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Abstract: In this paper, we study the following model of hidden Markov
chain: YV; = X; 4+ ¢, 7 =1,...,n+ 1 with (X;) a real-valued stationary
Markov chain and (&;)1<i<n+1 a noise having a known distribution and
independent of the sequence (Xi). We present an estimator of the transi-
tion density obtained by minimization of an original contrast that takes
advantage of the regressive aspect of the problem. It is selected among
a collection of projection estimators with a model selection method. The
L2-risk and its rate of convergence are evaluated for ordinary smooth noise
and some simulations illustrate the method. We obtain uniform risk bounds
over classes of Besov balls. In addition our estimation procedure requires
no prior knowledge of the regularity of the true transition. Finally, our
estimator permits to avoid the drawbacks of quotient estimators.
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1. Introduction

In this paper we consider the following additive hidden Markov model:

with (X;);>1 a real-valued Markov chain, (&;);>1 a sequence of independent and
identically distributed variables and

(Xi)i>1 and (&;)i>1 independent. (2)

Only the variables Y7, ..., Y,,+1 are observed. Besides its initial distribution, the
chain (X;);>1 is characterized by its transition, i.e. the distribution of X;;1
given X;. We assume that this transition has a density II, defined by II(z, y)dy =
P(X;41 € dy|X; = z), and our aim is to estimate this transition density II.
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This model belongs to the class of hidden Markov models. The Hidden
Markov Models constitute a very famous class of discrete-time stochastic pro-
cesses, with many applications in various areas such as biology, speech recogni-
tion or finance. For a general reference on these models, we refer to m

). Here, we study a simple model of HMM where the noise is additive
(which allows dealing also with multiplicative noise by use of a logarithm). In
standard HMM, it is assumed that the joint density of (X;,Y;) has a parametric
form and the aim is then to infer the parameter from the observations Y7, ...

generally by maximizing the likelihood. For this type of study, see, amon oth—
emmmmhm&MmmdmmmMmm%%Eﬁim
(1.998), Lensen and Peterser (1999), Douc et all (2004),

This model is also similar to the so-called convolution model (for which the
aim is to estimate the density of (X;);>1). As in that model, we use the Fourier

transform extensively. The restrictions on error distribution and rate of con-
vergence obtained for our estimator are also of the same kind. Related works

include Stefansk] (%@@;7 %ﬂ %) (for the multivariate case),

The estimation of the transition density of a hidden Markov chain is studied
by IClémencorl (200:). His estimator is based on the thresholding of a wavelet-
vaguelette decomposition. The drawback is that this estimator does not achieve
the minimax rate because of a logarithmic loss. [Lacond (M) describes an
estimation procedure by quotient of an estimator of the joint density and an
estimator of the stationary density f. The minimax rate is reached by this esti-
mator if it is assumed that f and f.II have the regularit But this smoothness
condition on f raises a problem. Indeed m (ﬁ ) gives an example in
which the stationary density f is not continuous, whereas the transition density
IT is constant. It shows that f can be much less regular than II. Therefore, our
aim is to find an estimator of the transition density which does not have the
above mentioned disadvantages.

To estimate II, we use an original contrast inspired by the mean square con-
trast. The first idea is to connect our problem with the regression model. For
any function g, we can write

9(Xiy1) = (/H(~,y)g(y)dy> (Xi) + i1

where 7,41 = g(Xi4+1) — E[g(X;+1)|X;]- Then, for all function g, we can con-
sider [IIg as a regression function. The mean square contrast to estimate
this regression function, if the X; were known, should be (1/n) Y"1 [t*(X;) —
2t(X;)g9(Xi+1)]. If [ g% = 1, this contrast can be written

1m2/ (Xi, y)dy — 2T(X, Xis1)]

by setting T'(z,y) = t(w)ﬁ(g) i.e. T such that [T(x,y)g(y)dy = t(z). It is this

contrast which is used in ) but in our case, only the Y7,...,Y,41
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are known. Therefore we introduce in this paper two operators () and V such
that E[Qr2 (V;)|X;] = [ T?(Xi,y)dy and E[Vr (Y3, Yii1)| Xi, Xia] = T(Xy, Xit1).
It leads to the following contrast:

n(T) lew Yi) = 2V (¥i, Vi)l 3)

3

A collection of estimators is then defined by minimization of this contrast on
wavelet spaces. Indeed wavelets have many useful properties and in particular
they can have a compact support and can be regular enough to balance the
smoothness of the noise. A general reference on the subject is [Meyer (11990)’s
book.

A method of model selection inspired by Barron_ et all (1999) and based on
contrast (@) is used to build our final estimator. A data driven choice of model
is performed via the minimization of a penalized criterion. The chosen model is
the one which minimizes the empirical risk added to a penalty function. In most
cases when estimating mixing processes, a mixing term appears in this penalty.
In the same way, some unknown terms derived from the dependence between
the X; appears in the thresholding constant used to define the estimator of
Clémencor] (2003). Here a conditioning argument enables to avoid such a mixing
term in the penalty. Our penalty contains only known quantities or terms that
can be estimated and is then computable.

For an ordinary smooth noise with regularity -y, the rate of convergence
n~o/(2e+47+2) ig obtained if it is assumed that the transition II belongs to
a Besov space with regularity . Our estimator is then better than that of
Clémencor (2002) which achieves only the rate (In(n)/n)®/(22+47+2) Moreover
this rate is obtained without assuming the regularity « of II known.

This paper is organized as follows. In Section Pl we present the model and the
assumptions. Section B is devoted to the definitions of the contrast and of the
estimator. The main result and a sketch of proof are to be found in Section El
Numerical illustrations through simulated examples are reported in Section B
The detailed proofs are gathered in Section B

2. Study framework
2.1. Notations

For the sake of clarity, we use lowercase letters for dimension 1 and capital
letters for dimension 2. For a function ¢ : R — R, we denote by ||¢| the L? norm
that is [|¢]|> = [ t*(x)dz. The Fourier transform ¢* of ¢ is defined by

t*(u) = /e*”“t(x)da:.

Notice that the function ¢ is the inverse Fourier transform of ¢t* and can be
Written t( ) = 1/ 27r fe”“t*(u)du. The convolution product is defined by
(t*s)(z) = [t(x - y)dy.
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In the same way, for a function T : R — R, ||T|> = [ [z T? (2, y)dzdy and

T*(u,v) = //eiimfiva(x,y)d:Edy.

We denote by ¢t ® s the function: (z,y) — (t ® s)(x,y) = t(x)s(y).
We will estimate IT on a compact set A = A; X As only and we denote by
|l.]la the norm in L2(A) i.e.

|krni,::J([;lﬂ<x,y>dxdy.

2.2. Assumptions on noise

The Markov chain (X;);>1 is observed through a noise sequence (g;);>1 of in-
dependent and identically distributed random variables. The density of ¢; is
denoted by ¢ and is assumed to be known. We assume that the Fourier trans-
form of ¢ never vanishes and that ¢ is ordinary smooth. More precisely the
assumption on the error density is the following:

H1 g is uniformly bounded and there exist v > 0 and kg > 0 such that Vz € R
lq* ()| = ko(2® +1) 7772,

This assumption restrains the regularity class of the noise. Among the so-called
ordinary smooth noises, we can cite the Laplace distribution, the exponential
distribution and all the Gamma or symmetric Gamma distributions. The noise
follows a Gamma distribution with scale parameter A and shape parameter ( if
q(z) = Azt~ te22 /T(C) for x > 0 with T the classic Gamma function. Then

i 22\ /2
r@li=(1+5)

So ¢ is bounded and verifies H1 with v = (. The case ( = 1 corresponds to
an exponential distribution and if A = 1/2, ( = p/2, it is a chi-square x(p). A
Laplace noise is defined in the following way

A —Alz—pl * AQ
q(z) = 56 and [¢*(z)| = m

Then H1 is satisfied with v = 2. More generally, we can define the symmetric
gamma distribution with density ¢(z) = X¢|z|¢~'e=**l /(2T(¢)). The character-
istic function is then

2\ —¢/2
g (z) = (1 + :17_2) cos (QC arctan (*))
A A+ V22 22

so that H1 is verified with v = { + 1 if ¢ is an odd integer and v = ¢ otherwise.
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Remark 1. We have to point out that the Gaussian noise does not verify As-
sumption HI1. Indeed, an exponential decrease of the Fourier transform of the
error density is more difficult to control and a supersmooth noise makes denois-
ing more difficult. For that reason, many authors, among which |Butuced (M),
(Koo _and Led (1998) or Youndjé_and Welld (2002), have considered only ordi-
nary smooth noise. The method used in this paper does not allow dealing with
supersmooth noise. Indeed, it requires a wavelet basis more reqular than the noise
and with compact support (because of Assumption H4 below), which is impossible
when the noise is supersmooth.

