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We investigate the long-run behavior of a stochastic replicator process,
which describes game dynamics for a symmetric two-player game under ag-
gregate shocks. We establish an averaging principle that relates time averages
of the process and Nash equilibria of a suitably modified game. Furthermore,
a sufficient condition for transience is given in terms of mixed equilibria and
definiteness of the payoff matrix. We also present necessary and sufficient
conditions for stochastic stability of pure equilibria.

1. Introduction. The present paper deals with a stochastic variant of the
continuous-time replicator dynamics. We begin with a brief review of the
deterministic model. For a comprehensive discussion, see Hofbauer and Sig-
mund (1998), Weibull (1995) and the recent surveys by Hofbauer and Sig-
mund (2003), Nowak and Sigmund (2004) and Sandholm (2007). Consider a sym-
metric two-player game with n pure strategies, 1, ...,n, and n x n payoff matrix
A = (a;j). Thus both players have the same set of strategies and for either player,
a;j is the payoff from using strategy i if the opponent uses strategy j. There
is no symmetry or skew-symmetry assumption on A. The replicator dynamics
describes how the proportions of strategies in a population evolve. Consider a
large population where every member is programmed to play one pure strategy.
Let ¢;(¢) denote the size of the subpopulation of i-players at time ¢, and let
E@)=¢@®)/I1(t) + -+ + £ (2)] denote its proportion. If the population is in
state £(1) = (£1(), ..., £,(¢))T, then, under random matching, {A&(t)}; is the ex-
pected payoff to individuals playing i. Suppose that this payoff represents the per
capita growth rate in the ith subpopulation. Thus

(1.1) G=t{Ag),  i=Ll...n
This yields the deterministic replicator dynamics of Taylor and Jonker (1978)
(1.2) §=&l(Ag) —8TA8l,  i=1...n

The observation that biological processes modeled by replicator dynamics are
inherently stochastic in nature led Foster and Young (1990) to introduce a replica-
tor model based on a stochastic differential equation, and it turned out that even

Received February 2007; revised January 2008.

AMS 2000 subject classifications. 60H10, 60J70, 91A22, 92D25.

Key words and phrases. Averaging principle, Dirichlet distribution, exclusion principle, invariant
distribution, Lyapunov function, Nash equilibrium, stochastic asymptotic stability, stochastic differ-
ential equation.

1347


http://www.imstat.org/aap/
http://dx.doi.org/10.1214/08-AAP577
http://www.imstat.org
http://www.ams.org/msc/

1348 J. HOFBAUER AND L. A. IMHOF

small stochastic effects can qualitatively change the asymptotic behavior. The
present paper studies a stochastic model of Fudenberg and Harris (1992) which
is similar to that of Foster and Young but has a more natural boundary behavior.
Following Fudenberg and Harris, we introduce random perturbations to the pay-

offs modeled by independent Gaussian white noises with intensities 012, e anz.
Instead of (1.1) we consider
(1.3) dZ;(t)=Zi(O[{AX(®)}idt + 0; dW;(2)], i=1,...,n,
where
1
X=X, ..., X)) = m(zl,...,z,,ﬂ

and (Wy, ..., W,)T = W is an n-dimensional Brownian motion. The evolution of
the population state X (¢) is then given by the stochastic replicator dynamics
(1.4) dX(@®)=b(X(())dt+C(X(@)dW(), X (0) =xo,
where

b(x) = [diag(x1, ..., x,) — XX |[A — diag(a}, ..., 02)]x
and

C(x) = [diag(x1, ..., x,) — xx' |diag(o1, ..., op)

forxe A={yel0,1]":y; 4+ ---+ y, = 1}, and Xg is an initial value in int A.

Fudenberg and Harris give a complete analysis of the asymptotic behavior
for games with two pure strategies. Further papers that study the case n = 2 in-
clude Saito (1997), Amir and Berninghaus (1998), Corradi and Sarin (2000) and
Beggs (2002). Most of the analysis for the case n = 2 relies on tools specific to one-
dimensional diffusions. Few papers treat the general case n > 2. Cabrales (2000)
considers extinction of dominated strategies, Imhof (2005a) examines the long-run
behavior in the presence of evolutionarily stable strategies and Khasminskii and
Potsepun (2006) analyze a related stochastic replicator model with Stratonovich
type random perturbations. Benaim, Hofbauer and Sandholm (2008) study the re-
lation between recurrence and permanence. Imhof (2008) analyzes stochastic dy-
namics for games that describe multiple-trial conflicts. Discrete stochastic repli-
cator processes have recently been investigated by Schreiber (2001) and Benaim,
Schreiber and Tarres (2004).

The aim of the present paper is to provide further insight into the long-run
behavior of the stochastic process {X(#)} and in particular of its time averages
7! fOT X (t)dt in the general case n > 2. It turns out that a crucial role is played
by the modified payoff matrix

(1.5) A= @)y j=1> aij = ajj — %Uiz'
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In contrast to the deterministic solution & (¢), the stochastic process {X (¢)} cannot
converge to an interior point of A. In fact, the only points to which {X ()} can
converge with positive probability are the vertices of A, which correspond to pop-
ulations consisting of one single type of players. This is one reason for our interest
in the analysis of the time averages 7! fOT X (t)dt, even in cases where (1.2) has
a globally asymptotically stable equilibrium. In Section 2 we study limit points of
the time averages and relate them to Nash equilibria and correlated equilibria of
the modified game A.

Section 3 deals with recurrence. As an immediate consequence of the results
in Section 2, we obtain the following averaging principle: if {X (¢)} is positive
recurrent, then A has a unique interior Nash equilibrium and the time averages
converge almost surely to this equilibrium. Furthermore, we consider a certain
class of games that includes all zero-sum games, and give an explicit expression of
the invariant densities for the transition probability functions of the corresponding
replicator processes.

