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ON THE DISCONNECTION OF A DISCRETE CYLINDER BY
A BIASED RANDOM WALK

BY DAVID WINDISCH
ETH Ziirich

We consider a random walk on the discrete cylinder (Z/N 7Y x2,d>3
with drift N9 in the Z-direction and investigate the large N-behavior of the
disconnection time TI%‘SC, defined as the first time when the trajectory of the
random walk disconnects the cylinder into two infinite components. We prove
that, as long as the drift exponent « is strictly greater than 1, the asymptotic
behavior of T,‘\i,lsc remains N29+9(1) 4 in the unbiased case considered by

Dembo and Sznitman, whereas for « < 1, the asymptotic behavior of T;\j,isc
becomes exponential in N.

1. Introduction. Informally, the object of our study can be described as fol-
lows: a particle feeling a drift moves randomly through a cylindrical object, and
damages every visited point. How long does it take until the cylinder breaks apart,
and how does the answer to this question depend on the drift felt by the particle?
This is a variation on the problem of “the termite in a wooden beam” considered
by Dembo and Sznitman [4].

We henceforth consider the discrete cylinder

(1.1 E=T% xZ, d>1,

where ’]1‘51\, denotes the d-dimensional integer torus T% = (Z/NZ)%. The discon-
nection time of the cylinder E by a simple (unbiased) random walk was introduced
by Dembo and Sznitman in [4], where it was shown that its asymptotic behavior
is approximately N2¢ = |’JI‘§1V|2 as N — oo when d > 1. This result was extended
by Sznitman in [12] to a wide class of bases of E with uniformly bounded degree
as N — oo. Similar models related to interfaces created by simple random walk
trajectories have been studied by Benjamini and Sznitman [3] and Sznitman [13].
The former of these two works has led Dembo and Sznitman [5] to sharpen their
lower bound on the disconnection time of E for large d. Here we investigate the
disconnection time for a random walk with bias into the Z-direction.

We now proceed to the precise description of the problem studied in the present
work. The cylinder E is equipped with the Euclidean distance | - | and the natural
product graph structure, for which all vertices x1, xo € E with |x; — x| =1 are
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connected by an edge. The (discrete-time) random walk with drift A € [0, 1) is the
Markov chain (X,),>0 on E with starting point x € E and transition probability
I+ Az (x2 — x1))

(L.2)  px(x1,x2) = 212 15 —xs)=1}> X1, x2 € E,

where 77 denotes the projection from E onto Z. The process is defined on a suit-
able filtered probability space (Q2x, (¥7)n>0, PxA) (see Section 2 for details). In
particular, under P(? , X is the ordinary simple random walk on E. We say that a
set K C E disconnects E if Tj’v X (—00, —M] and ']I‘j{, X [M, 00) are contained in
two distinct components of E \ K for large M > 1. The central object of interest
is the disconnection time

(1.3) Tlfl,isc =inf{n > 0: X ([0, n]) disconnects E}.

We consider drifts of the form N 4% = |Tﬁ,|_°‘, o > 0. Our main result shows that
the asymptotic behavior of Tf,l“ as N — oo is the same as in the case without drift
considered in [4] as long as « > 1, and becomes exponential in N when « < 1:

THEOREM 1.1 (d >3, a >0, & > 0).

Foro > 1, N2—e < T}f}isc < N2d+e,
1.4 .
fora <1, exp{Nd(l—cx—fp(a))—s} < TIS}ISC < eXp{Nd(l_“)"'s},

with probability tending to 1 as N — oo, where the continuous function ¢ : (0,
1) — (0, d—il) is defined by

1 o
p(a) = a1{0<a<a*} + <E + d—1 - 0‘>1{a*<a<l/d}
(1.5)
l—«
+ ml{l/a’gxd},

for o, = Wl(d—l))' In particular, ¢ satisfies limg_0@(a) = limy 1 () =0
[see Figure 1 for an illustration of the region between 1 — o — ¢(a) and 1 — «].

We now outline the ideas entering the proof of this result. The upper bounds on
Tﬁisc are derived in Theorem 3.1. The proof of this theorem is based on the simple
observation that the cylinder E is disconnected as soon as a slice of the form
’]I‘jl\, x {z} € E is completely covered by the walk. We thus show that the trajectory
of the random walk X up to time N2+ (for a > 1), respectively exp{ N¢(1~®)+¢}
(for @ < 1), does cover such a slice with probability tending to 1 as N — oo. To
this end, we fix the slice ’]I‘j{, x {0} and record visits made to it by X, where we
only count visits with a sufficient time of “relaxation” in between. The process
recording these visits is defined as (V, 0) [cf. (3.8)]. Once we have checked that
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FI1G. 1. The shaded region lies between the exponents of the upper and lower bounds in Theorem 1.1
fora €(0,1).

V forms a Markov chain on ']I‘jl\, in Lemma 3.5, we can infer from the coupon-
collector-type estimate (3.9) on the cover time that after a certain “critical” number
of visits, the slice Tﬁ, x {0} is covered with overwhelming probability by (V, 0),
hence by X. Since the same estimates apply to any slice ']I‘i, x {z}, z € Z, we are
left with the one-dimensional problem of finding an upper bound on the time until
sufficiently many such visits occur for some slice ']I‘ji\, x {z}.

Let us now describe the ideas involved in the more delicate derivation of the
lower bounds. In this work, we reduce the problem of finding a lower bound on
T,‘\i,ISC to a large deviations problem concerning the disconnection of a certain finite
subset of E by excursions of an unbiased simple random walk, and then derive
estimates on this large deviations problem. Let us describe this last problem and the
reduction step in more detail. For any subsets K, B C E, B finite, and « € (0, %),
we say that K «k-disconnects B if K contains the relative boundary in B of a subset
of B with relative volume between « and 1 — «, that is, if there is a subset / of B
(generally not unique) such that

(1.6) k|B|<|Il<(1—-«)|B| and 0dp(I) <K,

where, for sets A, B C E, |A| denotes the number of points in A and dp(A) the
B-relative boundary of A, that is, the set of points in B \ A with neighbors in A.
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The set whose disconnection concerns us is

o s [ LET

Note that in the case o > é, B(a) becomes By (0, [N /4]), the closed ball of radius
[N /4] with respect to the /-distance, centered at 0. We define Upy) as the first
time when the trajectory of the random walk %—disconnects B(w), that is,

(1.8) Ug(a) = inf{n > 0: X ([0, n]) §-disconnects B(a)}.

The random walk excursions featuring in the large deviations problem are excur-
sions in and out of slices of the form

(1.9 S = Tﬁi\, X [=[rl,[F]1CE (r > 0).

Finally, the crucial reduction step comes in the following theorem, proved in Sec-
tion 4:

THEOREM 1.2 (d > 2, « > 0, 8 > 0). Suppose that [ is a nonnegative
Sfunction on (0, c><>)2 such that, for (Rp)n>1, (Dn)n=>1, the successive returns to
Sy ndanty and departures from Sypyaenty [cf. (2.24)] and the stopping time defined
in (1.8), one has

— 1
lim —log sup P2[Upw) < Dyysi] <0
N—oo N§ xeSz[NdaM] X[ ¢ : ]]

(1.10)
forany 0 <& < f(a, B).

If f(a,B) >0foralla > 1,8 €(0,d— 1), then it follows that

(1.11) PoN_da[NZd_szﬁ,isc] N=goy foranya >1,e >0,

while for any f >0,

N—o0o

(1.12) PV “lexp{N* ¢} < T8 21 foranya >0, >0,
where

(L13)  ¢=supga(B) and gu(B)=(B—(da—1)4)A f(a, B).

B>0

In order to apply Theorem 1.2, one has to find a suitable nonnegative func-
tion f satisfying the fundamental large deviations estimate (1.10). We show in
Theorem 6.1 that (1.10) holds for the function f illustrated in Figure 2. With this
function f, the lower bound exponents ¢ [in (1.12)] and d(1 — o — ¢(a)) [in (1.4)]
are related via

(1.14) d(l —o— (p(a)) =V (d(l — 2a)1{a<1/d}),
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FI1G. 2. The function f provided by Theorem 6.1, case o € (0, %) on the left, case o € [%, 00) on
the right.

as is shown in Corollary 6.3. The fact that the lower bound on Tﬁ,isc holds with
the expression d (1 — 2a)1(y<1/4) in (1.14) follows from the rather straightforward
lower bound derived in Proposition 6.2.

We now sketch some of the techniques involved in the proof of Theorem 1.2
and the subsequent derivation of the large deviations estimate (1.10). The first step
in the proof of Theorem 1.2 is a purely geometric argument in the spirit of Dembo
and Sznitman [4] showing that any trajectory disconnecting E must %—disconnect
a set of the form x, + B(«) (see Lemma 4.1). On the event that the walk performs
no more than [N#] excursions between x, + Sy nde—17 and Xy + SZ[ Nda-1] for any
X € E until some time ¢y, disconnection before time #; can only occur if these
at most [N#] excursions %—disconnect Xxs + B(a) for some x, € E. One can thus
apply the assumed large deviations estimate (1.10) after getting rid of the drift
with the help of a Girsanov-type control (see Lemma 2.1) and applying translation
invariance. It then remains to bound the probability that more than [N#] of the
above-mentioned excursions occur for some x, € E. This can be achieved with
standard estimates on one-dimensional random walk.

