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A NOTE ON THE STATIONARY BOOTSTRAP’S VARIANCE

BY DANIEL J. NORDMAN
Iowa State University

Because the stationary bootstrap resamples data blocks of random length,
this method has been thought to have the largest asymptotic variance among
block bootstraps Lahiri [Ann. Statist. 27 (1999) 386-404]. It is shown here
that the variance of the stationary bootstrap surprisingly matches that of a
block bootstrap based on nonrandom, nonoverlapping blocks. This argument
translates the variance expansion into the frequency domain and provides a
unified way of determining variances for other block bootstraps. Some pre-
vious results on the stationary bootstrap, related to asymptotic relative effi-
ciency and optimal block size, are also updated.

1. Introduction. Block bootstrap methods “recreate” an observed time series
for inference by resampling and concatenating small blocks of data. Various block
bootstraps exist and differ in their approaches to block resampling. Lahiri [9] inves-
tigated four block bootstrap methods for estimating the bias or variance of certain
time series statistics based on sample means: namely, the moving block bootstrap
(MBB) from Kiinsch [8] and Liu and Singh [11]; the nonoverlapping block boot-
strap (NBB) from Carlstein [3]; the circular block bootstrap (CBB) from Politis
and Romano [14]; and the stationary bootstrap (SB) from Politis and Romano [15].
The main findings in Lahiri [9] were that all four bootstrap methods have the same
asymptotic bias but their asymptotic variances can differ due to the distinct block-
ing mechanism used in each method. For concreteness, we may consider a station-
ary, weakly dependent time series stretch X1, ..., X,, € R of size n and estimate
the variance 03 = n Var(X,,) of the sample mean X,, with a block bootstrap esti-
mator. The resulting bootstrap estimator 652 of o*,% has a variance which behaves
like

(1) Var(67) = c% +o(t/n)  asn— oo,

where £ is the bootstrap block size used, el 4¢ /n=o0(1),and C > 0 is a con-
stant that depends on the process spectral density as well as the block resampling
device. Carlstein [3], Kiinsch [8], Biihimann and Kiinsch [2] and Hall, Horowitz
and Jing [7] had previously obtained some similar results for the MBB and the
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NBB. However, much development in Lahiri [9] was devoted to the SB in partic-
ular, because this method resamples blocks of random length and thereby differs
from the other block bootstraps above using fixed block lengths £. Specifically, the
variance expansions in [9] (Theorem 3.2) suggest that the constants C in (1) differ
across block bootstrap estimators so that

Var(‘%g%CBB) . Var(&éz,MBB) 2

n—=o Var(o; ypp) " Var(o; ypp) 3

2 ’ ’

Var(67 g5)

im — > 2,
"= Var(6; ygp)

We claim however that, contrary to (2), the SB actually has the same large sam-
ple variance as the NBB method based on nonrandom, nonoverlapping blocks (to
the first order). For illustration, Figure 1 displays the ratio of SB and NBB esti-
mator variances Var(&é sp)/ Var(&é ~BB)» approximated by simulation, with sam-
ples from three different AR(1) models. As the sample sizes increase, the ratio

2 = —— AR(1) parameter: 0
—— AR(1) parameter: 0.3
——- AR(1) parameter: -0.5
o _|

SB variance / NBB variance
1.0

base 10 log of n

FI1G. 1. Ratio of SB and NBB variances, Vatr(éve2 sp)/ Var(&ZZNBB),for block ¢ =n'/3 and sam-
ple sizes n from AR(1) models: X; = ¢X;_1 + Z;, {Z;} i.i.d. standard normals, ¢ = 0,0.3, —0.5
(variances based on 5000 simulations). See Section 2.1 for these estimators.
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of variances tends to 1 under each process model. This result is quite unexpected
because the SB estimator had been anticipated to have the largest variance among
the block bootstraps due to “extra randomness” induced by resampling blocks of
random length.

Additionally, Politis and White [16] raised concerns on past claims regarding
the potential size of the SB variance and the asymptotic relative efficiency (ARE)
of the SB to other block bootstraps. This manuscript corrects the variance of the
SB estimator, and thereby invalidates all prior comparisons of ARE involving the
SB as well as previous optimal block size calculations for SB (cf. [9, 10, 16]). We
shall update these results in Section 2.2 to follow and modify a proposal of Politis
and White [16] for accurately estimating optimal SB block sizes.