In Section 4 we derive an exclusion principle: if there does not exist a strategy
against which every opponent obtains the same payoff under A, then {X ()} is tran-
sient. It is also shown that the process is transient if there does exist a mixed strat-
egy with this property and A is conditionally positive definite, that is, y/ Ay > 0 for
every y # 0 with y; 4 - - - + y,, = 0. Moreover, we investigate the relation between
pure Nash equilibria of A and stochastic stability of the corresponding vertices
of A. Thus we obtain three sufficient conditions for transience of the replicator
process. Section 5 relates our results to some of the central results for the de-
terministic replicator dynamics, including the folk theorem of evolutionary game
theory.

If we introduce random perturbations into (1.1) using Stratonovich integrals
instead of It6 integrals, we obtain

(1.6) dZ® 1) =20 O{AXO 1)), dt + 02 (1) 0dW; (1),  i=1,...,n,

where X©) = (Zis) + -+ Z,(f))—lz@. See Turelli (1977) for a comparison of
Itd6 and Stratonovich equations from a biological point of view. The Stratonovich
equation (1.6) is equivalent to the It6 equation

Az 1) =20 O[[AXO D)), + Lo dt + ;20 @) dWi(1),  i=1,...,n.

Thus {X®)(¢)} can be regarded as a solution to the It6 stochastic replicator equation
of Fudenberg and Harris for the payoff matrix A with entries al-(;) =ajj + %Uiz.
Consequently, all the results in the present paper carry over to the Stratonovich
solution {X®)(¢)} when A is replaced by A®) For instance, Theorem 3.1(a) yields
that if {X®)(r)} is positive recurrent, then the time averages T~ fOT X (1) dt
converge to an interior Nash equilibrium of A. Note that modifying A®) as in (1.5)

leads to the matrix A®) = (al-(/s-) — %oiz), which is just the original payoff matrix A.
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Theorem 4.11(a) shows that every strict Nash equilibrium of A is stochastically
asymptotically stable for {X)(¢)}. This improves a recent result of Khasminskii
and Potsepun (2006); see Section 5.

2. Time averages. Throughout we assume that {X (1)} = {X (¢, )} is a strong
solution to (1.4) with initial value x¢ € int A. Then {X (¢)} is a Markov process and
it is not difficult to see that, a.s., X (¢) stays in int A for all # > 0. Note that if some
strategies were not present initially, they would never occur, so that our results
would apply to the stochastic dynamics in the interior of the corresponding face
of A.

We first prove a result that relates time averages of X (z) and Nash equilibria
of A. The connection with space averages will be considered in Section 3. Recall
that p € A is a Nash equilibrium of A if

plAp>q’ Ap forallq e A.

The equilibrium is said to be strict if the inequality is strict for all q # p.
THEOREM 2.1. (a) For almost every w for which
1 (T
— X(t,w)dt
| xew

converges as T — o0, the limit is a Nash equilibrium of A.
(b) The following implication holds for almost all w. If the limit

_ 1 [T
y=y(w) =kli>nolo @) Jo X(t,w)dt
exists for a sequence of times Ty (w) with
QD Tiw) Soo and EXITK@ @) o
T (w)
then'y is a Nash equilibrium of A with {Ay}| = - - - = {Ay},.

PROOF. (a) Note first that from (1.3) and Itd’s formula,
(2.2) dlogZi(t) = [{AX()}i — %o,-z] dt +o; dW; (1),
so that
dlog X;(t) —dlog X (1)
(2.3) =dlogZ;(t) —dlog Z;(t)
=[{AX()}i —{AX()};1dt + 0; dW;(t) — o; dW; ().

The event Qo = {lim;_,oc W;(t)/t — Ofor j =1,...,n} has probability 1. Let
wo € 20 be such that % fOT X (t, wp) dt converges to y = y(wp), say. Clearly,y € A.
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If y; > 0, then there exist times Ty, = Ty (wg) suchthat0 < T <Tr <---, T — 00

and X; (T}, wg) > %y,» for all k. Thus [log X; (Tk, wg)]/ Tx — 0. As wg € Qp, it now
follows by (2.3) that for every j,

- - ) 1 T . -
{Ay}i — {Ay}; =kll)r{307k/() {AX (1, w0)}i —{AX (1, w0)}; dt

lim log X; (Tk, wo) —log X ; (T, wo) >0
k—o00 Tk

This shows that y is a Nash equilibrium of A.
(b) The proof is similar to that of (a). [

For every fixed w consider the set of limit points (p;;) = (p;j(w)) of the time av-
erages of the products X; (7, w) X j(t, w) counting the encounters of plays of strate-
gies i against j, that is, for some sequence of times Ty (w),

1 Ty (w)

2.4) T =1
24) Ti(w)— oo, pij = lim Te@) Jo

Xi(t,w)X(t, w)dt Vi, j.

Let p; = Z?:l pij = limg_ o0 T }w) foTk (@) X;(t, w) dt be its marginals.

THEOREM 2.2.  With probability 1, each limit point (p;;) satisfies

- B 1
(2.5) (Ap) =D aijpij +5 D07 (pj = pjj)
i,j Jj=1

for all 1, and equality holds for at least one .

In the deterministic case o; = 0 for all i this result was obtained in Hof-
bauer (2005). The corresponding inequalities state that the correlated distribu-
tion (p;;) satisfies the exact marginal best response property of Fudenberg and
Levine (1995), or is an element of the Hannan set as defined by Hart (2005), or a
coarse correlated equilibrium in the terminology of Young (2004).