2.3. Assumptions on the chain

The hypotheses on the hidden Markov chain (X;);>1 are the following:

H2 The chain is irreducible, positive recurrent and stationary with unknown
density f.
H3 There exists a positive real fy such that, for all z in Ay,

fo < f(@) < fllco,ar <00

H4 The transition density II is bounded on A by ||II||cc,4 < c0.
H5 The process (Xj) is geometrically S-mixing (3, < e~%9), or arithmetically
B-mixing (8, < ¢~%) with § > 8 where

By = / 1P, ) — ullry f(z)dz

with P7(x,.) the distribution of X;., given X; = x, p the stationary
distribution and ||.|[7v the total variation distance.

We refer to [Donkhad (1994) for details on the S-mixing. Assumption H5
implies that the process (Yj) is f-mixing, with S-mixing coefficients smaller
than those of (X}). Assumption H3 is common (but restrictive) and is crucial
to control the empirical processes brought into play. A lot of processes verify
Assumptions H2-H5, as autoregressive processes, diffusions or ARCH processes.
These examples are detailed in Lacowl (20074).

3. Estimation procedure
3.1. Projection spaces

Here we describe the projection that we use to estimate the transition II. We
will consider an increasing sequence of spaces, indexed by m, to construct a
collection of estimators. For the sake of simplicity, we assume that A = [0, 1]%.

We use a compactly supported wavelet basis on the interval [0, 1], described
in [Cohen et _all ). The construction provides a set of functions (¢y) for
E=0,...,27 —1 with J a fixed level, and for all j > J a set of functions
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(k). k = 0,...,27 — 1. The collection of these functions forms a complete
orthonormal system on [0, 1]. Then , for u in L2([0, 1]), we can write

271 29 -1
u= Z bedr + D Y ajpthjn-
j>J k=0

Actually

2]/2¢0(2J$—k) 1fl€:0,,N—1
Or() = {272(2%w k) k=N, 2/ = N1
2729127 — k) ifk=2/—N,...,27 —1

where ¢ is a Daubechies father wavelet with support [—~N + 1, N] and ¢°, ¢!
are edge wavelets explicitly constructed in [Cohen et all (1L993). The functions
&, have support [(k— N +1)/27, (k+ N)/27]1n[0,1]. For r a positive real, N is
chosen large enough so that ¢ has regularity r (in the sense defined in (@)): this
is possible since it is a property of the Daubechies wavelets that the smoothness
of ¢ increases linearly with N. We choose J such that 27 > 2N so that the two
edges do not interact (no overlap between ¢° and ¢!). The construction ensures
that ¢° and ¢' are also of regularity r. In the same way, for each level j, the
¥k, are dilatation and translation of functions t, ¢° and ¢! with regularity r.

Now we construct a wavelet basis of L2([0,1]?) by the tensorial product
method (see Meyen (199() Chapter 3 Section 3). The father wavelet is ¢ ® ¢
and the mother wavelets are ¢ ® 1, ¥ ® ¢, 1 ® . A function T in L([0,1]?)
can then be written

271271 291271
Tay)= > Y busr@oy) + > > > (ald@)viy)
k=0 1=0 j>J k=0 1=0

2 3
+afiie(@) o) + afiie(@)da(y)):
For the sake of simplicity, we adopt the following notation

T(y) =Y Y amei@)enly)-

J>J (k1)EA;

where @, = 20/2p(27x — k) with ¢ = ¢, ¢°, ¢*, 9, 9" or ¥ according to the
values of j and k. For j > J, A; is a set with cardinal 3.2%7 and A is a set
with cardinal 227, In the rest of this paper we will use the following property of
o deriving from the regularity of the initial Daubechies wavelet: there exists a
positive constant ks such that

VueR |p*(u)] < ks(u? +1)77/2 (4)
Now , for m > J, we can consider the space

m={T:R* =R, T(z,y)= Z > ammein(@)en(y)}
j=J (k,l)EA;
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Note that the functions in S,, are all supported in the interval [0,1]2. The
dimension of the space S, is D2, = 22/ + 33 227 € [22m, 22mF2] We
denote by S the space Sp,, with the greatest dimension D?no = D? smaller than
nt/(47+2) 1t is the maximal space that we consider. The spaces S,, have the

following properties:
Plm'<m=S,,CS,
P2 || X0 amiesn @ pill® = > ikl a?kl'

This property derives from the orthonormality of the basis.
Now, for all function ¢ : R — R, let v; be the inverse Fourier transform of

t*/q*(—.), Le. X )
v (z) = o /em“ prE— du.

This operator is introduced because it verifies E[v;(Yy)|Xx] = ¢(Xi) for all
function t. We can write the following lemma :

Lemma 1. Ifr > v+ 2, there exists ®1 > 0 such that

P3 || 30 3 @lklle < @10y

P4 || 30 [vp,, Pl < @1(27)27+2

P5 3 [[vg,, |1 < @1(27)*7

P6 || 2 [V, [P lloo < @1(27)7F2
P73 [ ‘ijjk/|2 < @y (27)7 2

This lemma is proved in Section B

3.2. Construction of a contrast

Now let us estimate the transition density of the Markov chain by minimizing
a contrast. This section is devoted to the definition of this contrast. We explain
here how it can be obtained, first by considering the case without noise.

8.2.1. First step: if X1,..., Xn41 were observed

We present here a heuristic to understand why we choose the contrast, assuming
first that the (X;) are known. For all function g, the definition of the transition
density implies E[g(X;4+1)|X:] = [TI(Xi,y) g(y)dy so that we can write

9(Xit1) = (/ (., y)g(y)dy> (Xi) +mi

where 7; = g(Xi41) — E[g(Xi+1)|X;] is a centered process. We recognize then a
regression model. A contrast to estimate [II(.,y)g(y)dy is

) = 5 D[ (X) = 2u(X)g (X))
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It is the classical mean square contrast to estimate a regression function. But
we want to estimate II(.,y) and not only [II(.,y)g(y)dy.

So We observe that iffg =land T'(z,y) =u(x)g(y), then u(.) = [T(.,y)g(y)dy.
Soifu(.)= [T, y)dy estimates [II(.,y)g(y)dy, we can assume that T es-
timates H Since f T2 ,y)dy = u?(.), the contrast becomes

1 n
(D) = 31 [ 1K)y = 20X, Xis)
i=1

It is the contrast studied in Lacoml (20074) and it allows for a good estimation
of TI(.,y) when the Markov chain is observed. We can observe that

Eyn(T) = /TQ(w,y)f(w)dedy—2/T(w,y)f(w)ﬂ(%y)dxdy: 177 T — 1)

where f is the density of X; and

17l = ( / T2<x,y>f<m>dxdy)1/2.

Then this contrast is an empirical counterpart of the distance ||T° — II| ;.

8.2.2. Second step: the X;’s are unknown, the observations are the Y;’s

The aim of this step is to modify the previous contrast, to take into account
that the X;’s are not observed. To do this, we use the same technique as in the
convolution problem (see [Comte et all (200€)). Let us denote by Fx the density
of (X;, X;41) and Fy the density of (Y;,Y;11). We remark that Fy = Fx *(q®q)
and Fy = F§(¢* ® ¢*) and then

E[T(Xi,xm)]://TFX=%//T*ﬁ— // Y dbd

by using the Parseval equality. The idea is then to define Vi = T*/(¢* ® ¢*) so
that

BT (X, Xi1)] = % // ViFy Z/ VrFy = E[Vr(Y;, Yi)).

Then we replace the term T'(X;, X;+1) in the contrast by Vp(Y;, Yi41). In the
same way, we find an operator @ to replace the term [ T?%(X;,y)dy. More pre-
cisely, for all function T, let Vr be the inverse Fourier transform of T%/(¢* ®

q)(—.), ie.
_ [ iy L")
Vr(z,y) = — // pe s e L

Let Qr be the inverse Fourier transform of T%(.,0)/(¢*)(—.), i.e.
1 [ o T (u,0)
_ = iwuz AT ) g
Qrlr) = o /6 ¢ (—u)

V' and @ have been chosen so that the following lemma holds.
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Lemma 2. Forallk € {1,...,n+1}

(Ye, Viy 1)1 X1, ooy Xpy1] = T( X, Xpey1)
(Ye, Yiey1)] = [ T(z, y)I(z, y) f (x)dxdy
E[Qr (Yk)|X17~~ Xnt1] = fT (Xk,y)dy
EQr(Ye)] = [[ T(x,y) f(x)dzdy

Points 1. and 3. are proved in Section B the other assertions are their imme-
diate consequences. Note that V' and Q are strongly linked with v. In particular
Vst (:Ea y) = US(I)Ut( ) and Qs@t = Us ft

By using the operators V and Q, we now define the contrast, depending only
on the observations Yi,..., Y, 41:

§$

2E

1 n
= Q2 (Vi) — 2V (Yi, Yiey1)]
k=1

3

With Lemma Bl we compute E(v,(T)) = [[T?(z,y)f(x)dzdy — 2 [[T(z,y)
(z,y) f(x)dxdy = |T — HHf HH||f So we want to estnnate 1T by minimizing
Yn. The definition of the contrast leads to the following “empirical norm”:

n

U, (T) = % > Qr(Ya).

k=1

The term empirical norm is used because EV,, (T) = HTH?, but ¥, is not a
norm in the common sense of the word.