In order to derive the fundamental large deviations estimate (1.10), we begin
with some more geometric lemmas. We show in Lemmas 5.1-5.3 that when 0 <
y <y’ <1, for large N and any set K %—diseonnecting B (0, [N/4)) [cf. (1.7)

and thereafter], one can find a subcube of By, (0, [N /4]) with size L =[N V,], SO
that K contains a “well-spread” set of points in each of a “well-spread” collection
of sub-subcubes with size [ = [N”] (we refer to Lemma 5.3 for the precise state-
ment). A key ingredient for the proof of this geometric result, similar to Lemma 2.5
of [4], is an isoperimetric inequality from [6] (see Lemma 5.2). A small modifi-
cation of the argument shows a similar result for B(«), o < % (see Lemma 5.4).
As a consequence of these geometric results, one finds that the event under con-
sideration in the large deviations estimate (1.10) is included in the event that the
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trajectory left by the [N#] excursions has substantial presence in many small sub-
cubes of B(«). The key control on an event of this form is provided by Lemma 6.5.
The main part of the argument there is to obtain a tail estimate on the number of
points contained in the projection on one of the d-dimensional hyperplanes of the
small subcubes intersected with the trajectory of the random walk stopped when
exiting a large set. It follows from Kha$§minskii’s lemma that this number of points,
divided by its expectation, is a random variable whose exponential moment is uni-
formly bounded with N. In order to bound the expected number of visited points,
we use standard estimates on the Green function of the simple random walk.

An obvious question arising from Theorem 1.1 is whether one can prove the
same result with ¢ = 0 in (1.4). With Theorem 1.2, it is readily seen that this would
follow if one could show that the large deviations estimate (1.10) holds with

(1.15) f*(a,ﬂ)={g’_(daM)’ g;j:ﬁjzﬁﬂ

see Figure 2. In fact, the above function f* can be shown to be the correct expo-
nent associated to a large deviations problem similar to (1.10), where one replaces
the time Upy) by U, defined as the first time when the trajectory of X covers
']1‘3{, x {0}. Plainly one has Up(y) < U, and it follows that any function f in (1.10)
satisfies f(a, B) < f*(«, B) for all points (o, 8) of continuity of f; we refer to
Remark 6.7 for more details. The crucial open question is therefore: are these two
problems sufficiently similar for (1.10) to hold with f*?

Organization of the article. In Section 2, we provide the definitions and the
notation to be used throughout this article and prove a Girsanov-type estimate to
be frequently used later on.

In Section 3, we derive the upper bounds on Tﬁ,isc of Theorem 1.1.

In Section 4, we prove Theorem 1.2, thus reducing the derivation of a lower
bound on T3¢ to a large deviations estimate.

In Section 5, we prove several geometric lemmas in preparation of our deriva-
tion of the latter estimate.

In Section 6, we supply the key large deviations estimate in Theorem 6.1 and
derive a simple lower bound on T]‘\j,iSC for large drifts. As we show, this yields the
lower bounds on Tﬁise in Theorem 1.1.

Constants. Finally, we use the following convention concerning constants:
Throughout the text, ¢ or ¢’ denote positive constants which only depend on the
base-dimension d, with values changing from place to place. The numbered con-
stants co, c1, ... are fixed and refer to their first place of appearance in the text.
Dependence of constants on parameters other than d appears in the notation. For
example, c(y, y’) denotes a positive constant depending on d, y and y’.
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2. Definitions, notation and a useful estimate. The purpose of this section
is to set up the notation and the definitions to be used in this article and to provide
a Girsanov-type estimate comparing the random walks with drift and without drift,
to be frequently applied later on.

Throughout this article, we denote, for s,t € R, by s A ¢ the minimum of s
and ¢, by s Vv ¢t the maximum of s and ¢, by [s] the largest integer satisfying
[s] <s and we set t =t Vv 0 and r— = —(¢t A 0). Recall that we introduced
the cylinder E in (1.1). E is equipped with the Euclidean distance | - | and the
lso-distance | - |so. We denote a generic element of E by x = (4, v), u € T4,
v € Z and the corresponding closed ball of | - |s-radius » > O centered at x € E
by Boo(x, 7). Note that E is the image of Z¢*! = Z? x 7 by the mapping 7g:
7¢ x 7 — E, (u,v) — (JTTilv (1), v), where T, denotes the canonical projection

from Z¢ onto the torus Tj{,. We write {ei}ld:ll for the canonical basis of RZ*!,
The projections m;, i = 1,...,d + 1 onto the d-dimensional hyperplanes of E

are the mappings from E to (Z/NZ)?~! x Z wheni =1, ...,d, or to (Z/NZ)?

when i =d + 1, defined by omitting the ith component of (u, v) = (ul, coud,

v) € E. These projections are not to be confused with the Z-projection 7z from E
onto 7,

(2.1) T7(X) =X -eq41.

For any subset A C E and [ > 1, we define the /-neighborhood of A,
(2.2) AD ={x e E:forsome x' € A, |x — x|oo <1},

its /-interior,

(2.3) ATD =(x e A:forall x’ ¢ A, |x — x'|o0 > [}
(sothat A C B if and only if ADCB ) and its diameter

(2.4) diam(A) = sup{|x — x'|0c : x, x’ € A}.

Given another subset B C E, we define the B-relative boundary of A,
(2.5) dp(A)={xe B\ A:forsomex’ € A, |x —x'| =1},
and the B-relative boundary of A in directioni € {1,...,d + 1},
(2.6) 3pi(A)={xe B\ A:forsomex’ € A, |x —x'|=1and 7; (x) = 7; (x")}.
The cube of side-length [ — 1,/ =1, ..., N is defined as

(2.7 ciy=[0,l—11%"'cE

(where [0,/ — 1] ={0,...,] — 1}) and the same cube with base-point x € E
as

(2.8) Ci(h=x+CW0),
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where, for x € E and A C E, we setx + A= {x +x":x’ € A} C E. For any fixed
N > 1, we now define the probability space

2.9 Qy =&([0, 00), Tﬁ,) x &([0, 00), Z),

where, for a set H, &([0,00), H) is the space of piecewise constant, right-
continuous functions from [0, co) to H with infinitely many discontinuities and at
most finitely many discontinuities on compact intervals. The canonical processes
(X0)ref0,00)> (Yo)re[0,00) and (Z1)refo,00) are defined on Qy by X (0", 0?)) =
Yy, Z) (W, 0®) = (a),(l),a)t(z)) € E. These processes generate the canonical
filtration (3:});6[0,00) on 2y and have the associated shift operators (9_,),6[0,00),
as well as the jump times (J”X),,Zo, (Jny)nzo, (an)nzo and counting processes
(N,X)_,e[o?oo), (Nty)te[o’oo) and (Ntz)te[o,oo), defined for X (and analogously for Y
and Z) as

JX=0,  J¥=inf{t >0:X, # X, } € (0, 00),
(2.10)

J,f_(:Jf_(oéJX_l—i—Jf_l forn > 2,

2.11) NX =sup(n=0:7X <t} <00,  1€[0,00).

The discrete-time processes (Xn)n=0, (Yn)n=0 and (Z,)n>0 corresponding to X,
Y and Z are obtained by restricting time to the integers n > 0, that is,

(2.12) Xo=X,x, Yo=Yy,  Zy=Z,;, nz0.
Note that, as a consequence one obtains [cf. (2.11)]
(2.13) }_(t:XNt;(, Y, =Y. Z,:ZNIZ, t>0.

For the process X, we also define the discrete-time shift operators (6,),>0 and the
discrete-time filtration (%;,),>0 as 6, = 0,5, Fn=0(X1,..., Xp).

We proceed to construct the probability measures PXA, for x = (u,v) € E and
0<A <1on (Qy,(F)ie0,00) (and write ExA for the corresponding expecta-
tions) such that, under PXA,

(2.14) Y, JY, Z, JZ [cf. (2.10), (2.12)] are independent,
(2.15) Y is a simple random walk on Tﬁ, with starting point u,
Z is arandom walk on Z starting at v with transition probability
(2.16)
’oo 1-A ;oo 1+A /
Pz, v =D =——, pz(V v+ 1) =——, V' EZL

(so A can be interpreted as the drift of the walk in the Z-component),

(2.17) (JY = J7 )u=1 [cf. (2.10)] are i.i.d. Exp(1) variables
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[here and throughout this article, Exp(p) denotes the exponential distribution with
parameter p > 0], and

5 1
(2.18) (JZ — JZ Dp= areiid. Exp<g> variables.
It follows from this construction that, under PXA, X is a random walk on E with
drift A starting at x, that is, a Markov chain on E with initial distribution §{,) and
transition probability specified in (1.2) (in particular, the notation PXA, x e E,is
consistent with its use in the Introduction). Furthermore,

7 d+1
(2.19) (JX - nX_1)nzl are i.i.d. Exp(%) variables

n

and

NX, NY and NZ [cf. (2.11)] are Poisson processes

1 1
, 1 and —.
d

The disconnection time T;&,isc was defined in (1.3). It will also be useful to consider
its continuous-time analog

(2.21) T3¢ — inf{r € [0, 00) : X ([0, 1]) disconnects E}.