In reformulating the variance of the SB estimator, we also provide a new proof
of this result. To determine the leading component in the SB variance, the proof in
Lahiri [9] involves conditioning arguments and moment bounds for random block
sums as well as Hilbert space properties. The approach given here transfers the SB
variance expansion into the frequency domain and uses cumulant expressions for
the periodogram [1, 5]. This reduces the complexity of the arguments and more
readily isolates the main contributor to the SB variance. The frequency domain
arguments appear to be new and also apply for determining variances of other
block bootstrap estimators in a simple manner.

We end this section by briefly mentioning other block bootstrap methods. Sec-
tion 2 describes the SB variance estimator for the sample mean and provides its
large sample variance. Section 3 gives a general variance result for lag-weighted
sums of sample covariances, which can be used to determine the variances of the
SB and other block bootstraps. Section 4 proves this result.

Additional block bootstrap methods include the matched block bootstrap due
to Carlstein, Do, Hall, Hesterberg and Kiinsch [4] and the tapered block bootstrap
(TBB) proposed by Paparoditis and Politis [12]. These have similar order vari-
ances but smaller biases than the other block bootstraps mentioned here, though
the matched block bootstrap requires stronger assumptions on the time process
(e.g., Markov) than the TBB for bias reduction. See [9, 10] for further references
on the block bootstrap and block estimation.

2. Large sample variance of the stationary bootstrap.

2.1. Stationary bootstrap estimator. We suppose that the data Xi,..., X,
arise from a real-valued strictly stationary process {X;}, ¢+ € Z. For simplic-
ity, we shall focus the exposition on the bootstrap estimator for the variance
0,22 =n Var()_(n) of the sample mean X,,, but similar results hold for variance esti-
mation of “nearly linear” statistics formed by a smooth function of sample means;
see Remark 1 in Section 2.2.

The SB of Politis and Romano [15] generates a bootstrap version of the ob-
served data Xy,..., X, by resampling data blocks of random length. To de-
scribe the method, denote a data block as B(i, k) = (X;,..., Xjyx—1) fori, k> 1
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where the data are periodically extended as X; = X;_,, for i > n. Let Jy,..., J,
be i.i.d. geometric random variables, independent of the data, where the event
“Ji = k,” k > 1, has probability pg*~! for p=¢=' € (0,1), ¢ =1 — p. For
K = min{k: Zle Ji =n},let I, ..., Ix beii.d. uniform variables on {1, ..., n}.
Then, the SB sample X7, ..., X} is given by the first n observations in the se-
quence B(I1, J1),...,B(Ig, Jg) and £ = p_1 represents the expected length of a
resampled block. Under this resampling, Politis and Romano [15] show that the

SB sample exhibits stationarity. The SB estimator of a,% is the variance c}ez g =

nVar*()_(;ﬂX], ..., Xp) of the bootstrap average )_(;1“ =n! i—1 X} conditional

on the data, which has a closed-form expression in this case ([15], Lemma 1) as

n—1

B3) Glsp=FO)+2Y qrar k),  qra=0—n""0g" +n"Tkg"
k=1

based on sample covariances 7 (k) = n! Z;’;Ik (X; — )_(n)(Xt+k —X,).

For comparison, we recall the NBB variance estimator which resamples disjoint
blocks of fixed integer length £ > 1 as suggested by Carlstein [3]. For this, we
randomly sample b = [n/[] blocks with replacement from the nonoverlapping
collection {B({(i — 1) + 1,4i):i = 1,...,b} and concatenate these to produce
the NBB sample X{ ypp, ..., Xy, ypp Of size bl with sample mean }_(Z’NBB =

(b&)~' 3P, X\ 5- The NBB variance estimator for 0,2 is

b
“ - V4 - ~
67 npp =bIVar, (X ypplX1, ..., Xy) = - Y (Xings — Xn)?,

i=1
which is a scaled s~ample variance of block means Xingp=t"'Y4 tti—1y41 Xk
i=1,...,bwith X, = b1 Z?:l Xi NBB-