3.3. Definition of the estimator

We have to minimize the contrast 7, to find our estimator. By writing T" =
ST Y epen, GkPik & 95t = Yo ax wa(x,1), we obtain

agz(% - Z <Z a)‘QW/\‘”M - ‘*’/\o (K3E+1)> .

Then, by denoting A,, the vector of the coefficients ay of T,

Oyn(T)

YA
0 8(1)\0

=0 <= Gnla,.=2,, (5)

where

n

1
= Vo (¥i, Yia)
n i=1

) Zm:

A, p

; Zl Quro, (Y,

But the matrix GG,, is not necessarily invertible. This is why we introduce the
set

A

r- {mm Sp(Grn) > gf} (6)
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where Sp denotes the spectrum, i.e. the set of the eigenvalues of the matrix and
fo is the lower bound of f on A;. On T', G, is invertible and 7, is convex so that
the minimization of -, is equivalent to Equation () and admits the solution
Ay = G Z,,. Now we can define

. argminyes, o (T) on T,
1, = :
0 on I'°.

Remark 2. The term 2/3 in I’ can be replaced by any constant smaller than 1.
Moreover, the construction of II,, described here requires the knowledge of fy.
Newvertheless, when fq is unknown, we can replace it by an estimator fo defined
as the minimum of an estimator of f (for an estimator of the density of a hidden
Markov chain, seeLacout (120078)). The result is then unchanged if f is reqular
enough and the mizring rate high enough.

We then have an estimator of II for all S,,. But we have to choose the best
model m to obtain an estimator which achieves the best rate of convergence,
whatever the regularity of II. So we set

m = arg mrg}\r/ll {’Yn(ﬁm) + pen(m)}

where pen is a penalty function to be specified later and
M, ={m > J, D" <n}.
Then we can define our final estimator:

. {nm if | Tl < by with K, = /2,

0 else.

4. Result
4.1. Risk and rate of convergence

For a function G and a subspace S, we define

d4(G,8) = inf |G = T|a.

We recall that A is the estimation area. For each estimator f[m, we have the
following decomposition of the risk:

Proposition 1. We consider a Markov chain and a noise satisfying Assump-
tions H1-H5 with v > 3/4. For m fized in M,,, we consider 11, the estimator
of the transition density 11, previously described. Then there exists C > 0 such
that

~ D4A/+2
E|IL, —II|4 < C {di(n,sm) + ”;l }
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We do not prove this proposition because this result is included in Theorem
[ below, which is proved in Section B

Now if IT belongs to a Besov space with regularity «, it is a common approx-
imation property of the wavelet spaces that d%(IL, S,,,) < CD..>*. So, choosing
my such that D,,, =n'/(et47+2) we obtain the minimum risk

E|[TLy, ~TI[; < On~ =6,

But this choice of m; is impossible if « is unknown (it is a priori the case since
IT is unknown). That is why we have built our estimator II via model selection.
Now we can state the following theorem.

Theorem 1. We consider a Markov chain and a noise that satisfy Assumptions
HI1-H5 with v > 3/4. We consider 11 the estimator of the transition density II
previously described with r > 2y + 3/2 and

D4’y+2
pen(m) = K—"— for some K > Kj
n

where Ko = C(7)®?||q||% fo . Then there exists C' > 0 such that

/

- ) C
EIf - 103 < C inf {d4(ILSn) + pen(m)} + —

with C = max(2 + 72f5 | fllso,a, (1 + 2 T1%), 125 (1 + 2/[TL[[%)).-

Note that this result is non-asympotic. It is an advantage of the least square
method over the quotient method.

All the constants on which the penalty depends do not have the same status.
The constants @1, v and ||¢||c are known, since the wavelet basis and the noise
distribution are known. The constant fy is unknown but it can be estimated
(see Remark Bl). Then, even if it means replacing fo by an estimator fo, the
penalty is computable. In particular the dependence coefficients of the sequence
do not appear at all in the penalty.

The condition v > 3/4 is due to an additional term of order Df,frwz/n
(coming from the term (1/n) Y 1, Qr2(Y;) in the contrast) inside the penalty.
If v > 3/4, then 2y + 7/2 < 4y + 2 and D22 /n is the dominant term. If
~ = 3/4, the result is still true but the constant in the penalty also depends on
|III]| 4. In the other cases the estimation is possible but the term D22 s
not negligible any more and the order of the variance (and consequently the rate
of convergence) must be changed. This constraint v > 3/4 is not very restrictive
since v must be larger than 1/2 in order that ¢ be square integrable. Moreover
in the case of a Gamma noise, g is not bounded if v < 1.

We can now evaluate the rate of convergence of our estimator.

Corollary 1. We suppose that the restriction of II to A belongs to the Besov
space B . (A) with a < r. Then, under the assumptions of Theorem [,

E[[T - TI|J% = O(n™ =),
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To our knowledge, the minimax rates are unknown in the specific estimation
problem we consider here and finding them is definitely beyond the scope of
this paper. Nevertheless, (W) proved that the rate n" T s
optimal whenever f and fII belong to By . (R) and Bg ., (R?) respectively.

Nevertheless we remark that we obtain the same rate of convergence with II
as those obtained with II,,, where D,,, = n!/(2+47+20) byt without requirin
the knowledge of a.. Moreover our estimator is better than the one of m
(W), which achieves only the rate (In(n)/ n)#fvﬁ It is also an improvement
on the result of m) because this rate is obtained without requiring
any regularity for f or fII.

If we want to compare the quotient method described in Lacom (M) and
the one introduced in this paper, we can say that only the quotient method al-
lows dealing with supersmooth distributions, at least from a theoretical point of
view. However, the least squares method has the advantage of giving a good rate
of convergence without requiring prior information on the stationary density.
Moreover, our result is non-asymptotic contrary to the one of m ).

4.2. Sketch of proof of Theorem O

We give in this section a sketch of proof of Theorem [
Let m € M,,. We denote by II,, the orthogonal projection of II on §,,. We
have the following bias-variance decomposition

EI - 115 = B[ = T |3 + [T — T3

The term ||II — II,,,||% can be written in the following way

3 2 1 2 3 2
=Tl = ML= Inlld ity giny + =Tl gt o0y

< M — M| +

2
IHm”A {Hﬁ7h”>kn}
since IT = 0 on the set {||IL;|| > k,} and IT = II;, on the complement. The term
ITL,, (1% (Ifin >k, 18 €asily dealt with, the main term is ||ILs — I, ]|%. But, on

I, the definitions of II,,, and m lead to the inequality

V(L) + pen(m) < 9, (Ily) 4 pen(m). (7)
Letting Zp m(T) = £ >0 [Ve (Yi, Y1) — Qrm,, (Yi)], a fast computation gives

'Yn(ﬁfn) - ’Yn(Hm) = \I/n(f[m - Hm) - 2Zn,m(an - Hm)
so that (@) becomes
U, (M, — ) < 27y (5 — I,,) 4 pen(m) — pen(rh)

2 — ||y sup  Znon(T) + pen(m) — pen(in)
TEBj (m,m)

IN

where Bf(m,m) = {T € Spn + Sw, ||T]|f = 1}. The main steps of the proof
are then
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1. to control the term supre g, (m. ) Zn,m (1),
2. to link the empirical “norm” W¥,, with the L? norm ||.|| .

e To deal with the supremum of the empirical process Z, ., (T"), we use an
inequality of Talagrand stated in Lemma B (Section BEX). This inequality is very
powerful but can be applied only to a sum of independent random variables.
That is why we split Z, ,,(T") into three processes plus a bias term.

L (T) = ZO(T) — ZO(T) + Z9/(T) + / / T, ) (11— T0,,) (2, ) f () deedy
with

1 n
ZW(T) = — > Ve (Ve Yiers) = EVe (Vi Yia) [ X, -, X
k=1

ZO(T) = 23" Qe (V) ~ El@rn,, (Vi)
k=1

1 n
ZP(T) = -~ ZT(Xk; Xit1) — E[T( Xk, Xp+1)]
k=1

For the first process Zr(ll)7 we are back to independent variables by remarking
that, conditionally to Xi,..., X, 11, the couples (Ya;_1,Y2;) are independent
(see Proposition H).

For the other processes, we use the mixing assumption H5 to build auxil-
iary variables X} which are approximations of the X;’s and which constitute
independent clusters of variables (see Proposition Hl).

e To pass from ¥, to the L? norm, we introduce the following set

3
A={vTes [T} < Sua(T)}

We can easily prove (see Section B) that A C T'. Then,
. 3 .
ML = Thnlla & < 5 fo ", (s —1L,)

It remains to prove that P(A°) = P(3T € S, ¥, (T) < (2/3)E[¥,(T)]) is small
enough. It is done in Proposition B

5. Simulations

To illustrate the method, we compute our estimator I for different Markov pro-
cesses with known transition density. The estimation procedure contains several
Fourier transforms. This may seem heavy, but, for each noise distribution, the
computation of vy, for all the basis functions can be done beforehand. Here we
use the Daubechies wavelet D20. Next, to compute IT from data Yi,..., Y41,
we use the following steps (see Section B3):
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For each m, compute matrices G, and Z,,,

Deduce the matrix A,,,

Select the 7 which minimizes y, (IL,,) 4+ pen(m) = =t A,, Z,, + pen(m),
Compute II using matrix A,.