(2.20)

on [0, co) with respective intensities

Moreover, we will frequently use the following stopping times: The entrance time
Hf oftheset AC E,

(2.22) HY =inf(n > 0; X, € A},
where we write HxX if A ={x}, and the cover time Cff of ACE,
(2.23) CX =inf{n > 0; X ([0, n]) 2 A},

with obvious modifications such as HZ for processes other than X in either dis-
crete or continuous time. For the random walk X and any sets A C A C E, the
successive returns (R, ),>1 to A and departures (D,),>1 from A are defined as
Ri=H), Di=HXofg +R and forn>2,
(2.24)
R, =R OGD,,,l + Dy, DnleogDn,1 + Dy 1,

sothat 0 <Ry <D1<---<R, <D, <---<ooand PXA—a.s. all these inequalities
are strict, except possibly the first one. Finally, we also use the Green function of
the simple random walk X without drift, killed when exiting A C E, defined as

o0
(2.25) ¢h(x,x) = ES[Z 1X,=x",n< H,ii}], x,x' €E.
n=0

We conclude this section with the Girsanov-type estimate comparing P2 and P)?.
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LEMMA 2.1 [d>1, N>1, A € (0,1), x € E]. Consider any (F,)n>0-
stopping time T and any Fr-measurable event A such that, for some b, b’ €
R U {—00, 00},

(2.26) T<oo and b<my(Xr—x)<b,  Plas onA.

Then

(2.27) (1= A1+ AP EYA, (1 — AHIT/H] < PA[A]
and

(2.28) PA[A] < (1— AYP=(1+ A)*+ PY[A],

where we set (1 — A)*®° =0and (1 + A)*® = oo.

PROOF. For any ¥,-measurable event A,, it follows directly from the defini-
tion of the transition probabilities of the walk X [cf. (1.2)] that

(2.29) PA[A,] :ES[An, [T+ Anz(X; —Xi—l)):|-

i=1

For any (#,),>0-stopping time T satisfying (2.26), we apply (2.29) with the %, -
measurable event A, = A N {T =n} for n > 0 and deduce, via monotone conver-
gence,

T
PA[A1=) PRAN =) E? [An, [0+ Arz(X; — Xl-_l))}
n>0 n>0 i=1

(2.30) ,
= E)(C)|:A, 1_[(1 + Anz(X; — X,‘l))i|.
i=1

To complete the proof, we bound the product inside the expectation on the right-
hand side of (2.30) from above and from below. The contribution of the product is
a factor of 1 + A for every displacement of X into the positive Z-direction up to
time 7 and a factor of 1 — A for every displacement into the negative Z-direction
during the same time. We now group together the factors in the product as pairs of
the form (1 + A)(1 — A) =1 — A2 for as many factors as possible (i.e., until all
remaining factors are of the form 1 + A or all remaining factors are of the form
1 — A). By (2.26), the contribution of these remaining factors is bounded from
below by (1 — A)?- (1 4+ A)P+ and from above by (1 — A)?™ (1 + A)?+. For (2.28),
we note that 1 — A% < 1 and bound the contribution made by the pairs from above
by 1. For (2.27), we note that the number of pairs contributed can be at most [%].
This completes the proof of the lemma. [
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3. Upper bounds. This section is devoted to upper bounds on T;\i,isc. We will
prove the following theorem, which is more than sufficient to yield the upper

bounds in Theorem 1.1:

THEOREM 3.1 (d >2,a >0, & > 0). For some constant cg > 0,

@D fora=1, PY T < N (log Ny 2501,
32 fora<l, P UITEC < explooN?I T (log Ny S

In order to show Theorem 3.1, it suffices to show the corresponding result in
continuous time, which is [cf. (2.21)]:

THEOREM 3.2 (d >2,a > 0, & > 0). For some constant co > 0,

N—o00

(33)  fora>1, PY [T dise < N2 (1og N)HTE] S0
(B4 fora<l, PV UITEC <expleoN41) (log N)2} =50 1.

PROOF THAT THEOREM 3.2 IMPLIES THEOREM 3.1. For this proof as well

as for future reference, we note that, for any Poisson process (N,(p ))te[O,oo) of
parameter p > 0, one has by the exponential Chebyshev inequality, for any ¢ > 0,

PN = ept] < e B[N = eerrtoi e = o

’

as well as

’

P[NP < e lpt] < eeflsz[efo”)] — ¢ ptpr(e =) _ —pr(1-2e7h)
hence
(3.5) P[N ¢ (e ' pt, epr)] < 2e~".
Let us now assume that Theorem 3.2 is true. By definition of X and X [cf. (2.13)],
one has, for any s, f > 0, on the event {NtX <s},
{Tlfl,isc > s} = {X ([0, [s]]) does not disconnect E}

((2.13),(2.21))

c {X([o0, NtX]) does not disconnect E} {lesc t}.

Using this last observation with s = e@t we deduce

—da . d+1 —da : d+1 5 d+1
Pév ¢ [Tf\l,lsc > e—j t} < P(fv ¢ [T]?,ISC > e—;— t,NX < e—z t]

il g d
(3.6) + PV [Tf\l,‘5°>e TLNE > e

d
e g wlog d+1
< PYNITEe s 4 P [N,X>e r]
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We now fix any « > 1 and & > 0. The last inequality with 1y = N>?(log N)*+¢/2
yields, for N > c(¢) (we refer to the end of the Introduction for our convention
concerning constants),

P(;V_da[T]%iSC > NZd(log N)4+8]

il g A1
<p [va““>e :; zN]

(356) PON—d“[fﬁisc >tn]+ PON_da |:Nti<v > ed j{_ ! tN:|.
The first of the two terms on the right-hand side tends to 0 as N — oo, by
(3.3), while the second term is bounded from above by 2 exp{—cN 2d (logN yAte/2)
by (3.5). We have thus deduced (3.1).
For o < 1, we proceed in the same way: Applied with ¢y, = exp{coN dl=a)
(log N)2}, (3.6) and (3.5) yield, for N > c(cp),

—da

Py TS > exp{2eo N1 7% (log N)?}]

—da . d+1
<Py ¢ [Tﬁ}‘“ > e—:; tl’v}

—d = d; d(1—a) 2
< Pdv a[T;\}lsC >t]/\{] +6Xp{—C€CON “(logN) },

so that (3.2) follows from (3.4). O

PROOF OF THEOREM 3.2. Following the idea outlined in the Introduction,
we define the process V, whose purpose is to record visits of X to ’]I‘ﬁ{, x {0}. To

this end, we introduce the stopping times (Sn)nzo by setting [cf. (2.10), (2.22)]

So=0, 5’1=H0209_Jy+11?§oo, and for n > 2,
(3.7) :

s S100s  + Su—1, on {S,_1 < oo},
§, = - >
00, on {S,_1 = o0},

and on the event {S; < oo}, we define

(3.8) Vo=Ys;, n=0,.. .k

Note that, as soon as V has visited all points of T¢,, X has visited all points of
']I‘ﬁ{, x {0}, and has therefore disconnected E. Hence, we are interested in an upper
bound on the cover time Cq‘r/d [cf. (2.23)]. This desired upper bound will result from
the following estimate on gover times for symmetric Markov chains. Following
Aldous and Fill ([1], Chapter 7, page 2), we call a Markov chain (W,),>0 on the
finite state-space G with transition probabilities pw (g, g'), g, &’ € G symmetric, if
for any states go, g1 € G, there exists a bijection y : G — G satisfying y (go) = &1
and pw (g, 8") = pw(r(g),v(g") forall g, g' € G.
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LEMMA 3.3. Given a symmetric, irreducible and reversible Markov chain
(Wp)n>0 on the finite state-space G whose transition matrix (pw(g, g Ng.g'cG
has eigenvalues 1 = A (W) > A (W) > --- > AiG|(W) > —1, one has

(3.9) Pg[ngn]flGlexp{—[ “ forany g € G,n > 1,

n
deu(W)
where Py is the canonical probability on GN governing W with Wy = g and

G| |

(3.10) uwy=y ———.
m% 1= Am(W)

PROOF. We assume that n > 4eu (W), for otherwise there is nothing to prove.
The following estimate on the maximum hitting time [cf. (2.22)] is a consequence
of the so-called eigentime identity (see [1], Lemma 15 and Proposition 13 in Chap-
ter 3, and note that E¢[H Wi=E g/[HgV ] by our assumptions on symmetry, irre-
ducibility and reversibility; cf. [1], Chapter 3, Lemma 1):

|G|

(3 10)
(3.11) rr;aexGE [H <2 Z - (W) 2u(W).

Choosing any 1 < s < n, we deduce the following tail estimate on Cg;v with
a standard application of the simple Markov property at the times ([s] —

DL ... 205 B
P[CE > n]
= Py[for some g’ € G : Hg >n]

W (Markov) [s]
<|G| max Pg[H, >n] < |G|< max P |:H >[ :H)
g,8'eG 8 g.8'eG S

(Chebyshev, (3.11)) -1 [T (n/s<2n/s)) Asu(W)\ 14
e |G|(H 2uomy) "2 6l sul ))
S n

Withl <s = Mw <n, this yields (3.9). O

In what follows, we require the following alternative expression for the distribution
of the stopping times (S,),>0 [cf. 3.7)]:

LEMMA3.4(d>1,n>1,A €]0,1)). The following equality in distribution
holds under POA:
"
(ISt) o]+ - +O'n+HZA(1)+ +HZA(n)»

<7 n

(3.12) S,
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where the random variables {0;};>1 and the processes {Z(i), 7 (i)}izl are inde-
pendent, {Z", Z(i)}izl are i.i.d. copies of the random walk Z and the o; are
exponentially distributed with parameter 1.

