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Abstract. We focus on the problem of adaptive estimation of signal singularities from indirect and noisy observations. A typical
example of such a singularity is a discontinuity (change-point) of the signal or of its derivative. We develop a change-point estimator
which adapts to the unknown smoothness of a nuisance deterministic component and to an unknown jump amplitude. We show
that the proposed estimator attains optimal adaptive rates of convergence. A simulation study demonstrates reasonable practical
behavior of the proposed adaptive estimates.

Résumé. Nous étudions ici le probleme d’estimation adaptative de singularités d’un signal a partir des observations indirectes
et bruitées. Par exemple, cette definition de singularité inclut des points de discontinuité (points de rupture) du signal ou de ses
derivées. Nous proposons un estimateur du point de rupture qui s’adapte a une regularité inconnue du parametre de nuisance et
a ’amplitude inconnue du saut, et dont la vitesse de convergence est optimale. Nous illustrons les propriétés théoriques de cet
estimateur par quelques résultats de simulation.
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1. Introduction

Consider the following model in the space of sequences
Vi = aexp(2mik0) + gr + eoréx, k€N, (1)

where a € R, 6 € [0, 1] are unknown constants, g = (gx) € CN is an unknown nuisance sequence, 0 = (ox) € CNisa
given sequence, and £ = (&) € CN is a sequence of independent standard complex-valued Gaussian random variables,
(N, I&) ~ N (0, I). The goal is to estimate & and a using observations yy, k € N.

We consider the above problem under the assumption that the nuisance sequence (gx) belongs to a Sobolev ellipsoid

o0
1
oLy ={g e C| YVl <12}, s> —. @

k=1
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In addition we assume that

Assumption (A). For some B> 1/2and0 <o <&
ok? <loy| <5kP, VkeN. 3)

The motivation for considering model (1) under assumptions (2) and (3) is provided by the fact that various prob-
lems of change-point estimation from indirect observations can be stated in the form (1). In particular, the frequency
0 in (1) corresponds to the change-point, while the amplitude a relates to the jump amplitude. The following three
change-point estimation problems illustrate this relationship.

Estimation of a change-point in derivatives

Consider the Gaussian white noise model
dY(@) = f(t)dt +edW (), te]0,1], 4)

where f is an unknown periodic function on [0, 1], ¢ > 0, and W is the standard Wiener process. Assume that f is «
times differentiable, and f® is smooth apart from a single discontinuity of the first kind at the point 6 € [0, 1]. We
are interested in estimating the change-point 0, and the amplitude a of the jump. When « is not integer then f@ is
understood as the Weyl fractional derivative of f. Let m = |« | (where |« stands for the integer part of o). We then
say that £ has a cusp of the order o — m at 6.

If £ has a single discontinuity of size a at @ € [0, 1], then it can be uniquely represented as

@O =avi—60)+q@), relo,1], (5)

where V(t) =1/2 —t — [t] is the “saw-tooth” function, and g € G4(L), s > % We note that (5) is the standard way
of representing discontinuous functions in the theory of Fourier series (see, e.g., [5], p. 9). Then the model (4) is
equivalent to the sequence-space model (1) where

g € Gy_1(2nL) and o} = (27k)** 2, (6)
Indeed,
Ve — {(mk)‘, k=1,2,...,
0, k=0,
and, due to the periodicity of f, go = 0, the Fourier coefficients of the function f® in (5) are
K =a@uik) ¥ + g, keNTand £ =0.
On the other hand, the model (4) is clearly equivalent to
w=fi+em, k=0,1,2, ...,
where z; = fol e?™k! 4y (1), and ny, are i.i.d. standard complex-valued Gaussian random variables. Note that
[ = (—2mik)? fi, keNT.
Thus we obtain for y, = (—1)* 2mik)* ' zx, gx = Qnik)gy and & = (—1)%i*F 1y,
e =ae”™ % 4 g 4 opekr, keNT

with (oy) and (gx) which satisfy (6).
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Change-point estimation in the convolution white noise model

The white noise convolution model is given by the equation
dY (1) = (Kf)()dt +edW(r), t€][0,1], @)

where f is a periodic function on [0, 1], ¢ > 0, W is the standard Wiener process, and the operator K is that of the
periodic convolution on [0, 1]:

1
(Kf)(1) = /0 K(— ) f(s)ds.

The function f is assumed to be smooth apart from a single discontinuity at 6 € [0, 1]. The goal here is to estimate
the change-point € and the jump amplitude a.

Suppose, as above that the decomposition f(t) =aV (t —0) 4+ q(¢) holds, and g € G;(L). Assume that the Fourier
coefficients (Kj) of the kernel K do not vanish, moreover, assume that for some o > 1/2 and 0 < ¢ < C < oo the
kernel K satisfies:

ck® < |(Ko)™'| = Cck.
Using the same arguments as above, we conclude that the model (7) can be equivalently rewritten in the form (1) with

or=2mk|(K)"'|, keNT,  geG,i(2nL).

