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Abstract. This paper deals with the homogenization problem for a one-dimensional parabolic PDE with random stationary mixing
coefficients in the presence of a large zero order term. We show that under a proper choice of the scaling factor for the said zero
order terms, the family of solutions of the studied problem converges in law, and describe the limit process. It should be noted that
the limit dynamics remain random.

Résumé. Cet article traite de ’homogénéisation d’une équation aux dérivées partielles en dimension un d’espace, avec des co-
efficients aléatoires stationnaires et mélangeants, en présence d’u terme d’ordre zéro fortement oscillant. Nous montrons qu’avec
un choix convenable du facteur d’échelle de ce terme d’ordre zéro, les solutions du probleme étudié convergent en loi, et nous
décrivons le processus limite. On peut noter que la dynamique limite est elle aussi aléatoire.
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1. Introduction

Our goal is to study the limit, as ¢ — 0, of a linear parabolic PDE of the form

aue(t ) 10 -\ ouf )+ 1 x “(.x). 1>0.xcR
o)== (al =)= )t.x)+ —c(Z )uft.x), t>0,xeR;
ot 2 9x g/ ox Je \e&

(1.1)
u®0,x)=g(x), xeR,

where a and c are stationary random fields, and c is centered.
Let us recall (see [1]) that in the periodic case the equation

0 10 x\ 0 1 [(x
—u==-—\al—-|)—u)+-c|—|u
Jt 2 0x e /) ox e \¢&

admits homogenization under the natural condition (c¢) = 0 ({-) stands for the mean value) and that the homogenized
operator takes the form

9 1. 82 iy
U=—-a—=U-+-cu,
ot 2 9x2

with constant a and c.


http://www.imstat.org/aihp
http://www.imstat.org/aihp
http://dx.doi.org/10.1214/07-AIHP134
mailto:iftimieb@csie.ase.ro
mailto:Etienne.Pardoux@cmi.univ-mrs.fr
mailto:andrey@sci.lebedev.ru

520 B. Iftimie, E. Pardoux and A. Piatnitski

In contrast with symmetric divergence form parabolic problems, in the presence of the lower order terms the
asymptotic behaviour of operators with random coefficients might differ a lot from that of periodic operators.

Homogenization problem for parabolic operators whose coefficients are periodic in spatial variables and random
stationary in time, were studied in [4,5,14]. It was shown that, under natural mixing assumptions on the coefficients,
the critical rate of the potential growth is of order 1/¢. In this case the limit equation is a stochastic PDE.

If the oscillating potential is random stationary (statistically homogeneous) in spatial variables then the range of
the oscillations (the power of ¢! in front of potential ¢) should depend on the spatial dimension.

In this work we deal with a one-dimensional spatial variable and show that the range of oscillation should be of
order ﬁ This means that for larger powers of é the family of solutions is not tight as ¢ — 0, while for smaller powers

of % the contribution of the potential is asymptotically negligible.

It turns out that the Dirichlet forms technique which is usually quite efficient in homogenization problems, does not
apply to problem (1.1) because one cannot prove any lower bound for the quadratic form corresponding to the operator
(1.1). This is due to the fact that the problem is stated on the whole line R, and not on a compact interval, and that
the coefficients of the operator are a.s. unbounded, see the discussion in Section 6. Instead we use the direct approach
combining the Feynman—Kac formula with several correctors, Itd calculus and martingale convergence arguments.

The main result of the paper (see Theorem 2.2) states that under proper mixing conditions the solution u® of eq.
(1.1) converges in law to a random field

u(x,r) = ]E(g(x + ﬁB,)exp(%/ Lty—XW(dy)>>,
R

where B. and W. are independent Brownian motions, E and L; are respectively the expectation and the local time

related to v/a B., and a, ¢ are constants.

The interpretation of this expression is given in the last section of the paper. It is shown that the effective equation
is not a standard SPDE but rather a parabolic PDE with random coefficients.

Let us give an intuitive explanation of our result. The Feynman—Kac formula for the solution of eq. (1.1) yields

& &,X 1 ! X;"’x
u (t,x):]E|:g(X,‘ )exp<$/0 c< - )ds)],

where E means expectation with respect to the law of the diffusion X%*, the random field ¢ being frozen (or
“quenched”). Under the assumptions which we shall make below, one can apply a version of the functional central
limit theorem, which tells us that

_ Ly
= [ (2)o

converges weakly towards ¢ W (x), where W is a standard Wiener process. Now the exponent in the above Feynman—
Kac formula reads

t
/ W;(Xﬁ’x)ds:/ W.(y)L]"* dy,
0 R

where L;"® denotes the local time at time ¢ and point x of the diffusion process {X**}. One might expect that the last
integral converges towards the integral of the limiting local time, with respect to the limiting Wiener process. This is
one of the results which will be established in this paper.

Our paper is organized as follows. In Section 2, we formulate our assumptions, and the results. In Section 3, we
prove some weak convergence results. Section 4 is devoted to the proof of the pointwise convergence of the sequence
u®(t, x), while Section 5 is concerned with convergence in the space of continuous functions. Finally in Section 6 we
discuss the limiting PDE.

2. Set up and statement of the main result

We make the following assumptions:

(A.1) The initial condition g belongs to LZ(R) NCp(R).
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(A.2) The coefficients {a(x), x € R} and {c(x), x € R} are stationary random fields defined on a probability space
(X, A, P), and we assume that

O<c<a(x)<C, xeR,Pas., 2.1
Ec(0)=0, lc(0) || Loo(x) < 00, (22)
/ |Ec(0)c(x)|dx < oo, (2.3)

where E denotes expectation with respect to the probability measure P.
(A.3) Let

Fe=ola@.eoiy<x).  Fri=ola().cO)iyzx).