2.2. Variance expression for stationary bootstrap estimator. We state the
SB variance in Theorem 1, which requires some notation. Denote the covari-
ances and spectral density of {X;} as r(k) = Cov(Xo, Xx), k € Z and f(w) =
mr)~! Y kez r(k)e” %, @ e R, 1 = «/—1. Let cu(Yy,...,Y,) denote the cu-
mulant of arbitrary random variables (Y1, ..., Y;;), m > 1. The assumptions are
A.1-A.3 as follows:

o0
Al [rO)+ ) klr(k)| < oo; A2: > leu(Xo, Xy, Xiy, Xi3)| < 00

k=1 t,0,13€7Z

and A.3: £ — oo and £logn/n — 0 as n — o0o. Assumptions A.1-A.2 essentially
correspond to those of Politis and Romano [15] for showing consistency of the SB
estimator 6*2 sp- These hold under the mixing-based moment conditions assumed
by Kiinsch [8], Politis and White [16] and Paparoditis and Politis [12] for stating
variance expansions for MBB/NBB, CBB and TBB estimators, respectively, of
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the sample mean’s variance. The SB variance result will be derived in Section 3,
requiring a slightly stronger block condition A.3 than £/n = o(1) introduced by
Kiinsch [8] (Theorem 3.3) for MBB variance calculations. Lemma 1 of Section 4
describes how A.1 is applied.

For completeness, we include the bias of the SB estimator in Theorem 1, origi-
nally given by [15], in (9).

THEOREM 1. Under assumptions A.1-A.3 and as n — oo, the variance of
the SB estimator &EZSB ofar% =n Var(X,) is

. 14
Var(67 g5) = ;2{2nf(0)}2 +o(t/n).
Under A.1 and €' + ¢%/n = o(1) as n — 00, the bias of the SB estimator is

R G
E(67gp) — 07 = — +o(/0)  where G = > lklr (k).
keZ

The SB variance and bias expansions in Theorem 1 match those of the NBB es-
timator for 0,12 (cf. [3, 9]). Hence, while both SB and NBB variance estimators
appear structurally very different, these estimators have the same asymptotic per-
formance in terms of mean squared error (MSE) as

A2 ¢ » G -2
4) MSE(oj sp) = ;2{27Tf(0)} + 7z +o(l/n) +o(l™")

matches the expression for MSE (&2 ~gp)- Theorem 1 also helps to explain some
simulation evidence in Politis and White [16], which indicated that the finite sam-
ple MSE performance of the SB estimator was better than predicted by previous
asymptotic theory. We mention that, as noted in [4], the matched block bootstrap
estimator of > has the same first-order variance as the NBB as well. Interest-
ingly, the matched block bootstrap seems at first glance to introduce more vari-
ability through its block resampling scheme (i.e., block “matching”) but this aspect
does not inflate this bootstrap estimator’s variance as one might expect, much like
the SB.
The next section describes the main component in the proof of Theorem 1.

REMARK 1. Although we focus on SB variance estimation for a real-valued
sample mean, Theorem 1 also applies for more complicated statistics formed
by a smooth function H(Y,) of the sample mean Y, of a multivariate time se-
ries Yq,...,Y, e R4, H:RY — R (cf. [6, 9]). The variance of the SB estima-
tor for nVar(H(Y,)) is typically determined by variance of the SB estimator
for 0,12 = n Var(X,,) based on the linearly approximating series Xi, ..., X,, with
X; = H(u) + ¢/ (Y; — ) € R involving the first partial derivatives ¢ of H at
u=E(}) (cf. [7,9).
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REMARK 2. We discuss the apparent difference between SB variance re-
sults in Lahiri [9] and those presented here. The SB variance expression in [9]
was determined by the limit of a quantity lim,— o /7 €' “g(w)/(1 — ge'®)dw
[see Lemma 5.3(i) there], where g(w) = 4f 2(w) for the case of estimating
o,% = nVar(X,). In the proof of this limit, “—(sin )2 should seemingly re-
place “(sin w)?” in lines (5), (8) of [9], which produces lim,,_, o ffn eg(w)/(1—
ge'®)dw =mg(0) — 27! J7 . g(w) dw. With this change, the proof in [9] gives re-
sults matching those here for the sample mean; further details can be found in [10]
(pp. 138, 144). More generally, the results and technical arguments in [9] remain
valid for block bootstrap estimation of bias and variance by changing the variances
of the SB to match those provided for the NBB.

REMARK 3. Politis and Romano [15] showed that an expected block size of
form E?}; = Cn'/3 asymptotically minimizes the MSE (4) of the SB variance
estimator and Theorem 1 yields the optimal constant as C = |G/{27 f(0)}|*/3
assuming G # 0, f(0) > 0. This block expression also replaces the one in (6)
of Politis and White [16] and their Section 3.2 method of estimating Eg‘;; re-
quires slight modification; their procedure would now produce a block estimator
ZA?E =(2/3)V/ 3€0Cp; p using their Section 3.3 estimator EA(ép; p of the optimal CBB
block length (which follows from a relationship between these optimal blocks de-
scribed in Remark 4). These changes in Politis and White [16] follow by correcting
their Theorem 3.1 (based on Labhiri [9]) so that “Dgsp = (3/2) Dcpp” there, which
reproduces the SB variance as in Theorem 1.