Actually, following the theoretical procedure, we should set II,, = 0 on I'®
(see Section B3) but, for practical purposes, it is more sensible to inverse G,,
whenever possible. In all the examples examined below, the minimum of the
spectrum of G, has never been too small (so that we merely inverted it without
using set I'). The reason is that P(I'°) is very small: it appears in the proofs
that it can be bounded with an exponential inequality.

We consider several kinds of Markov chains :

An autoregressive process denoted by AR and defined by:
Xn+1 = aXn +b+ En+1

where the €,41 are independent and identical distributed random vari-
ables, with centered Gaussian distribution with variance 2. For this pro-
cess, the transition density can be written 1/(cv27m)exp(—(y — ax —
b)?/20?). We consider the following parameter values :

(i) a=2/3,b=0, 0% =5/9, estimated on [—2,2]%.

(i) @ = 0.5, b= 3, 02 = 1, and then the process is estimated on [4, 8]2.
A radial Ornstein-Uhlenbeck process (in its discrete version). For j =
1,...,9, we define the processes: ffL_H = a&) + [el, where the ¢/ are i.i.d.

standard Gaussian. The chain is then defined by X,, = Zle(gg)% The

transition density is given in [Chaleyat-Manrel and Genon-Catalof (200€)
where this process is studied in detail:

(2.1) y? + a’x? 7 azry\ ax ( y )5/2

w(x,y) = exp | ————— =)= 1=

Y y>0 p 252 6/2—-1 /62 /62 ax

and I5/5_; is the Bessel function with index /2 — 1. This process (with

here a = 0.5, 8 = 3, § = 3) is denoted by v/ CIR since its square is actually
a Cox-Ingersoll-Ross process. The estimation domain for this process is
[2,10)%.

A Cox-Ingersoll-Ross process, which is exactly the square of the previous
process. The invariant distribution is a Gamma density with scale param-
eter | = (1 — a?)/(26%) and shape parameter a = §/2. The transition
density is

1 y+a’r a./Ty y \9/4-1/2
m(r,y) = 258 &P (—W> Isja—1 (7 (%)
The used parameters are the following:
(iii) a =3/4, 3= /7/48 and § = 4, estimated on [0.1, 3]%.
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(iv) a=1/3, 3=3/4 and § = 2. This chain is estimated on [0, 2]2.

e An ARCH process defined by X,,11 = sin(X,,) + (cos(X,,) + 3)en,1 where
the €,41 are i.i.d. standard Gaussian. The transition density of this chain

) (@, y) = ¢ (fo;(j)n J(fz)a) cos(xl) +3

and we estimate this process on [—5, 5]%.

For this last chain, the stationary density is not explicit. So we simulate
n+ 500 variables and we estimate only from the last n to ensure the stationarity
of the process. For the other chains, it is sufficient to simulate an initial variable
Xo with density f.

n 50 100 250 500 1000 noise

AR(i) 0.579  0.407 0.270 0.230 0.209 Lapl
0.599 0.480 0.313 0.272 0.245 Gauss

AR(ii) 0.389 0.294 0.195 0.155 0.139 Lapl
0.339 0.304 0.280 0.273 0.271 Gauss

CIR 0.171  0.138 0.123 0.118 0.111 Lapl
0.199 0.169 0.150 0.142 0.139 Gauss

CIR(iii) 0.420 0.345 0.237 0.195 0.175 Lapl
0.337 0.302 0.276 0.245 0.209 Gauss

CIR(iv) 0.525 0.403 0.337 0.304 0.292 Lapl
0.369 0.345 0.344 0.327 0.321 Gauss

ARCH 0.312 0.287 0.261 0.185 0.150 Lapl
0.337  0.319 0.296 0.290 0.183 Gauss

_ TABLE 1
MISE E||IT — T1||? averaged over N = 200 samples.

We consider two different noises:

Laplace noise In this case, the density of ¢; is given by

/\2

:7)\2+x2; A=5.

o) = 3¢ gt (a)

The smoothness parameter is v = 2 so that the theoretical penalty is

2
_ 201 112 71D7179 71 i 2 p—1 110
pen(m)—C‘IHIIQIIoofo n  nla Co1fy Dy,

Several simulations lead to fix a constant C' very low. As the term f; !
does not vary very much with regard to C, we choose to use the same
following penalty for all the examples:

o =)' (5)"
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Laplace noise
— — —Gaussian noise

L L L L L L L L L
100 200 300 400 500 600 700 800 900 1000

Fic 1. Mean of the MISE for the six processes when n increases

Gaussian noise In this case, the density of ¢; is given by

1 _ a2 2242
e 222

*
q(z) = i ¢f(x)=e ;
)= ar (@)
This noise does not verify Assumption H1 but it is interesting to see if this
assumption is also necessary for practical purposes. Given the exponential
regularity of this noise, we consider the following penalty

pen(m) = = exp(\*D2,)

where, by simulation experiments, we calibrate the penalty with x = 5.

Table [ presents the L? risk of our estimator of the transition density for
the six Markov chains and the two noises. These results can be compared with
those of [Lacowml (20074) (Table 2) who studies the processes AR(i), v/CIR and
ARCH but directly observed, i.e. without noise. The risk values are then higher
in our case, but with the same order, which is satisfactory. It is noticeable that
the estimation works almost in the same way with the Gaussian noise, but with
a slower decrease of the risk, as can be observed in Figure [l . It is a classical
phenomenon in deconvolution problems, since the Gaussian noise is much more
regular than the Laplace noise.

Figure B allows visualizing the result for process ARCH observed through a
Laplace noise: the surfaces z = I(x,y) and z = (z, y) are presented. We also
give figures of cross-sections of this kind of surfaces. We can see in Figure Bl the
curves z = II(x, —0.44) versus z = II(x, —0.44) and the curves z = I1(1.12,y)
versus z = 11(1.12,y) for the process AR(i). Generally, for a multidimensional
estimation, the mixed control of the directions does not enable to do as well as a
classical one-dimensional function estimation. Nevertheless here the curves are
very close.

From a practical point of vue, it is difficult to compare the method described
here and the one of [Lacoml (2007H). Indeed, the bases used are very different.

However, we can say that the quotient method seems to give better results when
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FIG 2. True II (black) and estimator I1 (white) for process ARCH observed through a Laplace

noise, n = 500
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F1G 3. Sections for process AR(i) observed through a Laplace noise, n = 500

the noise distribution is Gaussian (that is conform to theory). Nevertheless, the
least squares procedure is better for a Laplace noise, especially when n is small.

6. Detailed proofs

6.1. Proof of Lemma [

e Using

P3 holds if ®; > 2C"(y).

1> 02(@)] < C(©)277 [ @jllo0 < C' ()27,
k
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e The computation of v, gives

21/2 lo*(v)]
) < — —_—
‘Utp,k(l‘)‘ —_ 2 |q*( 'U2J)|

Next, it follows from Assumption H1 that [v,,, (z)] < Cy - (29)7F12 J27kg us-
ing Lemma B (Section EJ) since r > v + 1. Then, for all z, 3, |v,,, (z)]* <

3.21CF (2])2%1 that establishes P4 with ®; > 3C?_ ko2 /(47?).
° To prove P5, we apply the Parseval equahty That yields

/|U |2 / |<10 dv.
wak 2 | gt ( v2ﬂ |2

Using H1 and given that 2r > 2y + 1, we obtain [ |v,,,|? < Cz2+(27)%7/27k3
And finally P5 holds with ®; > 3C3 2,ky 2/ (27).

e We begin with computing [ve,,,,,, ()| by using that (¢;kpjr)* is equal to
the convolution product ¢, * 7, .

|o* (v/27) IIw ((u—v)/29)|
V500 (2)] < 27T/ —u)] dudv

0 23 277 //|<p — )| (22 + 1)/ 2dzdy.

Then Lemma H (Section EX) shows that

kgt
2T

+/ (22 + 1)7/2dx}.
lz]<1

Hence, since r > 7 + 2, there exists C' > 0 such that vy, (2)] < C(27)7F
The fact that ¢;r and ;i have disjoint supports if k + N < k' — N + 1 or
k' + N < k — N + 1 enables to prove P6 with ®; > 3(4N — 3)C?.

e Applying Parseval’s equality,

I( ‘P]kCPJk’ *(27v)
/|v%k<pjk, 27T/ o2 dv.

But,using Lemma B

|Usojwjk/(x)‘ < (Qj)WHCT[/ 1 77 (2% + 1)7/2d$
x|>

|(pirepin )" (270)] < /Iw*(y)llsﬁ*(v —ldy < Co [0 s+ i<l (9)

Then, it follows that

ko 227 o , .
/|”90.mwk/‘2 = 02 02 /(|U|2(1 ) lo|>17F |v\§1)((2]v)2+1)7d7’SC(QJ)%JFI-

It is then sufficient to sum this quantity for all &k, ¥’ by taking into account the
superposition of the supports to prove P7 as soon as ®; > 3C(4N — 3).
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6.2. Proof of Lemma @

1. First we write that
T*(u,v)

g (—o) ™

1 o
Vi (Y, Yitr) = 4r2 /e‘Yk““YkHv

so that, by denoting X = (X1,..., Xn41),
T*(u,v)
7*(—u)g*(—v)

By using the independence between (X;) and (g;), we compute

1 . .
BVe (Y Yir)X] = 1 [ Ble™etery dudv.