We assume that the random fields a and ¢ are ¢-mixing in the following sense. Define, for & > 0, ¢ (h) the mixing
coefficient with respect to the o -algebras from above, as

o (h) = sup |P(B|A) — P(B)|.
{AeF,,BeF~x+h P(A)>0}

We suppose that
o0
/ ¢'%(h) dh < . (2.4)
0

Consider now the family of Dirichlet forms {£%?,& > 0,0 € X'} on L2(R) defined by

£,0 l X / /
E% (u,v) = E/Ra<g,0)u (x)v'(x) dx,

with domain H'(R). For each ¢ > 0,0 € ¥ there exists a unique self-adjoint operator L&° with domain D(L*7),
such that

€7 (u,v) = —(L7u,v) 12y

for u € D(L%°), v € L*(R).

For each initial point x € R, 0 € ¥ and ¢ > 0, there exists a continuous Markov process {X f %%t >0} defined on
some probability space (§2, F, P**?) whose generator is L*“ and which starts at time # = O from x. The probability
may depend on the three parameters €, x, o. x will be fixed throughout this paper, so we drop it from now on. Note
that the process {X;*,t > 0} is in fact defined on the probability space (¥ x 2, A ® F, Qf) (as such, it is not a
Markov process), where the probability Q¢ on the product space X x §2 is defined as

0°(A) = / / P(do)P*° (dw).
A
The Feynman—Kac formula allows us to write down an explicit formula for the solution of eq. (1.1):

t &,X
u®(t,x) =E>| g(X7™) exp L c Xs ds )|, (2.5)
Ve lo €

where Ef? denotes expectation with respect to P%-7.
Considering assumption (A.2), we define the finite quantities

o[ i 1\
c =[WE[C(O)c(x)]M, a= [E(E)} . (2.6)

In view of Theorem 5.1 and Lemma 5.1 from [11], we may state the following theorem.
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Theorem 2.1. We have the following convergence, P a.s.:
X = XT=x+X.,

in C([0, 00)), where X is a one-dimensional Brownian motion defined on (82, F,P) such that IE(X,Z) = at, for any
t>0.

The main result of this paper is the following theorem.

Theorem 2.2. Let

u(t, x) ::]E|:g(x+Xt)exp<%AL;v_XW(dy)):|,

where W denotes a one-dimensional standard Brownian motion defined on the probability space (X, A, P) and L;
is the local time at time t and point y of the process {X;,t > 0} defined on (82, F,P).
Then u® = u in law in C(Ry x R), as ¢ — 0.

We introduce the notation

' £,x
Yit = L/ () as.
Veldo \ e

The first step in the proof of Theorem 2.2 is to establish the weak convergence of the pair (X;™*, ¥;**), which is done
in the next section.

3. Weak convergence
The main result of this section is the following theorem.
Theorem 3.1. Foreacht > 0,

(X5 v0) = (X7, 7))

weakly, as € — 0, with
X c y—x
Y; :::/L, W (dy),
a Jr

where, as above, Lf is the local time at point y and time t of the Brownian motion {X;,t > 0} defined on (2, F,P),
and {Wy, y € R} is a Wiener process defined on (X, A, P), so that (X, L) and W are independent.

Theorem 3.1 will follow easily from Propositions 3.7 and 3.10, as we shall see at the end of this section. Note that
all we shall need in the next section is both Propositions 3.7 and 3.10.

Let us first state a consequence of Aronson’s estimate, see Lemma I1.1.2 in [16]:

Lemma 3.2. There exists k > 0, which depends only on c and C in (2.1), such that for all ¢ > 0,r > 0,

2
IP’( sup |X&¥ — x| > r) gkexp(—rt>.
K

0<s<t
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We next prove the easiest part of the above result, i.e. we give a proof of Theorem 2.1, since we shall need some of
its details later.

Proof of Theorem 2.1. Let {x (x), x € R} be the zero mean random process given by the formula
X
d
x(x)=a / & x
o a(y)

We note that from Birkhof’s ergodic theorem (see e.g. Theorem 24.1 in [3]),

X (x)
_—
X

0, P as.,as|x|— oo. 3.1

Moreover, this random process satisfies the two relations:

(a(1+x))(x)=0, xeR, (3.2)
and

a(x)(l + )(/(x)) =a, xelR.

‘We now define

£,x

X
Zf:Xf”‘+aX< ; )

It follows from the It6—Fukushima decomposition (see [7] or Theorem 0.10 in [11]) and (3.2) that (here and further
below, MX"" denotes the martingale part of the process X&)

! x5
zf:zg+/ [1+x’( ; )]de‘ , 120,
0

hence {Z%} is P a.s. a P-martingale. Moreover, its quadratic variation is given by

ol 2 t ds
(7%) =a /o a(Xo/e)’

It will be proved below in Lemma 3.9 that

(z8), —ar
in Qf probability. It now follows from well-known results that P a.s.,
Z° = x +aB,

where {B;, t > 0} is a standard Brownian motion defined on the probability space (§2, F, P).
Moreover, for all T > 0,

sup | X" —Z{| >0, 0Fas,
0<t<T

consequently P a.s.,
X*¥ = x +aB

in P law. O
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Let @ denote the solution of the ordinary differential equation:

(a®’) (x) = c(x),

which is defined as follows:

1 X
<D’(X)=—/ c(y)dy,
a(x) Jo

D(x) =/x<L fzc(y)dy) dz.
o \a(2) Jo

We let

and

Fo(x):= 53/240(5)

&

_1 A | < ydd
_ﬁ/<>a(z—/s)/oc<5>yZ
L |

= E/o ae) VoD

We first prove the following proposition.

(3.3)

3.4)

(3.5)

Proposition 3.3. The sequence of random processes {W.} converges weakly, as ¢ — 0, in the space C(R), to a

standard Wiener process {W} defined on (X, A, P).

Proof. Denote, for x > 0, We1 (x) = We(x) and Ws2 (x) = We(—x). According to assumptions (A.1), (A.2), (A.3) and

the functional central limit theorem (see e.g. [2], pages 178, 179), it follows that

(wh w2) B(w!, w2),

where {W1(x), x > 0} and {W2(x), x > 0} are mutually independent standard Brownian motions. Finally we denote

by {W(x), x € R} the process defined by

W(x):=W'(x), forx>0, W(x):=W?(—x), forx <O0.

It remains to show why Theorem 3.1 follows from Theorem 2.1 and Proposition 3.3.