Observe that the relation (3) holds with =« + 1, 0 =27c and ¢ =2=nC.
Delay and amplitude estimation

Let S be a known periodic signal. Assume that we observe the trajectory ¥ = (Y (¢)), t € [0, 1] where
dY (1) =[aSt —0) +q@)]|dr +edW (), t€[0,1], 8)

a € R\{0} is an unknown nuisance parameter, 6 € [0, 1], g is an unknown smooth periodic nuisance function, ¢ > 0,
and W is the standard Wiener process. We are interested in estimation of the delay parameter 6 and the signal ampli-
tude a.

Suppose that in the model (8) g € G(L) and for some !

§<a<sand0<c§C<oo
ck® <|S; | < Ck*, keNT.
Obviously, the model (8) is equivalent to (1) with
oe=1S7"l, keN',  geG,o(CL),
and with ck* < o < Ck“.
In the companion paper [2] (referred to hereafter as Part I), we studied the problem of minimax estimation of 6

and a in the model (1). Our estimators of the jump amplitude and of the change-point were based on the so-called
contrast functions

2N 2
Iv@y=| > we | 1efo,1] ©)
k=N+1
2N 2N
Hy@m=2mi Y Y (k= juye " =—Jim), teo,1], (10)

k=N+1 j=N+1



822 A. Goldenshluger et al.

where N > 1 is a window-size parameter to be chosen. The estimator ax of the jump magnitude |a| is given by

ay =N~ max Jy(), an
t€l0,1]

while the estimate 6y of the change-point 6 is defined as a root of the equation ﬁN (6) = 0 on the interval with
endpoints 64 and 0_, where

é+ EargmaxﬁN(z‘), 6_ EargminﬁN(t). (12)
1€[0,1] t€[0,1]

These estimators are based on a characterization of a and 6 in terms of deterministic counterparts Jy and Hy
of N and ﬁN that are obtained from (9) and (10) by substituting a exp(2mik6) for yi. In particular, 0 is the unique
global maximizer of Jy, and the corresponding maximal value equals a> N. Furthermore, if 6, and 6_ are the unique
global maximizer and minimizer of Hy, then 6 is the unique zero on the segment with the endpoints 6 and 6 (it
is also the midpoint of this segment). In Part I it was shown that the functions JN and HN converge to Jy and Hy
uniformly on [0, 1].

The choice of the window parameter N in (11) and (12) is crucial to achieve the optimal estimation accuracy. In
Part I we have shown that if parameters s and L of the class G4(L) are known, then N can be chosen (depending on s
and L) in such a way that ay and 8y possess optimal minimax properties. In particular, if N = ¢(L/(e+/Ing=1))1/(+5)
with some constant ¢ = c(f, 5), then the estimator ay is rate-optimal. On the other hand, construction of rate-optimal
estimators for the change-point € and the optimal rates of convergence are different for two zones: 1/2 < 8 < 3/2,
and 8 > 3/2. When 1/2 < 8 < 3/2 then the optimal choice of N depends on the amplitude |a| of the jump but
does not depend on the regularity parameters s and L of the nuisance deterministic sequence (gi). If 8 > 3/2 then
the optimal choice of N depends on s and L but does not depend on |a|. We believe that the case 8 > 3/2 is more
interesting because here the estimation problem is “truly inverse.” Furthermore, in the case 1/2 < < 3/2, in order
to construct the adaptive estimator it suffices to substitute an estimator a of the amplitude |a| into the estimator of 6.
For instance, one can use to this end the adaptive estimator a of |a| described below. That is the main reason, as far as
the change-point estimation problem is concerned, that we limit our study to the case 8 > 3/2.

In this paper we develop adaptive estimators of |a| and 6 which do not require prior knowledge of the parameters
of the class G4(L). We show that these estimators are rate optimal in the sense of [3] and [4]. The main results of
this paper are given in Section 2. Simulation results, presented in Section 3, show reasonable practical behavior of the
proposed estimators. The proofs are relegated to the Appendix.

2. Main results
We start a description of the adaptive jump amplitude estimator.
2.1. Adaptive jump amplitude estimator

The construction is based on the general adaptation scheme by Lepski [3]. In order to implement this scheme in the
context of the jump amplitude estimation we need to control the stochastic error of the estimator ay defined in (11). It
was shown in Part I, Section 4.1 that the stochastic terms are determined via the complex-valued stationary Gaussian
process wy (1) = Z,%ZNH ngke—zmkz’ t € [0, 1] with zero mean, and variance

2N
s2N)=2 Y of. 13

k=N+1

In view of Assumption (A), there exist constants ¢cg < Cg < oo depending only on 8 such that

cga NP2 < 5, (N) < Cps NPFY2 forany N e NT. (14)
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Put N= ¢ 2|.For N=2,..., N we set
Guw(N) = Cpa NPT12, (15)
Let A > 1 be a parameter to be specified. Consider the following iterative procedure:

Algorithm 1.
1. Compute the estimate ag with the window parameter N and the values
ay =ag — 10eAN "5, (N), af =ag + 10eAN "5, (N).
2. For N =N —1,...,2 compute the estimate ay with the window parameter N. If
Ay, <an + 10eAN"'3,(N) and ay —10eAN" "G (N) <oy,
declare N admissible and compute the brackets
oy =max{ay_ |, ay — 10eAN "5, (N)},
+

ay =min{ay, . ay + 10eAN 15, (N)}.

