest
(resp., lowest) eigenvalue of My_1.

Let 0 <8 < (pg — 20)/4. Let us define the event

Qn =M (My_1) <20 4+ 8; An_1(My_1) = =20 — 8; A (My) > pp — 8.

According to (2.9) and Theorem 2.1, limy _, 1 o P(2y) = 1. Thus, it is sufficient to
restrict ourselves to the event Q2 in order to study the convergence in distribution
of VN(1—02/6%)" (0 (My) — pp).

Let V = (vy,..., vy) be an eigenvector corresponding to A (My). Define the
following vectors in CV~1:

V="v2,...,un)
and
. 1
M.y ="((MyN)21,....,(MN)N1) = ﬁt((WN)Zl, o (WN)ND.-
Then,
W v~
oy + WL +MEV = A (My)vy,

MyV =2 (My)V <— 5 @ R R
Mavi+ My V=1 (MnN)V.

On Qu, A1 (My) is not an eigenvalue of M, ~N—1 and one can /v\vrite the eigen-
equations using the resolvent G(A1(My)) := (M (My)In—1 — My_1)~ ! as fol-
lows:

(5.1) V =0vGn(My)M.,

Wa) VPN v
(5.2) rM(My)vi =0vi + N vi + MGG (Mn))M.y.
Since v is obviously nonequal to zero, one gets from (5.2)

WMt | v~ v
(5.3) M(My) =6+ N +MiG A (MN)M.i.

Moreover, on 52 N, Pg 18 not an eiggllvalue of M, N—1 (recall that py > 20) and
the resolvent G(pg) := (pgIn—1 — My_1)~! is well defined, too. Thus, (5.3) is
equivalent to

Wnu -~ o?

AMMpN) — pg = N + M} a(pe)Ml—?JrM [G(M1(My)) — G (pa)IM
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Using G(A1 (M) — G(pg) = —(A1(My) — pg)G(pg)G (M1 (My)) and g, (pg) =
1/6, one gets (on Q)

AM(Mpy) — pg

WMt v~ Y
- + MG (0g) M.y — 0285 (p6)

3

— MA[(M(My) — pa) G (p0) (G (pg) — (M (M) — po)G (pp)
x G(h1(My)))|M.1.

Finally, defining fy(z) := ﬁh z|<20+8, We can easily deduce from the previous

equality the following identity on Qy:

5 {1+ cn +81(N) + 8(N)IVN (M (My) — pg)

dn +

N 835(N)
N—1 N1

=Wnn +

where
_ 2 2/37

ey =0 tey—1[fg (My-1)],

dy =N = UMG(o0) 57, <20 4sM1 = 0 in-1G(00) V37, <2045 )
81(N) = —(A1 (M) — po) MG (po) PG (M (M) M. 1y,

o 2, = 2

52(N) = M3[G (o) 57y <2015 Ma = 0*trn 1 [G(o0) 1y <20 15]
53(N) = 6>/ N = l{trN_1<f9<A7N_1)) [ o dusc}.
First

181(N)| < 21 (M) — pol IM.A 121G (00) 211G (A (Mn)) | 1y

< 1 S W11 1 (M) — o
= ~ N)jilm X [AMUMN) — Pols
(po —20 —26)(pp —20 =8> N 7= 7"

[using Lemma 3.2(v)]. By the law of large numbers % Z?;Q [(Wn) 1 12 converges

a.s. toward o2 and according to Theorem 2.1, |A{(My) — pg| converges a.s. to
zero. Hence &1 (N) converges obviously in probability toward zero.

Now, since fp is analytic on an open set including [—20, 20 ], we deduce from
Theorem 5.3 the convergence in probability of §3(N) toward zero and of ¢y toward

2
szfezdﬂsc == 92%

o?”
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According to Theorem 5.1 and using Lemma 3.2(v),

K ~
E(82(0)P) = m—Elerw[G o) 7, _<204])

~ 4y
= N — IE(”G(IOQ)” IHMN—1||§20+5)

K 1
< .
N —1(pg —20 —8)*
The convergence in probability of 62(N) toward zero readily follows by Cheby-
shev inequality. _
Let us check that G(pg) 157, <20+ satisfies the conditions of Theorem 5.2.