472

E[eiqu+iYk+1v |X] E[eiXku+iXk+1veiskueisk+1u|x]

— eiX"quiX"*lvE[eiE’“u]E[eis’”w] _ eiXku+iX’“+1Uq*(—u)q*(—’v>.
Then

1 _ _
E[Vr (Yi, Yit1)[X] = ) /er’“““X’“““T*(u,v)dudv =T(Xk, Xp41)-

3. We proceed in a similar way for Q. Since Qr(Yy) = (1/27) [ e?¥**T*(u,0)
(q¢*(—u))~tdu, then

T*(u,0)
q*(—u)

By using the independence between (X;) and (g;), we compute

BlQr ()X = 5 [ Bl du,

E[eiqu‘X] — E[eiXkueiekupg] — ez‘XkuE[eisku] — eiXkuq (—u)
Thus

T* (u, O)d 1

(=) =5 e XEUT* (1, 0)du.

1 ; .
BQr(I) = 5 [ (-u)
ﬂ'
By denoting by T, the function z — T, (z) = T'(x,y), we obtain
T*(u,0) = // e T (z)dedy = /T;(u)dy
and then
1 /eiX’““T*(u 0)du = 5 // e XEUT* () dydu
’ 27 Y

2
- /Ty(Xk)dy = /T(Xk,y)dy
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6.3. Proof of Theorem [

We start with introducing some auxiliary variables whose existence is ensured
by Assumption H5 of mixing. In the case of arithmetical mixing, since 6 > 8,
there exists a real ¢ such that 0 < ¢ < 3/8 and ¢f > 3. In this case, we set
gn = |n°]. In the case of geometric mixing, we set g, = |cln(n)| where ¢ is a
real larger than 3/6.

For the sake of simplicity, we suppose that n + 1 = 2p,q,, with p, an
integer. Let for I = 0,...,p, — 1, A = (Xog, 41, X(2141)q,) and B =
(X(2141)gn+1s s X(2142)q, )- As in Viennef (1997), by using Berbee’s coupling
Lemma, we can build a sequence (A;]) such that

A; and A} have the same distribution,
Aj and Aj, are independent if [ # I/, (11)
P(AL # A7) < Bq,.-

In the same way, we build (B;) and we define for any [ € {0,...,p, — 1},

Ar = (X;lqnﬂ, ...,X(*QZH)%), Bf = (X(*QZH)%H, ""XEleH)qn) so that the se-
quence (X7,..., X*) is well defined. We can now define

O ={vi,1<i<n+1 X,=X’}.

Let us recall that S is the space S,, with maximal dimension D? < n4w1+2.
We now adopt the notations

3 x
A={vT'eS |T|} < 5\Ifn(T)}; Q=AN%.

Let us fix m € M,. We denote by II,, the orthogonal projection of II on S,,.
Then we have the decomposition

BN -1 < 2B (I -l o o, pe, ) + 2B (00 - al% o o, s, )
+2E (| = ll% o) + 20T, — 113
< 2E (||ﬂm—Hm||?4 Q) +2||Hm\|§1]E( 0 |\ﬁﬁ1|\>kn)
+2E (201113 + 2Tnll3] 0 ) + 20T — T,

Now, using the Markov inequality and the definition of I,

- - E(|La]* o)
B[ — 1% < 2E (|fLs — Inl} o) + 20103 == —=

FAGR2 + TI2)E (o) + 2L, — TI1%.
But E(| {14l ) < 2E(ITs — a3 o) + 2|3 and k, = Vi, so

- : 4
B[ - T0)% < 2B (||l — a3 o) (1+2|T1%) + =4

+4(n + [|TIJ%) P(2°) + 2| Ty, — IO
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We now state the following proposition :
Proposition 2. There exists Cy > 0 such that

Co
PoR

P(Q°) <
Hence
E|[TT - 111} < 20 — T + 2B (|[Tln — Wall} o) (1+2)11)3)

) (12)
(T + Co (1 + [ITTI1%)).

Now we have to bound E (||f[m — 1L, |14 Q>. The estimators II,,, are defined
by minimization of the contrast on a set I" defined in (). Let us prove that this
set I" contains Q. More precisely, we prove that A C I'. For T'= ), aywx € Sp,,

the matrix A,, = (ay) of its coefficients in the basis (wy(z,y)) verifies ¥, (T) =
t Ay G Ay, Then, on A,

2 2

Now, using P2, ||T||? = *A,, A, and then *A,,Gp A > (2/3) fo' Ay A T 1 is
an eigenvalue of G, there exists A,, # 0 such that G,, A, = uA,;, and then
tALG Ay = ' Ay Ap,. Then, on A,

2
,UtAmAm > ngtAmAm

Consequently 1 > (2/3)fo. So A C T and II;, minimizes the contrast on A.
We now observe that, for all functions T, S

2 n
Y(T) = Y (S) = ¥, - > Wir—s) Y, Yir1) — Qur—s)s(Y)].
k=1

Then, since on A, v, (ILz) 4 pen(rit) < v, (I, ) + pen(m),

IN

W (I, = Thpn) - Z Vit -1, Ve Yirt) = Qeay, -y, (V)]

+pen( ) — pen(rn)
272y m (I — I,y) + pen(m) — pen(ri)
oy —Mmll;  sup  Znon(T) + pen(m) — pen(ri)

TeBy(m,m)

[VARVAN

where
n

Zpm(T) = % Z[VT(Yk7 Yit1) — Qrm,, (V)]
k=1
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and, for all m/, By(m,m’) ={T € S,, + S, ||T]|y = 1}. Now let p(.,.) be a
function such that for all m,m’; 12p(m, m’) < pen(m) + pen(m’). Then

U, (I —II,,) < —||H m||?c +3[ sup Z,Qlym(T) — 4p(m, )] + 2pen(m).

TEBf(m,Tﬁ)

So, using the definition of A D €,
A 9 3 A
TLs, = |7 @ < E‘Ifn(ﬂm —1In) @

1, - 9
<M —TLE e+ S [ sup  Z2,(T)—dp(mm')] a+3pen(m)
m'eM,, TeBy¢(m,m’)

Thus

1. 9
51T — O[3 o < 2 Z sup )zg,m(T) — 4p(m,m")] q + 3pen(m)
eM,, TeBy(m,m’

And using Assumption H3,

s —Tnll3 0 <9fg" D [ suwp  Zp . (T)—dp(m,m’)] o+6fy 'pen(m)
mEM,, TeBy(m,m’)
(13)
Now, by denoting Ex the expectation conditionally to Xi,...,X,4+1, the
process Zy,m(T) can be split in the following way :

ZulT) = ZI00(T) = Z(T) + 290 + [ [ T, ) 11~ 11,) 2,0) ()

with

1 n
ZW(T) = - > Ve (Ye, Y1) = Ex [V (Ye, Yis1)]
k=1

— % > Qru,, (Ye) — E[Qrm,, (Ya)]
k=1

1 n
ZONT) = - > T(Xk, Xpg1) — B[T(Xg, Xig1)]
k=1

Then, by introducing functions pi(.,.), p2(.,.) and ps(.,.)

sup Zim(T) —dp(m,m’) <4 sup (Z(T)% = pi(m,m))

TeBy(m,m’) TeBys(m,m’)
+4  sup (Z,(LQ) (T)? — pa(m,m)) +4  sup (fo)(T)2 — p3(m,m"))
TeBys(m,m’) TeBy¢(m,m’)
+4((p1 + p2 + p3)(m,m’) — p(m,m’)) + 4 Slélp : (= TL,) all 31713
TeBf(m,m’

We now use the following propositions.
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Proposition 3. Let pi(m,m') = Ki(7)®3f; g2 D22 /n where m” =

m’’

max(m,m’). Then, if r > 2v + 1/2, there exists a positive constant Cy such

that
> =

m/eM,,

sup  Z{(T)? —Pl(ﬂ%m/)] ) < G
+

TeBy¢(m,m’) n
Proposition 4. Let pa(m,m') = pgl)(m,m’) + péQ)(mm”L’) with pgl)(m,m’) =
Ko |3 D22 and pi (m,m') = K|[T|4 (5, Br) D2, /0 where m! =

max(m,m’). Then, if r > 2y +3/2, there exists a positive constant Cy such that

> =

m’'eM,

C.
sup Z,(L2)(T)2 — p2(m,m’) ol < 2
TeBy¢(m,m’) + n

Proposition 5. Let ps(m,m’) = K3, for D2,/ /n where m" = max(m,m’).
Then, there exists a positive constant Cs such that

> =

m’'eM,,

. C
sup  Z8N(T)? —p3(m7m’)1 Q> < =,
TeBy¢(m,m’) n n

The first two propositions are proved in Sections 8 and EZd The last propo-
sition is proved in [Lacoun (2007H) Section 6.5 (for another basis but only the
property P3 || 32, PFlloo < @1Dyy, is used).

