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Abstract. We consider the problem of nonparametric estimation of signal singularities from indirect and noisy observations. Here
by singularity, we mean a discontinuity (change-point) of the signal or of its derivative. The model of indirect observations we
consider is that of a linear transform of the signal, observed in white noise. The estimation problem is analyzed in a minimax
framework. We provide lower bounds for minimax risks and propose rate-optimal estimation procedures.

Résumé. Cet article a pour but d’étudier le probleme d’estimation non-paramétrique de singularités d’un signal a partir des ob-
servations indirectes et bruitées. Les singularités que nous considérons ici sont des points de discontinuité (points de rupture) du
signal ou de ses derivées. Nous étudions le modele ot 1’on dispose d’observations indirectes d’une transformée linéaire du signal
dans le bruit blanc gaussien. Le probléme de I’estimation est analysé dans un cadre minimax. Nous obtenons des minorations du
risque minimax et nous proposons des estimateurs qui sont optimaux en vitesse de convergence.

MSC: 62G05; 62G20
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1. Introduction
Let us start with three estimation problems which motivate our study.

Problem 1 (Estimation of a change-point in derivatives). Consider the Gaussian white noise model
dY(t) = f()dt +edW(r), t€][0,1], (1)

where f is an unknown periodic function on [0, 1], € > 0, and W is the standard Wiener process. Assume that f is o
times differentiable, and f'® is smooth apart from a single discontinuity of the first kind at the point 6 € [0, 1]. We
are interested in estimating the change-point 0, and the amplitude a of the jump. When « is not an integer, then f©
is understood as the Weyl fractional derivative of f. Let m = |« (here |« ] stands for the integer part of o). We say
that £ has a cusp of the order « —m at 6.
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Problem 2 (Change-point estimation in the convolution white model). The white noise convolution model is given
by the equation

dY () = (Kf)(1)dt + edW(t), te]0,1], 2)

where f is a periodic function on [0, 1], ¢ > 0, W is the standard Wiener process, and the operator K is that of the
periodic convolution on [0, 1]:

1
(Kf)(1) = /0 K(t— ) f(s)ds.

The function f is assumed to be smooth apart from a single discontinuity at 6 € [0, 1]. The goal here is to estimate
the change-point 6 and the jump amplitude a.

Note that the derivative change-point estimation is a special case of Problem 2. Indeed, assume without loss of
generality that f has zero mean value. Then for any « > 0, the operation of Weyl’s fractional integration is expressed
in terms of convolution:

1 0 —2mikt
(=) (1) — _ _ - ©
YO =KHE) = /0 Kyt —s)f(s)ds, Kq(t) = k__%‘k#o (—2mik)®

In this case estimating a change-point in f from observations (2) amounts to estimating a change-point in f(®
from observations (1). For more details on fractional derivatives and integrals of periodic functions, we refer to [20],
Section 19.

Problem 3 (Delay and amplitude estimation). Let S be a known periodic signal. Assume that we observe the trajec-
tory Y = (Y (t)),t €[0, 1] where

dY (1) =[aSt —0) +q(»)]dr + edW (@), 1€[0,1], 3)

a € R\ {0} is unknown nuisance parameter, 6 € [0, 1], q is an unknown smooth periodic nuisance function, ¢ > 0, and
W is the standard Wiener process. We are interested in estimation of the delay parameter 6 and the signal amplitude a.
To ensure that 6 is identifiable in this setup, some additional conditions on q should be imposed. For instance, one
can require that function q is smoother, in a certain sense, than S.

Change-point estimation and detection is one of most important tasks of statistics and as such it retained much
attention of statistical and signal processing community (cf. the books [2,11], and the references therein). This prob-
lem is also well represented in the literature on nonparametric regression estimation (cf. the works of Korostelev
[12], Yin [24], Miiller [14], Wang [23], Raimondo [18], Gijbels, Hall and Kneip [5], Antoniadis and Gijbels [1],
among many others). Certainly, among the estimation problems, presented above, it is Problem 1 that was treated
most extensively. For instance, Korostelev [12] considered minimax estimation of the change-point in f from direct
observations («¢ =0). A remarkable result in [12] states that the minimax risk over the class of functions having a
single change-point and satisfying the Lipschitz condition away from the change-point is &2, while the minimax rate
for the sequential (Markov) estimator is £2Ine~!. In the problems of sequential estimation of a change-point in the
signal (o = 0), or in its derivative (o« = 1), precise asymptotic expressions for the minimax risk have been obtained in
[4]. Tt has been proved there that minimax rate of sequential estimation of the change-point in the derivative (o = 1)
from observations (1) is (¢2Ine~!)!/3. The problem of minimax estimation of cusps and change-points in deriva-
tives (o > 0) is much less studied. For instance, Raimondo [18] has developed a suboptimal wavelet estimator; some
suboptimal change-point estimators were proposed recently by Huh and Carriere [10] and Park and Kim [16].

A problem of change-point estimation closely related to Problem 2 has been studied by Neumann [15]. In particular,
the minimax rates of convergence for change-point estimation in the density convolution model are derived in that
paper. Namely, for the class of probability densities which are Lipschitz-continuous away from the change-point,
Neumann [15] shows that the minimax rate of estimation of the change-point is min{n~=2/?f+3) ,~=1/Z+D} where
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n is the size of the observation sample, and B is the ill-posedness index of the convolution. With usual calibration
n~1/2 = ¢ this result can be translated to the white noise convolution model. Recently, Goldenshluger, Tsybakov and
Zeevi [6] have studied the problem of change-point estimation in the convolution model (2). They have extended the
results of Neumann [15] to the classes functions which are smooth, except at the point of discontinuity and provided
a number of minimax results for this problem.

In the statistical literature, Problem 3 is mainly studied under parametric assumptions, i.e., when g (z) = 0 (see,
e.g., [11], Section 7.2, [13]). For some related models, we refer also to [8] and [3].

In this paper, we propose a unified framework to study Problems 1-3. We show that estimation of the change-
point 6 and the jump amplitude a in Problems 1-3 can be reduced to the problem of recovering the frequency and
the amplitude of a complex harmonic oscillation in the presence of random noise and a deterministic nuisance. To be
more precise, consider the following sequence space model

vk = aexp(2nikf) + gk + coréx, k€N,

where g = (gx) € CN is an unknown nuisance sequence, o = (o) € CNisa given sequence, and & = (&) € CN is
a sequence of independent standard complex-valued normal random variables.We demonstrate below that this model
includes the aforementioned Problems 1-3 as special cases. Then we concentrate on the study of theoretical accuracy
limitations in estimating 6 and a, and develop corresponding rate-optimal procedures. Our frequency domain estima-
tion technique is closely related to spectral analysis of time series and frequency estimation. There is vast literature on
estimation of complex harmonic signals from noisy observations (see, e.g., [9,19], and the recent book [17] for further
references). In the forthcoming second part of this paper [7], we develop adaptive estimators of 6 and a that do not
require prior knowledge of regularity of the nuisance sequence (gx).

The rest of the paper is organized as follows. In Section 2, we formulate the estimation problem in the sequence
space and establish its relationship to Problems 1-3. We define the estimator of the jump amplitude and study its
properties in Section 3.2. Finally, Section 3.3 is devoted to the change-point estimation. Proofs of main results are
given in Section 4, auxiliary results are relegated to the Appendix.

2. Sequence space problem formulation

Consider the following model in the space of sequences
Yk = aexp(2nikf) + gk +eoyék, k€N, “4)

where a € R, 6 € [0, 1] are unknown constants, g = (gx) € CN is an unknown nuisance sequence, o0 = (oy) € CN
is a given sequence, and & = (£) € CN is the sequence of independent standard complex-valued Gaussian random
variables: (&, I&) ~ N (0, I). The goal is to estimate 6 and a using observations yi, k € N.

For a real-valued function f € L;[0, 1], we denote (f) the sequence of Fourier coefficients of f:

1 .
fi E/ fer™*dr, kel
0

Note that as f(¢) is real, f_r = fk (here x is the complex conjugate of x). This is why, in what follows, we only
consider the part of the sequence ( fi) for k > 0.
We will assume that the nuisance sequence (gx) belongs to the Sobolev ellipsoid G5 (L), s > —%, 0<L < o0,

o0
Gy(L) = {g e CN| Y laul® < LZ].

k=1

We will refer to the function f to belong to the ellipsoid G (L) if the sequence of its Fourier coefficients is in G (L).
The sequence (o%) is assumed to satisfy the following assumption:

Assumption A. For some B> 1/2and 0 <o <o

ok? <loy| <okP, VkeN. )
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The general scheme that we develop in this paper can be applied to a variety of cases, including the setup of
infinitely smooth nuisance functions and/or severely ill-posed problems when |ok | grows exponentially with k. These
extensions do not introduce major conceptual difficulties and require only a technical care. They are left beyond the
scope of our work.

Let us show that Problems 1-3, formulated in Section 1, can be expressed in terms of the observation model (4).