REMARK 4. Given the SB variance, we may update a result (Lemma 3.1)
from Politis and White [16] on the asymptotic relative efficiency (ARE) of SB
versus CBB methods in estimating 0,% = n Var(X,). In discussing ARE, we may
also substitute “NBB” for “SB” or “MBB” for “CBB” because the estimators in
this pairing match in variance and optimal block size to the first order; all four
estimators have the same bias expression as given in Theorem 1. Compared to
the SB, the CBB estimator has a smaller asymptotic variance by a factor of 2/3
(see Section 3) which produces a longer MSE-optimal block length as K(épg B =
(3/2)Y 36?}; by modifying (4). At each method’s respective optimal block size, the
ARE of the SB to the CBB estimator is given by the limiting ratio of minimized
MSEs

~ ~ . MSE(&(ZZOP‘ CBB)
ARE(6 ot s 6ot cpp) = lim ’ = (2/3)*3,

n=00 MSE(62m s5)

which replaces the previous bounds on this ARE given in Lemma 3.1 of [16].
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3. A general variance result. The SB variance in Theorem 1 follows from
a general variance result, provided in Theorem 2 below, for weighted sums 7, of
sample covariances 7 (k) given by

n—1 n—1
(5) T,=Y ar i) withA, =Y a ,(1—-n""'k)?>0,

k=0 k=1
based on a real-valued stationary sample Xi,..., X, and a triangular array
of weights {ag,,...,an—1,,} CR, n > 1. While several authors have consid-
ered large sample variances of certain lag weight spectral estimates (cf. Theo-
rem 5.6.2/5.9.11 and page 161 references, [1]; Theorem 5A, [13]), these results do
not readily fit the framework (3) required for the SB variance.

Define a smoothing window as H, (w) = Zz;i akn(1— n~'k)e " and a non-

negative kernel K, (w) = Hy(w)H,(—w)/(2mA,;), v € R. Let

n—1

n—1 2
B,=n"'+ (Z |ak,n|) n"2logn+n"" > lagaln” k(1 —n" k).
k=1 k=1

THEOREM 2. Suppose A.1-A.2 hold and sup, maxo<g<n—1|akxn| < 00.
Then:

2 or
(i) vm<n»:=éi%fl—/; Ky(0) f2(@)dw + O((AyBy/n)'* + B,),

Gy Jim [ Ki@f2@do= 120

as n — oo, assuming additionally for (ii) that lim, ., A, = 0o and
-1
sup, ZZ:Q lak,n — ak—1,n| < 00.

Section 4 provides a proof of Theorem 2. The factor “(1 — n~'k)” is important
in the definition of A, from (5) and nullifies weights ay , at large lags k in the
sum. This becomes relevant in the computation of the SB variance as well as the
CBB variance, as discussed below.

The SB variance estimator (3) has a sum form (5) with weights ap, = 1 and
akn =2qk.n =2{(1 —n"'k)g* +n~"kq" K} for k > 1 so that

n—1 2
4
Av=4)¢*+0(E/m) =+ qq2+0(€2/n), B, = O(t*logn/n*+n~"),
k=1 a

recalling 1 —g = p = £~ and using Zz;llqk,n <2p7 1, % kqg* < p~? and
logg < —p. The terms “n~'kq" %" in gk.n can essentially be ignored in com-
puting A, because of the factor “(1 — n~'k)” in (5). The SB variance in Theo-
rem 1 follows immediately from Theorem 2 with the block assumption A.3 since
Zz;é |‘Zk,n - Qk—l,n| <2, lim,— 00 E_lAn =2and B, = o(t/n).
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Theorem 2 also applies for determining the variance of other block bootstrap
estimators that use overlapping blocks. For example, CBB, MBB and TBB esti-
mators of anz =n Var(X,), based on a fixed block length ¢, can also be written as
weighted sums 7}, of covariance estimators with weights ag , = 1 and

CBB: ar,=2(1—¢"'k)forl <k <¢, arn=0fort <k<n-—¢,
akn = an—k ik forn — £ <k <n;