First we define, for x € R,

M |
ka(x):/o a(z—/a)dz’ k(x)=—.

We have the following lemma.

Q| =

Lemma 3.4. As ¢ — 0,

ke >k inC@R), P a.s.

]
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Proof. Since a(-) is bounded away from zero, a~!(-) is bounded. Hence the collection of random functions k is tight
in C(R). It then suffices to show that the finite dimensional marginals converge in law to those of the deterministic
function k. But from Birkhoff’s ergodic theorem, for any x1, x3, ..., x, € R,

X1 X2 X
(ke(xl)’ ke (x2), . --1k8(xn)) — <Tl’ PR 4)
in P as.,ase— 0. |

Denote by C+(R) the space of continuous and increasing functions on R, and by S the map from C(R) x C(R)
into C(R) defined by

S((fi 1)) :=/0 f(2)dh(z).
We have the following lemma.

Lemma 3.5. The mapping S is continuous, from E = C(R) x C4+(R), equipped with the product of the locally uniform
topology of C(R) x C(R), into C(R), equipped with the locally uniform topology.

Proof. It suffices to show that for each N > 0, if {(f;,, h,)} C C([—N, N]) x C+([—N, N]), and

sup (| () = FOO] + |[hn(x) —h(x)]) = 0, asn— oo,

lx|=N
then
sup |S(fu, hn)(x) — S(f, h)(x)| = 0, asn — oo.
|x|<N
But this follows from Lemma 5.8 in [8]. O

We now have the following lemma.

Lemma 3.6. As ¢ — 0,
(We, Fe) = (W, F)

in C(R) x C(R) in law, where F(x) = % f(f W (z)dz and W, and F; are defined in (3.4) and (3.5) respectively.

Proof. Since k. converges to a deterministic limit, it follows from a well-known theorem (see e.g. Theorem 4.4 in
[2]) that the pair (W,, k.) converges. Hence from Lemma 3.5, the pair (W,, F;) = (W, S(W,, k¢)) converges. ([l

The next step is to show that the triple (X, W, F;) converges. This is essentially a consequence of the three
following facts: X, converges, (W, F;) converges, and the two limits X and (W, F) are defined on (§2, F,P) and
(X, A, P) respectively. We now prove that fact rigorously.

Proposition 3.7. Forany x e R, as ¢ — 0,
(X5, W,, Fo) > (X*, W, F)

in law, in C(R;) x C(R) x C(R).
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Proof:. We first choose two arbitrary functionals ¥ € C,(C(R) x C(R)) and ® € Cp(C(R+)). We have

/ (W, (0), Fs(0))O (X" (w,0)) P(do)P*7 (dw)
xR
:f J/(WS(U),FS(G))</ @(Xg’x(w,o))IP’“’(dw))P(da)
b 2
=/):W(Wg(o),Fg(a))[/g(@(XE’x(w,a))—@(Xx(w)))Ps’”(dw)]P(da)

—l—/ﬁ@(Xx(a)))IP’e'”(dw)x'/):lI/(Wg(U),FS(a))P(dU).
Theorem 2.1 tells us that
/Q O (X" (w, o)) P (dw) — /Q O (X*(w))P(dw),
P a.s., and from Lemma 3.6,
/ZII/(WS(G),FS(U))P(da)ﬁ/;W(W(a),F(U))P(dJ),

as ¢ — 0. Hence, from the Bounded Convergence Theorem, we conclude that
/ ¥ (We(0), Fe(0))O (X" (w,0)) P(do)P>? (dw)
XX

—>f @(XX(w))P(dw)x/ (W (o), F(0))P(do).
2 X

It now suffices to note that A :={¥ ® ©, ¥ € C,(C(R) x C(R)), ® € C,(C(R4))} is a determining class on C(R) x
C(R) x C(Ry). |

It follows from Lemma 3.8 that

X 1t xe
83/2¢<;>:g3/2¢<5>+—f c< : )ds—}—Mf’x, (3.6)
e e 2 Jo e

in other words

1
Fo(X]") = Fo(x) + EYf’x + M,
where {M;"*, t > 0} is the continuous martingale

toXt e
M,“:JE/O cp/(—; )def

and MX"" denotes again the martingale part of the process X®*. In particular the quadratic variation of M~ is given
by the quantity

t &,X &,x 2
<M6‘x)t:8/ a(XS )|:(P’<X;>i| ds
0 & &
T e (BN (BT
_/o a(X?"/s)[ ’ ( : )“( : ﬂ ’
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d 1
=2 £,x))2
=cC —— (W (X ds,
/0 a7 e (5)
and the joint quadratic variation of M®* and Z¢ is

s [ o () (o

L We(X5)
83 S
0 a(Xs"/e)

Lemma 3.8. The identity (3.6) holds QF a.s.

Proof. Let {X**™ 1 > 0} denote the process {X**, ¢ > 0}, killed when exiting the interval [—&(M + 1), (M + 1)],
and L&%M its generator. For any M > 0, the random function

I a5 Jo emdydz, if x> 0;
¢M(x): 0 ) 0 '
fx Mfz cy(y)dydz, ifx <O,
with the random field {cj;(x), —M — 1 < x < M + 1} defined by

By, if—-M-—1<x<-—-M,;
cu(x) =4 cx), if =M <x <M;
oy, fM<x<M+1,

where
T aja@) i e dydz
oM = M+1 ;
(z—=M)/a(z)dz
5 IEM_1<1/a<z>>fzv_Mcmdydz
M=—
7+ Myjatz)dz
satisfies

{ (L Pu)(3) =& %em(3).

Oy (=M — 1) = By (M + 1) =0.

Consequently for each ¢ > 0,

Dy (g) e D(L*M),

and by virtue of the It6—Fukushima decomposition (see [7] or Theorem 0.10 in [11]), we get for [x| <M + 1

3 Xf;\xrg.x 32 N X5
M _ £,x
¢ ¢M< € ) —° (DM( > 2\/_/ CM( )ds-’_MMT

where

T, =inf{r >0, | X" | =e(M + D}

The result follows, by letting M — oo, with the help of Lemma 3.2. O
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Define

! 1
he ) '=/o X Y

Lemma 3.9. As ¢ — 0,

he() = =
a
in C(Ry) in probability.