Problem 1. If £ has a single discontinuity of size a at 0 € [0, 11, then it can be uniquely represented as
[0 =aVa—0)+q0), 1€l0,1], ©)

where V(t) =1/2 —t — |t] is the “saw-tooth” function, and q € G3(L), s > % We note that (6) is the standard way
of representation of discontinuous functions in the theory of Fourier series (see, e.g., [25], p. 9). Then the model (1)
is equivalent to the sequence-space model (4) where

g€G,_1(2nL), of = 2mk)?*+2, (7
Indeed, as

Ve = Quik)™, k=
0, k

1,2,...,
Oa

and, due the periodicity of f, go =0, the Fourier coefficients of the function f© in (6) are
P =a@nik)y ™' ¥ 4 g, keNt, and £ =0,
On the other hand, the model (1) is clearly equivalent to

= fi+em, k=0,1,2,...,

where 7, = fol e2mkt 4y (1), and Nk are i.i.d. standard complex-valued Gaussian random variables. Note that

O = (—2mik)® fy, keN*,
Thus we obtain for y; = (—1)*(2nik)*zx, g = Quik)gy and & = (—1)%i*F iy,
27ikO

Yk =ae + gk +oxekr, keNT,

with (o) and (gx) which satisfy (7).

Note that the problem of estimating the change-pointin f from observations (1) (as in Korostelev [12]) corresponds
to the model (4) with oy =27k, ie., B=1.

Problem 2. Suppose as above that the decomposition f(t) =aV(t —6) 4+ q(t) hold, and q € G;(L). Assume that
the Fourier coefficients (Ky) of the kernel K do not vanish, moreover, let for some o > 1/2 and 0 < ¢ < C < oo the
kernel K satisfy:

ck® < |(Kp)~!| = Ck*.

When using the same arguments as above we conclude that the model (2) can be equivalently rewritten in the form (4)
with

or =2mk|(K)™'], keNT, g€G,_1(2nL).

Observe that the relation (5) holds with B =o + 1 and 0 =27c and o =27C.
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Problem 3. Suppose that in the model (3) g € Gs(L) and for some % <a<sandO)<c<C<o0

ck® <|S;'| < Ck¥, keNT.
Obviously, the model (3) is equivalent to (4) with

, keNT, g€ Gs_o(CL),

O’k=|Sk_l

with ck® < o < Ck“.

3. Main results

Our objective in this section is to bound the minimax complexity of the problem of estimating parameters a and 6 in
the model (4). With some terminology abuse we will refer to 6 and |a| as change-point and jump amplitude. Let us
first introduce some notation.

3.1. Preliminaries

Complexity measures
Let 6 be an estimator of 6 based on observations (yx), as in (4). We measure the accuracy of 8 with the maximal risk

Ry [§ G, (L)] = sup (E(é\— 9)2)1/2
2€Gy(L),0€[0,1]

(here E(-) = Ep ¢ () stands for the expectation with respect to the distribution of (&)). The minimax complexity
R;[G(L)] of the estimation problem (the minimax risk) is defined by

R3[Gy(L)] =inf Re[6; G5 (L)],
0

where the infimum is taken over all estimators 6 (i.e., measurable functions of observations). Note that the minimax
risks of f-estimation depend on |a|, but we do not indicate this explicitly to alleviate the notation. Similarly, in the
problem of estimating the jump amplitude |a|, we define

Rf@Gy]= s (E@—al)’)"” RI[G(D)]=inf Ra[@ Gy (L))
8€Gy(L),0€[0,1],aeR a

The following construction underlies the estimator design:

Contrast functions
Let N be a positive integer number, a design parameter to be chosen. Consider the following random functions:

2N L
Ivy=| Y we M relo, 1], ®)
k=N+1
2N 2N '
Hy@y=2mi Y Y (k= jpwyje ¢ 1efo,1]. )
k=N+1j=N+1
In fact, Jy is nothing but the rescaled periodogram of the data yi confined to the spectral window {N + 1,...,2N}.

Observe also that ﬁN (1) = —JI’V (t). We denote

2N 2

Z exp(—Znik(l — 9))

k=N+1

In (1) =a®

3
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2N 2N

Hy()=2mia> Y > (k— j)exp(-2mi(k — j)(t — 0)).

k=N+1j=N+1

Note that Jy and Hy correspond to the functions, defined in (8) and (9), when y; = a exp(2mik6). Let

2N ikt 2 sin N\ 2 ,
Fy=| Y e =("5m ) UvO=-Fyo: (10)
k=N-+1

Fn(-) is the standard Fejer summability kernel up to a normalization [25]. It is easily seen that

IN()=a*Fy(t—6) and Hy(t) =a*Un(t —0).
The parameters 6 and a admit useful characterization in terms of functions Jy and Hy. In particular, 6 is the unique
global maximizer of Jy, and the corresponding maximal value is > N2. Furthermore, let #_ and 6., be, respectively,
the (unique) global maximizer and the unique global minimizer of Hy. Then 6 is the unique zero of Hy on the
segment with the endpoints at 6_ and 6, (it is also the midpoint of this segment). Further, as we show in Section 4.1,
the functions J, N and HN converge to Jy and Hy uniformly on [0, 1]

Construction of our estimates for a and 6 is based on statistics Jy ~ () and H n (¢) and exploits the aforementioned
properties of their “ideal counterparts”, Jy (t) and Hy (¢).

3.2. Jump amplitude estimation

Now we turn to the problem of the jump amplitude estimation. We set

ay =N"! max \/ In(0).
t€(0,1]

Theorem 1. Suppose that Assumption A holds true. Let a, be the estimate, associated with
3
N:Nasmin{N: evVIne=lo,(N) > <\/;)LN”1/2}, (11)

where oy (N) = Zk N4l O’k Denote

9o = LOPDICHT2) (e [ g—1) 5 +D/B425) 12

Then there exists a constant C = C(B, s) such that for all ) < e < 1

Rq[ay; Gy(L)| < Co,  foranya € R. (13)

Our next result is the lower bound on the minimax risk.
Theorem 2. Suppose that Assumption A holds. Denote

Then there is ¢ = c(B, s) > 0 such that for any ¢ small enough the minimax risk satisfy

RZ [Gs (L)] > Cs.
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Remarks:

1. When comparing the bounds of Theorems 1 and 2 we conclude that the estimator @y of |a| is rate minimax.
This result comes without much surprise. Consider, for instance, the problem of recovering the amplitude of the
discontinuity in the derivative f (@) In this case, the rates @e and ¢,, coincide, up to a constant, with the minimax
rate of estimating the function f @ in the uniform norm from observations (1) or (4).

2. The derived minimax rate of convergence follows from the fact that in our definition of the minimax risk the
supremum is taken over all a € R. In particular, the lower bound of Theorem 2 is achieved on worst-case signals
with jump amplitude a tending to zero as ¢ — 0. If in the definition of the minimax risk, the supremum is taken
over all |a| separated away from zero by a given constant, then the minimax rate of convergence is faster by the
logarithmic factor.

3. In the case when an estimate of the sign of a is also required the corresponding estimator can be easily constructed.
To this end, let us consider the random function

2N,
My, (1) = m( > yke_zmk’>,
k=Ng+1

and set the estimator 5 of signa as follows: 5 = sign([\//? N, (7)), where T is a global maximizer of Ia N, (). Note that
My, is a perturbed version of the “ideal” function

My, (1) a%( ZXN: v exp(—2ik(s 9))) SN =0) LGN, + Dte —0)]
N, (t) =at k - — =a— p —-0)].
k=Ny+1 sinmt(t —0)

One can show that P (s # signa) converges to zero exponentially as & goes to zero.
The aggregate My, can be of interest on its own. It can be proved that the estimator

)

— n-1 i
=N ' max | My, ()|

obeys the bound of Theorem 1. This study is, however, beyond the scope of the present paper.
3.3. Change-point estimation

Estimator construction
The proposed estimation procedure is based on the representation of 6 as the unique zero-crossing of the function Hy
on the segment delimited by the global minimizer and the global maximizer of Hy. Therefore, the estimation algo-
rithm is two-staged: at the first stage, a localization for the “active segment” of Hy is computed using the global
extrema of the empirical function i, v then 9 is taken as a zero of H, n on the localizer.

Let

@\_zargminﬁN(t), §+=argmaxﬁN(t). (15)
te[0,1] tel0,1]

C}I\ons}i\der the localizer 7, = [min(@i, §+), max(@l,é})]. The estimator §N is defined as a root of the equation
Hpy (On) =0 in the interval Z:

é\N EIEZ ﬁN(é\N)ZO.
If ~ () has several roots on Z, we pick any one of them, if there are none, we set 0= é;.