3. Define the adaptive estimate a. as any point of the segment [ozliv, oz]%] (e.g. as = (ali\; + ot;v) /2), where N is the
smallest admissible N .

Note that the adaptive estimator a, is well-defined as the set of admissible window parameters N is non-empty
(barN is always contained in this set). We also note that our construction depends only on a design parameter A; it
will be chosen in the sequel.

For A > 1 define N, where

Ni=min{N: 2eAN '3, (N) > v/3LN~571/2}, (16)

Note that N, depends on the parameters s, L of the class G4(L). If we knew the true values of L, s (and could choose
N = N, with A = O(+Ing~!)), that choice of N would lead to a rate-optimal estimator of |a|; see Part I, Section 3.2.
The next statement establishes an upper bound on the accuracy of d,.

Theorem 1. Assume that Assumption (A) holds with B > 1/2. Let L > 1, and let g € G4(L), with s > —1/2 and
L > 0 such that

eh <min{27"2, [cpa @)~ FPHHY Licpe) Y. (17)
Then there is a set Ay (L) C 2 such that
P(A7(0)) =1 — (BN, (18)
and for any w € Aj()),
|ae — lal| <20eAN; G, (Ny). (19)
The result of Theorem 1 shows that under proper choice of the design parameter A, the event A4, (1) is of large

probability, and on A, (A) the estimation accuracy is controlled by the expression on the RHS of (19). An immediate
corollary of the above result is as follows:
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Corollary 1. Let a. denote the adaptive estimator given by Algorithm 1 and associated with A = c(B)vIne~!. Let
g € G4(L) with parameters s > —1/2, 0 < L < oo such that (17) holds. Assume that 8 > 1/2. Then there exists a
constant C = C(B, s) such that

(Elae — lal]*)"/? < CL@®F=D/@H42D) (563 Ing—1) B FV/ @D o anya e R. (20)

Comparing (20) to the results of Theorems 1 and 2 of Part 1, we conclude that the adaptive estimator d, is rate-
optimal.

2.2. Adaptive change-point estimator

Let us start the presentation of the adaptive change-point estimator with some informal discussion. As we have em-
phasized in the introductory section, the optimal choice of window parameter N depends on the regularity parameters
s and L and does not depend on the jump amplitude |a| when 8 > 3/2. However, recall that when the jump amplitude
is small, consistent estimation of the change-point is impossible. This is the case, in particular, when (cf. Theorem 5
of Part 1)

la| 5CL(2/S—1)/(2s+2/3)(58 /lng_l)(2s+l)/(2s+2ﬂ)

for some constant ¢ > 0. If we recall now the definition of N, in (16) with A ~ v/Ine~!, we notice that the the “critical”
amplitude value, i.e. the minimal jump amplitude for which consistent change-point estimation is conceivable, satisfies

la| > cheN; 16, (N).

In other words, the properties of the minimax change-point estimator 6, are quite different in two zones of the (N, |a|)
“plane” (see Fig. 1). In the zone of detection, which lies under the plot |a| = cAe N 15, (N), the estimator is not
consistent. In the zone of estimation above the graph, the estimation of the change-point is feasible. Clearly, an adaptive
change-point estimator will exhibit an analogous behavior. We expect its zone of estimation to be “comparable” to
that of the minimax estimator, and its rate in this zone to be (up to a log factor in ¢) the same as the minimax rate.

The following construction of the adaptive change-point estimator 6 depends on two design parameters, A and s;
they will be specified in what follows.

40

Zone of
detection

1 1 N
2 4 6 8 10 12 14 16

Fig. 1. “Typical” zone of estimation and zone of detection.
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Let N and N, be defined as above, and let G be the adaptive estimate of |a| defined in the previous section. For
N e€{2,..., N} we define

Y (N) =20eAN "5, (N), Yo = Y (Ny). 21
Now, fix s« > 1, and define 7 as a subset of {2, ..., N},
T={Ne{2,....,N} a. > 2y (N) }. (22)

If 7 is non-empty we denote No = maxye7 N, Ny = minyer N and put 7 = {No, Ny, ..., Ny} where No > Ny >
-+ > N, (here m + 1 < N — 1 is the cardinality of T);
If the set 7 is empty we set the adaptive estimator 6, = 0, otherwise we perform the following iterative procedure:

Algorithm 2.