Then we get

n

Z E (l sup thm(T) —4p(m,m’)

mEM,, TeBys(m,m’)

HA|(M—T) allF+4 > ((pr+p2+ps)(m,m') —p(m,m')).
m/eMy,

Q) S4C’1+Cg+03

But, if v > 3/4, 4y+2 > 2v+7/2 and there exists mgy such that for all m’ > maq,
p1(m,m’) > pa(m,m’) + ps(m,m’). It implies that

Z (p1(m,m’) + pa(m,m’) + p3(m,m') — 2p1(m, m’))

m/eM,,
C(m
< S (olmym’) + pa(m, ) — pa(mymy) < 72,
m’/<mg n

Thus in the case v > 3/4, we choose p = 2p; and

2 Eq P zz,m<T>—4p<m,m’>] Q>s401+02+03+0(m2>

m'eM, TeB;(m) "

+4Hf||oo,A1||H - Hm“i
(14)
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If v = 3/4, we choose p = 2(p1 + p2 ) Since there exists mg such that for all

()(

m’ >m2,p1(m,m)—|—pé)( ,m') > ps m') + ps(m,m’), we can write

Z (p1(m,m") + pa(m,m’) + p3(m,m') — p(m,m"))

m’eM,,
C(m
= Z (ng) (ma m/) + p3 (m, m,) — D1 (m7 m,) - pgl)(mv m/)) = (n 2)
m’/<mg
and () holds.

Finally, combining (&), (&) and ([IE) we obtain

E|[TT - T1)|% < 2||1L, — I0% + — (||H||A + Co(1 +[|T1]1%))
1[401 + Cq +C3 +C’(m2)
n

+2(1+ 2|29y
+2(1 + 2|[T11%)6 £ *pen(m).
Then, by letting € = max(2 + 725 | flloc.a, (1 + 2|T13), 1257 (1 + 2|[T1|2)),

+ 4[| flloo. 4, 1L = T 1

/

- C
E|I-T|I3 <C inf (||, — II1||? -
[ 4 < mé%"(” %4 + pen(m)) + -

We still have to verify that 12p(m,m’) < pen(m) + pen(m’). But, if v > 3/4,

Divr? dim(S,, 4 Sy )47 +2

12p(m,m’) = 24K, = 24K,

< pen(m) + pen(m’)

n
with pen(m) > 24K, D2 /n. And if v = 3/4,

D5
12p(m, m') = 24(K: + K> |[T1][3) == (m) + pen(m’)

with pen(m) > 24(K; + K2||H||A)Dﬁ]+2/n.

6.4. Proof of Corollary

It follows from IMeyenl (1990) Chapter 6, Section 10 that IT belongs to BS . if and
only if sup;s ; 22*(3°, |a;1)?)Y? < oo with aji = [T(z,y)p;k(x) ;i (y)drdy.

Then
dA(IL,Sm) = Y Y laulP <C > 274 < C'D2e

i>m kil j>m
Since d3 (11, Sy, ) = O(D;,;2*), Theorem [ becomes

E|II -T2 < C” inf {D:? D
— < ] —alx m .
I I3 <7 mf {D,™+—"—}

with C” a positive constant. By setting D,,, the integer part of nt/(4r+20+2)

then
4vy+2

- D 2«
E[II - II||% < C"{D;>* + %} = O(n~ Tsa73),
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6.5. Proof of Proposition B

We first remark that P(Q°) < P(Q%) + P(A°N Q%). In the geometric case
By, < e70¢m) < n=% and in the other case 3, < (¢,)"? <n~%. Then

P(Q%) < 2ppf,, < nt=.

But, cf > 3 and so P(Q%) < n~2. We still have to bound P(A°NQ% ). To do this,
we observe that if w € A¢, then there exists T in S such that ||T||?p > (3/2)0,,(T)

and then || T3 > (3/2)Ex V¥, (T). But Ex W, (T) = Y7, [T?(Xy,y)dy. So
P(A°N Q%) < P(A*N Q%) with

A ={NTeS |T||f<——Z/ (Xk,y)dy}.

Let us remark that (1/n) > 7, [ T?( Xk, v)dy — || T||3 = v (T?) with
k=1 f

_ % > / [T(X:,y) — E(T(X,,y))|dy.

Hence
P(A" N Q%) < P(sup [va(T2)] oy > 1/3)
TeB

with B={T eS8 |T|;=1}.
A function T in S can be written T'(x,y) = E;":"J >k @ik ()@ (y) where
mg is such that & = S,,,. Then

z/n(TQ) Q= Z k1K Vn(PjkPik)
Gkk!l

where
Ta(uw) = = > [u(X]) — E(u(X;))]. (15)
i=1
Let bjr, = (>, a?kl)l/2 then |v,(T?)] ot < Dk Ojkbik [T @ik )| and, if

Te B’ ij b?k = E]kl Gkl — ||T||2 < f 1
Thus,

sup |v, (T?)] oy = f(; Sup ijkbjk"yn(%pjkwjk'ﬂ
res D Vik=1 jkk!

For the sake of simplicity, we denote A = (j, k) and X = (j, k') so that

sup [, (T%)] oy < fo' sup Y babx|Zn(prpn)|-
TeB > ob2=1
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Lemma 3. Let By x = |lpavn oo and Vax = |loxpa |2 Let, for any sym-
metric matriz (Ax x)

p(A) = sup Z|a>\a>«\A>\,>«
Yoai=1xn
and L(¢) = max{p*(V),p(B)}. Then there exists ®g > 0 such that L(p) <
&, D2.

This lemma is proved in [Barand et all (2001)) for an orthonormal basis veri-
fying || > ¢3]lco < PoD, that is ensured by property P3.
B
24| flloo,a, L(0)

D= {V/\VX |Tn(papar)] < {B/\,A’l' + Vaary/ 2||f||oo,A1x:| } .

On D:

Now let x = and

sup [va(T2)] 0y, < fo' sup 3 babw {Bx,wwx,m/mf||oo,A1x}

Tes PSS

< Iy [oB)e + o) 20 a2

fo_ pB) 1 (P
= 24| fllo0, 4, L() * V12 < L(y) )

Then P (75“211)3 \un(T2)| oy > 1/3) < P(D¢). But Uy (u) = 1 (u) /24T 2(w) /2

)

with

1 pn—1
Ups(u) = — Y s (u s=1,2
s (1) p; s (w)
1 2+1)qn . X
Yia(u) =—8500 u(X7) - E(u(X]))],
with qln
21+2)qn * *
Via(w) = — T g [u(X]) = E(u(X]))).

To bound P(7p 1 (0xpar) > Baxvx+Van/2| fllo.4, ), we will use the Bern-
stein inequality given in [Birgé and Massartl (1998). A fast computation gives

E[Y; 1 (oxea )P < 207 2(Ba )P 2 (/[ flloo,4; Vax)?. And then

P(|0m,s(9r02)] = Baxva + Vay/2) flloo,a, ) < 2e7Pn.

Let C = f2[48|flloo,4,]) 7", so that @ = 2C/L(p). Given that P(A° N Q%) <
P(D) <> P <|17n(90)\§0)\/)| > Byyva+ Vi \/2Hf||oo,A1$>,

2p,C n
P(A°N Q%) <4D?exp!{ — < A"/t expd —C——— 3.
(Ao { L(¢) } L)
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But L(p) < ®¢D? < &on!/7*D and ¢, < n'/? so

B /
P(AC A %) < ant/ @) e I L O
- (I)O - n2

because v > 1/2.

6.6. Proof of Proposition[d

First we need to isolate even terms from odd terms in Z,(ll)(T) to avoid overlaps:

1
Z(T) = 5(Z,(}’”(T) + zM(T)) with
1 n
ZONT) == > Vi(Yi,Yipr) - Ex[Ve(Yi, Yiga)]
n i=1,i odd
1 n
Z¢T) =~ Y Ve(YiYin) = Ex[Vr(Yi, Yig))

1=1,7 even

It is sufficient to deal with the first term only, as the second one is similar. For
each ’L'7 let Uz = (}/27;717)/27:), then

n/2
Z(D(7) = %/2 Z Vr(Us) — Ex[Vr(Ui)]} -

Notice that conditionally to X7, ..., X,,, the U;’s are independent. Thus we can
use the Talagrand inequality recalled in Lemma [ to bound

“

We first remark that Property P1 entails B¢(m,m’) CS,,» withm” = max(m,m/).
Then, if T belongs to By(m,m’),

sup  Z5D(T)? = pa(m,m')| ).
TeBs(m,m’) +

"
m

T(z,y) =Y > amapir(@)en(y)

j=J ki

with 305 a2y = |IT)* < fo .
e Let us bound ||V || for T'in By (m, m'). I T'(z,y) = >4 ajupie(x)ei(y),

‘VT(x7 y)|2 < Za’?kl Z ‘ijk@w?jz (ajvy)‘Q'