PROOF. It suffices to prove that, for any n > 1,

. - - dist. 5(1) ()
G13) S5 =81 =80 B o1+ HE 0w+ HE ).
o]

for then we obtain
dist. @)
S—Z(S—S, n“”Z +HZ )

as required. For the purpose of showing (3.13), we fix any #1, ..., f, > 0 and find,
with the strong Markov property:

n n—1

Poﬁ[ﬂ{s,- — 81 < n}] = P&[ﬂ (5 = Si-1<uynog ! (51 < tn}}
=1 =1

(3.14) ' :

n—1
= E} [ﬂ{s —Si1=n). Py, [§1§tn]]

i=1

Thanks to translation invariance in the Tﬁ,—direction, the distribution of S, n > 0,
does not depend on the ']I‘ﬁ{,—coordinate of the starting point. In particular, one has

(3.15) PLolSa<1=P{S, <1  foranyueT%,n>0.
Therefore (3.14) simplifies to

P |:ﬂ{§i — 81 < ti}:|

i=1

n—1
(3.16) =P0A[ﬂ{sl- — 8- szi}}PoA[sl <tn]
i=1
induction) 1~ -
(niion [1P 181 <uil.
i=1
However, JIY is exponentially distributed with parameter 1 [cf. (2.17)] and inde-
pendent of Z [cf. (2.14)]. We hence obtain by Fubini’s theorem that, for any ¢ > 0:

. 3.7 ;- %
PRSI <1 2 PRIHE 06,5 + 0T <1
(3.17) , B
) / PLIHE 0B+ s <tle™ds
0
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Applying the simple Markov property at time s to the probability inside this last
integral, one finds

PQIHE 0b5+5s<t] = EO[(OZ)[HO<t—s]]

(dlst )

(Z'= Z(”) [

P(gz(n [Ho <t—sl]

(transl inv.)

0 [HZwl) <t—s].
Inserting this last expression into (3.17) and applying again Fubini’s theorem, we
obtain

PRSI <t1= Pon + H 2 = <t].

By this observation and independence of {0}, Z AL Z (’ )},>1 (3.16) becomes

P0A|:ﬂ{§i—§i—1§fi}:|:PoA|:m{ +HZA(1)_ }}

i=1 i=1

which shows (3.13) and hence completes the proof of Lemma 3.4. [

The next step toward the application of Lemma 3.3 is to show that (V, )
[cf. (3.8)] satisfies the hypotheses imposed on W, provided we take the event
{Sk < 0o} as probability space, equipped with the probability measure P( 0 Cl

Sk < 00), u € T4,

LEMMA 35 d=>1,k>1,Ae[0,1), u e ’]I‘?’V). On the probability space
({S; < o0}, P(ﬁ,O)[‘|Sk < o0)) and the finite time intervaln =0, ..., k, (V,,),]i:0 is

a symmetric, irreducible and reversible Markov chain on T‘I{, starting at u with
transition probability

(3.18) pv(,u') =Py o l¥s =u'|S; <ool,  u,u'€T§.
PROOF. By construction Y, J )7, Z are independent [cf. (2.14)]. Since S‘l

and N g] are both o (J Y, Z)-measurable [cf. (2.11), (3.7)], it follows that ¥ and

(5‘1, N g ) are independent as well. Hence, one can rewrite the expression for
1

pv (u, u’) in (3.18) using Fubini’s theorem:

o (3.15) 1 A -
u,u =" ———P Y ;s =u,S <
py (. i) PAIS; < ool wol Ng 1< o0]
(Fubini) 1 A A , -
3.19 = — F P, 1Y, =u] 7,91 <00
( ) POA[S1 < o0] (u’o)[ @,0)8n l”:Ngl ! ]
1

= ——  EAPAY.=ul 7.5 <ool,
PALS) < 0] 0 [Py Yn |"=N§1 ! ]
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where in the last line we have used that the expression inside the expectation is
a function of N -Y and S| and therefore does not depend on the Td -coordinate of
the starting pomt From (3.19), it follows that the transition probabilities py (-, -)
define an irreducible, symmetric (as defined above Lemma 3.3) and reversible
process. Indeed, for any u,u’ € Tﬁ, such that P(ﬁ’o)[Yl =u']> 0, (3.19) and
POA[NéV1 = 1,8 < ool > PA[X1 € TS x {0}] > 0 imply that py (u,u’) > 0, so
that irreducibility follows from irreducibility of the simple random walk Y. Sim-
ilarly, (3.19) shows that symmetry follows from symmetry of Y, which holds by
translation invariance. Finally, reversibility follows by exchanging u and u’ in the
last line of (3.19), which one can do by reversibility of Y. It thus remains to be
shown that py (-, -) are in fact the correct transition probabilities for V, that is, that

for any u, uy, ..., u, eT?V, 1<n<k,and
(3.20) A={W=u,...,Vy_1 =uy—_1},
one has

(321 Poo)[Va = un, AlSk < 00l = py (un—1, un) P§3 ) [AlSk < 00].
Using the strong Markov property at time S, one has

P(ﬁ,O)[Vn =u,, A|Sk < o0]

(Markov) 1
PP(Sk < oo]
(3.22)

X Efyo)[ Vs, = tn, A, Sy <00, PG [Skn < o0]]

(Y5, ,0)

PSS <0 —_ _
(.15 —Oi kon ]P(ﬁo)[Y —u,. A, S, < ool.
PO [Sk<OO]

Applying the strong Markov property at time S,_; to the last probability in this
expression, we infer that

PG olYs =up A, 8, < oc]

(Markov) A — -
E(u 0)[A S,_1 < 00, P(?gn_l’o)[Ygl =uy,, S| < o0]]

3.18),(3.20)) S S
(G189 pv(un—1, Mn)E(i,()) [A, Sp—1 < o0, P(%,,,],O)[Sl < oo]]

3.20 - _
O o nt, un) S ) [ A Sumt <00, PR (51 < o0]]

n—1

(Markov) c
E™ py(n-1,un) P& o)[A, §p < 00).
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Substituting this last expression into (3.22), and noting that (once more by the
strong Markov property)

G G (3.15) G
P§[Sk—n < 001Pf o) [A, Sy <00l =" Ef, 0)[A. 8y <00, PP

Xs'n [gk—}’l < OO]]

(Markov) S
= PE o)[A, Sk < 0],

we obtain (3.21) and finish the proof of Lemma 3.5. [

With the notation of Lemma 3.3, we recall that A, (V) and A,,(Y), m =
1,..., N stand for the decreasingly ordered eigenvalues of the transition matrices
(pv(u, u/))u’u,em and (py (u, u/))u’u,eTfl{] of V and Y, respectively. The following
proposition shows how these two sets of eigenvalues are related.

PROPOSITION 3.6 (d > 1, A € [0, 1)).
A NI d
(3.23) Am(V) =Eqg[An(Y) 51181 < o00], 1 <m < N*“.

PROOF. From (3.19), we know that, for u, u’ € T%,,

Y
pvu,u) = E§[py” (u,u")|S) < ool.

For any eigenvalue/eigenvector pair (1, (Y), vy,), we infer that
1 A / Ngl q
(pv (, u)ywvm = Eg [(py u, u)), ,vm|S1 < o0]

A NY - A NY _
=Ey [An(Y) *1un]S1 <oo]l=Ey [An(Y) *1|S) < o0]up.

Hence, (pv (u, u/))”’“/ETﬁlv has the same eigenvectors as (py (u, u’))
corresponding eigenvalues are indeed given by (3.23). [J

« and the
u,u' €T,

We can thus relate the quantity u (V) to u(Y) [cf. (3.10)], which is well known
from Aldous and Fill [1]:

PROPOSITION 3.7 (d >2, N > 1).
(3.24) u(¥) <cN%’logN  (d=2),
(3.25) u(Y) <cN* d>3).

(We refer to the end of the Introduction for our convention concerning constants.)