1. Compute the estimate Oy, with the window parameter Ny and the values

Ty, = 0N — TTmera; ' Ny 26 (No), T3 =0n, + TTmerd; ' Ny 26, (No).
2. For Ny e T, i=1,...,m compute the estimate Oy, with the window parameter N;. If TI;,-,l < Oy, +
77nek&;1 Nfz&w (N;) and Oy, — 771‘58)»518_] Nszw (N;) < T;\E'—l , declare N;j admissible and compute the brackets

% =max{t1;i71,9Ni —77nsk&€_lNi_26w(Ni)},
ry =min{ty 0y, +7Tmerd; N6, (N}
+

3. Define the adaptive estimate ég = (7:1%' + 115)/2) as the center of the interval [115, rﬁ], where N is the smallest
admissible N € T .

Observe first that the estimate 0, is well-defined: if 7 is non-empty, the set of admissible window parameters
always includes Ny, else, we have ég =0.

A reader familiar with Lepski’s adaptive estimation procedure will notice an interesting characteristic of the pro-
posed method. In the original Lepski procedure, in order to choose the adaptive estimator 6 from an ordered family
of estimators 6;,i € I, each estimate 6; is to be compared with al/ subordinated estimators 6, 0 < k < i. However, in
Algorithm 2 above only the estimates 6y, with N; € 7 are compared. This modification of the Lepski method can be
briefly justified as follows: suppose for a moment that the exact value |a| of the jump amplitude is known. For each
2 < N < N we have two possibilities: either |a| > s (N) = chieN~16,(N) or |a| < s (N). Let us consider in more
detail the second possibility. Suppose that the window parameter N is the “optimal” one. Then |a| < s (N) implies
that the corresponding minimax estimator is in the zone of detection where consistent estimation of 6 is impossible. In
this case any estimate ég € [0, 1] is rate-minimax. Now, if the window parameter is not the “optimal” one, excluding
the estimator 6y from the set of tested estimators would not alter the properties of 6. Hence, in both cases, one can
safely exclude such 0y from the set of candidate estimators. Now it suffices to substitute the pilot estimate a, for the
true value |a| to obtain the proposed adaptive algorithm.

The next statement establishes an upper bound on the accuracy of the estimate b

Theorem 2. Suppose that Assumption (A) holds with 8 > 3/2. Let . > 1, and let g € G4(L), with s > —1/2 and
L > 0 such that (17) is valid, and

er <6~ P L(Cho)7 1. (23)
Let »c > 80T, and assume that

la] = 3. (24)
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Then there exists a set A (L) C §2 of probability at least 1 — c(ﬂ))»l\_lze’”‘z, such that on Ag (\) one has

10 — 6] < 155merlal " N 265, (Ny).

Corollary 2. Let Assumption (A) hold with B > 3/2. Let ég denote the adaptive estimator given by Algorithm 1
and associated with ) = 2vIne~! and » > 80m. Assume that g € Gy(L) with s > —1/2, 0 < L < co such that
(17) and (23) are valid and let

we(s,L,a) = |a|_1L(zﬁ_3)/(2ﬂ+2‘y)(éex/ In 8*])(2”3)/(2“25). (25)
Assume that for some constant c1 = c1(s, B)
la| > ClL(2ﬂ7])/(2s+2ﬁ)(O—‘8 /ln8_1)<2s+1)/(2s+2ﬂ)_ (26)

Then there exists a constant ca = c2(s, ) such that
(El6e —61%)" < ca9e(s. L. a). @7

Corollary 2 is an immediate consequence of Theorem 2; its proof is therefore omitted. Let us compare the bound
of Corollary 2 with that of Theorem 3 of Part I. One observes that the two bounds coincide (up to a different choice of
constants) if one substitutes ¢ in the bound of Theorem 3 of Part I with e+/Ins~!. Following [4] we refer to the factor
vIne—! as the price of adaptation. We now prove that in the change-point estimation problem, this price cannot be
avoided even in the simple case when the class G contains at least two nuisance sequences with different regularity
parameters.

Theorem 3. Let Assumption (A) hold. If B > 3/2 then for any so > —1/2, 51 > —1/2, 50 # s1,any a #0 and L > 0,
there are two signals

£ =aexp(2nike®) + ¢, keN,i=0,1,

such that g® e Gy, (L) with the following property: for any estimator of 0 € {0, 0y from observation (yy) as
in (1), one has

-1 A 2\1/2
, L, E|l6—06 > c.
retyon g ¢ (s. L. a)(E] )7 ze

Here ¢ (-) is defined as in (25) and c is a positive constant depending only on B and so and s1.