Risk bounds for é\N

We present here the upper bounds for the maximal risk of On. We split the admissible range 8 > 1/2 of Assumption A
into two zones: 1/2 < 8 <3/2 and B > 3/2. According to the argument in Section 2, the first zone corresponds to
estimation of a change-point or a cusp of the order less than or equal to 1/2 from direct observations, while the second
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one covers the problems of estimating change-points in derivatives. The choice of the window parameter (the value
of N) and the rate of convergence of Oy are quite different in those zones. The next two theorems state the upper
bounds on the maximal risks separately for these two cases. Let us denote

2N 2N
o =0 (N)=N* " of +N* Y K. (16)
k=N+1 k=N+1

Due to Assumption A, one can easily verify that for some C, < 00, 0, < C,a NF+3/2,
Theorem 3. Let Assumption A hold with B > 3/2 and let 0, denote the change-point estimate §N associated with

N = Np = min{N: g0, (N) = 2LN~*+3/2}, (17)
where o, is given in (16). Let ¢ < 6Bt L(C,5) ! and

la| > L P~/ C542B) () Cs+D/2s428) /1 g1 (18)
for some constant ¢ which depends only on B, s. Then there exists a positive constant C = C(B, s) such that

Ry [’Q\* GS(L)] < C|a|71L(2f373)/(2ﬂ+25)(58)(2s+3)/(2ﬁ+25)‘ (19)

Theorem 4. Let Assumption A hold with B € (1/2,3/2]. Assume that
la| > cL(Zﬂ—l)/(Zs+2ﬂ)(ES /lne—l)(z‘“’l)/(z‘““zﬂ) (20)
and

la| > 'TevIne~!

for some constants ¢ = c(B) and ¢’ = ¢'(B). Let Cy = Cn(B) be a certain positive constant (it is specified explicitly
in the proof of the theorem), and let Gy be the estimator of |a| defined in Section 3.2. Consider the estimator 0y,
associated with

_ & 2/2-1)
N
: \; oev/Ine™!

Then

~ ge P (3-28)/(22—1))
Rg[04: Gs(L)] < C<ﬁ> (Ine™") , (21)
a

where C depends on B only.

Lower bounds
We present here two minorations of the minimax risk. The first one states that if the amplitude of the jump is less than
a specific threshold, namely, the minimax rate of estimation of |a|, then consistent estimation of 8 is impossible.

Theorem 5. Let
be = 12B=1)/(25+2p) (38 /lng_l)(2s+1>/(2s+2/3)
(cf- also (14)). Then there is ¢ = c(B, s) > 0 such that for any 0 < |a| < c¢ one holds:

Ri[Gs(L)] = c.
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The following bounds remain valid for “large” values of |a|:

Theorem 6. Let Assumption A hold. If B > 3/2 then for some ¢ = c(B, s),

R;" [Gs (L)] > C|a|71 L(2f373)/(2ﬂ+2s)(gg)(23+3)/(2s+2f}).

If 1/2 < B < 3/2 then for some ¢’ = c'(B),

" o=t | oene=H~"12 p=3/2,
Ry [Gs(l‘)] > clal { (oe)¥/2B-1), 1/2 < B <3/2.

Remarks:

1. Let us consider the result of Theorem 4 along with the lower bounds in Theorems 5 and 6. We observe that in
the zone 1/2 < 8 < 3/2, the risk of the estimator 0, differs from the corresponding lower bound by a logarithmic
factor. We are almost certain that there is no logarithmic factor in minimax rate (cf. the result of Korostelev [12]
for the case § = 1). In fact, one can show the rate with the iterated logarithm. However, we do not know if the
estimator §N can be modified to attain the minimax rate.

It is worth to mention that in the case 1/2 < 8 < 3/2, the preliminary estimates 6_ and §+ attain the rate
of convergence O([ev/Ing—1]%/2A=DY which differs only by the factor ~/Ine~! from the rate given in (21) of
Theorem 4.

2. As far as the zone 8 > 3/2 is concerned, we observe that the upper and the lower bounds (Theorems 3 and 6) are
the same up to a constant, at least in the case when |a| > c¢.(In e~ 1H@B-D/2Q2B+25)) (see also [6]). On the other
hand, we have seen (cf. Theorem 5) that in the case |a| < ¢/¢. the consistent estimation of 6 is impossible. It can
be shown (and it can be readily seen from the proof of Theorem 3) that for “intermediate” values of |a|, i.e., for
coe < la| < cpe(Ing™1)PA—D/CRE+29) the consistent estimation is possible, though the maximal risk in this case
is larger than that in (19) by a logarithmic factor.

3. Let T = argmax;eo, 1] fN0 (¢) (see the proof of Theorem 1). One can choose T as an estimator of the change-point
0. It can be shown, however, that this estimator is suboptimal. In particular, the maximal risk of this estimator
converges to zero at the rate £>+3)/@8+49) which is worse than the minimax rate £>+3)/2#+29) On the other
hand, the estimator T can be used on the preliminary stage of 0, to provide a “good” localizer [T — Nie, T+ Nia] for
the active segment of Hy, (-).

3.4. Application to derivative change-point estimation

Let us see how the main results in the previous section apply to Problem 1 from the Introduction.
Suppose that the derivative f*) admits the representation

FOM)=aV(iE—0)+q@), te[0,1],

where V is the saw-tooth function, and g € G4(L) with some s > 1/2. The argument in Section 2 implies that the
model (1) transcribes into the sequence space model (4) with the parameters (cf. (7))

g€G,_12nL),  of = (2mk)* 2,

Thus, the results above apply with the substitutions s > s — 1, f=a + 1,0 =5 = 2m)*T!.

Assume, for instance, that our objective is to estimate the change-point in the first derivative of f (i.e., @ = 1),
and that the nuisance regular component g belongs to G5(L). The results of the previous section (for 8 = 2) imply
that the minimax risk of the amplitude estimation is of the order [¢vIn e~ 11@—D/25+2) | the same as the “critical”
amplitude (which bounds the zone where the consistent estimation of the change-point is impossible). The minimax
risk of estimating 6 is ¢ 2+D/25+2) 35 so0n as |a| > O(e®~D/5+2 {/Ing—1). In particular, for s = 1, we have the
rates (ev/Ine=1)1/% and £3/4 | respectively.
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If we wish to estimate the cusp of the order, say « = 1/2, then § = ¢+ 1 = 3/2 and the minimax rate of estimating 6
is & (up to the factor v/In &~ !) independently of the smoothness of the deterministic nuisance component g. At the same

time, the jump amplitude can be estimated with the accuracy [ev/Ine—1]2s~D/@s+D that depends on smoothness of g.
The case of direct observations (cf. [12]) corresponds to « = 0, 8 = 1. The accuracy of the change-point estimator,

proposed here, is £2+/Ine~!, while the jump amplitude is estimated with the rate (e+/Ing—1)Z—1/(9),

4. Proofs of main results

In what follows, C; and ¢; stand for positive constants, which can depend only on 8 and s, and which values are of no
importance.
We start with some technical statements which will be used in the sequel.

4.1. Preliminary results
Now we are to establish uniform bounds on deviation of Jx N () and i, N () from Jy(¢t) and Hy (¢), which are in the

basis of all further developments. For this purpose, we introduce the following notation. For N > 1 let {wy(?),1 €
[0, 1]} and {vn(?), t € [0, 1]} be given by

2N 2N
wy@) = Y oge N, oy = Y kopge TN (22)
k=N+1 k=N+1

Clearly, {wy ()} and {vy (#)} are zero mean complex-valued stationary Gaussian processes with variances

2N 2N
Gizai(N)=2 Z O'kz, O'UZEO'UZ(N):Z Z kzcrkz. (23)
k=N+1 k=N+1

Let A > 1, B be a subinterval of [0, 1], B C [0, 1], we define

Ay N, B) = o e 21 supluy ()] = 240w}, (24)
teB
AN, B)=A;(0: N, B)N {a) e 2: suploy ()] < 2,\01,}. (25)
teB

In all what follows, we write A;(A; N) and Ay (1; N) for A;(1; N, [0, 1]) and Ay (A; N, [0, 1]), respectively. The
probability of events Ay (A; N, B) and Ay (A; N, B) are easily controlled; see Lemma 6 in the Appendix.

The next two statements establish upper bounds on estimation accuracy of JN (1) and H ~n () when these events
occur.

Proposition 1. Assume that g € Gy(L). If w € Aj(A; N, B) then

sup| Ty (1) — In(1)| < ps(N) + 8e223%02 +4erla|Nay,

teB
where
2N 2 2N
pJ(N)E2( > |gk|> +20aIN Y gl

<6L’N~F*! 4 2/3]a|LN~S3/2, (26)
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Proof. By definition of 7a N (¢) and in view of (4) we have

. 2N 2N 2N 2N
Iny=a* Y Y exp{-2mitk— -0+ Y D ggjexp{-2mik — j)}
k=N+1j=N+1 k=N+1j=N+1
2N 2N ~
+e2 Y Y owkiojEjexpl—2mitk — j)t}
k=N+1j=N+1
2N 2N .
~|—29t( > > ae™Mg;exp{—2mitk — j)t})
k=N+1j=N+1

IN 2N ‘
+2€R( Z Z aezm]‘es&jéjexp{—2ni(k—j)t})

k=N+1 j=N+1

2N 2N
+2€R( > egkéjé,-exp{—zni(k—j)t}>

k=N+1j=N+1
5
=Inm+ Y 1),
I=1
and now we derive upper bounds on the terms I}l)(t), I=1,...,5.

It is immediately seen that

2
W 2N @ 2N
5o < D 1ul) . PO <20aN D] gl
k=N+1 k=N+1

On the set A;(A; N, B)

190 =|wy ()| < 462202

w?

119(1)| < 2¢la|N|wy (1)| < 4laleroy,.