MBB: a;,=2(1—¢"'k)forl <k <¢, axn =0fork > ¢;

TBB: ag,=2v,(k)/v,(0) for 1 <k < ¥, agp=0fork>1¢,

where TBB weights v, (k) appear in (3.6) of Kiinsch [8] (depending on a tapering
window of bounded variation). The fact that the TBB estimator can be expressed
as a sum (5) follows by the equivalence of the TBB and the tapered block jack-
knife estimator of onz (Lemma A.1, [12]) combined with Theorem 3.9 of [8] which
expresses this jackknife estimator as a lag-weighted sum of sample covariances.
The MBB is a special, untapered case of the TBB where v, (k) =¢ — k, k < £.
Technically, the MBB/TBB do not precisely use sample covariances 7 (k) as de-
fined here (see (3.7), (3.8) of [8]) but their covariance estimators are close so that
any differences have a negligible o(£/n) impact on the variance expansions of
the MBB/TBB estimators. The CBB estimator 52 cpp Of crnz has a sum form (5)
because

-1
67cpg =FO0)+2Y (1= o)fer(k),  Feirlk) =7 (k) +F(n — k)
k=1

using circular sample covariances 7jr (k) = n~1 2?21 (X — )_(n)(X,+k — )_(n).

Considering the MBB, for example, it is easy to check that £71A4, = 4¢~" x
Y (1—¢'%?+ 0/n) — 4/3 and B, = o(l/n) as n — oo under the block
condition A.3, in which case Theorem 2 produces the well-known variance of
the MBB estimator Var(&ez’MBB) =@4/3){2nf (0)}2€/n 4+ o(£/n) (ct. [7, 8]). For
the CBB estimator &ez,c p g this same variance expression and ¢~'A, — 4/3 both
hold and, in this case, the factor “(1 — n~'k)” in the definition of A, wipes out the
effect of CBB weights ay ,, k > n — £. The variance of the TBB estimator can be
similarly replicated with Theorem 2; see Theorem 3.3 of [8] or Theorem 2 of [12]
for this expression.

4. Proof of Theorem 2. We require some notation in the frequency do-
main. Let I,(w) = d,(w)d,(—w)/{2wn} denote the periodogram based on the
discrete Fourier transform d,(w) =37 X e " w € R. Define the Fejer ker-
nel K (0) = HF (0)HF (—w)/{27n} = Qr)~ 'Y (1 — n~t])e ™ using

the spectral window HnF (w) =737, e "® o € R. Define also a function from



STATIONARY BOOTSTRAP VARIANCE 367

Dahlhaus [5] given by

lwl < 1/n,

Lon(@) = {1/|w| 1/n < o] <7,

with periodic extension L ,(w) = Lo ,(27m + w), o € R, which is helpful for
bounding both H,f (-) and the spectral window H,,(-) from Theorem 2. Through-
out the remainder, let C > 0 denote a generic constant which does not depend
on n or any frequencies w, w1, w2, A € R. We summarize some technical facts
in the following Lemma 1. Regarding Lemma 1(ii), we add that uniform bounds
on |cu(d,(w1),d,(wy)) — 27anF(a)1 + w2) f(w1)| may range from o(n) when
Y kez |r(k)| < 0o to O(1) under A.1, with intermediate possibilities; see Theo-
rem 1 of [5]. Similarly to Theorem 5.6.2 of [1], we require A.1 for tractability due
to weak conditions on the weight forms ay , in (5).

LEMMA 1. Let w1, w2 € R. Under assumption A.1 for parts (ii)—(iii) below:

(i) |HF ()] < CLon(w1) and [* Lon(w)dw < Clogn.
(i) cu(dn(@1), dp(@2)) = 2rHE (01 + w2) f(@1) + Ru(w1, @), |Ru(wr,
w)| < C.
(i) Y32, d Y ey lr(rt+d)| <C.