PROOF OF THEOREM 2.2. From (1.3) we getfor S=2Z;+---+ Z,

ds = S[XTAth + Zajxjdwj].
J
Together with d log X; =dlog Z; — dlog S and (2.2) we obtain

- - 1
dlog X, = |:(AX)1 —xTAx — 5 Y o7X;(1— Xj)} dt +o;dW,
=1
(2.6) !

> ojX;dW;.
j
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Integrating (2.6) gives
log X;(T) — log X;(0) _ 1
T T

T _ _ 1 T
| (AX(z»zdz—;aij? [ xiwx;war
2.7)
“3 Xodg [ X0 = X0y ncr)
J:

with

Wi (T 1 (7
J

Since X ;(t) is nonanticipative and | X ; (#)| < 1, it follows from Friedman [(1975),
Corollary 4.6, page 77] that

1T
Jim /0 X;(0dW;()=0  as.
Consequently,
(2.8) lim r(T)=0 a.s.
T—o0

Since log X;(T) < 0, every limit point of the left-hand side of (2.7) is nonposi-
tive and hence the inequalities (2.5) follow. Now looking at one limit point (p;;)
arising for the sequence T — o0, let (after possibly refining the time sequence)
X = lim7, _, oo X (T}) and choose [ s.t. X; > 0. Then the left-hand side in (2.7) goes
to 0 and there is equality in (2.5). 0O

REMARK 2.3. For almost every w for which the sequence of times T} (w)
satisfies (2.1), the corresponding limit matrix (p;;) = (p;;j(w)) satisfies equality
in (2.5) for all /.

3. Recurrence. If the w-limit of the orbit of &£(¢) given by the determinis-
tic equation (1.2) is contained in int A and A has a unique interior equilibrium,
then the time averages % fOT &(t) dt converge to that equilibrium; see Schuster et
al. (1981) or Hofbauer and Sigmund (1998), Theorem 7.6.4. The following theo-
rem contains a stochastic counterpart and also establishes a connection with space
averages.

We write Py, to indicate the probability computed under the condition X (0) =
Xo and Ey, to denote expectation with respect to Px,. For x € A and ¢ > 0 let
B:.(x) ={y e A:|ly—x| < ¢}, where || - || denotes the Euclidean norm. The process
{X (¢)} is called recurrent if for every x € int A and every ¢ > 0,

Px {X (Ty) € B:(x) for a sequence of finite random times T}

increasing to infinity} = 1.
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See Bhattacharya (1978) for various characterizations of recurrence of diffusions.
If {X (#)} is recurrent, its transition probability function has a unique (up to pos-
itive multiples) o-finite invariant measure v on int A [Khas’minskii (1960)]. If
v(intA) < oo, {X ()} is said to be positive recurrent. In this case, we will nor-
malize v and consider the invariant distribution 7 = [v(int A)]"'v. If {X(¢)} is
recurrent and v(int A) = oo, {X (¢)} is said to be null recurrent.

THEOREM 3.1 (Averaging principle). (a) If {X(¢)} is positive recurrent with
invariant distribution w on int A, then y := [ ydn(y) is the unique interior Nash
equilibrium of A and

1

T
lim — Xt dt=y .S.
TLmooT/() 2 y @3

(b) Let N ={y e A: {Ay}l =...= {Ay}n}. If {X ()} is null recurrent, then
N # @. Moreover, if (Tx)g2 | is a sequence of random times such that
log X; (Tx)
RGN
T

then, a.s., every accumulation point of the sequence

3.1 Ty /oo a.s. 0 as.,i=1,...,n,

1 [T
—/ X()dt, k=1,2,...,
Tk Jo

belongs to the set N.

PROOF. (a) If {X (¢)} is positive recurrent with invariant distribution 7 on
intA, then ¥ := [ydn(y) € int A. Moreover, by the ergodic theorem [Bhat-
tacharya and Waymire (1990), page 623], lim7_, % fOT X (t)dt =y a.s. It follows
from Theorem 2.1(a) that y is an equilibrium of A. ~

It remains to show that y is the only interior equilibrium of A. If not, then there

is a line of equilibria which implies the existence of a nonzero vector ¢ € R" such
that 3" c; = 0 and ¢/ Ax = 0 holds for all x € A. This together with (2.6) implies

3.2) > cidlog Xi(t) = cioy dWi(r).

i=1 i=1
Integrating gives
n n
Xi(1)
cilo =) ciopW;(t).
; i gXi(O) Z i0i Wi (1)

i=1

The right-hand side is a one-dimensional Brownian motion and hence null recur-
rent. This contradicts the assumption that the process {X (¢)} is positive recurrent
in int A.

(b) The assertion is an immediate consequence of Theorem 2.1(b). Note that
null recurrence implies that there exists a sequence (7}) satisfying (3.1). U
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REMARK 3.2. (a) Generically, the set N defined in Theorem 3.1(b) contains
at most one element. Thus, if & = {y}, then

li Lot X@)d
— t)dt = .S.
kingo Ty /() @) y a8
for every sequence of random times (7%) WNith 3.1).

(b) Every interior Nash equilibrium of A belongs to N . Thus if {X (¢)} is posi-
tive recurrent, then y € N, and as § is the only interior Nash equilibrium, & = {y}.

THEOREM 3.3. If{X(¢)} is positive recurrent with invariant distribution 7t on
int A, then the time averages in (2.4) converge a.s. to p;j := [ y;yjdn(y). There-
fore, a.s., there is a unique limit matrix, (p;;), all its elements are positive, and
there holds equality in (2.5) for all L.