Furthermore, noticing that |I}5) )] < |I§1)(t)| + |I§2) (t)|, we finally obtain that

2N 2 2N
|fN<t>—JN(t)|52( > |gk|) +86%2%0p +2alN Y gkl +4laleroy,
k=N+1 k=N+1

= ps(N) + 82262 + 4|aleroy,,

as claimed. Inequality (26) is a straightforward consequence of Lemma 7 in the Appendix.

Proposition 2. Assume that g € Gg(L). If w € Ag(7; N, B) then

sup| Hy (1) — Hy (1)| < pu(N) + 3216?3200, + 167|aleroy,
teB

where 0, = 0,(N) = N%o,, + Noy, and

2N 2N 2N
pr(N) =87 Y klgl D lgjl+16mlalN* D" Igjl-
k=N+1 j=N+1 j=N+1

<32nL’N~>t2 4+ 32xLja|N T2,

797

27

(28)
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Proof. By definition of H '~ (#), we have

2N 2N

Hy() =2mia®> Y Y (k= j)exp(—2mitk — j)(t — 0))

k=N+1j=N+1
2N 2N

+omi Y Y (k- j)eg;jexp(—2mitk — j)t)

k=N+1j=N+1
2N 2N

+omie® Y Y (k— j)owg&kjexp(—2mitk — j)r)

k=N+1j=N+1

2N 2N
+4ns< Z Z (k — j)aexp(2mik0)g; exp(—2mi(k —j)t))

k=N+1 j=N+1

2N 2N
+4ms< Z Z (k — j)aexp(2mik0)G;&; exp(—2mik — j)t))

k=N+1 j=N+1

2N 2N _
+4nes< Yo Y (k- padié exp(—2ni(k—j)t))

k=N4+1j=N+1
5
1
=Hy()+ Y 11 (),
=1
and we bound Ig)(t), l=1,...,5 from above.
First we note that
2N 2N
1
10 <an Y kg Y gl
k=N+1 j=N+1
2N 2N 2N
3 .
170 <4nlal > k> lgil+anlalN Y jlgl
k=N+1 j=N+1 j=N+1
2N 2N 2N
§2nla|N[(3N+l) > lgil+2 Y] j|g,-|]sl6n|a|1v2 > gl
J=N+1 Jj=N+1 j=N+1

Furthermore, |IS)(I)| < |Il(ql)(t)| + II;IZ)(I)| and on the set Ag(A; N, B)

17 (0)] < 4ne? wy (0)||on (0)] < 1672020202

2N
10| < 4n8|a|<|w1v(t)| > k+ N|vN(t)|>

k=N+1

< 16merlal(N?oy, + Noy) = 16nellaloy,.

Combining all these inequalities we obtain (27). Inequality (28) is an immediate consequence of Lemma 8.

Under Assumption A, 03) (N), avz (N) and auz (N) admit the following bounds in terms of N

2N < o2 (N) < C2F N,

(29)
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2 _2a72843 2 2=2 Ar2843
c,0°N <o,;(N)<C,o°N , (30)
2 272845 2 2=2 A12B4+5
c,0°N <o0,;(N)<C,0°N . 31

Here the constants ¢y, Cy,, ¢y, Cy, ¢y, C, depend on § only and can be easily computed explicitly. In what follows,
all these constants are regarded as known because the sequence (oy) is given.
The next proposition establishes a bound on the accuracy of preliminary estimators 61 and 6_ (see (15)).

Proposition 3. Let
Ag(h; N)=pg(N) + 167|a|ero, + 323‘[82)»20’100'”,

where py (N) is given in (28). Let N > 6 and X > 1 be such that

a2N3
Ap(i N) < . (32)

Then for all w € Ag(A; N)

4

<0_<8.
SN — -

~ 4
959+59+W and 6 —

Proof. Assume that Ay (%; N) holds; then by Proposition 2

s[l(l)pl]|ﬁzv(t) — Hy(0)| < Au (i N). 33
tel0,

We prove the statement of the proposition by contradiction. Define

ty =argmax Hy (1), t_ =argmin Hy ().
1€[0,1] 1€[0,1]

By Lemma 8 in the Appendix, 7+ € [0,0 + %] and t_ € [0 — %, 0]. It is sufficient to prove the statement of the
proposition for 6 ; the proof for O_ is identical in every detail.
First, assume that 6 + % <Oy <O+1-— % We have

Hy(ty) < Hy@y) < Hy(@3) + Ay O N) = Hy (1) + A (6 N) + [Hy (63) — Hy (4],

where the first inequality follows from definition of é;, and the second one is a consequence of (33). Now we observe
that by Lemma 8(iv) and by the origin of Uy (¢)

1
Hy(13) — max Hy (1) =a2[UN(t+) —  max UN(t)] > Za?N3
1/N<t—0<1—(1/N) 1/N<t<1—(1/N) 2
so that
7 1 273 1 273
Hy(ty) < Hy(ty) + Ag(A; N) — 74 N < Hy(t4) — 7 N, (34)

where the last inequality is in view of (32). Thus, we have that
~ 1
|Hy(t4) — Hy(t4)] > Z5121\73, Yo € Ag(L; N),

which contradicts (33) and (32). Hence, é:r ¢@+1/N,0+1—1/N) whenever Ay (A; N) holds.
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Now assume that §+ €0+ (1 —n)/N,0+ 1/N]. In this case, by the same reasoning and by Lemma 8(iv) with
choice n = 1/5, we obtain that

3 1
Hy(ty) — max Hy (1) > az[UN (1)) — max Uy (t)] > az(—N3 - N3> — —a®N3;
rel0+(1—mN-1,64+N-1] 1€[4/(5N),1/N] 2 2

recall that Uy (+) is defined in (10). Therefore, the same inequality (34) leads to the contradiction. It is shown similarly
that on the set Ay (A; N), 64 cannot lie in the interval (6 — %, 0); here we use the fact that

Hy(ty) — max  Hy(t)= Hy(ty) > 3a’N?
te[0—1/N,0]

because maxse[g—1/N,6] Hy(t)=0. O
The bound of Proposition 3 indicates that on the set Ay (A; N) the preliminary estimates §+ and O_ are within
distance 4/(5N) from the target value 6. In other words, the preliminary estimates localize properly the target value

when Ay (A; N) occurs. Choosing A in an appropriate way, we will ensure that the event Ay (A; N) will be of “large”
probability. This will allow to control the probability of “proper localization™:

P{|§_ —0|V |0y —6] > %} < P{lAL (N} VIS A< Amax(N),
where

A (N) = max{k > 1 ‘ Ay N) < %a2N3}.
4.2. Proof of Theorem 1
Let T = argmax;¢o, 1] fN,, (t); then

@2 —a®| = N2|Tn, @ — In, 0)]. (35)

The following bounds on N, follows from (11) and (29)

A . L 1/(B+s) 5 LL 1/(B+s)
3Q2Cy0)~ —> <N, 5( 32cyo)” 7) +1. (36)
( v ev/Ing=! ¢ v ev/Ing=!
For any A > 1, we have on the set A;(A; Ny)
In, (@) = Iy, (0) = In, (0) — Ay N, (37)
I, (0) = In,(®) = Ty, (T) — As(A; N, (38)
where
Ak No) = pr(Ny) + 86%2202(N,) + 4er|a|Nyoy, (N,). (39)

These inequalities follow from definition of T, Proposition 1, and properties of function Jy, [see Lemma 8(ii)]. We
obtain from (37) and (38) that forall A > 1

TN, @) = In,0)| < As(As No),  Vor € Aj(h; Ny). (40)
Therefore

E|Tn, @ = In,0)|* = E|Tn, @) — In, O 1{ A 0 N} + E| Ty, @ = In, @) 1{AS(h; No)
=P+ P,
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where as shown above, P; < A%()\; Ng).
Our current goal is to bound P,. Using the fact that 6 is the point of global maximum of function Jy, (-), we have

TN @®) = TN, 0) = T, (D) = Iy, (D) + In, @) = In, ) < Ty, ®) = Iy, .
On the other hand, by definition of T we have

INg@) = In,0) = In, @) = TN, 0) + TN, (0) = In, (0) = Ty, () = I, 0).
Combining two last inequalities we obtain

|&m—mwmqmm—m®WNMMdmws%y&m—mmy
tel0,1]

Therefore,

Py <4E sup |Jn, (1) — Iy, O 1{A5 00 No).
tel0,1]

Using the same reasoning as in the proof of Proposition 1, we can write

-~ 2
sup |Jn, (1) — Iy, ()] <205 (Na) +26* sup |wy, (1)|” +2¢lalN, sup |wy, (1)].
te[0,1] te[0,1] t€l0,1]

Denote ¢ = sup,¢o 17 |wn, (7)]; then

E sup | Ty, (1) — Jn, 0] 1{AG (1: No))
t€[0,1]

<1607 (Na) P{AG 0 No)} + 166 E[c* 1{AG (A No) } | + 8e2(al* Ny E[¢*1{AS (0 No)}]
=P3+ Py+ Ps.

By Lemma 6 in the Appendix, and by definition of N,, we obtain
Py < 16A% (03 No) P{AS (A No)} < €145 (s No)AN, exp{—247}.