PROOF. The proof is contained in [1]: By the eigentime identity from Chap-
ter 3, Proposition 13, u(Y) is equal to the average hitting time (cf. Chapter 4,
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page 1, for the definition), for which the estimates hold by Proposition 8 in Chap-
ter 13. [

As a consequence, we now obtain our desired estimate on C 1‘1~/d by an application
N

of Lemma 3.3:
LEMMA 3.8(d>2,N>2, uc ']I‘ﬁi\,). For any k > [clNd(logN)z], one has

(3.26) sup P(ﬁ,o)[c{ﬁV > [e1N9(log N)?]|S; < o0] <

A€[0,1) WA

PROOF. We fix any A € [0,1) and consider the canonical Markov chain
(W)n>0, with state-space T4, starting point « and with the same transition proba-
bility as (Vn)ﬁ:0 under Pfo[-lS'k < 00], thatis, pw (-, ) = py(-,-). By Lemma 3.5,
(Wn)n>o then satisfies the assumptions of Lemma 3.3. Moreover, (Wn)ﬁ:0 has the
same distribution as (V,,)fl=0 under PuA,o['|Sk < oo]. With the help of Lemma 3.3,
we see that, for k > [cN¢ (log N)Z],

PG o[Cla = [eN“ (log N)?1|S) < o0]

T
(3.27) = P,[CJy = [cN?(log N)*]]
d 2
(359) N exp{—[[CN (logN) ]:|}
deu(W)

Since V and W have the same transition probability, we have u(W) = u(V), so
once we show that
N4 1

= <Nt
(3.28) u(V) m; EEWOE cNY +u(y),
the proof of (3.26) will be complete with (3.24), (3.25), (3.27) by choosing c = ¢ a
large enough constant and noting that the right-hand side of (3.27) does not depend
on A. We use the expression for A,,(V) of (3.23) and distinguish the two cases
0<Am(¥) <Tland =1 <A,(Y) <0.1If 0 <2,(Y) <1, then A, (V) < A, (Y),
because N ;1 > 1 by definition of Sy [cf. (3.7)], and hence

1 1
< .
L=2n(V) 7 1 =2an(¥)

If, on the other hand, —1 < A,,(Y) <0, then A,,(Y)" is nonnegative only for even
n > 1 and not larger than 1 for all n > 1, so in particular

(3.29)

} B (NY >1) _ _
(330)  An(V) < PRINY = 2181 < o0] Lo PRINT =1181 < o0l.
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Since {X; € T4, x (0} € {851 =JI} C {Ng1 =1} [cf. (3.7)], we deduce from
(3.30) that

PAIXy € T x {0}]

An(V) <1 — PP[X1 €Té x {0}|S) <oo]=1—

PRSI < o0]
<1-P,[X TS x{0}]:1—dd?,
and hence
331) 1 d+1

<
1—1, (V)™ d
The estimates (3.29) and (3.31) together yield (3.28), so the proof of Lemma 3.8
is complete. [l

In view of (3.26), we still need an upper bound on the amount of time it takes
for the corresponding [ci N d (log N )2] returns to occur. For simplicity of notation,
we set

(3.32) ay = N%(log N)?,

and we treat the cases « > 1 and & < 1 in Theorem 3.2 separately.
Case o > 1. We observe that
333 Py ITR = afy (og N1 = Y [T = Sicyay]
’ —do =
+ PON [Stcian1 > ajzv(log N)].

By Lemma 3.8 one has

N—dot ~di = N—da X =
PO [TNISC = S[ClaN]] = PO [CT?’\,X{Q} z S[ClaN]]

—da < (3.26)
= év [CTV(;ZV > [ClaN]’ S[ClﬂN] < OO] - 0

In view of (3.33), the proof of (3.3) will thus be complete once it is shown that

(3.34) PY " [Seay) < % (log N)¥] =50 1.
With (3.12), this will follow from (we refer to the statement of Lemma 3.4 for the
notation)

[cran]
(3.35) Py [ } oge

> (o + HZ) <ad (ogNy* | =371,
i=1 %
Let us define the event A(ciay) by

A(cran) = {o1 4 + 0[¢iay) < [2c1an],
(3.36) A AT
1ZO|+ -+ | z899vD| < [2¢1apn1).

G[ClllN]
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Since |Z,,| < NZ PY ".as. [cf. (2.13), (2.16)], we have EY “[|Z,,]] <
EN e [N Z] = d [cf. (2.20)]. Hence, by the law of large numbers,

(3.37) PY " [A(cran)] =50 1.

For the probability in (3.35), we obtain the following lower bound using indepen-
dence of {Z(’), yAQS oi}i>1 and N2 = 0, for N > c(cy,8):

e [cran] Py
Py [ Y (oi+H” A(z)) <ay (log N)* ]
i=1

[cran]

—da (i)
Py [Z H% say (log N)®, A([cmN])}
i=1

(3.36)
=

(indep., N~4*>0) [2c1an] [2cian]

> > oY

j1=—[2ctan]  Jicjay1=—[2c1an]

(3.38) o]
cl1an _
xPO [Z HZU| (logN) }

x Py Q[A(ClaN), z0 = j,
i=1,....[cian]].

By the simple Markov property and the fact that the increments of Z are indepen-
dent and identically distributed, we have the following equality in distribution:

vt 2o ist)
(3.39) S w4 B g2

1jil Litl=—=ljtejapl”
i=1

For the j;’s summed over in (3.38) [recall the definition of A(cjay) in (3.36)], we
have —[ji| — -+ — | jicjan]l = —[2c1an], so (3.39) implies that, for such j;’s,

[cian]
—da (i) —da 7
pY [ Y HZ)| < lak(og N)® } > Py [H peyay) < 3a (og N)F].

Substituted into (3.38), this yields

[cran]
—da
P [ ) (‘71+HZA(1))<"N(10gN) }
(3.40) =1

—da

—do
> P [H 0 001 < 3k Qog N)?) PN [A(cran)].
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Since we already know (3.37), the proof of (3.35), and hence of (3.3), will be
complete once it is shown that

(3.41) PY " [HZ < 1a2 (og Ny =501,

—[2c1an]

For n7(X), the Z-projection of the discrete-time random walk X, any v € Z and
s,t >0, we have [cf. (2.13)]

(H™2X <5 NX > 5} c {H"2Y) <t} = (HZ, <1).
By this last observation, applied with 7y = %alzv(log N)E, sy = %IN, v =
[2cian], we see with (3.5) and (2.20) that instead of (3.41) it suffices to show
that
N—o00

Nfda (X) d + 1 2
(3.42) Py [H”@CWN]S 5od a% (log N)® | =37 1.

. . . X X
\Cx_lih 2(2.27) of Lemma 2.1, applied with T = H™3Y) = A = {(H™Y = <

Seqgdy (log N )¢} and b = —[2c1ay], we can bound the probability in (3.42) from
below by
(1= Nyean (1 — N2y s O[T, < ¢l (log N)'].

Since o > 1, the factor before the above probability tends to 1 as N — oo
[cf. (3.32)], while the last probability tends to 1 by the invariance principle. This
shows (3.42), hence (3.41), and thus completes the proof of (3.3).

Case o < 1. We claim that in order to prove (3.4), it suffices to show that for
some constant ¢p(c1) > 0 and N > ¢(cy), with ay defined in (3.32),

(3.43) PY "X (10, N3)) 2T x {0}] > e—c2N “an

(recall our convention concerning constants from the end of the Introduction).
Indeed, suppose that (3.43) holds true. Then observe that, on the event {7915 >
ecoN " ay }, X does not cover ']I“]’{, X {Zn y3d} during the time interval [n N 3 (n 4
DN3) for 0 <n < [N_3de°‘0N7da“N] — 1, n > 1, for covering of a slice of E

results in the disconnection of E. We thus apply the simple Markov property in-
ductively at times

(N34 =[N3 ecoN ™ any _q 2 1),
and obtain
P({V_d"‘[flsisc > ecoN_d"‘aN]

—d
<pM™

[N—3deC()N_dauN]_1
O [

N 015 { X ([0, N3) BT x {ZHNM}}}
n=0
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(Markov, gansl. inv.) PN da[ ][N—3de(c0N_dO‘aN)]

X ([0, N3%)) 2 T4 x {0}

3.43 —da
( < )exp{_ce(CO—Cz)N d aNN—3d}

(32) (co—c2) N0~ (log N)ZN—3a'}’

exp{—ce

so the proof of (3.4) is complete by the fact that « < 1, provided we choose cg >
c2(c1). It thus remains to establish the estimate (3.43). To this end, we observe that

PY X (10, N*) 2T x (0]
(3.44) > PV [X([0, 00)) 2 T% x {0}]
NI (INYM, 00) N'TY x {0} # 2.

Standard large deviations estimates allow us to bound the second probability on
the right-hand side. Observe that independence of NZ and Z [cf. (2.14)] implies
with Fubini’s theorem that

PY X (IN*, 00)) N'TY, x {0} o]

= P({Vida [for some t > N3d, Z, =0]
213 PO [for some k > Ngw, Z, =0]

(Fubtni) EN a“ [P(fvida [for some k > n, Z; =0]]

n= Nﬁ?d]

N da[ Z P Zk _ —dak < —%N_dak]:|

Z
kzNNM

Now observe that (Z, — An),>¢ is a POA—martingale with increments bounded
by 1 + A <2 [cf. (2.16)]. By Azuma’s inequality (see, e.g., [2], page 85), the
expression in the last sum is therefore bounded from above by exp{—cN ~24%k}.
This yields

PY X (N, 00)) N'TY, x {0} # 2]
< EN da|: Z e_cNZdozk:|

1 N,da —CN_M”NZM
- 1— e_CN72da 0 [e N ]

(N=c (@) —da . _eN-2dapNZ
< " eNME) e N3]
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1 “2da
220) \2da exp{—ENM(l _ N )}

(N=c'(a)) (a<l)
< exp{—cN3I N2y T2 exp{—cNY).