PROOF. Part (i) is from [5], Lemma 1. Part (ii) follows from Theorem 4.3.2
of [1] under A.1. Part (iii) follows from A.1 and (1 + |¢])(1 4+ |t + d]|) > d for
d>1,teZ. O

Because sample covariances 7(k) are defined with a sample mean correc-
tion as in (3), we may assume that E X; = 0 holds without loss of generality.
Then, sample covariances defined with a process mean E X; correctlon are r (k) =

n! Z[ | X,X,+k, 0 <k <nsothat 7(k) =F(k) —n~'X, Zz D, n_lkX,%.
We may decompose (5) as

n—1
T, =T+ aO,n;(O) — T — Ton, T, = Z ak,nf(k)»
k=1
Tin = n "X, Y02  agon Z’;:_,fHXt and Tp, = n~'X2Y""!kay,. Note that
Var(T,, — T1,) = O(B,) since Var(#(0)) = O(n~') and Var(T;,) = O(fn"! x
ZZ;} lax »|}?) fori = 1,2 under A.1, A.2. We aim to show

A, (27)?
(6)  Var(Ti,) =M, + O(By), M, = (ﬂ)f Ky (@) f2(0) do

so that Theorem 2(i) will then follow by the Cauchy—Schwarz inequality since f(-)
is bounded by A.1 and K, (-) is nonnegative with ffﬂ K,(w)dw=1.
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We transfer to the frequency domain using that 7 (k) = f e kL (w)dw, 1 <
k <n —1torewrite T}, = Zk:l ain |7, e o1 (w)dw and find

Var(T1,) = Z ajnGkn f / “Ueetteu{l, (w), I(W)}drdw
Jj.k=1

)

n 1

3
Z m,sz Céfz”ak);‘f / —oekh g (o, 1) dA do,
_ an

since the cumulant product theorem (Theorem 2.3.2, [1]) and E X; = O entail

3
Qrn)cul{l (@), LW} =) gi(w, 1), o, reR,
i=1
for g1(w, 1) = cu{dn(w), dn(—M)}cu{d,(—w), dn (1)}, g2(w, A) = g1(w, —A) and
g3(w, A) = culd, (), dy(—w), dy (X)), dy(—A)}.

By A.2 and supy , |akn| < C, it follows that |S3,| = O(1/n). We then use
Lemma 1 to simplify the expressions for S, and S», in (7). In particular, by apply-
ing Lemma 1(ii) with the definitions of the kernel KnF (-) and smoothing window
H,f(-), we may write S1, = 5‘1,, + Ri,, where

g _2m - T T o ki F 2
— Z a,nak,,/ / e Ve K, (w— 1) f(w)drdw
]k 1 wJ—m

®) )
2 1= T
—” S ajnapn(l—n~ lk)/ 1009 £2(0) dey
—TT

J.k=1

using [T e KF(w —x)dr= (1 —n"k)e' ™, and we apply Lemma 1(i)—(ii) to
bound the remainder

2
C l’l—l T T
|R1n|s—2<§:|ak,n|)/ [ tLont =1+ 11drdo < cB,.
= \k=1 —n /-7

A similar expansion Sy, = Szn + Ry, holds where Ry, = O(B,) and §2n is defined
by replacing “(j — k)” with “(j 4+ k)” in the exponent of (8). Since

) /_ﬂ e_’d“’fz(a))da)z%Zr(z‘)r(t—i—d), de?,

teZ

we use a substitution j 4+ k = d in the sum §2n and arrange terms to find

2n—2

C
Sl = — 32 A Irr(+d)| < <<

d=2 teZ
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by Lemma 1(iii). Finally, from (8) we have S in = M, + R3, for M, in (6) and
a remainder

277 n—1 T )
Ry == " ajnarn(l —n_lk)n_lj/ e U0 £2 () dw.
n . -7
J.k=1

Using (9) with the substitution d = j — k and Lemma 1(iii), we bound

Cn—] n—1 - B
|Ranl < — Z<d+ Y lagnln k(1 —n 1k>) Y Ir@rt+d)| <CB,

d=0 k=1 teZ

using supy , lax.»| < C. Hence, (6) and Theorem 2(i) are established.

For Theorem 2(ii), we use that |H,(w)| < CLon(w), w € R holds by (5)—(6)
in [5] since the weights |ay ,| are bounded and sup, ZZ;; |k n — Gk—1,n| < 00.
Using this and that £2(-) is bounded with | f2(0) — f?(w)| < C|w|, w € R by A.1
and that K,,(-) is nonnegative with [” K, (w)dw =1, we bound | [ K,(w) x

F2(w)dw — £2(0)| by
f + Kn(@)| 2 (@) — f2(0)|dw < Ce + CAT'L2, (¢)
lol<e  Je<|w|<m ’

forany 0 < ¢ < 7 and C independent of ¢. Taking limits as n — oo (i.e., A;, — 00,
Lon(e) = e~1) and then letting ¢ |, O gives the result.
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