@) ||§(p9)1||1171v_1\\520+8” < m by Lemma 3.2(v).

(i) As already noticed, try_i fez(Z\//I\ N—1) converges in probability toward
ffg2 dLsc. Since on the event {||MN,1 || <20 + 8}, with limiting probability 1,
try—1 [é(p(”)lIIA’/I\Nq ||§20+5]2 coincides with try fgz(]T/I\N_l), it also converges in
probability toward [ £7 djic.

(111) It is proved in Proposition 3.1 in [13] that for any z e C such that Im(z) >
0, N =T Z,N 11([G(z)]”)2 converges in probability toward g(T (2). The same result

holds for 1 Z ( G()ii)? 137y <20 +5- For any € > 0 and any o > 0,

>e)
>g)

1 N ~
< P( —_— {([G(PG)]ii)2 — ([G(po + ia)]ii)z}lnﬁ,\,,l”gza_ya
)
S <
3

1
P( N — > UG g7y, <2045 — 8 (P0)
i=1

_111

| . 2 .
‘HP’( N_1 Z ([G(,Oe + lOl)]ii) 1||11’/7N_1||520+5 - 83(109 +ia)
i=1

+ P(Igﬁ(pe) —g2(pg +ia)| > %)
Since
{(1G(pa)li) = (1G (oo + i)t 7y <2045
=[G (ps) — G (pp +i))ii[G (pp) + G g +i)ii Ly 57,1 <2045
=ia[G(pe)G (pg +ia)ii[G(pg) + G (po + i) )ii Ly iy <2045+
we get by using Lemma 3.2(v)

20

|([G(,09)]u) — ([G(,Oe —|—lOt)]u) “HMN <2048 = m-
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Similarly, we get that

182 (00) — &2 (oo + ia)] < — 2%
7 7 ~ (pg —20)3

Thus, choosing « such that (pe_%+5)3 < %, we readily deduce the convergence in
probability of
1 N
N_-1 Z ([G(PG)]ii)21||1T/TN71 | <20+8

i=1

toward gg (09).-

Since G (pp)1 1My _1l|<20+s and M.; are independent, we can deduce from The-
orem 5.2 that dy converges in distribution toward a Gaussian law with mean zero
and variance

(Wa)12|* 1 r1
vy 1= (;4{(1@(‘70 ) -1 —z/z)g—2 +35r 3 _02},

where t = 4 in the real setting and ¢t = 2 in the complex one. Note that one readily
verifies that vy satisfies (2.12) in Section 2.

Let 0 < € < 1. Since 61 (N) + 62(N) converges in probability toward zero, the
probability of the event

(5.5) Qn = Qn N{I81(N) + 82(N)| <€}

tends to 1. Now, since cy > 0 we have the following identity on Qy:

1 N N
5:6) VN1 (M) = po) = - Wa 1 ||y + [ 62

with uy := 1+ cy + 8§1(N) + 82(IN) converging in distribution toward (1 —
o2 /92)_1. Moreover, since (Wy);1 and dy are independent, (Wy)i1 +
VN/(N —1dy + /N/(N — 1)63(N) converges in distribution toward the con-
volution of p and a Gaussian distribution A (0, vg).

Finally, we can conclude that VN — o2 /02)_1(A1(M N) — Pg) converges in
distribution toward u * N (0, vg).