PROOF. This follows again from the ergodic theorem. For the last statement,
choose a time sequence 7y — oo with (3.1) and apply Remark 2.3. [

For n = 2 we can compute this limit matrix explicitly: Let A = ((1) (1)) and
o1 = 02 = ¢ > (. Then by Proposition 1 of Fudenberg and Harris (1992) or Corol-
lary 3.10, {X (¢)} is positive recurrent, so that, by Theorem 3.1(a), p; = p2 = %

1 o2

Hence (Ap)l = 5 — % . Since there holds equality in (2.5) and since }_; pij = pi
and p1y = p21, we obtain

~ 62 0'2
(Ap)1 = (p12 + p21) — 7(1911 + p2) =2p12 — 7(1 —2p12).

It follows that p12 = po; = ﬁ < % and p1; = px»n = % —pr2 > }‘. For large o

the matrix (p;;) approaches ( 1(/)2 1(/)2>, which means that the process spends most

of the time near the pure strategy states.

REMARK 3.4. If the process {X(¢)} is null recurrent, then for almost all w
there is at least one accumulation point (p;;) = (p;j(w)) for which equality holds
for all / in (2.5).

COROLLARY 3.5. Suppose A = —A" is a zero-sum game. Then the process
{X (¢)} is not positive recurrent.

PROOF. If it were positive recurrent, then, by Theorem 3.1, Ap = 0 for
some p € int A, and Theorem 3.3 implies equality for all / in (2.5). Therefore
Z’;Zl ojz(pj —pjj) =0. Since o; > 0 we get p; = p;; which contradicts p;; > 0
for all i, j in Theorem 3.3. [J
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We next investigate invariant densities and recurrence properties of {X (¢)} for
payoff matrices that satisfy for some y € R the condition

14 .
(3.3) a,-j+aj,-—a,-i—ajj=5(a,.2+aj2) for all i # j.

If n =2, (3.3) is always satisfied for a certain y . For general n, the payoff matrices
satisfying (3.3) can be characterized as those obtained by subtracting diagonal
elements yorj2 /2 from the payoff matrix of a zero-sum game, and rescaling [i.e.,
adding multiples of 1 = (1,...,1)” to each column] or adding multiples of 17
to each row. Note that condition (3.3) is equivalent to the condition obtained by
replacing every ay; in (3.3) by ay;.

THEOREM 3.6. Leta € R" and set y = a1+ - -+oy. The transition probabil-
ity function of {X (t)} has an invariant density (with respect to Lebesgue measure
on int A) given by

Hx;xi_l, (x1,...,x,) €int A,

i=1
if and only if one of the following two conditions (a) and (b) holds.
(a) A satisfies (3.3) with y # —1 and {Aa}; = --- = {Aa}, and if y = 0, then

{Ad}i = Y0 Gy — 5 Y ofa?.
®) y=—landfork=1,...,n,

Gk + = Za a +Olk0’k —akk—Za air =0

PROOF. For simplicity, we work with the R"~!-valued process Y () =
W(X (1)), where W(x1,...,x,) = (log(x1/x,), ..., log(xn_l/xn))T. Let e; denote
the kth column of the n x n identity matrix. We have from (2.3)

dYi(t) ={(ej —e))T AV (Y (1))} dt 4+ 0 AW (1) — 0, AW, (1),

j=1,...,n—1.Let L denote the formal adjoint of the differential operator cor-
responding to {Y (¢)}, that is,

0 ~
Lf(y) = Z Ty, [(o,; + 8ij0; >f<y>]—2;a—yi[(ei—en)TAw‘1<y>f(y>]

for f € C2(R"!). A change of variables shows that [T, xl‘-x i~ is an invariant
density for the transition probability function of {X (#)} if and only if

eXP(Z 1 a;yi)

— eR",
(1+en —|-..._l’_eyn—l)2i:1ai y

g(y) =
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is an invariant density for the transition probability function of {¥ (¢)}.
Set
¢(y) :1+eYI _|_,,__|_e)’nfl_
Then foralli, j=1,...,n,i# j,

g (y) g(y) o
oy ¢()[z¢() ye'l,
0’s(y) _ 8
Iy Ay

2%g(y) _ 8(y)
dyi dy;  ¢*(y)

{laip(y) — yeX 1> + ye¥i[e — ¢ ()]},

{laip(y) — ye i llajp(y) — ye'i ]+ ye’i ™V}

Hence
~ 2(y) —
B4 Lgy)=-5 { > /Okzey”y’+Zpkney"+/0n+2pk€ }
O O PP rp k=1 k=1
where
{2020!2 +yoi(y — 2Olk)} + Zaz (ark — aix),
i=1 i=1
N, 1
,Okz—ZUOl —v|o Olk+§ +o Oll+§
n
— e — an + (v + 1)(@aw +an) — Y i @ik + ain).
i=1
For k #£1,

(35 pm—pk—p=+ 1)[akl + ai — axx — an — —(Gk +o0; )}
Furthermore,
1 n

(3.6) pr=-=p,=0 Ba=<520,-2a?>1,
where

B=AT —a1” — %SIT +y diag(alz, e o,%),

a=(@m,....am?", s=(of,...,oHT.
Condition (3.3) is equivalent to

3.7) B=—A+1al + glsT.
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Now suppose []'_ “'_1 is an invariant density for the transition probability

function of {X (¢)}. Then L g = 0; see Theorem 8.4 in Pinsky (1995), page 181.
Hence, in view of (3.4), px = 0 for all k and p; = O for all k # [. Suppose first that
y # —1. It then follows by (3.5) that A satisfies (3.3). Moreover, by (3.6) and (3.7),

1 & .
(5 ;oizaiz)l = Ba = <5T(x + %sToz)l — Aa.

This shows that Ae is proportional to 1, and if y = 0, then {Aa}; = Yo aio —
3 Z 102a2 Thus condition (a) is satisfied. If y = —1, then condition (b) holds
because pr = 0 for all k.