Proof. Denote 6(x) = Wlx) — % Then 6 (x) is a bounded stationary field with zero mean. Letting

X l Z
@(x)zf (—/ e(y)dy)
o \a() Jo

and repeating the argument in Lemma 3.8, we get

XX 1 ¢ XX
83/2@(Z_>=83/2@<£>+—/ 0( > )ds—l—/\/lf,
€ € Ve Jo €

where

t &,x X5t /e 2
<M6)t=s/ a1<XS )(/ 9(y)dy> ds.
0 & 0

(3.7)

In the same way as in the proof of Proposition 3.7, one can show that the families {83/2@)(¥) — 83/2@)()81)} and
{M¢?} are tight in C(R). Indeed, @ is constructed from 6 exactly as @ from c. Moreover, 0 is, exactly as ¢, a stationary

mixing bounded and zero mean random field. Now, multiplying the relation (3.7) by /¢, we conclude that

. Xs,x
/ 0 <L> ds >0
0 &
in C(R4) in probability. This implies the desired convergence.

For any f € Cp(R) and ¢ > 0, let us define the process {le’s; t > 0} by

[P e
0 a(X{T/e)
1

= f/()tf(x;f»)‘)dzf;.

a

N/

We now prove the following proposition.

Proposition 3.10. P a.s.,
(N, x5%) = (N, X*)  in C([0,1]) x C([0,1]),

where
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Proof. Since (X®* — Z®) converges to zero in probability, (N; fe %) behaves as ¢ — 0 exactly as (N; Je ,Z%),

hence we consider the two-dimensional martingale (N; I VAN and compute its associated bracket process, which
takes values in the set of 2 x 2 symmetric matrices. We have

0.5 Jit.6)
<<<Nf’5>>> _ fO a(X=/e) ds afO a(X”/s)
t

z afl Lo g5 g2

a(Xs™ /e) tl(X“/e)

Combining Theorem 2.1, Lemmas 3.5 and 3.9 we obtain that this R*-valued process converges P a.s. in IP law towards
LIy fAXDHds [y f(XDds
( fo f(X})ds at )
We then conclude that P a.s.,
(NIe, x5%) = (N7, X7)
in P law, where

1

t
N,f=:/ f(X)dxE, r=o0. -
0

a

The statement below is a straightforward consequence of Birkhoftf’s ergodic theorem.

Proposition 3.11. Forany N > 0, x e R and f € C(R) the following convergence holds P a.s.

Y f@) 1
2@/ dz — ;/x f(2)dz

su —> 0.

ly—x|=N

We now establish the version of (3.6) for & = 0, which is an Itd type formula for the process {F(x + X;),t > 0},
where F(y) := % foy W(z)dz, y € R. More precisely, we have the following lemma.

Lemma 3.12. Foranyt >0 and x € R, we have

. _
F(X})—Fx)= 2/0 W (X7Y)dX; +§/RL5"‘W(dy). (3.8)

Proof. We prove this formula by using smooth approximations of the process {W}, obtained by convolution. Let p
be a Cg(R) function such that p > 0, supp(p) S [—1, 1] and fR o (y)dy = 1. Define now

1
on(y) :=npny), Wy(y) :=/]an(y—z)W(z)dz=/1 (z)W<y——> dz. (3.9

From the uniform continuity of W on compacts, |W, — Wl¢ck) — 0, P a.s., as n — oo, for any compact set K in R.
Moreover, taking into account the fact that W is a standard Brownian motion, we get

E(W!(y) < c/_]1 [E<W4<y — 2))} dz = c/_ll <y - §>2dz <C(1+y%), (3.10)

for y e R. Set

Fi)i= % fo Wa(y)dy.
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1t6’s formula applied to the process {F;,(x + X;), t > 0} gives
c [ c [
Fn(x+X,)—Fn(x)=5/ W,,(x+XX)dXS+§/ W, (x + X;)ds. 3.1
0 0

Recall that {x + X, t > 0} is a non-standard Brownian motion independent of {W}. It is easy to see that the left-hand
side in the last formula tends to F(x + X;) — F(x), P x P a.s., as n — 00. Moreover,

t 2
ExE{U (Wn(x—l—XS)—W(x—i—Xs))dXS} }
0
t
:&E{E[/ (Wn(x+Xs)—W(x+X5))2ds:”
0

t
§&E{f [E(Wa(x + Xo) = Wx + Xs>)2]ds}
0

—0

9

since W, (x + X;) > W(x + X5),ds x P x P a.e., as n — 00, and moreover the sequence {(W, (x + X N3, n> 1}is
ds x P x P uniformly integrable on [0, t] x X x 2, thanks to (3.10).

Finally, from the occupation time formula for continuous semimartingales (see e.g. Corollary 1.6, page 209 in
[15]), with {L;} denoting the the local time of the process {X;, 0 <s <t},

t
/ W,;(x+Xs)ds=/LZ"‘W,;(y)dy—>/L,y"‘W(dy),
0 R R

in L2(X), P as., as n — oo (for more details see Section 5.7 in [10]). We used again the fact that the Brownian
motions {X;, ¢ > 0} and {W(y), y € R} are independent. Passing now to the limit in the formula (3.11) we get the
desired result. O

We can finally proceed with the following proof.

Proof of Theorem 3.1. Since the mapping
A:C(Ry) x C(R) > C(R,)
defined by
A, ) = f(x(®)

is continuous, if we equip the three spaces with the topology of uniform convergence on compact sets, we first con-
clude from Proposition 3.7 that

We (X5%) = W(XT).
Hence from the formulas for (M**), and (M*~, Z¢), above, and Lemma 3.9, we deduce easily that
-2

o). = S [T w)as,
a Jo

(Mo, z7). :>Ef0.W(Xf)ds,

and consequently

=
M = 5/0 W(X7Y)dX;.
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From Proposition 3.7, those convergences are joint with those of (X, F;). Consequently

t
Fe(X[") = Fe(x) = M{" = F(X}) — F(x) — 2/0 W(X7)dX;.