Inserting this last estimate into (3.44), we see that in fact (3.43) will follow from
(3.45) PY ™ [X([0, 00)) D T4, x {0}] = ce™ /DN~ ay
By (3.26), we have
—da ~ —
Py [X (10, 00)) 2 T4, x {0}]

—da . — _ —
= PN [S[ClaN] < 0, X([O’ S[ClaN])) 2 T?V X {O}]
(3.46)

_ PN —da [S[clazv < OO]P()N_d [C’]I‘d <l[cian] |§[c1aN] < OO]

Ndot

((3.26),(3.32))
z CPO [S[Clazv] < OO]

With the help of (3.12), we obtain, with the same arguments as in (3.38), (3.39)
and (3.40) with A(cjay) replaced by {X1 | 28| < [2¢ian),

POI\F a[S[CWN] <o0]

(3.12) N~ eyl
Py [ > HZA(,) <c>oj|
=1
(3.47) !
N—de y—da leranl
> P [HZ e,y < 1P > 1ZP] < [2c1an]
i=1

<1 _ N—da [2cran] |:[6§1:v] 0

= — pY A= [2C161N]]
=

14 N—d« vt

The factor in front of the probability on the right-hand side is bounded from below

by e~¢(DN ~ay , while the probability tends to 1 as N — o0, again by the estimate

Eév B [|Z(71 1< Eév [N z ] = d and the law of large numbers. Therefore, (3.46)
and (3.47) together show (3 45) for a suitably chosen constant cp(cy) > 0. Hence,
the proof of (3.4) and thus of Theorem 3.2 is complete. [J

4. Lower bounds: Reduction to large deviations. The goal of this section
is to prove Theorem 1.2 reducing the problem of finding a lower bound on Tf,isc
to a large deviations estimate of the form (1.10). As a preliminary step toward this
reduction, we prove the following geometric lemma in the spirit of Dembo and
Sznitman [4], where we refer to (1.6) for our notion of «-disconnection:
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LEMMA 4.1 [d>1,a >0, k € (0, %)]. There is a constant c(«, k) such that
forall N > c(a, k), whenever K C E disconnects E, there is an x, € E such that
K k-disconnects x4« + B(®); cf. (1.7). (We refer to the end of the Introduction for
our convention concerning constants.)

PROOF. We follow the argument contained in the proof of Lemma 2.4 in
Dembo and Sznitman [4]. Assuming that K disconnects E, we refer as Top to
the connected component of E \ K containing T‘fv x [M, o) for large M > 1. We
can then define the function

tE— Ry
[Top N (x + B(w))|
| B(o)|
The function ¢ takes the value O for x = (1, v) € E with v € Z a large negative
number and the value 1 for v a large positive number. Moreover, for x = (u, v),
x" = (u,v') € E such that |[v — v'| = 1 we have (with A denoting symmetric dif-
ference)

(@ +B@)AG +B@)| _ N ¢
|B(a)| — Nd+danl T pNdanl®

t(x) —1(x")] <

Using these last two observations on ¢, we see that, for N > c(«, ), there is at
least one x, € E satisfying

1 c 1
t(x*)_i SWSE_K’
which can be restated as
4.1) K|B(a)|§}T0pﬂ(x*+B(a))|5(1—/<)|B(o¢)|.

If weset I = Top N (xyx+ B(a)), then 9y, + B()) (1) € K (since K disconnects E),
so that the proof is complete with (4.1). [

PROOF OF THEOREM 1.2. We claim that it suffices to prove the following two
estimates on P(fv_da[T;\j,iSC <t],valid forany t > 1, £ € (0, f(a, B)) [for o, 8 >0
and f asin (1.10)] and N > c(e, B, &):

42 PYTEC <) <N+ Ny (e N eV

and
@3)  PYUITEE < < eNY 4 Ny 4 e VT,

Indeed, suppose that (4.2) and (4.3) both hold. In order to deduce (1.11), we then

chooseanya>1,0<8<2dsuchthatﬁ:d—l—%>0(n0ted22)and
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£ € (0, f(ar, B)) (which is possible by the assumption on f). With r = N2¢—¢,
(4.2) then yields, for N > c(«, B, &, ¢),

—d . _ . _NE _ /' NelA
Pé\’ “[T;lllscsNZd S]ECN3d 8(6 N +e ¢'N¢ ),

and hence shows (1.11).
On the other hand, choosing t = exp{N*}, u > 0, in (4.3), we have, for any

a,>0,5§€(, f(a,p)) and N > c(a, B, &, ),

P I < exp(N™)]
4.4)
< N4 (exp(N" — N} + exp{N" — ¢/ NF~(da=D+}),

The right-hand side of (4.4) tends to 0 as N — oo for «, 8, & as above, provided
B> (da—1);and u <& A (B — (do —1)4+). We thus obtain (1.12) by optimizing
over 8 and £ in (4.4).

It therefore remains to establish (4.2) and (4.3). To this end, we apply the geo-
metric Lemma 4.1, noting that, up to time ¢, only sets (u#, v) + B(«) [in the notation
of (1.7)] with |v| <t 4+ N%*! can be entered by the discrete-time random walk,
and thus deduce that, for N > c(«),

PY " rdise <4
4.5) e
<cN4(t 4+ N) sup PY X ([0, [1]) %—disconnects x + B(@)].

xek

For the first return time R7, defined as R} = H S); vdant] [cf. (2.22)], one has

d
{X ([0, [1]]) 3-disconnects x + B(a)}
C O+ {X (0. [11]) 3-disconnects x + B(e)}.

Applying the strong Markov property at time R and using translation invariance,
we thus obtain that [cf. (1.8)]

PON—"“ [X ([0, [£1]) %-disconnects x4+ B(a)]

< sup PV e [X ([0, [£1]) %—disconnects B()]

xesz[NdctAl]

Nfda
= sup P’ [Upw@ =t]
XESQ[NthAll

Inserted into (4.5), this yields

@6 PV UITEC << eNY@+N)  sup PN [Upe <1].

X
XESZ[N(](!AI]
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We then observe that, for any x € Sy ydan1y,

—da
PN " Up@) <1]

—da —da
4.7) < P [Us@ < Dyl + P [Riwe) < Ub@) < 1]
S P+ P
By definition of Up() we know that, on the event {Upa) < 00}, 7z(Xuy,, —X) <
c[Ndanty, P)ﬁv_da -a.s., for x € Sy;yaan1). We can thus apply (2.28) of Lemma 2.1
with A = {Up@) < Dyeh T = Upw) and b’ = c[N9"!] and obtain, for P
in (4.7),

(2.28) danl
Py < (14 NN P Upg) < Diyey]

(4.8) < cP)[Up@) < Dyws)

1.10

( 5 ) e_N%"
for any & € (0, f(«, B)) and all N > c(«, B, &). Turning to P> in (4.7), we ap-
ply (2.28) of Lemma 2.1 with A = {Rys; <}, T = Ryye) and b’ = [N,
and obtain

Py < PV [Ryyey < 1] < (14 N4y NV M pO[g o0 < 4]
< PRy <1].

For this last probability, we make the observation that, under P?, Riney — D1
(= Ryney) is distributed as the sum of at least [c N9 NP independent random
variables, all of which are distributed as the hitting time of 1 for the unbiased
simple random walk 77 (X) [cf. (2.1)] starting at the origin with geometric delay
of constant parameter d%rl Applying an elementary estimate on one-dimensional
simple random walk for the second inequality (cf. Durrett [7], Chapter 3, (3.4)),
we deduce that, for r > 1,

B+(danld) ’ danl
P2 < CP(?[H{TZ(X) < t]CN < C(l _ C/t_l/z)c NBF(danl)

< cexp{—c'NFHdanh =112},

Together with (4.8), (4.7) and (4.6), this yields (4.2).

In order to obtain (4.3), we use the following different method for estimating P>
in (4.7): We let A~ be the event that the random walk X first exits Syjyden1y into
the negative direction, that is,

AT = {nz(Xi)l) <0} e Fo,.
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One then has

P, < sup pN* [Rnsy < 0]

X
xesz[NdaAl]

(4.9)

I Rey < 00, A7+ PV [Rpyey < 00, (A7)°]).

X

= sup (PY

X
xesz[Nda/\l]

We now apply the strong Markov property at the times &; and R and use trans-
lation invariance to infer from (4.9) that, for N B>2

N—dc{
P< sup P [Rpys_g < 0]
XGSZ[Nda/\l]
(4.10) x sup (PNT[AT]
xeSZ[Nd(xAl]

—da _ —da X
+ PN AT AP [HE Gy < 09)).

Next, we apply the estimate (2.28) of Lemma 2.1 with T = D1, A= A" and
b’ = —2[N@"1], then the invariance principle for one-dimensional simple random
walk, and obtain, for any x € S2[ Ndan1],

(inv. princ.)

@28) o
= pPlA] = (=-c) >0

(4.11) PN 147

X

Moreover, since the projection 7z (X) of X on Z is a one-dimensional random

. . -d .
walk with drift ZTIQ and geometric delay of constant parameter d%_l, standard

estimates on one-dimensional biased random walk imply

_C[Ndoml]

1— N—da(d+ 1)—1 c[N9erTy
1+ N—de(d + 1)—1>

e_CN—dot[Nda/\l]‘

Pév—da[Hﬂz(X) < OO] 5 (
4.12)
=<

Inserting (4.11) and (4.12) into (4.10) and using induction, we deduce

A —da an By_
(4.13) Py < (1= c3 + cze—eN INEIINEIT

Note that N ~9“[N9@ ] < |, If da > 1, then the right-hand side of (4.13) is
bounded from above by (1 — cN*d"‘[Nd"‘M])[Nﬂ]*1 < e*CNfd“[NdaM]Nﬂ, while
if da < 1, the right-hand side of (4.13) is bounded by e~V ’ In any case, we infer
from (4.13) that

P2 < e_CN—dOtNﬁ+(th/\l) _ e_CNﬁ—(d()t—l)+

Together with (4.8), (4.7) and (4.6) this yields (4.3) and completes the proof of
Theorem 1.2. [
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5. More geometric lemmas. The purpose of this section is to prove several
geometric lemmas needed for the derivation of the large deviations estimate (1.10)
in Theorem 1.2. The general purpose of these geometric results is to impose re-
strictions on a set K %—disconnecting B(a). This will enable us to obtain an upper
bound on the probability appearing in (1.10), when choosing K = X ([0, Dys1]).