Conversely, suppose condition (a) holds. Then, by (3.7),

(3.8) Boz:(a a+’;T)1—Aa:M1

for some p € R. Thus @’ Ba = yu. By (3.7), BT + B = y diag(o?,...,072),
and SO 2)//L =o' (BT + B)a = Y 202. If y #£0, it follows that u =
2 Z . If y =0, then, according to condition (a) Aa = (O wi(ai —
20 al)]l and it is obvious from (3.8) that again u = 5 Zl 1o 02 It therefore
follows from (3.8) and (3.6) that p; = 0 for all k. Equations (3. 3) and (3.5) now
imply that pg; = O for all k # [. Consequently, by (3.4), Zg = 0. If condition (b)
holds, then p; = 0 for all £, and by (3.5), px; = 0 for all k # [. Thus, again, Zg =0.
It now follows by Theorem 8.5 in Pinsky [(1995), page 182] that g is an invari-
ant density, provided the diffusion corresponding to the solution to the generalized
martingale problem for L¢ on R"! does not explode, where LS f= éZ(g f). We
have

" (0} + 8ijo) dg(y) | O (¥)

El

n—1
LEf(y=Lofy+ >
j=1

= & Vi dy;
where
1 n—1 32 n—1 9
Lof(y = Z 0, [0 + 80P FD] — D (e — )T AW (y) == f(”
i=1
and

Loy _ o vet
¢y Vi "oy

Thus the coefficients of L8 are Lipschitz continuous and bounded so that the mar-
tingale problem for L& has a unique solution and explosions do not occur. [
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REMARK 3.7. Suppose A satisfies (3.3). Then A is conditionally negative
[positive] definite if ¥ > [<]0. Indeed, if y; + - - - + y, =0, then, by (3.3),

2y Ay= Y vilaj+aji—ai —aj)yj=-y Y oivi.
ijridk) i

In particular, if (3.3) holds with y 7 0, then there can be at most one a with

o1+ -+, =y that satisfies the equations {Aa}; = - - - = {Aa}, in condition (a)

of Theorem 3.6.

The density []7_; xf‘ i~ in Theorem 3.6 is integrable if and only if «; > O for
all i. A random variable U with P{U € int A} = 1 which has a density that is
proportional to []7_; xf”_l is said to have a Dirichlet distribution with parameter
o= (ap,...,oan)7, provided o; > O for all i. If U has such a distribution and
Yy =o1 + -+ oy, then

_ o (y — o)
(3.9) EU=y 'a, Var[Uj]=——2.
VIO

COROLLARY 3.8. The process {X (t)} is positive recurrent and its transition

probability function has an invariant Dirichlet distribution with parameter o if and

only if A satisfies (3.3) with some y > 0 and v ~La is an interior Nash equilibrium
of A.

REMARK 3.9. If n =2, then the condition that A satisfies (3.3) with some
y > 0 and A has an interior Nash equilibrium is equivalent to the inequalities
app > app and ap| > ayp1. For this case, the stable coexistence case, Fudenberg and
Harris (1992) already calculated the ergodic distribution of { X (¢)} by means of the
normalized speed measure.

COROLLARY 3.10.  Suppose A satisfies (3.3) for some y € R. Then {X (1)} is
positive recurrent if and only if A has an interior Nash equilibrium and y > 0.

PROOF. To prove the sufficiency of the condition suppose that x is an interior
Nash equilibrium of A and y > 0. Set & = yx. Then y ~'a is an interior Nash
equilibrium and so, by Corollary 3.8, {X (¢)} is positive recurrent.

To prove necessity, suppose {X(¢)} is positive recurrent. Then, by Theo-
rem 3.1(a), A has an interior Nash equilibrium x, say. Let « = yx. If y #£ —1,
then Theorem 3.6 shows that []}_, xf"'_] is an invariant density, which must be
integrable, so that > 0. It remains to rule out that y = —1. If y = —1, A would
be conditionally positive definite by Remark 3.7, so that Theorem 4.5 would yield
that {X (¢)} is transient. [
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REMARK 3.11. Corollaries 3.8 and 3.10 show that for games with (3.3) only
Dirichlet distributions can be invariant distributions, and if {X (¢)} is positive re-
current and o] = - - - = gy, then {X (¢)} remains positive recurrent if oy, ..., 0, are
replaced with ko7, ..., ko, forany k > 0. Ask (0, y /' o0 and, in view of (3.9),
the invariant distribution converges weakly to the unit mass concentrated at the
Nash equilibrium of A. As « oo, the invariant distribution converges vaguely to
the zero measure on int A.

; 1, X € int A, is invariant for the tran-
sition probability function of {X (t)} if and only if

COROLLARY 3.12. The density [];_, x;

(3.10) ajj +aj —ai; —ajj=0 foralli, j.
Moreover, if (3.10) holds and there exists B € R" such that
Gl B+ +B=0, {ABhi=---={AB}, and BTA0,

then [T}, xf”_l is another invariant density, where o; = cf;i and ¢ = 2{BT A}/
(03 aiz,Biz) # 0. In this case, {X (t)} is transient.

PROOF. The claimed equivalence is an immediate consequence of Theo-
rem 3.6. If (3.10) and (3.11) hold, then

n N 1 n n N _ n -
> ajio; — 5201206,-2 =c) (@i —aDpi=c_(ai; —an)pfi ={Aa},
i=l1 i=1 i=1 i=1

so that [T, xlf’ i~ is an invariant density by Theorem 3.6. Furthermore, (3.10)
and (3.11) imply that {87 A}; = --- = {87 A},, and so, as BT A # 0, we have
¢ # 0. Thus the invariant densities [[7_; x;” Uand [T, x:-y i~ are not proportional.
This implies that {X ()} is transient; see Khas’minskii (1960) or Pinsky (1995),
pages 148 and 181. [

REMARK 3.13. If A is a zero-sum game, then (3.11) is equivalent to {A,B}l =

<= (A}, #0.