5.3. Proofof Theorem2.4. As before, 0 is assumed to be > o. In Theorem 2.4,
we consider the real Deformed models and claim that the full deformation Ay
defined by (Ay);; = 6/N exhibits universality of the Gaussian fluctuations of the
largest eigenvalue around pg. As already stated, the analogue of this result holds
in the complex setting. This is one of the conclusions of the work [16] which also
partly solves the real case (we recall to the reader that all the results of [16] readily
extend to the framework of Theorem 2.4 calling on [27]). In order to explain this
more precisely, let us summarize the main arguments developed by [16] in the
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complex setting. First, it is shown that the universality of the fluctuations follows
from the universality of limits of expectations of traces of suitable high powers
of any Deformed Wigner matrices (the powers are of the order of +/N). Second
(this is the main part of the work [16]), to handle such expectations, the authors
perform a combinatorial method inspired by [31] and then deduce that in the large
limit N — oo, the previous expectations behave as in the Gaussian case. The last
step of the analysis calls on the investigations of [26] on the Deformed GUE which
allow to identify the value of these limits.

Actually, the combinatorial arguments also work in the real setting (see in par-
ticular Section 2 in [16]) and reduce the universality problem to the knowledge
of the Deformed GOE. Thus, to get the result of Theorem 2.4, it suffices to prove
(using the orthogonal invariance of the GOE) the following limit.

PROPOSITION 5.1. Call Ly the Laplace transform of the law N (0, 2092).
Let Mﬁ be the Deformed GOE with Ay = diag(0,0,...,0)and 6 > o.
For any t in [0, pgl,

(5.7) im E[Tr(Mg /00)"Y ] = Lo 21/ p).
The starting point of our computations is the following result which states that

the previous expectation only involves (as N — oo) the rescaled largest eigenvalue
of the Deformed GOE

£0 = VN (ME) — po).
LEMMA 5.1. Foranyt >0,

(58)  E[Tr(ME/po)"YM] = E[exp(21£C /po)1 6, <16 ) (1 + 0(1).

This formula does not appear explicitly in [16] but all the arguments needed for
its justification can be found in it (actually one can show that the formula holds for
any Deformed Wigner model My satisfying the assumptions of Theorem 2.4). We
will not give the proof and refer the reader to Section 2 in [16].

Hence, to derive Proposition 5.1, it remains to show the next lemma on EIG .

LEMMA 5.2. Foranytin [0, 2],

(5.9 liAIInE[exp(tf]G)llglclle/ﬁ] = Lg(1).

PROOF. Observe first that it is enough to show that

(5.10) liAr/nE[exp(t";‘lG)llgf;llemIQN] =Ly (1),



40 M. CAPITAINE, C. DONATI-MARTIN AND D. FERAL

where the event 2y was defined above by (5.5) choosing § > 0 smaller than

min{pf’f”; % [ =L duse(x)}. Indeed, by the Cauchy—Schwarz inequality,

0o —X

(E[exp(t£(7)1 c6<n1/0 1, ])* < E[expeE0) 1 o) y1/6] x PQw).

The previous right-hand side is negligible as N — oo since the probability van-
ishes and the expectation is bounded since [16] proved that the left-hand side
of (5.8) is bounded, too.

The occurrence of the event Qy allows to make use of the relevant representa-
tion (5.6) of 516 obtained in the previous Section 5.2:

1 | N | N
(5.11) gf:E{(Wﬁ)w ﬁd;@r N_laf(N)}.

Second, by Fubini’s theorem one can check that

E[exp(tglG)1|glG|§N1/6 1§N]

(5.12)
= [ e PUrEl = 1) 0 & 1 1EF T < NV
By Theorem 2.2,
(5.13) Plrgr = x) N Qy N {IE71 < NOY — PUN = x],
—+00

where N is a centered Gaussian variable with variance 2092. We want to de-
duce (5.10) from (5.12) and (5.13) by the dominated convergence theorem. Thus,
we are going to prove that there exists a function 4 such that for N large enough
and for any x,

Pl{reC > x} N Qy N {I1EF ] < N0} < h(x)

with [pe*h(x)dx < 4o00. Note that for x < 0, the result is obvious setting
h(x) = 1. Let x be nonnegative. We shall improve the general analysis made in
the previous Section 5.2 thanks to the particular Gaussian setting considered here.
For all N large enough,