3. Simulation results

We have conducted a simulation study in order to evaluate practical performance of the adaptive change-point estima-
tion procedures. The algorithms described in Section 2 depend on constants that guarantee adaptive optimality. These
constants are derived from upper bounds on the stochastic terms that characterize the contrast functions E\J and H, N-
Note that Jy and Hy are quadratic functions of observations. In Part I we remarked that the change-point and jump
amplitude estimation in model (1) can be based on the following contrast function that is linear in the observations (yx)

2N

MN(t)Em( 3 yke_hik’).
k=N+1
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This contrast is an empirical counterpart of the function

2N
My (t) :a?h‘( Z i exp(—2mik(r —9))>

k=N+1
_ sinnN(r—0)
= am COS[(3N + l)Tf(t —9)]

Although theoretical analysis of the bias of estimators based on M ~ (+) is much more involved, tight bounds on
the stochastic error terms are easily derived. This is especially important for adaptive estimation because adaptive
procedures use bounds on the stochastic error terms. Therefore in our experiments we implemented the estimators
based on the function M N ().

The observations yx, k=1,..., No = Ls‘zj are generated in the frequency domain according to the model (1) for
three different noise levels ¢ = 0.1, 0.5, 0.25. Via the inverse Fourier transform, this scheme is equivalent to a non-
parametric regression model with regular design of step size 1/Ny, and Gaussian zero mean errors with unit variance.
The sequence oy is chosen to be oy = (27k)?. For instance, the value 8 = 2, as explained before, corresponds to the
problem of estimating a change-point in the first derivative. The nuisance sequence (gx) is chosen so that it belongs to
the ellipsoid G4(L) [see (2)]. Below we present results of an experiment with § =2 and s = 3, L = 60. The nuisance
sequence gi € G;(L) is chosen to mask in the best way the change-point. The detailed description of such a sequence
is given in the proof of the lower bound of Theorem 6 of Part 1.

Figure 2 displays a time domain observation corresponding the setup described above for ¢ = 0.1. The
pure jump signal is the integral of the saw-tooth function; it models the jump in the first derivative. The
combined signal represents the sum of the pure jump signal and the worst-case nuisance component from
G3(60).

In Figs 3 and 4 we present the results of an experiment with M = 100 randomly generated observation samples
(the values of 6 are drawn from the uniform distribution on [0, 1]). We present in Fig. 3 the the mean square error of
the estimator d, of |a|, and that of the estimator 6, of 6, as a function of &. In Fig. 4 the corresponding boxplots are
provided.

—2F

4+ : ]

-6

L

0

50

100

150

200

Fig. 2. The pure jump signal, combined signal and noisy observations.
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Fig. 4. Boxplot of the error a; — |a| (left) and that of ég — 0 (right) as a function of €.
Appendix

A.1. Proof of Theorem 1

Let us first recall some notations used in Part I. The complex-valued Gaussian process {wy (¢), ¢t € [0, 1]} is defined
as wy (t) = Z,%ZN_H orére 2K and

AsGi Ny ={we 2t sup lun ()] =220,V
tel0,1]

Let

2N 2 2N

pr(N)=2| D ezl ) +20alN Y gl

k=N+1 k=N+1
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We also put

N
As0) =) As N).

N=2

The bound (18) for the probability of .4 (}) is readily given by Lemma 6 of Part 1.
Following Part I, we denote by Jx () the “ideal” version of the contrast function

2N 2

In)=a*| Y exp(—2mik(t —0))| .
k=N+1

It was shown in Part I that if the event A (A; N) occurs, and if g € G(L) then

sup [In (1) — In(D)] < AyGi N) = py(N) + 8622262 (N) + 4erlalNow (N)
tel0,1] (28)
<6L*N"ZH £ 2/3|a|LN 32 18622262 (N) + 4erla|Noy (N).

For the sake of completeness, we also reproduce the following result from Part 1.

Lemma 1. Let ay be the estimate of |a| associated with the window parameter N. Then for any A > 1 on the set

Ay N)

A;05 Ny AVPGsN)

N2(la| v ay)’ N

‘aN—|a|‘§min{ }, forany N > 1.

Note first that under the premises of Theorem 1, 2 < N, < N. Indeed, by definition (16), N, < [\/g(Zc,ga)*l X
L(eA)~11/B+9) 4 1. Then the assumption (17) implies that this upper bound is < (er) 2.
Step 1. Observe that by definition of N,, we have from (28) that for any N > N, and w € A;(A):

AjO5N) _ ps(N) | 5 205(N) ow(N)
N2 =< N2 + 8e“A NI +48A|a|—N
_2 -
N N
< 162270 | ges1q T2 N).
N2 N

Suppose now that for a given N the “true amplitude” |a| satisfies
la] > 8sAN 15, (N).

Then

Ay(A; N)

TS 2|aleAN "', (N) + 8laleAN "'G,(N) < 10ei|a|N " G, (N).