4. Transience and stability of Nash equilibria. The deterministic replicator
dynamics satisfies an important exclusion principle: if the replicator equation (1.2)
has no interior rest point, that is, if there does not exist p € int A such that {Ap}; =
--- = {Ap}n, then every orbit converges to the boundary of A; see Hofbauer (1981)
or Hofbauer and Sigmund (1998), Theorem 7.6.1. The following result for the
stochastic replicator dynamics yields convergence to the boundary under a slightly
stronger condition on A.

The process {X ()} is said to be transient if Py {X (t) — bd A} =1.
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_THEOREM 4.1 (Exclusion principle). If there does not exist p € A such that
{Ap}1 = -- ={Ap},, then {X (¢)} is transient.

Theorem 4.1 is an immediate consequence of the averaging principle (Theo-
rem 3.1) and the dichotomy between recurrence and transience; see, for example,
Theorem 8.1 in Pinsky (1995), page 74. In the following we present an alternative

proof.

PROOF OF THEOREM 4.1. Ifthereisno p € A such that {Ap}; = - -- = {Ap},,
then by a simple separation argument [see, e.g., Hofbauer (1981)] there exists a
ceR"suchthatc; +---+ ¢, =0 and ¢lTAx > 0 forall x € A. By compactness
there is 8 > 0 such that ¢ Ax > § > 0 for all x € A. Since cir+---+c¢,=0,(2.6)
implies

n n
@.1) Y cidlog X (1) =c" AX (1) dt + ) cio; dW;(1).
i=1 i=1
Integrating gives

’ X;(t) &
> cilog Xf 0 >80+ cioiWi(1),

i=l1 i(0) i=l1

and hence }_7_; ¢;log X; (1) — oo a.s., as t — 0o, which shows transience. [

COROLLARY 4.2.  [f strategy k is strictly dominated in the game A [i.e., there
is a strategy q € A such that (AX); < qTAxfor all x € A}, then X;(t) — 0 a.s.

PROOF. Choose ¢ = (q — e in the previous proof which shows

n
Zqi log X;(t) — log Xx(¢t) — oo a.s.

i=1

Since the sum is bounded above, log X () — —o0 a.s., or X;(t) —> O a.s. [

The following example shows that the weaker condition that A has no interior
Nash equilibrium (or that strategy k is weakly dominated) is not sufficient for
transience.

EXAMPLE 4.3. Suppose n =2 and a; = a1, ai2 > az. Then A does not
have an interior Nash equilibrium. Using Feller’s criterion [see, e.g., Proposi-
tion 5.22 in Karatzas and Shreve (1991), page 345] one may show that {X (¢)}
is recurrent. In view of Theorem 3.1(a), {X (¢)} must be null recurrent.

REMARK 4.4. If A satisfies (3.10) and there exists B satisfying (3.11), then
Bi+ -+ B, =0and {BTA}; =--- = {BT A}, # 0. That {X(r)} must then be
transient can also be shown as in the alternative proof of Theorem 4.1.
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For the second sufficient transience criterion recall that an n x n matrix B is said
to be conditionally positive definite if y? By > 0 for all y # 0 with y; +-- -+ y, =
0. Note that A is conditionally positive definite if and only if A is conditionally
positive definite.

THEOREM 4.5. Suppose there exists p € R" \ {e, ..., e,} such that {Ap}; =

- ={Ap}, and p1 + - -+ pn = 1. Suppose further that A (or A) is conditionally

positive definite. Then min{X;(t):i € I} — 0 a.s., where IT = {i: p; > 0}. In
particular, {X (t)} is transient.

PROOF. Set

P(x) = ijlogx], X €intA.
j=1

By (2.6),

t
(X (1) = (X(0)) +/0 h(X(s))ds + R(1),

where

h(x) =p’ Ax — TAX——Zax](l—x])
j=1

- 1
:—(p—x)TA(p—x)—EZGJ-ij(l—xj)
Jj=1
and
R(t)=)_pjojWj(t) — o,/ Xj(s)dW;(s).
1

Jj=1 Jj=

Since A is conditionally positive definite, (p X)TA(p x) > Oforall x € A, with
equality if and only if x = p. Moreover, ) :_, o; 2x; j(I1—=x;)>0forallx € A, with
equality if and only if x € {eq, ..., e,}. As P e R"\ {eq,...,e,}, it follows that
there exists some ¢ > 0 such that

h(x) < —¢ for all x € int A.

In view of (2.8), R(t)/t — O a.s. Consequently, a.s.,

limsup — Z pilog X;(t) <limsup — d)(X(t)) < —¢e+Ilim sup R(t) =—

— — —
t—oo I 70 1—00 1—00

Thus min{X;(t):i € I} — 0as. O
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REMARK 4.6. If A is conditionally positive definite and there exists p € R" \
A such that {Ap}l =...= {Ap}n and p; + --- 4+ p, = 1, then there cannot exist
q € A with {Aq}; = - -- = {Aq},,, and it follows already by Theorem 4.1 that X (1)
converges to bd A a.s. Theorem 4.5 provides in this case a proper subset of bd A
to which X () converges a.s.

REMARK 4.7. Theorem 4.5 complements the following stability result of
Imhof (2005a): If A has an interior Nash equilibrium and A is conditionally neg-
ative definite, then {X (#)} is positive recurrent and spends most of the time in a
small neighborhood of the equilibrium, provided o1, ..., g, are sufficiently small.
Note that the transience result holds without restriction on the size of noise.

COROLLARY 4.8. If A is conditionally positive definite and none of the
columns of A is proportional to 1, then {X (t)} is transient.