P[{r£C > x} N @y N (1T < NS}
(1—e) N (1—¢)
<z 2 e [ s = 0
| N x(1—e)
+IP’[ N_183(N)z—3t ]

1 2 3
IV @+ 170+ I3 ).
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Jl(\,])(x) = JM(x) does not depend on N and we have [p STV (x)dx =
E[exp(%(Wﬁ )11)] < +o00. Besides, one can easily see that the choice of § in-
sures that J ]£,3 ) (x) = 0. By the Chebyshev inequality, we have

T2 (x) < exp(—6x(1 — &) /31)E(6),
where & = §’&” with
f ~ o~ v o~
&' = E[exp(6v'N M,CfG(pg)IHMgil 1<20+s MM ],

g = exp[—602\/ﬁtr1\1_1 (@(,00) 1 M5, ||§20+8)]-

Using the Gaussian assumptions (see [28], pages 90-91), one has

2

~12
’ 0" ~
& = det(IN_l — 12ﬁG('09)1”M\1€152‘7+5)

N—1
= [T (1 =120 /¥/N)"""
i=1

for large enough N, where the §;’s are the eigenvalues of G (,()9)1|| MG I<20+6°

Note that 0 < §; < 31_5 so that the last identities make sense, for instance, for N >

4
165—‘27. Hence,

| N=l
Ing'g” < 5 > {~In(1 —120%B;/v/N) — 120%B; /~/N}.
i=1

Leta > %; using that for any y in [0, 1 — i], we have —In(1 —y) —y < otyz. So,
as Bi < %, we get that for N > 16048 72(1 — %)_2,
al2%264

1852
Thus, there is some constant Cy o 5 such that &'€” < Cy 4.5 and

TP (x) < Caosexp(—2x(1 —£)/1).

Ing’'8” <

Now, for0 <t <2(1 —¢), f0+°° exp(x —2x(1 —¢)/t)dx < oco. The proof is com-
plete. [J

APPENDIX: BY J. BAIK AND J. SILVERSTEIN

This Appendix presents the proof by J. Baik and J. Silverstein of the CLT (given
by Theorem 5.2) needed in the previous section for the proof of Theorem 2.2. Their
proof is based on a writing of the expression

(A.1) (1/~/N)(Y%BYy — Tr B)
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as a sum of martingale differences, and uses the following CLT.

THEOREM A.1 (Theorem 35.12 of [10]). For each N, let Zn, ..., Zyyy be
a real martingale difference sequence with respect to the increasing o -field { ¥y}
having second moments. If, as N — oo,

N
o P
(A.2) Y B(Zy| PN, j-1) —> v,
j=1
where v? is a positive constant, and for each € > 0,
N
(A3) Y E(Z3j11zy;12¢) = O,

j=1

then

N £
> Zyj = N(0,07).
j=l1

PROOF OF THEOREM 5.2. First, one can write (A.1) as a sum of martingale
differences:

(1//N)(Y};BYy — Tr B)

= (1/v/N) Z((lyz l)bii+§izyjbij+yizyjbij>
i=1

j<i j>i

N N
= (1/¥/N) Z((Iy, — Dbij +3i ) yjbij + yi ZWM) =2 Z
i=1

j<i j<i i=1

where

Zi =Zni = (1/¥N) ((lyil2 — Dbii + 31 ) yjbij + yi Z)_’j];ij)
Jj<i j<i

Let Fn,; (resp., ¥y 0) be the o-field generated by yi, ..., y; and B (resp., by B).
Let also E; (-) denote conditional expectation with respect to Fy ;. It is clear that Z;
is measurable with respect to £y ; and satisfies E;_1(Z;) =0

We will show the conditions of Theorem A.1 are met.