Then by Lemma 1,
Aj(A;N)

—1=
Nl < 10eAN "5, (N).

lany — lal| <

On the other hand, if |a| < 8¢AN 15, (N) then

Ay NYNT2 < 166?22N 7262 (N) + 64e2A> N 7252 (N) = 80e?A> N 252 (N).
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Again, by Lemma 1,

1/2
AN
N

lay —lal| < <9eAN "5, (N).

We conclude that on A;(X), for N, <N < N the following holds:
lay — lal| < 10eAN "5, (N). (29)

Step 2. Let us suppose for an instant that N,, which is defined in (16), is admissible. Then N < N, and, by
definition, a, belongs to the intersection of segments

Sy = [an — 10eAN "5, (N), ay — 10eAN 15, (N)]
forall Ny <N < N.In particular, a, € Sy, , and, due to (29),
|ae — lal| < las — an,| + |an, — lal| < 10eAN; "Gy (N + |an, — lal|
< 10eAN, 15, (Ny) + 10eAN 15, (Ny) < 20eAN, 15, (Ns).

It remains to show that N, is admissible for any w € A;(X), or, what is exactly the same, that the sets Sy for
Ny < N < N have a common point. But (29) means precisely that |a| belongs to the intersection of all such sets Sy .

A.2. Proof of Corollary 1
Let A = c(,B)x/lnze—*1 . We use the decomposition
E(a — lal)” = E(ae — lal) 1{A7 ()} + E (@ — lal)*1{A50)}. (30)
For the first term of (30) we use the bound of Theorem 1:
E(a — lal)* 1{A; ()} < 206AN; '3, (Ny) < C(B, 5) LA~ D/ 5H2B) (G.0/Ing=1) H D/ G52,
Letnow2 <N <N. By the definition of the estimator ay (cf. Lemma 1),

An(T, D) AR, T)

N2la| N

|aN—|a||§min{ }, forany N > 1,

where
AN(T, J)= ’ max |.TN(I)| — max |JN(t)|‘.
t€[0,1] te[0,1]

We now use the first of the above inequalities to bound the error in the case of “large” a, namely |a| > 1. The
corresponding bound for the case of |a| < 1 can be obtained in the same way using the second inequality above. We
write:

lay —al=la|'"N2AN(T, J) <a|"'N 72 n;gﬁl\fw) — In(®)].
tel0,
Thus,

— — 2
lan —al < lal ' N7 0, (V) + &2 sup [wn ) +elalN sup [wn ()]
tel0,1] tel0,1]

< N72[6L*N? +2/3LN? + e¢} + ety ],
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where we denoted ¢y = sup, 0.1 lwn ()] and used the bound of Part I for p; (N) (cf. (28)). Now, assume that .ACJ 1)
holds. We have:

Ela: —al*1{A50)} < E( max_|ay —a|21(A5()\)))
2<N<N

<2(6L% +2v3L)*P(A5 (W)

+ 284E< max _ N‘%;‘,l{A?(A)})
2<N<N

+ 282E< max _ N_4§1%,1{.ACJ()\)})
2<N<N
=h+hL+1.
Our goal is to bound /;,i =1, ...,3. By (18) we have
I <2(6L2 +2v/3L)* P{AS (W)} < c1 (L* + 1) AN exp{—227}. 31

Furthermore,

N N
I <2&* Z NTPE(en1{A5)])) <26t Z NTHE(gy 1A (s N))).
N=1 N=1

On the other hand, by Lemma 6 of Part 1,

o]

E( 1A 0: M) = E(41{¢ > 2500(WN)]) =f P(ch > 1) di

(2hay (N))*

= 4220, (N))* / - PP (en > 210, (N)1) d
1

o
<ot (NN / the 2" dt < eyt (N)NAIe 2V
A

Because 0, (N) < 6 (N), and 6,,(N) is monotone in N
b < c3etah (N)ade 2. (32)
In the same way we obtain the bound for /3:
I5 < c4e?a®G2 (N)re 2.
Along with (31) and (32) it implies that
Elae —alP1{AS W)} < es[(L* + 1)AN? + 662 (V)32 + 6762 (V) ]e ™.
When taking into account definitions of N, &,, and inequality L < %Cf;&(sk)_l [see (17)] we finally obtain
Elae —alP1{AS M)} < co[a%e 50 + 64642 4 4252412,

Now one can easily exhibit a constant ¢(8) such that for A = ¢(8)vInge~! the right-hand side above is bounded
with 2.
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A.3. Proof of Theorem 2
Again, we start with notations and results of Part I. The set Ay (A; N) is defined as follows:

Ag(; N)=A;(0; N)N [a): sup |UN(t)| SZAGU},
t€[0,1]

where vy (1) = Z%ZNH koy&re 2™k and (rvz =2 Z,%QNH kzakz. Also
02(N)=N*c2(N) 4+ N%62(N).
The following bounds on o, (N) and o, (N) in terms of o, (V) can be easily derived:
Noy, <oy <2Noy,  2N%0y <0, <3N?%cy,, VN. (33)