PROOF. If there does not exist p € A with {Ap}; =--- = {Ap}n, then Theo-
rem 4.1 yields transience. Otherwise, there does exist such a p € A, but if none
of the columns of A is proportional to 1, then p cannot belong to {ey, ..., e,}.
Transience now follows from Theorem 4.5. O

REMARK 4.9. If one of the columns of A is proportional to 1, then {X (1)}
cannot be positive recurrent. This follows from Theorem 3.1(a).

EXAMPLE 4.10. In the case n =2 the assumptions of Theorem 4.5 are satis-
fied if a;; > a>; and a2 < ap». This means that the game A is bistable: both pure
strategies are strict equilibria.

A point p € A is said to be stochastically asymptotically stable [Arnold (1974),
page 181] if for every open neighborhood U of p and every ¢ > 0O there is a neigh-
borhood V of p such that for every initial state x € V Nint A,

PX[X(t)eUforalltzO,tl_ifgoX(t):p]zl—e.

For every p € A\ {ef,...,e,} and every x € intA, Px{X(t) — p} = 0; see
Imhof (2005a). Thus only the vertices of A can be stochastically asymptotically
stable.

THEOREM 4.11. (a) Suppose strategy k is a strict Nash equilibrium in the
game A, that is,

02 o?
, k J :
Clkk>a]k+—2 5 forall j #k.

Then ey is stochastically asymptotically stable.
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(b) Suppose that for some X € int A,
P lim X (1) =ex} > 0.
—00

Then strategy k must be a Nash equilibrium of A. Moreover, if there exists i # k
with ;i = dk, then there exists j # k such that a;j < ay;.

PROOF. (a) Let L denote the second-order differential operator associated
with {X (7)}, that is,

I T ¢ B N o 0. )
lj@yf%?””@w +2%;yw@5wa%, f e C3(intA),
where
bj(x) =xj(e; —x)"[A — diag(c?, ..., o)X,

xj(1—x;)oj, Jj=k,
—X jXOF, Jj #k.

yik(®) =Y cju(X)cky (), %@z{
v=1

Consider the Lyapunov function
px) =) x},
J#k
where » > 0 will be chosen later. Clearly, ¢ (x) > 0 for all x € A, and ¢ (x) =0 if

and only if x = e;. We will show that there exists a neighborhood V of e; such
that for some ¢ > 0,

Lop(x) < —cp(x) forallx e VNintA.

This yields the assertion by Theorem 4 and Remark 2 in Gichman and Skoro-
chod (1971), pages 314-315, or Theorem 4.1 in Has’minskii (1980), page 167.
For all x € int A,

. r(r—1) .
Lp(x)=r Zx;(ej — x)T[A — dlag(alz, el anz)]x—i— Z ij(x)xj 2
J#k J#k
~ r n
=r Zx;{(ej —x)TAx+ 5(01-2(1 —2x;) + Zovzxf)
JF#k v=1

1 n
+ 5 ZGVZXU(XV - 1)}
v=I

<r Zx;{(ej —X)TAX-FrmaX{UIZ,...,O’nZ}}.
ik
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Since k is a strict Nash equilibrium for A, there exists & > 0 such that for all j # k,
(e —e j)TAek > ¢. Thus there is a neighborhood V of e; such that

(x—ej)TAx>§ forallx e V and j # k.

Now if r > 0 is so small that rmax{alz, e 0”2} < %8, then forall x € V Nint A
e ¢ re
Lo =r Yxi(=5+5) == o0,
iz 2 4 4

(b) If lim;— o0 X (¢, ®) = e, then the time averages % fOT X (t, w)dt converge
to ey, too. It follows from Theorem 2.1 that strategy k is a Nash equilibrium. For
an indirect proof of the remaining part assume there exists i # k such that a;; =
ark and a;; > ay; for all j. Since two-dimensional Brownian motion is recurrent,
there is a sequence of random times (7;);2, such that 7; /" oo and, for every [,
W; (T;) > 0 and Wi (T;) <O0. It follows that for every [,

Xi(1) _ Xi©)

lo —lo
X B X0

I . -
= [TAXO) — (AX W) dt +0,W (T = WM 2 0.
which contradicts the assumption that Px{lim; . X () =e€;} > 0. O
REMARK 4.12. Theorem 4.11(a) improves Theorem 4.1 of Imhof (2005a),
where the same stability assertion was proved under the stronger condition that
akk>ajk—|—ok2 for all j # k.

Note that in view of Example 4.3 or Theorem 4.11(b), the stability condition in
Theorem 4.11(a) cannot be weakened to

o? o?
. k J .
ik = ajk + > —7 for all j # k.

REMARK 4.13. If n =2, Theorem 4.11 can be strengthened. For n = 2, the
following three assertions are equivalent.

(a) Strategy k is a strict Nash equilibrium of A.
(b) The point ey is stochastically asymptotically stable.
(c) For some x € int A, Py{lim;—. o, X (¢) = e} > 0.

This is in contrast to the deterministic case where a pure strategy can be asymptot-
ically stable without being a strict equilibrium.

For the proof, it remains to show that (c) implies (a). Suppose Px{X (t) — e} >
0. By Theorem 4.11(b), a1 > a»1, and if a;; = apy, then ax < ayp. Butif a;) =
az1 and ax < app, then {X (¢)} is null recurrent; see Example 4.3. This contradicts
the assumption that Px{X (¢) — e} > 0, and it follows that a;; > ap;.
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COROLLARY 4.14. If n € {2,3} and A is conditionally positive definite,
then {X (1)} is transient.