To verify the Lindeberg condition (A.3), we need to show this property is closed
under addition. This will follow from the following fact. For random variables X1,
X», and positive €,

(A4)  E(X1+ X2l lx,4x002¢) < 4HE(1X11711x,12¢/2) + E( X2 1xy2¢/2))-
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Indeed, we have

E(1X1 171 x4+ x502¢) < E(X1 P Lx 12¢/2)) + E(X11P 1% <e/2.1%02¢/2)
(1X1PL(x,12¢/2) + (€2 /HP(1X2] = €/2)
(X117 1x,2¢/2) + E(1 X2 1(x012¢/2))-

The same bound starting with X» leads to (A.4).
Write Z; = X + X5, with X| = (1/+/N)(1y:1* = 1)b;;. Then for € > 0,

<E
<E

N
i |2 2 2 2
(A-5) XEEGX” Lixiize) S @B = D™ i ootz yFeja) = 0
1=
as N — oo, by the dominated convergence theorem.

We have
4
E|> yibij| = E(m 3 |b,~,|4> + 21@(2 |bij, |2|bl~,-2|2>
j<i j<i s

+B(02 0 7,
*
<Ely |4E[mjax(32> jj<32)ii] + @+ El2PEBH]

<a*[Elyi|* +2+Ey7l,
where the sum Y is over {j; < i, j» < i, j1 # j2}. Therefore IE|X§|4 =o(N~1) so
that for any € >>E),
N . N .
(A.6) ;E(|X’2|21(|X§|ZG)) < (1/62);E|X12|4 —-0 as N — oco.
1= 1=

Thus, by (A.5), (A.6) and (A.4), {Z;} satisfies (A.3).
Now, we shall verify condition (A.2). We have

N
ZE,-_IZ,.Z
i=1

N 2
= (1/N) Z{(Emr‘ — Db, +Ey%<2 y,-bij>
i=1 j<i

(A7)

2
+Eyf (Z )_’j[;ij) + 2E(|y11*51) b > vjibij

j<i j<i

+ 2E(|y1 [*y1)bii Y ¥;bij + 2(2 yjbij> ijl;ij}-

j<i j<i j<i
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Let By, denote the strictly lower triangular part of B. We have
N
IE|:(1/1V) > bii Z)’jbiji| =0
i=l  j<i
and using Cauchy—Schwarz,

2

2 N-1
=E‘(1/N) > v D _biibij
j=1

i>j

N
E[(1/N)Y bii Y yjbij
i=1

j<i

N—-1
- (1/N2)]ET<Z > biibij Zba%')

j=lixj i

= (1/N2)E<Z biibii(BLBZ)ii>

ii

_ 5 172
<E <maxbii> (l/N)<Z|(BLBi)iL|2> :|

1

1

r 2
=F <max b,-,~> (1/N)Tr((BL Bi)2)1/2:|

< E:<mgxbii>2(1/~/ﬁ)nBLH.

We apply the following bound (due to Mathias; see [24]): ||BL|| < yn || B]|| where
yny = O(In N), and the bound || B|| < a to conclude that

N
P
(1/N)Y bii Y yjbij — 0.
i=1  j<i
Then (recall that Eyf = 0 when y; is complex), (A.7) can be written as

N N
> Ei-1Z7 =(1/N) Z|:(E|)’1 * = Db},

i=1 i=1

(A.8) +t(Zyjbij) (Zyjl;ij>:| +op(1)

j<i Jj<i

N
= (1/N)Y_(Ely|* — Db + t(1/N)Y3 Bf BLYN +0p(1),

i=1

where t =4 when y; is real, and is 2 when y; is complex.
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Besides, from Lemma 2.7 in [3] (recalled in Theorem 5.1) we have

E|(1/N)(Y}BEBLYy — Tr(B: BL))|* < (1/N®E(Tr(B: B)?)

In* N

< 1<IE||B||4T -0

as N — 0. So, as

Tr B} By, :Z|b,~j|2= (1/2)<Tr192 —Zb,%),
i

j<i
(A.8) implies that condition (A.2) holds with
v> = Elyl* = 1 = 1/2)ai + (1/2)az.

Thus, by Theorem A.1, we deduce that (1/ VN)(Y v BYn — Tr B) converges in
distribution to a Gaussian variable with mean zero and variance vZ. [J
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