Furthermore,

o
Py =16*E[¢*1{¢ >2kaw}]=884/ P{¢ct >t} de
(2)"(711})4

o0 o0
= 64e*(20r0y)* / B P{C > 200t} dt < cre* (o) AN, / t*exp{—2271%} dt
1 1
b 2
= C384O‘$Na/ r*e " dr < cyeto N3 exp{—2k2},
A
and

o0
P5§882|a|21v§/ P{e*>1t}de
(2)\011))2

[e.0]

o0
- 1682|a|2N3(2A0w)2/ tP{¢ >2xowz}dz5C452|a|2N3(mw)2,\f t*exp{—22%1} dr
1 1

oo
2
< 6582|a|2N20’3}/ rPe™ dr 50682|a|2N263))\exp{—2)»2}.
2
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Thus we get

5
P<Y P
i=3

< cpaexp(—22%) (Na A3 (A; No) + €* Nyoya? + e2lal*NJo})
< cghexp| =212} (N, A% (A; No) + e* NP2 4 e2aPN2PH),

where the last inequality is a consequence of (29). Choosing A = A, = v/c9 Ine~! with sufficiently large constant cg
depending on S, s, and combining the above inequalities, we obtain

(E[a2 - [} < N2 E[Tn,@ - I, 0 )
< N2 [4% G No) + P2)'72 < cro(lalge + 02).

where @, is defined in (12). The last inequality follows from the fact that by choice of cg, A%()L*; N,) dominates P,
and in view of (39), (26) and definitions of N, and ¢,

A O No) < 11 (8222028 (Na) + ehelalNaow(No)) = c12(eF + lalge).

To get (13), we use the elementary inequality /|x — y| > |/|x]| — +/|y]| and the fact that |a —a?| > (@ — |al| - |al,
thus coming to

Ra[a*; Gs(L)] = 513[908 + (|a|_lfp§) A (|a|(pe)l/2] = C14¢s.
4.3. Proof of Theorem 2

Letfor 0 < > <1 ¢ = ¢ and

N =max{N e N: $* N> < 1%}, (41)
so that
L2 1/(B42s) L2 1/(B+2s)
(mme) rove(me)
Consider the observations
we=sg + eouky. (42)
where (§x),k =0, 1,..., are standard complex valued i.i.d. random variables (i.e., (N&x, Sék)T ~ N(0,1)). Here

N + 1signals s¢), j =0,..., N are defined as follows:
st = peP (k> N+ 1) =y — g k=0,1,..., forj=1,....N,

where 0; = j/N, and s@=o.

Note first that the sequences (g(] ))

(]) Ipe21‘r1k9,1(0<k<N) j=1,...,N,

all belongs to G4(L). Indeed,

o) N
Z’g’(cj)‘Zkzs _ 1/f2 Zkzs < Ip2N2s+1 < 12

k=0 k=0
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by (41).

Let now Pj, j=1,..., N stand for the distributions of observations (42) which correspond to signals from
the family S = {s), j =1,..., N}, and let 7 be the uniform prior probability on S: 7 = % Let now P, denote
the Bayes measure for the prior 7: P, = % Z}V:] Pj. We also denote Z; = g—g, j=1,...,N and Z,; = % the

corresponding likelihood ratios. Now consider the minimax risk R, of a (N + 1)-point estimation problem:

Re= sup E;(¥j—v)%
j=0,....N

where ¥; =y, j=1,..., N and yo =0.
Lemma 1. R, > ‘”Tz(l - _E(an—l)z)_

The proof of the lemma is presented in the Appendix. Now the result of Theorem 2 is an immediate consequence
of the following statement:

Proposition 4. Let 3« > 0 be a small enough absolute constant. Then

Eo(Z; — 1)2—>O as e — 0.

Proof. Note that the likelihood ratio

0 )2 2
[V — 53717 — 1kl
Z; =exp| —

— ex i s 8 +5 6 1502
=P 2e0y 262072
k=N+1 k

g0k 26207

00 . 2
27kO; + 2mk6;

=exp( Z ¥ (nk cos 21k + G sin2mk6;) )

k=N+1

where (1) and (k) are the sequences of i.i.d. standard gaussian random variables, (1, {k)T ~ N(0, I). Then

1 N
Zy= NZ}Z,-.
j:

For obvious reason EgZ, = 1. Let us compute EO(Z%). We have

N N 00 2
1 14 . . 14
Eo(Z%) = e E E E exp< E po [ (cos 21k + cos 2mk6y) + Ly (sin2mk6; + sin2mk6y) | — @)
= k=N+1

| NN X g2
:_22;6;@( Z ﬁcosan(Gj—@/z))

k=N+15"%

N N oo 2 -
:%ZZCXP( Z ;ﬁzCOSan(]([ Z))

SO'k

N—-1 oo 2 .
1 ¥ 2mkj
N ZeXp(k_Z g2—a°°s7>’
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by defintion of 6;. O

—n

Lemma 2. Let 0 < x <n/9. Then e* <Zn—(1)jj' +jm‘

The proof is postponed until the Appendix.
Using the result of Lemma 2 we obtain for n > 9 Zk —N+10% 2 the bound:

) o > 2nk] e "
E(Z) <1+ — ZZ Z S5 ¢ +
k

j=0 e=1 " Lk=N+1 2nn
e (@)
El+m+z R (43)
Note that
21tkj
(1) -2 J
Ie st Z ZC N
k=N+1 =0

However, fork #rN,r e Z, YV, = " cos 2“’” =0. Indeed,

N-—1 .
k 27k 2ntk(N —1/2 k
ZSinn— E cos jt]—sin mk( /)+ in 2~

= sin =0.
N “ N N N
J=0
Thus
m_ v’ LV 28
I; 58—2 Z (o SOZ—SZZ(N-FICN)
k>N+1,k=rN,reZ - k=1

[e.e]

v 28 v 1
EWI;U‘FIC) SW(Z,B—D

The treatment of the generic term IE([) is a bit more involved. We have

2 2 ’
O'k1 Gkg

(6) Z Z ( )cos(2rrk1j)/Nmcos(ZTtk@j)/N

] =0 k>N+1

where k = (ky, ..., k¢) is the multi-index. Observe that

4 . .
27k, 2meTk
Hcos T4 =2t Z cosﬁ.
N N
=1 ec{—1,1}¢

Now we have for any k such that ek # r N, r € Z:

N-1 .
Hcos 2k g =27t Z Z cos ankaJ =0.

=0 I=1 ee{—1,1}¢ j=0

N-1

~.
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In other words, the nonvanishing terms correspond to such k that

4
Ze;kl +rN=0, rel.
=1

/O

Therefore, the sum for I;’ can be rewritten as follows:

(Z)— Z Z( )1_[0,{722_ Z cosznjkaj

] =0 k>N+1 ec{—1,1}¢

2\ ¢ ¢
<2(%) ¥ X e
— g2 1

ec{—1, 1}t k=N+1,reZl=1
eTk=rN

<2t Y Z k2 44
=2\ a2 ) ) [T (a4)

ec{—1,1}¥k>N+1,reZ,eTk=rN I=1

We approximate the last sum in the RHS of (44) with an integral: note that

Z Z Hk, 2#1{e"k =rN}

=N+1 =N+11[=1
00 oo /£ -2 T
k; ek
N72PENT 1+=) H—=r—¢
> 2 T+ v =7
k=1 ke=11=1
NZ 1 dxy
< . §(eTx — 2),
- NWI/ / ( +x1)2ﬂ e @F Y
where x = (x1,...,x¢)T (we have used the fact that the unit volume of the hyperplane eTx = a contains O(%)
points). We conclude that
c Y2 ¢
) ~ . -
LY < N<82N2ﬁla2) 270 " e, (45)
- ec{—1,1}¢
where
o=t 3 [T [ (T = m).
Nt (1 +x1)2ﬂ (U4 xp)%

Lemma 3. There is C(B) < oo such that Jy(e) < C*(B).

The proof is given in the Appendix.
When substituting the result of Lemma 3 into (45) we obtain for Ig(z) the bound

1 cBy® \
@) ~ _
o= L(Leny. )
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Putting (46) into (43) results in

e Lyt e C(B)y>
E(Z3) <1 — | ———] <1 N1 — ). 47
(Zz) =1+ o +€:1 N <g282N2ﬂ1> =it = eXP(Q282N251> 47
By the choice of ¢ = ¢ in (14) and (41),
2 ) P

_ 21 —1 2
STaNIA =x CTANIA <x“lne” <C(s,B)»"InN

for & small enough. Now the bound (47) implies that

2_ g2 e " -1 CBy?

e exp(C'(s,B)»*InN) — 1
+ —

< 0
27tn N

as ¢ — 0 if 2>C'(s, B) < 1, what implies the proposition.