Define also Ay (L) = ﬂﬁgzz Ag(A; N), and put

2N 2N 2N
pr(N)=8m Y kgl Y lgjl+167lalN® Y gl
k=N+1 j=N+1 j=N+1

It was shown in Proposition 2 of Part I that if g € G4(L) then on the set Ay (A; N)

sup |Hy (1) — Hy ()| < A (A N)
t€l0,1]

= p(N) + 3272 %0, (N)oy (N) + 167 |aleroy (N)
< 167 (2L*N™5F2 4 2L1a|N /2 4 262220, (N)ay(N) + laleroy (N)). (34)
The following result has been proved in Part I.

Lemma 2. Let by be the estimate of the change-point associated with the window parameter N. Let . > 1 and N > 6
be such that

2N3
Ag(A;N) <

Then

5 -1
|9N—9|§(Za2N4) Ay N), Yoe Ag(h; N).

Step 1. We start with the following lemma.
Lemma 3. Suppose that Assumption (A) holds with B > 3/2. Let g € G3(L) withs > —1/2 and L > 0 such that (17)
holds. Let » > 1 and (24) is valid. Then for any w € Aj (1)
1. N.eT; )
2. N¢T if Ny <N <N and y(N)(2»x — 1) > |a|.

Proof. We first note that (17) ensures 1 < N, < N. Now we check that (22) holds for N = N, when A (}) occurs.
It follows from Theorem 1 that |G, — |a|| < ¥« < ¥ (N), for any w € A; (1) and Ny, < N < N. This along with (24)
implies that d, > |a| — ¥« > (33 — 1) > 25¢y),.. Hence N, € T as claimed.

On the other hand, on A; (1), when Ny < N < N and |a| < ¢ (N)(22 — 1),

de <a+ Y (Ni) <Y (N)2x— 1)+ ¢ (N) <29 (N),

andsuch N ¢ 7. O



Change-point estimation from indirect observations 833

Step 2. Assume that A (1) holds and recall that 4; (1) € Ay (A). By Lemma 3, N, € 7. We will show that N, is
admissible. By definition of Ay (A; N) and by (33) we have

1 , ,

TesAn0sN) < 2LPN"H42 4 2L1a|N 132 4262220, (N)oy (N) + |aleroyu (N)

<2L2N7T2 L 2L1a|NT5T/2 £ 46202 NG2 (N) + 3|alerN>G, (N).
It follows from the definition of N, that for all N > N,
2 a7—2s+2 8 292 Aa7—1=2
2L°’N = 3EINTITLW),
—s+5/2 4 —
2L|a|N < ﬁskldNaw(N).

Thus, for such N,

1
FA H(A N) <7e222NG2 (N) + 6erla| NG, (N). (35)
T

Recall that ¥ (N) = 20eAN ~15,,(N), hence forall N > N, N € T

- |al
AN Gp(N) < —— 1
e owN) = 3557
Now we have from (35):
AnGs V) < 16 TN3a? N 3N3a?
) = 107 s
" 40022 — 1)2 102> — 1)

127-16m 5ya_ 21T oys a’N?

(asx>1)<——a < a <
40012 — 1) 2x—1) 4

(36)

for s¢ > 417 + 1/2. On the other hand, we can estimate Ay (A; N) as follows:

TerAN2|a|Gy, (N)

Ag(L; N) < 16T[< 2022 — 1)

+ 68,\|a|1v2&w(1v)> < (967 4 1)eAla| NGy (N). (37)

We conclude from (36) and (37) that the conditions of Lemma 2 are satisfied for N > N, and

4096+ 1)
5|a|

< 7TmelN 25, (N)a; ! (38)

5 —1
oy — 6] < (ZazN“) Ap(hN) < eAN 3G, (N)

(recall that due to (24) 4, < 3?‘—;{H|a| on Aj(1)). Now define
Sy = [0y — TTmera; "N 726, (N), Oy + TTnera; ' N726,(N)], NeT.

Then (38) implies that on Ag (1) the intersection of the segments Sy with N > N,, N € 7 contains (at least one
point) 6 and N, is admissible.
Step 3. Thus we can write (cf. (38))

|0 — 01 < 18 — On,| + 10, — 0]
< TTmerd; 'N26,(Ny) + TTnerlal "' N 26, (Ny)
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. 3x—1 35eAN; 25y (Ny) {aeno
as ag > lal ) <71n +TTneAlal™ N, “0y(Ny)
35 (3% —Dlal

< 155meAN 25, (Ny).
This completes the proof.

A.4. Proof of Theorem 3

We start with the study of the minimax risk R, of a 2-point estimation problem:

Re = sup ¢i(e) "V Ei (6, — 6)*.
=0,1

Here 6p =0, 6 =0, Py and P; are the corresponding probability distributions, ¢;(g) = 62 and ¢>o(8)¢>1(8)’1 =4
The following result is fairly known (see, e.g., [1]), we present it here for the sake of completeness.