The convergence Y;/* = Y, /* now follows from (3.6) and (3.8). The result finally follows from the fact that all the
above convergences are joint with that of X%*. O

4. Pointwise convergence of the sequence u°
The first part of this section is devoted to establishing uniform integrability estimates for the exponent in the Feynman—
Kac formula (Propositions 4.4 and 4.5) which are essential for the proof of the pointwise convergence part of Theo-

rem 2.2, to which the second part of this section is devoted.
We first define the following R -valued random variables, for 0 <y < 1/2, & > 0:

& . = sup | We (x)]
PET R L+ xr

We have the following lemma.
Lemma 4.1. Forany 0 <y < 1/2 and &9 > 0, the collection of random variables {§, ., 0 < & < go} is tight.

Proof. Due to the symmetry it is sufficient to estimate |W, (x)| for x > 0. We have

(|W€(r)| —8/ / c(s)c(t) dsdt

< 28/ / E(c(0)c(s))|ds dr

< 2rcp.

Denote
o
Ny = / E(c(s + t)|gt) ds
0

By Proposition 7.2.6. in [6] the process 1, is stationary and |7;| < ¢ a.s. with a non-random constant c;. Moreover,

t
f c(r)dr —n;
0

is a square integrable G; martingale. Denote it by N;. Clearly,

t/e
Ws(t)zﬁ'/ C(S)dszﬁj\/t/a'i‘ﬁnt/ay
c Jo c c

and thus we deduce from Doob’s inequality

IA
'—I\)

_%E( sup (VeN; )2) =

c 0<t<r/e

E( sup |W€(t)|2>

0<t<r

ﬁ

2
c1é

SE(VEN)) 2

I A
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2 C%S
<8E(|W.(r)|") + 105
C

<C(e+r),
provided C = (16¢p) Vv (Ich/Ez). Now for j > 1, M >0,
W, ) _
P( sup % 2M> < P( sup |Wg(r)| > (1 —1—2’*1)1 VM)
2i=l<r<2i (I+r-r 0<r<2i

Ce+27)
T M2(142/71H27

2C _1\2y—1
g(gvl)W(l—i—Zf) )

Summing up over j > 1, we deduce that

|We(r)]
Pty ) <27 (s 00> )

5(8V1)WZ(1+2)
j=0

/

C
The lemma is established. O

Remark 4.2. We can in fact show that, as ¢ — 0,

[W(x)]
&, e =& =sup ——,
PETE T e (L Y

provided again 0 < y < 1/2, but we shall not use that result.
We next state a result, which is an immediate consequence of Lemma 3.2.

Lemma 4.3. There exists a continuous mapping
p: Ry xR4 x(0,2) > Ry
such that forallc >0,t>0,6 >0,0< p <2,
Es"exp(dx,&x‘p) <plc,t, p).
We next establish the following proposition.

Proposition 4.4. For any 0 <y < 1/2, there exists a continuous mapping ¥, : Ry — R such that

1 [ /X 2
Eev'Kexp(ﬁfo c( . )ds)) }glpy(sm). @1

Proof. Since from (3.6) and (3.5)

Ut xEYN T 5T W .
ﬁfo C<T>ds_2[6/x a(y/e) dy_Mf]’
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we obtain
U XN Ve R A ,
. (exp<$/o C( : )ds> )‘E exp(“/x a(y/s)dy_w’)
o (o [ W) o .
5(]E’exp(86/x a(y/yg) dy>> (B exp(—8MF)) /2. 4.2)

Clearly, it suffices to estimate each factor on the r.h.s. of (4.2) separately.
x& _ xX&
W, t
Es"exp(%/ e) dy) < Eg"exp<82/ ’Ws(y)’dy)
« ay/e) ¢ Jx
£, c X I-y
= E*"exp( 8- Epe(1+1yl) " dy
X

< IES"G:XP(C’—ZSZ’; [(1+ X7 )7 = (1+ le)z_y])

<Y (Ey ).

where we have used Lemma 3.2 for the last inequality. The second factor on the r.h.s. of (4.2) can be estimated as
follows
E*" exp(—8M¢) < (E*" exp(—16M; — 128(M°),))"/* (E"exp(128(M°) )) />

The first term on the r.h.s. does not exceed 1. For the second one we have by Jensen’s inequality
t
E* exp(128(M°) ) < E*"exp (c” / W2(XE) ds)
0
t
<! f E*"exp(c”t WSZ(X?X)) ds
0

< sup E"exp(ct[&y . 1%(1 + |X§’x|)2_2y)

0<s<t
<l
— Y V.€/s

where we have again used Lemma 3.2 for the last inequality. The result clearly follows. (]
Clearly, the same proof allows us to establish the slightly more general proposition.

Proposition 4.5. Let {t?, e > 0} be a collection of stopping times such that 0 < t® <t P x P a.s. Then for any
O0<y<1/2,

1 (7 /x5 2
o ffon e [ ()0 v

where W,, : R — Ry is the mapping which appeared in (4.1).

We can now proceed with the following proof.

Proof of the pointwise convergence in Theorem 2.2. We will now show that for each (¢, x) € Ry x R, u(t,x) =
u(t,x), as ¢ —> 0. We delete the parameters ¢ and x. It suffices to show that for any ¢ € C(R; [0, 1]), ¢ Lipschitz
continuous, as € — 0,

Ep(E*[g(X®)exp(Y®)]) = E@(E* [g(X)exp(Y)]). (4.3)
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where X¢ = X", X = Xf=x+ VaB,, and (recall (3.6) and (3.5))

X¢ X;* t
Y5:2|:E We () dy—Mf] =2E</ We) 4 _ lf Wg(Xf’x)de),
x ay/e) xay/e) alo

c X t
Y:25|:/ W(y)dy—/ W(x+Xs)dXs:|.
X 0

The fact that this Y equals the exponent in the Feynman—Kac formula for u (¢, x) follows from (3.8). We first approx-
imate Y¢ by Y& M as follows. For each ¢ > 0, M > 0, let

Ty = inf{s >0;

X;| = M}

and

x&x IAT],

ret, W, 1

yeM =2 / i Wely) dy—:/ Y we(xeryaze ).
x a(y/e) aJo

We postpone the proof of the following lemma.