4.4. Proof of Theorem 3

Step 1
The following bounds on Ny defined in (17) are easily derived using (31):
LY/ B+ LY/ B+
[2(@5)—1 —] <Np < [Z(cugrl —} +1. (48)
e e
Let
*:c1|a|£71N9_ﬁ+1/2, (49)

where ¢1 = c¢1(8, s, 0,0) is a fixed constant. We note that A, > 1 due to (18) with appropriate constant c. We have
E|0, — 0* = Ef — 017 1{ A Os No)} + E 105 — 0P 1{ A5, (s No)}, (50)
and our current goal is to bound the two terms on the RHS. From (48), (49) and Lemma 6 we obtain
E|6, — 01" 1{Af; (As: Np))
< P{Aﬁi (As; Ng)} < ANy exp{—2ki}

<c3 |a|L*(2l3*3)/(2ﬂ+2®8*(2S+3)/(2l3+2s) exp{ _C4a28*(2s+1)/(ﬁH)L*(Zﬂ*l)/(ﬁH) } (51)

Step 2
Now our goal is to bound E |6, — 9|21{AH (Ax; Np)} from above. By definition of Ny, and due to (48), (18) and (49),
one can choose constants ¢ in (18) and ¢ in (49) depending on s, 8, o, and & only so that

167|aleo, (Ng) > 32nLla|N, T2,
32162320, (Ng)oy(Ng) > 32 L> Ny 22,
167|a|ers0, (Ng) > 32162220y, (Ng)ou (Ng).
Therefore, Proposition 2 implies that on the set Ag (A4; Ny), we have

sup |ﬁNg (t) — Hy, ()| < An(hs; No) < 647|alersou(Np). (52)
t€l0,1]
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Furthermore,
— 273 1 273
64m|alers0,(Ng) < 64nCyocra”Ny < Zu Ny, (53)

where the last inequality is ensured by choice of the constant ¢;. The condition ¢ < 6~#+9)L(C,5)~! guarantees
that Ny > 6. Therefore, Proposition 3 can be applied. Using (52) and (53), we obtain by Proposition 3 that |§* -0 <
4/(5Ny) whenever Ay (1y; Ny) holds. R

Now we argue that on the set Ag (A4; Ng) function Hy, (-) necessarily has a zero in Z,. Indeed,

Ap(hi; Ng) S [w: sup ]|I?N9 (t) — Hy, (0] < 64n|a|sx*au(Ne>}. (54)
t€(0,

On the other hand, if D denotes the event that H N, (+) has no zeros in 7, then

DC [a): sup | Hy, (1) — Hy, ()| > max |HN0(t)|}. (55)
t€[0,1] t€l0,1]

By Lemma 8(iv), max;c[o,1] | Hn, (t)| > %azNg, while 647t|aleAr0,(Ng) < a2N3/4. This shows that the sets on the
right-hand side of (54) and (55) are disjoint, so that ﬁNH (-) must vanish in Z, if Ay (A«; Ng) occurs. Thus on the set
Apg(hy; Ng), we have

| Hy, B,)| < 64mlalen.ou(Np) (56)

because ﬁNe (@;) =0, and in view of (52). Furthermore, (31) and (49) imply that

5 -t
64n|a|sk*ou(N9)<Za2Ng) 5%.

This along with (56) and Lemma 8(v) leads to the inequality |é; — 0] <1/(5Np).
Let 5 € (0,1/(5Np)); then

lo
E|f, — 0P 1{ Ay G No)} <87+ 8227 P{(82'7" <18, — 0] = 82) N Ay (A No) . (57)
=1
where I = min{/: 52 > 1/(5Np)}. Let B = {t:82" <t — 0| <82'},1=1,...,1p; then

P{(82"7" <18 — 01 < 62') N An (0 No) )

< P{<|HN9(92)| > %azzvgaz’—1> N Apg (A N@)}

< P{ (suleNe () — Hy, ()] = %azNgaz“) N Ap (ks N0>}

teB

= P (sup|Hy, () = v, (0] = 64xlaleou (No)i ) 01 A Guvi No) .
teB;

where the first inequality follows from the properties of Hy, and because H, No (5) =0, and
M =5/4a’Njs2! ! [64Tc|a|£au(N9)]_l, 1=1,2,....1. (58)
Choosing

64nlaleon(Ne) _ colal " eNET2 = ¢qla| | LRBIICFH20) 253/ 220

5=4
i 5/4a2N}
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and taking into account that 2lo—1 < 5Ny 8*)_1, we getthat A; <Ay, VI=1,...,lp. This along with the lemma implies

that

P{sgp|HN9 (1) = Ay, ()] = 4xlaleo, (No)s | = P{AS; G No B
1

< cgA;|B1| Ny exp{—2klz}.

Hence

lo lo
> 8222 P{(82'7" < 1B, — 01 < 62') N A (ha: No)} < 67 2% 4| B | Ny exp{—27}
=1 I=1

lo

<82 (6Ng) Y 2% Texp{—27""} < co8”.

=1
Combining the last inequality with (57) we finally obtain
E|B — 01" 1{Ap (0 Np)} < c1082.
We complete the proof using (59), (58), (51), and (50) and taking into account (18).
4.5. Proof of Theorem 4

We start with the following statement:

Step 1

Let a be the estimate of |a| defined in Section 3.2. Under conditions of Theorem 1 for any A > 1, one has

Ay(A; Ng)

P{|a*— ol = 24055

} < c1ANgexp{—22%},

(59)

(60)

where Aj(X; N) is defined in (39), and c; is a constant that may depend on §, @ and o only. Indeed, the inequality

(60) follows immediately from the proof of Theorem 1 (cf. (35) and (40)), and the lemma.

Step 2
Let Ay = +/nlng~! where n > 4/(28 — 1). Define

K =min{(32nC, C,52)~/* ™V (16nc,7) ¥ V),

and let

la| 2/2B-1)
Ny,=| K .
* L (648A*) J

First, we show that Ag (L. Ny) < asz /16, provided that (20) is valid with appropriate constant c¢. Indeed, by

definition of N, we have

a’N3

327 (e2x) 200 (N2 Gy (Ny) < 327(eA,)2Coy Coi NP T2 < o

where the last inequality follows by choice of K. Similarly, we verify that

s _ a*N;
167|alerson (Ny) < 167|alerCua NET/ 56—4*
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again in view of our choice of K. The inequalities

3 273

2
, N B N
DRALANTF 2 <L g Nt < L
64 64

are implied by the condition (20) with appropriate constant c. Combining these bounds we obtain that Ay (A,; Ny) <
a’>N3 /16 as claimed. This means that if N, could be taken as the window parameter of the change-point estimate
then all conditions of Proposition 3 would be fulfilled. However, this choice of the window parameter is not feasible
because |a| is unknown.

Step 3
Let @, be the estimate of |a| defined in Section 3.2. Recall that the estimate @ is associated with the window parameter
N, givenin (11). We set

R 2 \2/@B-D
N.=|K * )
(e

Now assume that w € Aj(Ay; Ny). In view of (60),
@_1 < :AJ()‘%Na)
- la|>?N2

lal
Using (39), (36) and (20), we obtain that

. Yo e Ay Ny).

ehocla| NG

- 1
S =ea(er)lalTINE T < eqlal THLERTD/ERTE (g, )G DI <
a

<c a0
y=0 =5

where the last inequality follows from (20) with appropriate constant c. Further, because

L) = L alen ! 1+ a
—ax (e = —|al(e — —
64 64 * la|
we have that N, (1 — )% ?#=D < ﬁ* < N (1 +)¥ =D on the set Ay (Ay; N,), which, in turn, implies that

1\2/@s=1 R 3\ 2/2B=1
<§> N*SN*E(E> Ny, VYo € Aj(ry; Np).

Therefore, by the same computation as for Ay (A4, Ny), we obtain that

~  a*N?
Ag (A Ny) < ] *, Vo € Aj(hs; Ng).

Let No = (1/2)%/@F=DN,, Ny = (3/2)>/@F=D N, and define

Ny
B=Br() N A0 No), Ba(h) = [ Al N).

n=Ny
‘We have
P{B} < P{B5 (L0} + PLAS (A Ny}

< > PLAG (s N+ PLAS (s No) | < eshu (N7 + No) exp{—222},
N=N
where the last inequality follows from definition of Ny, N1 and from the lemma.

The further proof goes along the same lines as the proof of Theorem 3 with the event B playing the role of
Ap(My; Ng). Any n > 4/(28 — 1) guarantees that the contribution of the error on the set B to the risk will be small.
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4.6. Proof of Theorem 5

We provide the proof of the theorem for the particular case Uk2 = (2mk)?#, B € NT. The proof for the general case is
much more technical and is based on the same ideas as that of Theorem 2.
Consider the operation of multiple integration, i.e., for 8 € N*

t
FEB() :ftf(—ﬁ+1)(s)ds _ i/ (1 — )P~ £(s)ds.
0 B! Jo

Note that fk(_ﬂ) = (—2mik) P f; for any periodic function f € L,[0, 1].
Now, consider the following construction: let £ = |s| + 1 (here |a] stands for the largest integer < a). Consider a
function ¢ : [0, 1] — R which is £ times continuously differentiable and ||¢©)||o, < C. Furthermore, we require

/d)(t)dt:l, f:k¢>(z)dz=o, k=1,2,...,B.