Throughout this and the next section, we consider the scales L and [, defined as

(5.1) [=[N"], L=[N"] forO<y <y Ada,0<y’ <1.

The crucial geometric estimates come in Lemma 5.3 and its modification
Lemma 5.4. These geometric results, in the spirit of Dembo and Sznitman [4],
require as key ingredient an isoperimetric inequality of Deuschel and Pisztora [6];
see Lemma 5.2. In rough terms, Lemmas 5.3 and 5.5 show that for any set K
disconnecting C(L) or B(«) for da < 1 [cf. (1.7), (2.7)], one can find a whole
“surface” of subcubes of C(L) or B(«) such that the set K occupies a “surface”
of points inside every one of these subcubes. More precisely, it is shown that there
exist subcubes (Cy (I))xce [cf. (2.8)] of C(L), respectively of B(w), with the fol-
lowing properties: for one of the projections 7, on the d-dimensional hyperplanes,
the projected set of base-points 7, (&) is arranged on a subgrid of side-length / and
is substantially large. In the case of C(L), this set of points occupies at least a
constant fraction of the volume of the projected subgrid of C(L). Moreover, for
one of the projections ., (possibly different from 7,), the m,.-projection of the
disconnecting set K intersected with any subcube C, (I), x € &, contains at least
cl? points, that is, at least a constant fraction of the volume of m..(Cy(l)) (see
Figure 3 for an illustration of the idea).

The first lemma in this section allows to propagate disconnection of the | - |-
ball Bo(0, [N /4]) to a smaller scale of size L, in the sense that, for any set K
%—disconnecting B (0,[N/4]), one can find a sub-box Cy, (L) of Bso(0, [N/4])
which is %—disconnected by K [cf. (1.6)]. This result will prove useful for the
case B(x) = B (0,[N/4]) (i.e., if du > 1), where we use an upper bound on the
number of excursions between C,, (L) and (Cy, (L))e performed by the random
walk X until time Dy 5. We refer to the end of the Introduction for our convention
concerning constants.

LEMMA 5.1 d>1,y €(0,1), L = [NV/], N > 1). There is a constant
c(y’) > 0 such that for all N > c(y"), whenever K C By (0, [N /4]) %—disconnects

Boo (0, [N /4)]), there is an x4 € Bso(0, [N /4]) such that K %-disconnects Cy (L) C
Boo (0, [N /4]).

PROOF. Since K %-disconnects B (0, [N/4]) [cf. (1.6)], there is a set
I € Boo(0,[N/4]) satisfying 3|Boo(0,[N/4D| < |I| < 3|Bo(0, [N/4])]| and
0B, (0,[N/4n (1) € K. We want to find a point x, € E such that Cy (L) C
B (0,[N/4]) and

(5.2) HCW)| < ICr (L)NI| < 3|C(L)].
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Tx

T sese

FI1G. 3.  An illustration of the crucial geometric Lemma 5.3. The figure shows the set C(L), discon-
nected by K € C(L). The small boxes are the collection of subcubes (Cx(l))xcg. The circles on the
left are the points on the projected subgrid of side-length l, a large number of which (the filled ones)
are occupied by the projected set 7 (€) of base-points & [cf. (5.12), (5.13)]. In every subcube, the
set K occupies a surface of a significant number of points, in the sense of (5.14).

To this end, we introduce the subgrid B; € Bso(0, [N/4])~L) of side-length L,
defined as

B1 = B (0, [N/41) ™D Nwp (=[N /41, IN/4N%H 0 Lz
(5.3)
[cf. (2.3)].

The boxes (Cy(L))res, [see (2.7), (2.8)] are disjoint subsets of Bxo(0, [N/4]),
and their union covers all but at most cN9L points of Bso (0, [N/4]). Hence, we
have

(5.4) Yo HUNC(L)I =< Y [INC(L)|+cNL,
XeBy, xeBy,
(5.5) |Boo (0, [N/4D)| — cN/L < |BLI|IC(L)| < |Boo(0, [N /4]).

We now claim that, for N > c¢(y’), there is at least one x| € B, such that
(5.6) 11N Cyy (L) < 3ICA)].

Indeed, otherwise it would follow from the definition of I and the left-hand side
inequalities of (5.4) and (5.5) that

2 G4 3 CRE! d
51Bo(0, [N/AD| = 1| > ZIC(DI[BLl = 3|Boo(0,[N/4D] —cNL,
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which due to the definition of L is impossible for N > c¢(y’). Similarly, for N >
c(y’), we can find an x; € B, such that

(5.7) HICL)] < 1IN Cyy (L),

for otherwise the right-hand side inequalities of (5.4) and (5.5) would yield that
11Boo(0, [N /41| < 11Boo(0, [N /4])| 4+ ¢N?L, thus again leading to a contradic-
tion.

Next, we note that, for any neighbors x and x’ € Boo (0, [N/4]), one has, with
A denoting the symmetric difference,

IC(L)N] |G (D) N ]| _ [C(D)ACH D] _ ¢

(5.8) < <—.
|C(L)] |C(L)] |C(L)] NY

Since both x1 and x; are in B, € Byo (0, [N/4])(_L), we can now choose a nearest-
neighbor path & = (x; = y1, y2,..., y» = x2) from x1 to x such that Cy,(L) C
B (0, [N /4]) for all y; € #. Consider now the first point x, = y;, on & such that
};|C(L)| < |Cy,(L) N I|, which is well defined thanks to (5.7). If x, = yj, then
by (5.6), x, satisfies (5.2). If x, # y1, then by (5.8) and choice of x,, one also has

1 (5.8) c
Jewisic.@nn e, N1+ icw)
(1+ ¢ )|C(L)|
< - 7 9
4 NV

hence again (5.2) for N > c¢(y’). For N > c¢(y’), we have thus found an
Xx € Boo(0, [N/4]) satisfying %lC(L)I <I|Cy,(L)NI| =< %IC(L)I and Cy, (L) C
B (0, [N /4]). Moreover, 8CX*(L)(Cx*(L) NnI)C 3300(0’[1\//4])(1) C K. In other
words, K %-disconnects Cy.(L) € Bo(0,[N/4]). O

The following lemma contains the essential ingredients for the proof of the two
main geometric lemmas thereafter.

LEMMA 52 [d>1,k€(0,1), M €{0,...,N —1}, N> 1]. Suppose A C
[0, M9t C E. Then there is an ioe{l,...,d+ 1} such that

(5.9) Al < [y (A)| @D/

If A in addition satisfies

(5.10) Al < (=) + DT,

then thereis an iy € {1, ...,d + 1} and a constant c(k) > 0 such that [cf. (2.6)]

(5.11) 7, (80, papa1.1, ()] = e )| A[9/ D,
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PROOF. The estimate (5.9) follows, for instance, from a theorem of Loomis
and Whitney [10]. The proof of (5.11) can be found in (A.3)—(A.6) in Deuschel
and Pisztora [6], page 480. [

We now come to the main geometric lemma, which provides a necessary crite-
rion for disconnection of the box C(L) [cf. (2.7)]. A schematic illustration of its
content can be found in Figure 3.

LEMMA 53 d>1,0<y <y’ <1,I=[N"], L = [NV/], N >1). Forall
N > c(y,y"), whenever K C C(L) %—disconnects C(L) [cf. (1.6)], then there ex-

ists a set & € C(L)™D [cf. (2.3)] and projections my and mwy € {7y, ..., Tg+1}
such that
(5.12) 7:(8) € 14 (C(L) Nwg ([0, L1*H NizAH),
L d
(5.13) m@®=c(7)
(5.14) forallx € & : |mw(K N Cy (D) = 14 [cf. (2.8)].

PROOF. Since K %—disoonneets C(L), there exists a set I € C(L) satisfying
}‘Ld“ < || < %Ld“ and dc(z)(I) € K. We introduce here the subgrid ¢;
C(L)(_l) of side-length /, that is,

(5.15) e =C(L) D Nre0, L1% nizdth,

with sub-boxes Cy (), x € C;. The set 4 is then defined as the set of all x € ¢
whose corresponding box Cy (/) is filled up to more than %th by I:

(5.16) A={xeC:|Ci()NT|> 19T

Since the disjoint union of the boxes (Cy(l))xee, contains all but at most cL9]
points of C(L), we have

(5.17) L <1 < HT e\ AL+ 1A+ e L9

Using the estimate |G \ A| < |G| < (%)d+1 and rearranging, we deduce

from (5.17) that
1 l L d+1
(5-<0)(7) =1
8 L)\

1 d+1
(5.18) Ly <—(7) <Al

so that for N > c(y, y’),
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In order to apply the isoperimetric inequality (5.11) of Lemma 5.2 with +4 and ¢
playing the roles of A and [0, M]?*! for N > c(y, y’), we need to keep || away
from |C;|. We therefore distinguish two cases, as to whether or not

(5.19) |Al <calGl  withey =3(1+2).