Kl kL
Then, since Vgt (z,y) = vs(z)vi(y),

sup |VT(xvy)|2 < f(;l Z |v¢jk(‘r)vwz(y)|2'
TeBy(m,m’) ki
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But, according to Property P4, || >, vy, *[loc < ®1(27)*7+2. So, using Lemmall

2 1 s 4~v+4 152 247 4 4 +4
sup ”[7 H < fy (I) E 2] LRI by n—
TeBg(m,m’) 0 0 ! 24v+a _ 1 m”

and M = f; /2@, ,/20F1] 20+ — 1) D22,
o To compute H? we write

Ex[  sup  ZMW(T)?] < f Y Bx[Z0Y (5 @ 0i1)]
TeBf(m,m’) jkl

n

_ 1
< fO ! ZV&I‘X E Z Vo (}/i)vsﬂjz (Yi+1)
ki i=1,i odd
_ 1
< fO ! Z EVaI‘X (Utpjk (Yi)v@jz (Y2))
Kl
f71
< N T Ex[ug, (Y1) |og,, (Y2) ) (16)

jkl

Here Varx denotes the variance conditionally to Xi,

.y Xpn+1. Now, for any
function G, the following relation holds

Ex[|G[*(Y1,Y2)] = Ex[|G|*(X1 +e1, Xo + €2)]
= / |G‘2(X1 + Zl,XQ + ZQ)q(zl)q(ZQ)dzleQ

— [[ 162w, uatea ~ Xo)atua ~ Xa)durdus < 4l G

Now, coming back to ([[d),

Ex l sup  Z\WD(T)?

TeBys(m,m’)

f—l
< T2, 3 o © 04, P

ki

2 ”
1 2 2 m
P
S fO qu”oo § <§ ||v¢jk||2> S lfO ||Q||oo § 2_] 4'y+2
J k

using P5. Then, according to Lemma B H? = ®2f;q||%, 242/ (247+2 —
D,
1)—=

. There remains to find v. First

Varx (Vr(Y;, Yis1)) < Ex|Vr(Y;, Yier)? < llallZ 1 Vr|)?
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We now observe that |Vr||? = ||V \|2/(47r2) and then

T* (u,v)
vr|? = 47r2 0 (=) dudv
1 T*(u,v)|?
< m\/// |q*i_u()ﬁdudv\// |T* (u, v)|?dudv
|<ij ‘le v)[? 3 3
< 4W2 jklz T or CoE udv/4m2||T|
Jjkl
For T € By(m,m'),
fo 1/2 |90jk: |g0;<l( )|2
vrll* < fo du
e\ (DI By b PREDIE
But (¢jr)*(u) = 2*j/26i“k/2j¢*(u/2j) and then
ijk( )|2du</2j<p*(u/2j)|2du
7 (—u)* g (—u)|*
/|q|g0 — |4dv< kot (27) 4V/|gp (0% + 1)?dv
Since r > 27 + 1/2, Lemma H gives
|05 (u 051 (u)]? i —8/0j
2 / - (e < 3205 ko ()
(ke
Then, using Lemma B with p = 8y + 2,
0274 f71k74 m’ ] 0274 f*lkfﬁl 3.987+2 1/2 drtl
Vil < gt SR are < - ()l
J:

and v = ||q||2.Ca.ay fo thg *V/3.299F2DIVHY /(9728972 ).

We can now apply inequality ()

nH? M? n
E[ sup |Z50(T)2-6H?, <C <Eek1 v Lk Mjf>
n

2
TeByf(m,m’) n
4~v+1 4~v+4
< Dm” e—kiDmu + Dm” e—ké\/ﬁ/Dm// )
- n n?

Yet there exists a positive constant K such that

E D47+1 —k1Dpi < |
m’'eM,,
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. —1_ 4y+4 k! k! Y/ (2y+1)
Moreover, since D,,» < n®+2, D7 e ko) Dot [, < /(27 +1) g=hon

so that
Z D:,,Jrzlefkéﬁ/Dm” /n? < K'/n.
m’'eM,,
Then, setting K1 = 683 f5 lq|[2,217+2/ (272 — 1),

Doy o
E[ sup |ZPV(T)P - K="y < —
m/'eEM, TEBf(m,m') n n

and the proposition is proved.

6.7. Proof of Proposition

Since II,, belongs to S,,, it can be written

y)zz Z bjrkrpirk ()i (y)

Jj'=J (k:',l’)EAj/

with >, /k,l, 2w = [[I* < [|TI||%. From the embedding Bf(m m') C Sy
(where m”" = max(m m’)), we have, if T belongs to By(m,m’),

T Z Z a]kl@]k (P]l(y>

j=J (k,1)EA;

. —1
with 355 a%, = [IT]1? < fo

We use the Talagrand inequality () in Lemma @ But the variables Y; are
not independent. We shall use the following approximation variables

Vi<i<n+1 Y'=X+e.

These variables have the same properties as regards the Y;’s as the X’s as
regards the X;’s (see (). More precisely, let, for I = 0,...,p, — 1, C; =
(Yatg,+15 - Y2r41)g,)s Dt = YVrgnygu+1s - Yir2)g.), CF = (Yaig, 115 -
Y(glﬂ)ql)’ Dy = (Y(glﬂ)q"Jrl,...,Y(’5l+2)q"). Then, since A; and Aj have the
same distribution and the sequences (¢;) and (X;) are independent, C; and
C} have the same distribution. Moreover the construction of A via Berbee’s
coupling Lemma implies that C} and C}; are independent if | # [’. At last
P(C # CT) < B, -

Now we split Z&” into two terms: Z3(T) o = (1/2) 23 (T)+(1/2)Z32/(T)
where

—1 (2141)qn

Ze0(T Z Z Qrm,, (V") — E[Qrm,, (Y;7)]
In 2lgn+1
L ,1 | e
Z3NM) == — > Qm,(¥))~EQrm, ()
Prn 25 I g, 41
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Then we apply Talagrand’s inequality to Zy (2. 1)( T).
e Let us first compute M;. We have to bound ||Qrn
By linearity of @

QTH Za]kl Z b; /k'l’Qtp]kipJ/k/(@gO]upj/l/( )

o for T'in B¢(m,m’).

m

ki JK
Then, since Qsg:(x z) [t(y)dy, using the Schwarz inequality,
Qe (@) < ZbD @ [ eupyol’
-1
< Lo TR D e, (@)

jRE'1
since the ¢;; are orthonormal. The property P6 gives then

"
m

1Qrm,, |12 < fo HITI[|I% @y Z(Qj)27+32j
j=J

so that (using Lemma Bl again) M; = f 1/2||HHA\/<I>122“/+4/(22“/+4 )Dg:f?.
e Now, we compute H2. For T' € B¢(m,m/),

ZED@E <3 ad D120 (o © o)
gkl Jkl
Thus

E sup  Z3Y(T)?

TeBys(m,m’)

< fi' YE[23V (e @ on)’]
jkl
Pn—1 (21+1)qn

S f()_lzvar i Z . Z Q(‘PJk@S@Jl)Hm(Y )

gkl Pn =5 0 2lgn+1

The variables (C}) are independent and identically distributed so

<fo Z Var

]kl

dn

E ZQ(%kQ@LP]L)H ( )

sup Z(2 1) 2
TeBs(m,m’)

However, on 2, C; and C} have the same distribution, so that

qn

1 dn
ZQ(SO;k@@Jl)H ( ) : ZQ(%kQ@tpﬂ)Hm (YZ)
i=1

And, coming back to the definition of Qr, for iy # iz,

COV(Q (P ®p;)IT (Y;l)ﬂ Q(ijk®<pjz)nm (}/22))
_ oiViy ug—i¥iyoy [(Pik @ 0j0)Hn]" (, 0) [(9jk ® @0)ILm]"(~v, 0)
= 471-2 // Yijug=iYiguy 27 q*J(—u) J ZI* B dudv

=12 //E e Nite X2 (0 @ @) ] (u, 0)[(9)k © @j1) L] *(—v, 0)dudv

Var = Var
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since E(e®i1%e™i2?) = ¢*(—u)q* (v). Now using (),
COV(Q(g@k@%z)Hm (Yzl )7 Q(sajk&pjz)nm (le))

= COV(/(%‘k ® 0L (X5, , y)dy, /(<ij ® i)l (Xi,,y)dy)

It implies that

dn dn
1
Var ZQ(g@;k@tpﬂ)H ( ) < qig Zvar[Q(tpjk@Pﬂ)Hm (Yl)}
n =1
1 (In
+Var | — )" /(%'k ® @) (X, y)dy]
=1
And then
E sup Z(2 1) 2 < ft Var[@ ) Y]
T€Bj (m,m') ’ %;pn(Jn Qepaen, (V1)
an
+ £t Zp Var Z/ (it ® i) n (Xl,y)dyl (17)
gkt BT

For the second term in (), we use Lemma [ to write

dn
ZV&I‘ Z/ Pik (24 90]1 (Xzay)dy‘|

Jkl

4
2B 57 [ (o @ o) )P

gkl

| /\

For all real x
/(%‘k ® 0 (2, y)dy =Y bjw1pjnpin ()
o
Therefore
> / it ® i)l (2, y)dyl® < I D lesnpie (@) < [L|59TD;,,
gkl JkEl

using property P3. Then

Z Var

gkl

dn
Z Bk
Z/ @]k@ﬁpgl (Xuy)dy kR HH”A‘I) Dm//

Thus we have bound the second term in ) by 2f, " >, Bx||I||4®2D3 . /n.
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For the first term in (), we bound };; E[|Q (400,011, DIKE

Y ElIQuowpnm, YT < > W Y Y |/<le<ﬂj'l'|2E|%_7wj/k/ (V)
K L JKL R
< D 2Elog,,p,, (Y1)
k!