Now, consider for some ¥ > 0, N € N, N > 1 the function gy (t) = V[N (Nt) — 1].
Let

sn(®) =y [8(t) — 1] —gn(@) =Y [8(t) — N¢(ND)].
We start with the technical result:

Lemma 4. The signal sy possesses the following properties:

(1) there is co > 0 such that forany N > 1, gy € G(s, L) if < coLN—ST1/2;
(2) sy has B + 1 vanishing moments:

1/N
/ *sy@)dr =0, k=0,...,p.
0

We leave to the reader the proof of this simple statement.
Let S be the family of translations of signal sy:

D) = t—l i=1,...,N—1.
N () SN( N)v J ) )

With some abuse of notations, we denote s,Ej ), k > 0 the Fourier coefficients of s¢/). Note that

s =0 _ o) f =12, forj=1,...,N

’

where 6; = j/N. 4
We consider the problem of estimation of the shift parameter 6; of the signal s/ from the noisy observations (yi),
k=0,1,2,...of its Fourier coefficients as in (42). Recall that

Y= S,E]) + eoxés,

where (£;),k =0, 1, ..., are standard complex valued i.i.d. random variables (i.e., (M&, J&)T ~ N(0, 1)), akz =
(2mk)*#, B e NT.

Let as above, Pj, j =0,..., N — 1 stand for the distributions of observations (42) which correspond to signals
from the family S = {s(?, j =1,..., N}, and let 77 be the uniform prior probability on S. We denote P, the Bayes
measure for the prior 7, Z; = g—g, j=1,...,Nand Z; = g%.

Now consider the minimax risk R, of a N-point estimation problem:

Re= sup E;(©0; —0)%
j=1,..N



Change-point estimation from indirect observations 1. Minimax complexity 811

Lemma 5. Forany0<$§ < 1,

Eo(X0,jz))?

1
Re>=-Py(Z;>1—-6)—6—
8_30(7'[_ ) N4(1—8)

The proof of this result is put in the Appendix.
Now the statement of the theorem follows from the following result:

Proposition 5. Let

1.2 1/(2B+2s)
N=(—o— ,
<82 Ing—! )

and let y = c¢e, ¢ > 0 being a small enough absolute constant, where ¢ is defined in (14). Then

Eo(Zn—1)2—>O as e — 0; (61)
4E0<Z]Z> ———>O ase— 0. (62)

Proof. Observe that the observation model (42) is equivalent to the following white-noise model:
Y, = fTP@)dr +edW,, rel0,1],

where W; is a complex-valued Wiener process. Recall that by (2) of the lemma, all moments of sy (and those of s¢/))
are vanishing up to the order B. If we denote u'/)(t) = Ks\/) (1), then suppu'/) € [£, JNll], and uY) and u© have
disjoint supports. Furthermore, by construction of s, u)(r) < Cyy N~A*!, and

||u(j)||§ < C2y2N2B+L (63)
The likelihood ratio
L [ w)2() dr e
7. — 71/ D ryaw, — Loy Ly~ P
j exp(s A u"’(t)dw; Y expl &= un; ¥

where nj, j =1,..., N are i.i.d. normal random variables, En; =0, En]2 =land u = ||u(1)||2. Note that the likeli-
hood ratios Z; and Z s are independent when j # ;.
Now

N 2
1 1 1 2.
2 2 2
E(Zz —1) _—N2(§ zj—Ezj) _—NE(ZI—E(ZI))__Neﬂs -0

j=1

when, for instance, M28—2 < I“TN Further,

N 2 N \? N 2 2 2 N 4
. . . N (N + 1) N
f(Liz) =(2)) +5(Xsev) - e3P = o)
j=1 j=1 j=1 j=1
if uz -2 ]“2N . When taking into account the bound (63), we conclude that the relations (61) and (62) of Proposi-
tion 5 hold true when

Y2 =ANP1e2 I N,
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for some absolute constant ¢ > 0. O
4.77. Proof of Theorem 6

Consider the following 2-point testing problem: given observations y; = f + o0&, we would like to discriminate
between two hypotheses

Ho:  fi=f"=a, VkeN' and
Hi: fi= fk(l) = qe2™ikh g,gl), Vk e NT,
where i > 0, and

g(l): a(l—ez"ikh), 0<k<n,
k7o, k>n,

for some integer n to be chosen in the sequel. The hypotheses correspond to the model (4) with a© = a" = q,
00 =0, 00 = p, g,ﬁo) =0,Vk e Nt, and g,il) as defined above.
We will select n in such a way that (g,il)) belongs to G5 (L). We have

o0 n
Z|g£1)|2kzs §a2 Z|l _eZnikh|2k2x < c1a2min{h2nzx+3,n2‘“},
k=1 k=1

where ¢ depends on s only. Choosing
n=n, ECQ(L|a|7]h71)2/(2s+3) (64)

we obtain that (g") € G,(L), provided that n,, < h~".
Let Py and P; denote the probability measures associated with observations (yx) in model (4) with (fz) = ( fk(o))
and (fx) =( fkm), respectively. The Kullback—Leibler divergence between these measures is

o]

1
_ O _ p(2
Ko, P =) =l h = £
k=1 k
a? & 28 2mikh |2
- T
=2, > KT e
min k>n,
) L1 /)] o0
2,2 —2B+2 28
50_282<nh Yoo Yk ) (65)
- k=n,+1 k=|(1/mh)|+1

First assume that 8 > 3/2. Choosing

2niﬂ73 17 2B=3)/25+2p) o (25+3)/ (25+2B)

h:c‘geza_ < h=c4la|l”

we see that n, < h~ ! in view of (65), and
a’ 2 —28+3 281
K(PO,P1)5C57[h Ny +hﬁ7]§C6<OO
I3

for &£ small engygh. On the other hand, |9(O) —oM | = h; hence by the standard argument (see, e.g., [21], Theorem 2.2)
SUPgeq, (1) E10 — 0| > c7h. This completes the proof for the case 8 > 3/2.
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If B = 3/2, then we have from (65) that (P, P1) < cga’e ~2h?Inh~!; hence the choice & = cola|'e(Ine~1)~1/2
implies that n, < h~1 and guarantees the boundedness of XC( Py, Py). This leads to the announced result. If 1/2 < 8 <
3/2, then instead of (64), we can choose n, = c10(L/|a|)?/(2s + 1) and the second term on the right-hand size of
(65) is dominant. Thus, KC(Py, P1) < cria’e2h?$=1 and choosing h = c11 |a|_152/(2ﬁ_1), we complete the proof of
the theorem.

Appendix

Lemma 6. Let B C [0, 1] be a subinterval of [0, 1], and | B| its Lebesgue measure. Then there exists constants C| and
C, depending on B, o and & only such that

)\2
P{sup|vN(t)| > ,\} < c1|B|Nﬂ+5/2xa,;2exp{——2}, VA > 20, (66)
teB (2<7v)
12
P[sup|wN(t)| > x} < G| BINFT32)5.72 exp{ . } VA > 20y, (67)
1eB (203)

Here {wy(t),t € [0, 1]}, {vn (@), t € [0, 11}, oy and o, are defined in (22) and (23), respectively. Moreover, for all
N >1and A > 1, one has

P{AS (A N, B)} < C31|B|N exp{—247},
P{A5(; N, B)} < C4x| BIN exp{—24%},

where events Aj(A; N, B) and Ay (A; N, B) are defined in (24) and (25).

Proof. In the proof, cy, ¢z, ... stand for positive constants that may depend on 8, o and o only. We use the general
exponential inequality of Talagrand; see, e.g., [22], Proposition A.2.2. Clearly, E|vy (t)|2 < avz, and E|wy () |2 < 0’3).
Further, for ¢, s € [0, 1]

2N 2
r2(s, 1) = E|on(t) — UN(S)I2 =E Z kokék(e_zmk’ - e_zniks)
k=N+1
2N
<4n® Y Kowlir — s <cilt —sPNPE,
k=N-+1

Then the minimal number of balls of radius v in the seminorm r(-,-) covering the index set B C [0, 1] does not
exceed cp| B|NP+3/2y~1 Therefore applying Proposition A.2.2 from [22] [in their notation, we put K ~ |B|NA+3/2,
g0 = o, ~ NP13/2] we obtain for any A > 20, that

)\2
P{su N () zx}SC3A|B|Nﬁ+5/Zo*2ex {— }
suplow () v P T 202

Similarly, for {wy (¢); t € [0, 1]} we have for A > 20,

)\'2
P[sup wy (t) zk}§C4A|B|Nﬂ+3/zo_zexp{— }
zeB| | v (202)
It follows from (66), (67) and (29), (30) that for any A > 1

P[sup|vN(t)| > 2xav] < csA|BIN exp(—222),
teB

Plsupluy ()] = 240} < coABIN exp(-222).
teB
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Lemma?7. Let N > 1.If g € Gs(L), s > —1/2 then

2N 2N
3 lekl < VBLNTHI2, > klgkl <2LNTSP2 (68)
k=N+1 k=N+1

Proof. By the Cauchy—Schwarz inequality

2N 00 1/2r 2N 1/2 2N 1/2
> |gk|s[ > |gk|2k25] [Z k“] §L|: > M} :

k=N+1 k=N+1 k=N+1 k=N+1
We obtain
2N 2N N 21—2s 1
Z k—2S — Zk—zs _ Zk—2s E 2N1—2S 1 2 S 3N1—2S
— LS
k=N+1 k=1 k=1

for all s € (—1/2,1/2), S f¥ v k="' <2In2, and

2N 0 00
Z k—2s= Z k—2s_ Z k—2s

k=N+1 k=N+1 k=2N+1

1 1 2s—1 '
<2(N + 1B ﬁ[l - <E) j| <2In2(N + 1)~ >+,

for all s > 1/2. Thus, Zii’NH lgk| < VBLN—STY2 yg > —1/2 as claimed in the first inequality in (68). Similarly,

2N 00 12 2N 1/2 2N 172
Z k|gk|§[ Z |gk|2k2S:| [ Z k25+2:| SL[ Z k25+2:| ,

k=N+1 k=N+1 k=N+1 k=N+1

and Z,%Z Nl k=272 < 4N—2%3 for all s > —1/2 so that the second inequality in (68) follows. (|
We establish some useful properties of functions Jy and Hy .