Lemma 4. Let Z| = dP 1 be the likelihood ratio and K (P;, Py) = — f In Z1 dPy the Kullback—Leibler distance be-
tween Pi and Py. Then

R, > max{e_K(PU’P‘)_‘s, 1— 8E0212}.

Proof. Clearly, R, is minorated with the Bayesian risk 7., which corresponds to the prior distribution P(i = 0) =
Pi=1)=1/2:

-1 1 1
ry = iqf|:¢0(;) Eoéz i ¢1(<;) E1(6— 9) i| ¢1( ) non[(S_léz +6— é)Zzl]7 (39)
0
Observe that 6* = lafaz Z‘ is the minimizer of (39), so that
-1 80%72 ~1g2 z 1 z
re = ¢1(¢e) Eo 9221 . 1 _ ¢1(¢) Eo 1 ——E, 1 .
2 14+6Z—1 2 1+8Z; 2 1462,

Now by the Jensen inequality,

InE, = az > Eo(InZy) — Eo(In(1 4+ 8Z1)) > Eo(InZy) — 8EgZ1 = —K (Py, Py) — 8.
On the other hand,
Eo—2l 5 o7y — 8EZ2 =1 — 8EyZ2
1482, — ! I U

Now consider the following 2-point problem (cf. proof of Theorem 6 of Part I): given observations y; = k(i) +
eor&r,i =0, 1 we are to estimate the parameter (change-point) 6 € {9(0), 9(1)}, where

f(o) a, Vk € N+ and f(l) 27Eikh + g]il)9 Vk e N+,
where i > 0, and

¢V = a(l —emkhy 0 <k <n,
k"o, k > n,

for some integer n to be chosen in the sequel. The hypotheses correspond to the model (1) with a©@ = a =4,
00 =0, =p, glgo) =0,Vk e Nt, and g,({]) as defined above.
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Let us put for the sake of definiteness so > s and L = 1. Clearly, g e Gy, (1). We will select n in such a way
that (g,({l)) belongs to Gy, (1). We have

[e¢) n

2 ikh|2 .
Z|g,§l)‘ k2S1 E a2 Z‘l _ eQ.T[lkh k2S1 S c]a2 mln{h2n2s+3’ n2s1+1}7
k=1 k=1

where ¢ depends on s; only. Choosing

n=ne= C2(|a|71h71)2/(251+3)

we obtain that (g\")) € Gy, (1), provided that 7, < h~".
Let Py and P; denote the probability measures associated with observations (yx) in model (1) with (fz) = ( fk(o) )
and (fr) = ( fk(l)), respectively. Note that the likelihood ratio Z; = g% satisfies

0 2ikh |2 2

Zi—ep(— 3 vk — ae™ 2 — |y —al

1= 26207
k=n,+1 k

0 2nikhyE —2xkh 2
a(l—e +a(l—e a“(1 —cos2mkh
e 3 )Ex +af ), a2~ cos 2k
2e0% 20}

k=n,+1

< > ani(1 — cos2mkh) + alysin2nkh  a*(1 — cosanh))
= eXp Z - ’

EO0} 820'2

k=n,+1 k

where 7y and ¢y are i.i.d. standard Gaussian random variables. Thus,
20> X 1 —cos2mkh 4a’> N sin® wkh
2 _ —
EZ; —exp<€—z 2 T) —exp(g—z 2. —Q
k=n,+1 k k=n,+1 k

We can estimate the exponent as follows:

4a> N sin’wkh 4d® N,
= —2B ¢in2
I'= 22 Z 2 =52 Z k=" sin” wkh
k=n.+1 k = k=nytl
4a2 L(1/mh)] 00
2,2 —28+2 —28
=22 (“ h Z k + Z k )
= k=n.+1 k=[(1/mh)]+1
a’ 2 —28+3 28-1

Let us choose for some small ¢3 > 0,
h:C3Cl72niﬁ_38zln8il — } :C4|Cl|71(8 /IHE_I)(2X+3)/(2S+2'B).

In view of (40), for ¢ small enough, I < c¢51n e~ with some small constant ¢5. We conclude that for such choice of
and n

2 _
EyZi<¢ ‘s,

Let us now use Lemma 4. We set

¢0(8) — C6|a|_l(8 /lng—l)(ZS()"‘?’)/(25‘()"'2/3)7 ¢1 (8) — C6|a|_l(€ /ln8—1)(2‘Y1+3)/(zsl+2ﬂ)’
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so that

5= zOES; < (eV/Ine—1) OGN/ _ . cexsos1)
1(&

(recall that 8 > 3/2). We can now choose the constants in a way to obtain § EgZ; < 1. When applying Lemma 4 we
get the required statement.
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