But Elvg,,,,., (Y1) W=/ [Vgsh,0 (T x)|?p(x)dx where p is the density of Y. Since
p=q+f, [p(x)| < qlle for all z. Then

Bl (D < lalle [ ooy ()P

and

5 Bl ) < IR 3275 [ 0 o)
Jkl j=J kK’

"

. - 22’Y+3 2 3
< A Ngloo®s Y (2)*7*2 < T NIl oo ®1 5505 — D™
j=J

applying Property P7 and Lemma Bl We finally obtain

2v+3
22'y+3 Dn;‘//j”

E| suwp  ZPUT)? < 2f5 T glloo®r g —2—
TeBs(m,m’) 0 A 22743 — 1 n
-1 2 g2 Do

+2fy ZﬁkHHHA‘Iﬁ

k

Since the order of nH? has to be larger than the one of v, we choose

D2w+7/2
= 2f5 HITL|% @1 max(||gll02*72 /(2272 1), @1) | =2 Zﬂk Dn
e Lastly, using Lemma [ again,
(21+1)qn (214+1)qn
Var(— Z QTH = Var(— Z QTH
in 1=2lq, +1 in i=2lqn+1

<t o E[|Qrm,, [*(Y1)b(Y1)] < quQTnmHoo(EHQTnm|2(Y1)])1/2(1E[b2(Y1)])1/2

= 222(k+ D% 0, oo (BIIQrm, 2V ) (18)

n

< fo P 4y/@122F ] (20F 1D,

m'’

We have already proved that ||Qrr,,, ||
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Now we need a sharp bound on E[|QTH (Y1)|?]. We have

TH
BQrn, (7)) < alw [ 1@, 2= 120 [ |0 (0

Then it follows from the Schwarz inequahty that

E[|Q7m,, (Y1 ||q'°°\//| T;i40)|2du\//(THm)*(u,0)2du

We will evaluate the two terms under the square roots. First observe that

(TTL)* (,0) = > >~ ajubjar (Pirpin) () (@jup50) " (0)

Gkl § KT

d

= > aubjri(pinein) (1)

kK1
since (@jip1)*(0) = [ g = j=ji=r. Then

/| TH U 0 2du< Z a]klb]k/l Z /| sﬁjksﬁjk/ | du

jkk'l Gkk'l
<onfy I S / (pirpsn) ()] 2du
Jkk'l
k' +2N—-2
<onf A S 2 Yl Pl S / o [?
7 k’ k=k' —2N+2

by taking into account the superposition of the supports. Using now (B)

[y w0)Pde < 2 TR Y 2C (2N -3

J

_ 2
< onfy INA# (N —3)2 D3,
Now

Cathay (i) ()l

JIELE OO s < S g Y- [ Leend il
q Gkl jkk'l

PikPik’ (2jv)|2

< gyt Y [l FE,,

jkk'1

Hence, inequality &) and Assumption H1 show that

2
/\ u0|du

<f01\|n||AZ / 202 (o0 s+ ] ko (200 +1)7do
kKl

< o IAC kG AC ) (27)
Gkk'l
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with C = [ [[oP07) ys1 + juj<a] (0?2 +1)27dv < 0o as soon as r > 2y +3/2.
Then

* 2 k'+2N -2
J A e I YEITIe 9 DI DI

j=J k'l k=k'—2N+2

247+3
e Di;f,jrs

IN

IN

fo I3 C2kg *C3(AN — 3)

Finally

lglloo ,— - 247+3 2v+5/2
BlQrm,. ()] < L0 ot s 4 — )6, 52 JO0 s, D2

Then (X)) gives

2v+13/4
D'Y+/

b= ¢ 23 (k= Dfelalloo S ITIAKG C o7 N, 1) =20
- n

Then replacing n by p, in inequality () gives

pnr? M} P
E[ sup |Z£271)(T)‘2 _ 6H2]+ S C (16161 UH + 21 e —ko Alfl)
Pn

TeBys(m,m’) D
2y+13/4 2y+4 o —k, /2
<o (P 7 oty D TRl
- n n?

where C’ and k] depend on r, N, v, ®1, fo, [|IL|| 4, [|¢]|ec, >4 (k+1) Bk and Y, Gr.
But there exists a positive constant K such that

1/4
S DD < K.

m//
m’'eM,,

Moreover Drln/,% < n'/® and ¢, < n¢ with ¢+ 1/8 < 1/2, which implies

<D2'y+7/2 )

= 12f;'®; max(||q|| 2273 /(2273 — 1), ®;). Thus, if pa(m,m’) =
m') + ps?(m,m’) with pi?(m,m!) = K||[I|3D2, 7%/ and
m') = K| T|% (34 Br) Dy, /1, then

ol
n

ZE[ sup  |Z3D(T)P — Ko |11 <

memM, TeBs(m,m’)

+

Wlth K>

ZE(

m’'eM,,

C
sup Z,(LQ)(T)2 — pa(m,m’) o] < 2.
TeBy¢(m,m’) + n
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6.8. Technical Lemmas

Lemma 4. For allm > J

33

- YAY4 2P D
2P <
2. < 5
j=J
Proof of Lemma[g: It is sufficient to write

moo op(m+1) _ 9pJ 2P 2P
27\P — < 9m < DP
;j( ) 20 —1 — 20 -1 21

Lemma 5. If |p*(z)| < k3(z% 4+ 1)7"/2 for all real x then
e if s and « are reals such that sr > a4+ 1

/|cp (2% +1)*?de < C, 0 < 0
o ifr>1

160 @ = o)y < Collel " s + i)
Proof of Lemma B
e For the first point, it is sufficient to observe that the function (22 +

1)(=rs+)/2 is integrable if —rs + o > —1.
e By changing the variable (y = zu), we get

/|<P (@—y \dy—/w ) (21 — w))|adu

/ ks|zu| "ks|z(1 — w)| 7" |x|du
|u|>1/3 and |1—u|>1/3

+/ k§|x(1—u)|*r|x\du+/ K2 Jau| || du
lu|<1/3 [1-u|<1/3

T

# " o1—2r du 213
[lewe el < gl [ g
lu>1/3 U] 312
23"
k2 1-r2 |2
+k3z] 3 ‘2
2.32r—1 . .
§ k§|: 3 - |$|1_2T+22_737_1|£B1_7:|

Thus, if ‘.’E| > 1, f |S0 ) ( )|dy < CT|{L‘|17T and if |{L‘| <1, j‘ |S0*(y)S0*(fL'—
y)|dy < C, with C, = g 2.32r— 1/ ) + 22—7‘374—1).



C. Lacour/Estimation of the transition of a hidden Markov chain 37

Lemma 6. Let T1,...,T, be independent random variables and
va(r) = (1/n) Y [r(T3) — E(r(T3)),
i=1

for r belonging to a countable class R of measurable functions. Then, for e > 0,

nH?2 M2 _ Lo, nH
E[supun(r)l26H2]+§C(3e’“ v —le ’““ﬂ) (19)
reR n n

with ky = 1/6, ky = 1/(21v/2) and C a universal constant and where
1 n
sup [|7]jee < My, E (sup |1/n(7“)|) <H, sup-— ZVar(r(ﬂ)) <.
reR reR reR i

Usual density arguments allow using this result with non-countable class of
functions R.

P’I"OOE 0§ Lemma@: We apply the Talagrand concentration inequality given
in ) to the functions s*(z) = r(z) — E(r(7;)) and we obtain

nA\2
P W) > H 4+ A) < exp [ — .
(sup v ()] 2 )< eXp( 2(0 + 4H M) +6M1/\>

Then we modify this inequality following Birgé and Massarf (1.998) Corollary 2

p.354. It gives

A2 min(n, 1)\

n
> < BT AR L LVIAR I
Plsup i (1) = (1-+m)H +3) < exp (5 min (5, 2R ) )

To find inequality @) we use the formula E[X], = [ P(X > t)dt with
X =sup,cg |vn(r)|?> — 6H.

Lemma 7. (Viennel (199%)) Let (T;) a strictly stationary process with 3-mizing
coefficients By. Then there exists a function b such that

EB(T)) <Y A and  ERAT)] <23 (k+ 15,
k

k

and for all function v (such that E[t?(T1)] < oo) and for all N
N
Var(Y ¢(T)) < ANE[|y[*(T1)b(T1)].
i=1

In particular, for functions (¢ ), Y, Vaur(ZfV:1 UA(T;)) AN (L Be)ll 2o [0a oo
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