Lemma 8. (i) Function Fy (-) is periodic on [—1/2,1/2], Fn(t) = Fn(—1).
(i) Fn(0) = N? is the global maximum of Fy. Moreover, Fy is decreasing when 0 <t < 1/N, and for N > 4
NZ
max Fy(@)<—. (69)
lr|=1/(5N) 3

(iii) Function U (+) is periodic on [—1/2,1/2], Uy(t) = —Un(—1), Un(0) =UN(1/N) =0, and for all N > 2,
Un(t)>0,for0<t < 1.
@iv) Forall N > 6

3
max Un(t)>=N> and max _|Uy()| < N°.
1e[0,1/N] 2 te[l/N,1/2]
(v) Uy(0)>0,Up(1/N) <0, Uy () has a unique zero in (0, 1/N), and for all N > 6, we have

5 ., 1
Un(t) = N, re |05 (70)

U(t)>lN41 t re L1
NMP=3%\N ") 2N N |
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(vi) Let 0 <n < 1/2; then forall N > 6

max UN(t)§5nN3.
te[(1-n)/N,1/N]

Proof. (ii) We prove (69). For 0 < < 1/6, sin 7wt > 3t; hence

Fate) < Lo 25N? - N?
max max — —_— —.
1/(5N)<|t|<1/6 N = 1/5N)<[t|<1/6 9m2t2 — 972 — 3

For % <t <1/2,sinmwt > 1/2 hence

2

max Fy(t)<4<—.
1/6<t<1/2 3

(iii) The proof of this statement is immediate.
(iv) Differentiating, we have the following explicit formula for Uy (-):

sintt N cosmtN  sinmtN
Un(t) = —211— N — — ——5 - cosmt 71)
sin Ut sin Ut sin” Ttt
sinmttN | .
=2n— 3 [sin Ttz N cos it — N cos 7t N sin 7t ]. (72)
sin” Tt

Another useful representation of Uy (-) is easily obtained from the definition:

2N 2N
Uv@t)=2mi Y Y (k— j)exp[—2mitk — j)]
k=N+1 j=N+1
2N 2N
=2 » > (k—j)sin[2nk — j)]
k=N+1 j=N+1
N—1
=4 Z k(N — k) sin(2mtkt). (73)
k=1
We have from (72)
1 16, T3 5
max Upn(@)>Uyn|— =2n.370057:/(2N) > —2N cos— > —N~.
1€[0,1/N] 2N sin’ T/(2N) T 1272
ForO0<t< %, sin tr > 3¢, so that
1
max |Uny()] <21 max — [ - N}
1/N<t<1/6 1/N<t<1/6 sin“ 7t | SIn ¢
<2nN2 N+N —STEN3<N3 Vl <t<1
) 3) 27— N~ ~6

If % <t< % then sin t¢ > 1/2; hence we obtain from (72)

max _|Un(t)| <87(N +2) < N°.
te[1/6,1/2]

Combining these bounds we complete the proof of (iv).
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(v) The mentioned properties of U}, (-) follow from standard properties of the Fejer kernel. To prove (70) we use
(73). Note that sin(2ntk) > 0 for all k =1,..., N — 1 whenever ¢ € [0, 1/(2N)]. Assume for simplicity that N is
even. Then

N/2 N/2
Un(t) > 4 Zk(N — k) sin(2mtkt) > 167t Zkz(N —k)
k=1 k=1

N2 N2 5
=167t — (N +2)(N + 1) — — (N +2)? | > —nN%,
n[24( +2)(N+1) 64( +):|_12n

as claimed.
Define Ry (t) =sin 7wtz N cos wt — N cos it N sin 7tt; then by (71)

sintt N

Un(t) =27 Ry ().

sin’ nur
Using the fact that sine > —(2/7)a + 2 for « € [/2, ] we obtain for t € (1/(2N), 1/N)
sintt N - —@2/m)TtN +2 - 1 5 < 1 ) 2 2(1 )

- > - > — N(——-t)>—N\|\——1t
sin Tt¢ sin 7t sin(mw/N) N b N

Note that Ry () > 0, Vt € (5, +); in addition,

1 1
Ry()=7n(N> = DsinmtNsinmt >0, V— <7 < —.
N (@) =m( )sin ¢ N sin 7t > N < <N

Thus Ry (¢) is monotone increasing in (1/(2N), 1/N) so that
1 Rn(1/2N 4 1 1 1
Un(t) > 4N*[ — —1 ME—N“ — ) eos = SN = — 1),
N sin?(w/N) — =2 N 1273 N

as claimed.
(vi) We have from (73) for all ¢ € [—%, %]

N-—1 N—1 N—1

2

(UL (6] =81 > " k*(N — k) cos(2mkt) < 87> |:N dYo=> k3:| = g1121\/2(1\1 - D2
k=1 k=1 k=1

Then because Uy(1/N)=0and N > 6

2 ,/5\%
< 5#(—) nN? <5pN3.

2
max Un(r) < gnzNz(N —1)? <

(1-n)/N=<t<1/N

This completes the proof of the lemma. O

Proof of Lemma 1. Clearly, R, is minorated with the Bayesian risk r,, which corresponds to the prior distribution
P(j=0=P(A<j<N)=1/2:

I R T 0 BRI Qg ot o
re =inf| S Eoy” + 5 Ex(¥ — ¥)* | =inf 5 Eo[¥~ + Zx (¥ — ¥)7]. (74)
v L2 2 v 2

Observe that I/_/ = KZZZ is the minimizer of (74), so that

2 2 2 2
r5=1//—E0|: i ]zw_EO[L]Zw_O_EOM),
2 T+ zZz | T 22z T 4 2
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asL>

]+x_l—xforx>—l.

Proof of Lemma 2. Indeed,

oo n—1 j
=X_ji—<2_j—+gn(x>

where g, (x) = fl—’;e". By the Stirling formula,

1 \" e "
() < (—) oo
i V2mn \ 1 2mn
forO0 <x <n/9.
Proof of Lemma 3. Let, for the sake of definiteness, e = (1, ..., 1)T. We have
 J— dxg
Jete : d(e'x —m
e(e) = «/ZM_Z_OO/ / (1+xl)2ﬂ (1+x )25 ( )
1 ile/oo /OO d dre—1 /H] O ST —m)
= = i DECEEY . e x_m
“/Zm=o,-=o 0 o (I+xD¥  (U+x—D¥ ),  (+x0)%
-1
i mX:l /oo dx /OO dxg_y 1( o l<axdet - )
——1lm - — X e X m—
_m — = A+ D¥ Jo U+x)? Jo (L +xe—n? Jmi=n -1 = J
Jj=
oo m—1 00 dx; 00 dxp_ | - < 1
—22(1-}-])2/3 (1+xl)2ﬁ"' 0 m(m_x1+-..+xg_l_m+ )
— o d.x1 00 dx( 1 zﬁ
§1+2—11/_,_./
(1+eg-n7) o (14+x1)28 o (I+xe_2P~ (2/3_1);3

817

O

Proof of Lemma 5. Again, R, is minorated with the Bayesian risk r,, which corresponds to the prior distribution

PO<j<N-—1)=1/N:

re=N mf[ZE(e —0)

j=1

I

N
> i=10;Z;
N

j=1%]

N
=N7'E, [Ze}zj —
j=1

Letnow A =

Observe that 6 =

N
Zj:l Zj

Zj:l Zj

Jj=1

meo [Zz ®; —0)

(X162

]

j=1

is the minimizer of (75), and

N
} =N7E, [Z i’z —
j=1

{we 2| Z; >1—§}. By the Cauchy inequality,

N N .
_ . (Z':lfzj)
o N 3E0[(2]zz,._-/,v7

z)m}.

Y, z)?
N
Zj:l Zj

].

(75)
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Note that

N N N
EoY_j*Zj1(A) =) j*P(A)—Eo Y j*(1—Zj)1(A)

j=1 j=1 j=1
N3 al N3
> ?P(A) — N?E, Z(l —ZH1(A) > ?P(A) — N3s.

j=1

On the other hand,
N . N .
£y it Iz 1(A) < Eoj=1 i 2
N < — )
V.7 N(1—9) O
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