Lemma 4.6.

sup| E@(E*[g(X7) exp(Y)]) — E@(E* [¢(X;") exp(Y**)])| — 0,

e>0

as M — oo.

Since the collection of random processes {W,(y); y € R} is P-tight, for all § > 0, there exists N € N and fs 1,
f(;’z, cees fS,N € Cb(R_;,_) such that if

Bt = s W@ - fiaw| =0} 1=k=N,

_5715)553—1
then
N C
k=1
Let now
8,6 _ pb.e
B = B,

and finally

N c
AP = (U B,f*5> ,
k=1
so that P(A%¢) < 8. Note that Il f5.xloo depends on §. However, we can and will assume that for some 0 <y < 1/2,

| fsx (0] <28, (1+1x))' 77, (4.4)
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foralld >0, k e N.
We now develop

E(E[g(x)e" 1) = Y E{o(E™[e(x%)e"™ 1): BYF} + E{p(E[g(x)e"" ]): A<},

k=1

The last term in the above right-hand side is bounded in absolute value by §. Now for 1 <k < N,

Efp(E[g(x)e" 1): BE Y = E{(8 [g(x)e ] B} + ¢,

where

xp* 1 rt
Y,f’g = 26</x % dy — 5/0 fa,k(X?x)dZ?)

We postpone the proofs of following lemmas.

Lemma 4.7. There exists a constant C, which depends only on t, || fs k|loc and the constants appearing in (2.1), such
that for each § > 0,1 <k <N,oc € X,

sup E&? [ezyk‘?‘e] <C, Pa.s.

e>0

Lemma 4.8.

Zek

k=1

sup -0

e>0

)

as & — 0.
It follows readily from Propositions 3.10 and 3.11 together with Lemma 4.7 that, as ¢ — 0,
8, 5
E*O[g(X°)e% ] — E5 [g(X)e'Y ],

P a.s., where

el (% '
Y =2- fsady — [ fox(Xy)dX7 |-
alls 0

Let B,f, 1 <k < N, denote the sets defined exactly as the B,f’s’s, but with W, replaced by W. The boundaries of those
sets being of zero Wiener measure, we conclude from the last statement and the fact that W, = W that as ¢ — 0,

Elp(E[g(x)e"s 1) B} — E{o(E [s(x)e"t]): B).

Now, in the same way as above we obtain
N
Ep(E™[g(x)e"]) =) E{p(E [¢(X)e"]): B} + E{p(E™ [g(X)e"]): A%},
k=1

P(A‘S) <§,andforeach 1 <k <N,

E{p(E[g0e"]): BY} = E{p(E [s(X)e'i]): BY} +e¢f.

All we need to conclude the proof is the next lemma.
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Lemma 4.9.
N

> e

k=1

as 6§ — 0.

— 0,

It remains to prove the four lemmas.

Proof of Lemma 4.6. Let K denote the product of the Lipschitz constant of ¢ by || g|lcc- Since ¢ takes values in
[0, 11,

Elp(E[g(X7)e""]) — (B [g(X")e" "))

< E{1 AKE>(je" =" )]

< E{1 AV2K (ES [ + 2 ")) 2 (P (g, < 1)) ')
= E{1 A 2K (%, (&.0) " (B (o3 < 1)) 7]}

< L(P(cf, <1))'* + P(¥,(5,.0) > L?/4K?),

where 0 < y < 1/2 and ¥, (§, ) appears in Propositions 4.4 and 4.5. Since the latter is P-tight (for ¢ > 0), we can
choose L = L, such that the second term in the last expression above is less than n/2. It remains to choose M large
enough (exploiting this time the tightness of {X®*; ¢ > 0}) such that

L, (P (v, <1))"? <n/2. O
Proof of Lemma 4.7. There exist two constants ¢; and ¢, such that

e 1/2
Fe 2 < (Es,-eq|X,€'X—x|)1/2<Es,-eczf(§ /g_k(Xﬁ’*)de;) / .

The bound for the first factor on the right follows from Lemma 3.2, and the bound for the second factor follows easily
from the boundedness of both fs x and d% (Z8). O

Proof of Lemma 4.8. We have, by an argument similar to that in the proof of Lemma 4.6,

N N . se
> e’ < E(lAZKEE"HeY’ — e \]13;3»8>
k=1

k=1
N g1 3,¢
< E(l AY CKES (" el )|yeM — Y,f’8|]185_8>.
k
k=1

Now

B 4 e

< (2ES’.[62Y&671 +eZY;f'S])l/z(le,sIE&'[]Ys"sfl - Y/f’glz])l/z

<c(2[¥y &)+ )"

< (PE (X5 P)+E (X0 = X0 [P) 4o+ B (1 =1 At ) e

N tATS
5= 5~
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Finally,

N
Dol < EQATK (149 p0) (51 4+ C8 + p(1.8) 7)),
k=1

where
p(t,8) = sup[E* (| X5 — X5 )+ E (1 —t A1l )]
e>0 =1
— 0,
as § — 0. The end of the proof is similar to that of Lemma 4.6. (]

Proof of Lemma 4.9. This proof is similar to that of Lemma 4.8.

N

> E{Jo(E[g(0e"]) — o (B [g(X)e'?])

k=1

N
B} < E{l AK Y B —eYlf‘lBg}.
k=1

Now
1B fe? — ¥ | < (25 (e2 +¢218)) 2 (1 Be [ |y — V7)),

and on the set B,‘z, using in particular (4.4),

=\ 2 x+B; 2
B (Y - vif) 58(2) E[(f [W()’)—fa,k()’)]d)’> ]

—\ 2 t
+8(2> ES"/ ’W(X+Bs)_f8,k(x+BS)‘2ds
0

< 0(82t +&,1'%v tl"’/z\/PS*'(lel >38-1 —|x|)

+c§3t2_VIP8"< sup |x + Bs| > 8_1>),

0<s<t

which clearly goes to 0, as § — 0. The result follows. ([

5. Convergence in C(R; x R)

It remains both to prove the convergence of the finite dimensional distributions of u® towards those of u, and to
establish that the sequence {¢°; ¢ > 0} is tight as a collection of random elements of C (R4 x R).