PROOF FOR n = 3. If none of the columns of A is proportional to 1, then
transience follows from Corollary 4.8. Suppose now that, for example, a;; = a1 =
asp. Since Ais conditionally positive definite, 0 < a;; —aj; — a;j +a;; fori # j.
Hence aj» < dyy and a3 < asz. Moreover, 0 < ayy — asy — azs + asz, so that
ary > asp or asz > apsz. It follows that strategy 2 or strategy 3 is a strict Nash
equilibrium of A. Thus, by Theorem 4.11, e, or e3 is stochastically asymptotically
stable and {X (¢)} is transient. [

EXAMPLE 4.15. Consider the rock—scissors—paper game with payoff matrix
0 —a; ap
A= a 0 —a |, ap,az > 0.
—a; a 0

Thus strategy 3 beats strategy 2, 2 beats 1 and 1 beats 3. If a; > a», then for all
y € R?\ {0} with y1 + y2 + y3 =0,

a—ap

yl Ay = 7+ 3 +y3) > 0.

Hence, according to Corollary 4.14, {X ()} is transient. On the other hand, if
a; < ap, {X ()} is positive recurrent, provided oy, 0>, o3 are sufficiently small;
see Imhof (2005b). Moreover, if a; < az and o1 = 0o = 03 > 0, Corollary 3.8
yields that the invariant distribution is the Dirichlet distribution with parameter
(a2 — a1)/(30)1. Finally, if a; = a» and o1 = 0, = 03 > 0, then Corollary 3.5
and 3.10 each imply that {X (¢)} is not positive recurrent. To see that this fol-
lows from Corollary 3.5, note that the stochastic replicator dynamics remains un-
changed if a constant is added to every entry in a column of A. In view of Corol-
lary 3.12 we conjecture that {X (¢)} is null recurrent in this case.

COROLLARY 4.16. Suppose A satisfies (3.3) with some y € R. Then each of
the following conditions is sufficient for transience of {X (t)}.

(i) y <0andn € {2, 3}. 5 .
(i1) There existsp€ A\ {ey,...,e,} m:ith {Ap}1 =- = {Ap}1 and y <O.
(iii) There does not exist p € A with {Ap}1 =--- = {Ap}1.

PROOF. This follows from Remark 3.7, Corollary 4.14 and Theorems 4.1
and4.5. O
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5. Related results. The aim of this section is to put our results into perspec-
tive by discussing the connection with corresponding results for the deterministic
replicator dynamics. We concentrate on the following fundamental properties of
the deterministic model (1.2).

(A) Every Nash equilibrium of A is a rest point.

(B) Every strict Nash equilibrium of A is asymptotically stable.

(C) Every stable rest point is a Nash equilibrium of A.

(D) If an interior orbit converges, its limit is a Nash equilibrium of A.

(E) Every evolutionarily stable strategy (ESS) of A is asymptotically stable.

(F) If (1.2) is permanent, that is, if there exists a compact set K C int A such that
for every initial state £ (0) =x € int A, £(¢) € K for ¢ large enough, then there
exists a unique interior rest point and for any initial state in int A, the time
averages 7! fOT &(t) dt converge to that rest point.

Parts (A)—(D) constitute the folk theorem of evolutionary game theory. For proofs
of all of these statements, see Hofbauer and Sigmund (1998). The stochastic repli-
cator dynamics (1.4) has no absorbing points except for the vertices ey, ..., €,, SO
that part (A) is in marked contrast to the stochastic situation. Note that the con-
verse of (A) holds neither for the deterministic nor for the stochastic replicator
dynamics.

Theorem 4.11(a) shows that part (B) essentially carries over to the stochastic
case if the payoff matrix A is replaced by A. In contrast to what might be expected
from the deterministic case, the assumption that a given strategy is a strict Nash
equilibrium does not imply almost sure convergence to the equilibrium for suitable
initial values. Indeed, if A describes a coordination game with two strategies, then
for every initial state x € int A, Px{X(t) — e1} < 1. Theorem 4.11(b) can be re-
garded as a weak analog of part (C). A sufficient condition for Px{X (#) — e} =1
for all x € int A is given in Imhof (2008).

For the process {X ) (¢)} determined by the Stratonovich stochastic differential
equation (1.6), we obtain from Theorem 4.11(a) (applied to the corresponding It6
equation) that ey is stochastically asymptotically stable if axx > max - a ;. That
the inequality

1 ,  (n—3)? )
akk > maxdji + = 0 ——————

R (JX#I:C "Xt
is sufficient for stochastic asymptotic stability of e; has been shown by Khas-
minskii and Potsepun (2006). In view of Example 4.3, the sufficient condition
akk > max - aj; cannot be weakened to ag; > max i ajy.

Theorem 4.11(b) also yields the following analog of part (D). If for some x €
int A and some p € A, Px{X(t) — p} > 0, then, by Theorem 4.3 of Imhof (2005a),
p €{e1,...,e,}, so that, by Theorem 4.11(b), p is a Nash equilibrium of A. How-
ever, the natural stochastic analog of (D) is provided by Theorem 2.1(a).
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Concerning part (E) note that in Example 4.3, strategy e; is an ESS of A, which
is not stochastically asymptotically stable. However, the existence of an interior
ESS of A implies positive recurrence and that the invariant distribution puts most
mass near the ESS, provided that oy, ..., 0, are small enough; see Imhof (2005a).
Since the trajectories do not converge to the ESS nor to any other point, it is nat-
ural to study convergence of their time averages. By Theorem 3.1(a), the averages
converge a.s. to the unique interior Nash equilibrium of A.

Theorem 3.1(a) can also be seen as showing that an analog of the conclusion of
part (F) holds when {X (¢)} is positive recurrent. The connection between perma-
nence and recurrence is examined in Benaim, Hofbauer and Sandholm (2008).

Acknowledgment. We are grateful to the referees for their constructive com-
ments.
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