Theorem 5.1. Forany e N, (t;,x;)) e Ry xR, 1 <i <,
(1. x), o (e, x0)) = (u(tr, x1), ... ulte, X))
as e — 0.

Proof. We only sketch the proof, the details being identical to those of the proof of the pointwise convergence, as
were given in the previous section. For each 1 <i < ¢, we define X f = Xfl_’x" and

Y.S:L/tic X g
v S G A
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We need to take the limit as ¢ — 0 in the quantity
Ep(E* [g(X7)exp(¥7)]. ... E*[g(X}) exp(Y{)]).

where ¢ € C (RZ; [0, 1]) is Lipschitz continuous. For that sake, referring to the notations in the previous section, for
eachd > 0,1 <k <N, we define

X¢ t
8, - ! f5 k(2) 1/1 £,X; &,i
Yo =2 ———dz— = Xerydz: "',
Lk C( Xi a(z/e) ¢ a Jo fé,k( s ) s

where

. ) XE,)CI'
z;! :Xf’x’ +£X( tg >

We have that foreach 1 <i < ¢,

N
B (o (XF) exp (V)] = D B [g(XF) exp(Vii)) 1y,
k=1
and consequently

Ep(E™[g(X7)exp(Y7)]. ... E"[g(X7) exp(¥7)])

=2 Ele(E[s(xi) exp(Yi5)]. - B (g (X) exp(Yp5) )1 -

Butforeachl1 <i<¥¢,1<k<N,

E*"[g(XF) exp(¥yy )] — B [g(X0) exp(¥)y)]

P as.,as e - 0, where X; = x; + \/EB,I. and

V=23 < / " ooz - / ol +VaB,) de)
The result follows. ]
We finally establish the tightness result. All we need to show is the following theorem.
Theorem 5.2. There exists a sequence pg in Ry which tends to 0 as ¢ — 0, a mapping
Q: ]Ri x R? — R4
such that forall T > 0, M > 0,

sup o(T,M,s,t,x,y)—0 (5.1
0=<s,t<T;|x|,|y|<M;|t—s]|<8;|x—y| <

as 86 — 0, and a continuous mapping P :Ri — Ry such that forall 0 <s,t <T, |x|,|y| <M,

|M([,)C) - M(S, Y)| S (p(T’ MV‘S;:)/,S)[pS +‘P(T’ M,S, t,.x, y)] (52)
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Proof. We will establish (5.2) with
o(T, M, s, t,x,y)=/|t —s|++/]x — y| —i-\/]E([g(x ++aB,) —g(y+aBy)]),

which satisfies (5.1).
We need to consider
W1, X) = u (5, y) = B g (X e VRl e 0 e g (X0 el VR X e

=B {[g(XF) -

+ Es"{g(Xs V) [61/\5/0’ (X7 fe)dr _ o1/VE [ (X7 /o) dr:I ] (5.3)

) g(XSs,y)]el/ﬁfo’c<Xﬁ"‘/s>dr]

The absolute value of the first term of the right-hand side of (5.3) is dominated by

\/]Eg,.ez/ﬁfé c(XE* Je)dr > \/Egy.([g (thx) . g(Xi’y)]z)-
The first factor in the last expression contributes to the coefficient @ (T', M, &, ) in (5.2), while the difference between

the second factor and

VB ([ +vaB:) — g(y +vaBy)P)

contributes to p.. Now the absolute value of the second term in the right-hand side of (5.3) is dominated by cE(A +

B.), where

A, = ‘61/\5[5 (X7 fe)dr _ G1/VE fg (X7 /o) dr

and

B. = ‘ewzf(; (X fe)dr _ G1/E [y e(Xy fe)dr

Below we will use repeatedly the elementary inequality |e* — e?| < |a — b|e®V?. In particular, we deduce that (assum-

ing w.l.o.g. that 0 <s <7t)

IS ¢bd
B, <|— d

(el/\/a/g (X7 fe)dr |, G1/VE [y (X7 [e) dr).
ly EB, is dominated by a factor which contributes to @ (T', M, €, ) times the square root of

Consequent

_ x&y 2
A= [T We(2) : :
Es’<2c/ d dz+Mfy—Mfy:|>

xi a(z/e)

t
§c]E€"< sup Wz(z)|X,g’y —X};’y’z"'/ Wgz(er,y) dr)
A

&,y £,y
lzl=I1X IVIX |

— t
<cg2 (1 sop X 1) I x| ar)
N

s<r=<t

2
S Céy,slt - S|'
By the same argument as above, E* A, is dominated by a factor which contributes to @ (T, M, &, ) times the square

root of
5.4

o

x5y 2

W,

/ £(2) dZ’ + ’Mts,x . Mts,y’2).
y a(z/e)

/Xr“ We@ o
. a(z/e)
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While the two laws of {X%*} and {X%7} are given to us, the coupling between these two processes is at our disposal.
We make the following choice. Given o € X, the two processes {X®*} and {X*”} are mutually independent, until the
first time ‘L’fy when they meet, and then the two processes follow the same trajectory. We note that as ¢ — 0,

r)fy = Ty = inf{r; x + x/gBrl =y+ \/c:zBrz},

where {B'} and {B?} are two mutually independent standard Brownian motions. This follows from the fact that the
first time when a two-dimensional Brownian motion meets the diagonal of R? is a.s. a continuous function of the
trajectory. Suppose w.l.o.g. that y < x. Then

P*" (1) > 68) =]P’5"( sup (B2 — Bl) <z —y)

0<r<é " " \/E
. X =y
:1—P5’<sup B> - B! > )
0§r§6( " r) Va

- 2 1_X—Yy

Va
=]P"‘3"(|Z| < 3%)

1 |x —yl
X

Vma o N8

where Z is an N (0, 1) r.v. On the other hand,

=

E8'.('L')cy At) < C“/ﬂx =l

We now estimate the first term in (5.4) for |x|, [y| <M,0<t<T,

X¢ X 2
ES(/ We (2) dz—/ We(@ o >
x alz/e) y a(z/e)

Y Wez) ( /Xr“ W (2) /Xf’y W (2)
——d E* —=d d
cawe S TENL @ T awe
)4—2

<c(ME) (Ix =y +ES[(1+ x| v [ X7 v Iyl v ] X7

2
1{r§y>t})

"z =n])

<c(M, & (Ix =y +|x — v+ p}),

where pé — 0, as ¢ — 0. We finally estimate the second term in (5.4), again for |x|, |[y| <M,0<t <T,

=
B (|ME — M5 < c]E/ ;
0

At

[W2(X5) + W2 (X5™)] ds

< csﬁ,sE&'[ sup (14 X5 | X5 )7 (x5, A t)]
0<s<t

<M, T)E (Ix =yl + pl).

The theorem is established. O
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6. The stochastic PDE for the limit «

In this section, we study the limiting SPDE. Formally, we would expect that it reads

o ) 5’32“0 )+ ult,x)o W(dx), 1>0,xeR
—(t,x)=-——=(,x cu(t,x)o X), =zU,x ;
ot 2 9x2

u0,x)=g(x), xekR,

6.1)

where the above stochastic integral should be understood in the sense of the anticipative Stratonovich integral (see
[13] or [12]). However, since it is difficult to get any uniqueness result for such an equation, we prefer to rewrite it in
a different form. In fact, since

O () W
f() P

we can rewrite the original u® equation as

aa_bfa,x) = %%(a(‘) am)(n x) +E%(Weu )t x) ~ cWe@ (f -

e) ox
u® (0, x) = g(x).
Hence we might expect that the limiting equation reads

ou i d%u W W -0 R
E(r,x) 282(1‘ x)+c—( u)(t,x) —c (x) (t x), t>0,xelR;

u0,x)=g(x), xeR.

6.2)

Would the equation be posed on a compact interval, or would the random process {W (x), x € R} have a.s. bounded
trajectories, then the existence and the uniqueness for (6.2) would be very easy to obtain. Here we will content
ourselves with the following result.

Theorem 6.1. The parabolic PDE (6.2) has a solution u € L10C R4; H,
Kac formula

u(t,x) ::E[g(Xf)exp(%AL?Y_XW(dy))}. (6.3)

(R)) a.s., which is given by the Feynman—

loc

Proof. We need to show that u, given by the formula

u(t,x) = E[g(xf) expG /RLty"W(dy)ﬂ,

belongs to Lloc Ry; HILC (R)), and solves the parabolic PDE (6.2).
For that sake, we first define an approximation of the Wiener process W, by the formula

Wi (x) = [(W % pp) (x) An] Vv (=n),

where * stands for the convolution operation, and p, (x) :=np(nx), p is a smooth map from R into R with compact
support, such that

/ px)dx =1.
R
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Let u" denote the solution of the approximating PDE

ou" ~ 82 n
0 =20 )+ EW, o (1, x), 1> 0,x €R;
ot 2 9x2
(6.4)
u*(0,x) =g(x), xeR.
It follows from the Feynman—Kac formula, see e.g. [9], that
t
u(t,x) = E[g(x +X;) exp(@/ W (x + Xy) ds)]
0 (6.5)

=E[g(x+Xt)eXp<g/RW,§(z)L§"‘dz>},

where X; = Va B;, and {B} is a standard Brownian motion defined on (§2, F, IP), while Lz denotes its local time at
time s and point y. It follows from arguments similar to but simpler than those in Section 4 that

E[g(x + X,)exp(% /IR W,;(z)Lf_" dz>] — E|:g(x + X,)exp(%/RLf_xW(dzO].

For each M > 0, we now write an equation satisfied by u":

—aun(z )_—a 82un(t )+¢ 7( )(z ) —cW,( ) (t ), t>0, —M M
j— > < <
91 , X ) ax2 X ax X C X X . X

u"((),x):g(x), un(tv_M):E (t, _M)v u (t,M):S (taM)v

(6.6)

where £" denotes the right-hand side of (6.5). It is now easy to show that

xé"(t,M) —£',-M) £, M)+5"(1, —M)
2M 2

Vi, x) =u"(t,x) —

solves eq. (6.6) but with homogeneous Dirichlet boundary conditions. Now v" converges strongly in LIZOC(RJr;
H(} (=M, M)), P a.s., towards the solution of the parabolic PDE

av(t )_éazv(t )+_8(Wv)
ar Y T g

v(0,x)=gkx), —M<x<M, v(t,—M)=v(Et, M) =

9
(t, x) —EW(x)a—U(t,x), 1>0,-M <x<M:
X

We conclude the u :=lim,,_, o, 4" belongs to the space LIOC Ry lOC(IR{)) a.s., and it satisfies (6.2) in the variational

sense, i.e. for any > 0, any ¢ € C 2(}R) with compact support, and a.s. ({-, -) denotes the scalar product in L2(R)),

M1 d
(u@), p)= (g, 9) +f0 |:§(u(s),<p”> —¢(Wu(s), ¢') —E<W£(s),¢>] ds. 0

Remark 6.2. The same problem on a bounded interval (a, b) C R with Dirichlet homogeneous boundary conditions
could be treated either by the same method, or by a much simpler PDE argument. Namely, noting that c( ) =

W/ (x), we have that u® is the unique element of ioc Ry H (a,b)) NCRy; L2(a b)) which satisfies the PDE

aaiz %ai(a(_) )+Cd (Wa )—EWE%, a<x<b, t>0
u®(0,x) = g(x), ut(t,a) =u®(t,b) =

It is then not very difficult to show that u® = u, the unique solution again in leoc Ry; HO1 (a,b)) NCR4; L%(a, b))
of eq. (6.2) in R4 x (a, b), with homogeneous Dirichlet boundary conditions.
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