Suppose first that (5.19) holds. Then for N > ¢(y, y’), the isoperimetric inequality
(5.11), applied on the subgrid ¢;, yields ani € {1, ..., d 4 1} such that

d
(5.20) 10,1 (AD] = clA/@+D =7 C(%) ,
where 0d¢, ;i (#4) denotes the boundary on the subgrid €;, defined in analogy
with (2.6). In order to construct the set &, we apply the following procedure. Given
w € 7; (de,.i (A)), we choose an x” € de, ; (4) with 7;(x") = w. In view of (2.6),
at least one of x’ + le; and x” — le; belongs to 4. Without loss of generality, we
assume that x’ +e; € A. We then have |C (1) NI| < %ld“ [because x’ € C; \ A;
cf. (5.16)] and |Cyr e, (1) NI| > §19! (because x' +1e; € ). Observe that neigh-
boring x1, x2 € E satisfy

ICo NI 1C,(DNI]| _ ¢

(5.2 Jd+1 Jd+1 = NV°

Now consider the first point x = x’ 4 [,e; on the segment [x', x" + le;] = (x/, x" +
ei,...,x +le;) satisfying %ld“ < |Cx(/) N I|. By the above observations, this
point x is well defined and not equal to x’. By (5.21), x then also satisfies

—— <IC:DONI| < |Cxyq—nye DN+
8 NY
(5.22)
<1 c ) a4l ld+1
<l|l=-+— l =< T
—\8 NV -7

for N > c¢(y). In addition, one has 7;(x) = m;(x") = w. This construction thus
yields, for any w € 7;(d¢,.i (4)), a point x € C(L)D [note that x', x' + le¢; €
C(L)D and (L) is convex], satisfying (5.22) and m;(x) = w. We de-
fine the set & as the set of all such points x. Then by construction, we have
i (8") = 1;(¢,.i (A)); in particular (5.12) holds with &’ in place of € and 7, = 7;,
as does (5.13), by (5.20). For any x € &', we apply the isoperimetric inequal-
ity (5.11) of Lemma 5.2 with C,(I) in place of [0, M]¢*!, C,(I) N I in place
of Aand 1 —k = 1; cf. (5.22). We thus find a j(x) € {1,...,d + 1} with

(5.22)
(5:23) |70 (B, @), (Cx N D) = c|Cx@) N I1YEHED =71,
It follows from the choice of I that dc, ), j(x)(Cx(I) N 1) € K N Cx (1), and hence

(5.24) 170y (K N Ce(D)| = cl?.
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We now let 7,y be the () occurring most in (5.23), where x varies over g,
and define & C & as the subset of those x in &’ for which 7 () = 7. With this
choice, (5.14) holds by (5.24). Moreover, since (5.12) and (5.13) both hold for &’
and since |&| > d%rllg ’|, the same identities hold for & as well (with a different
constant). Hence, the proof of Lemma 5.3 is complete under (5.19).

On the other hand, let us now assume (5.19) does not hold. That is, we suppose
that

(5.25) || > ca]Cl.
We then claim that, for N > c(y, y/),
(5.26) {x € A:|Ce() N T| > cgl®TY| < eyl Al

Indeed, we would otherwise have

| (if (5.26) false)
>

I = |tr € A:|CD N1 > cat® gt cGlA!

(5.25) (5.19) 4 4 (19+1@
S grtthel > gl“wen:g( [ )Ld“,

contradicting the choice of I for N > ¢(y, y’), because ld;f” only depends on

N, y,y’ and tends to 1 as N — oo. It follows that for N > c(y, y/),

(5.25) 5.26) 1
Gl < Al <

< _C4|{x €A C(D)NT| < sl
(5.27)

G161

1
{x cC: gzd“ <|Cy(HNI|< C4zd+1}

Defining &' = {x € C;: %ld“ < |C () N 1] < c4l¥t1}, we apply the isoperimetric
inequality (5.11) of Lemma 5.2 with C. (/) in place of [0, M1t and C, ()N I
in place of A for every x € &' and thus obtain a projection 7, satisfying (5.24),
as in the previous case. We then define & C &’ as the subset containing only those
x € &' for which 7y in (5.24) is equal to the most frequently occurring ..
As a consequence, (5.14) holds. Moreover, (5.12) is clear by definition of &. And
finally, we have by (5.27), |€| > 7171€'| = c|@| = ¢/(£)4T!, which yields (5.13)
by (5.9). This completes the proof of Lemma 5.3. [

The last geometric lemma in this section is essentially a modification of
Lemma 5.3. It provides a similar result for B(x), 0 < do < 1 instead of C(L).
The idea of the proof, illustrated in Figure 4, is to “pile up” approximately N !~9«
copies of B(«) into the Z-direction of E and to then apply the same arguments
with the isoperimetric inequality (5.11) as in the proof of Lemma 5.3 to the result-
ing set intersected with By (x, [N /4]).
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FIG. 4. An illustration of the set A’ of copies of A C B; piled up in the (horizontal) Z-direction
[cf. (5.35)], used in the proof of Lemma 5.4. The circles are the points on the subgrid #; in (5.31),
and the filled circles are the points contained in the set A'. Each copy of B, has thickness M , defined
in (5.34), so that the larger box Boo(0, [N /4]) contains roughly N1-de copies of Bj.

LEMMA5.4(d>1,0<y <da<1,I[=[N”],N>1). Forall N> c(a,y),
whenever K C B(a) [cf. (1.7)] %—disconnects B(w), there exists a set & € B(a)™D
and projections 7wy and 7wy € {71, ..., Ta+1} such that

(5.28) 74(8) C 7o (B(a) N ([—[N /4], [N/4119T N1z +y),
N d

(5.29) I7.(8)] = c/(T) Nda=1,

(5.30) forall x € € : | (K NCy(1)] > c"19.

PROOF. The proof is very similar to the one of Lemma 5.3. We choose a set

I C B(w) such that %lB(a)l <|I| < %lB(a)l and 0p(«) (/) € K. We then introduce

the subgrids of side-length [ of [—[N /4], [N/4]]d x 7 and of B(a)D as [cf. (2.3)]
Hy =g (([—[N/41, [N/411¢ x Z) N1Z4F1)  and

(5.31)
B, = B()n i,

and set

A={xeB:|Cc()NT| > L1t
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Since the disjoint union |J, . 8, Cx (D) contains all but at most cN d points of B(«),
we then have

HB@)| < 1] < L1971 8\ A| + 1971 A + NI
< YB(@)| + 17T A| + NI,

hence

1 _de\ 1B(@)]
- y—da
<6 cN ) TEE <|Al,

and thus for N > c(a, y),
c|B(a)|

(5.32) c|Bil =~ < |4l
Suppose now that in addition
(5.33) |Al <cslBi| withed =1(1+3).

Then we define the set A’ C #; by “piling up” adjoining copies of the set B; D A
into the Z-direction. That is, we introduce the “thickness” M of B;,

1/4) N2 —
(5.34) M= sup v — | =2|:u:|l’
(u,v),( ,v)EB; [
and define
(535) gA)/ — U (n(M +l)€d+1 —+ A) g U (n(M +l)€d+1 + £l) — '}(lv

nez nez

cf. (5.31), Figure 4. Observe that B (0, [N /4]) N A’ contains no less than cNI—de
and no more than ¢/ N!—9¢ copies of +4. With (5.32) and (5.33) it follows that for
N =c(a,y),

d+1

N\4+! N
C/(7> <|Bso(0, [N/4) N A'| < (1 — c’)(T)

For N > c(y’), an application of the isoperimetric inequality (5.11) of Lemma 5.2
on the subgrid #; defined in (5.31), with B, (0, [N /4]) N #; in place of [0, M4t
and B (0, [N/4]) N A’ in place of A, hence yields ani € {1, ..., d + 1} such that

N d
(5.36) 171 (D50, (A))] = C(T) .

If i #d + 1, then the set on the left-hand side of (5.36) is contained in the at
most ¢N!1=4¢ translated copies of the set 7; (0,,; (#4)) intersecting B (0, [N /4])
[see (5.35) and Figure 4]. We then deduce from (5.36) that

N d
(5.37) 171 (93,1 (A))] = c<7) Nda=1,
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Ifi =d + 1, in (5.36), then we claim that
(5.38) Ta+1(08,,d+1(A) D Ta11(03¢,d+1(A)).

Indeed, suppose some u € Tf’v does not belong to the left-hand side. Then the fiber
{x € By : m541(x) = u} must either be disjoint from A or be a subset of 4. Our
construction of A’ in (5.35) implies that the set {x € J#; : w4+ (x) = u} is then
either disjoint from 4’ or a subset of A’, as in the first and second horizontal lines
of Figure 4 [note that the translated copies of B; in (5.35) adjoin each other on
the subgrid #¢;]. But this precisely means that u is not included in the right-hand
side of (5.38). In particular, by (5.36) and (5.38), (5.37) holds also withi =d + 1
(even without the N9~ on the right-hand side). Using (5.37), we can perform the
same construction as in the proof of Lemma 5.3 below (5.20) in order to obtain the
desired set &.
If, on the other hand, (5.33) does not hold, that is, if

| Al > cs5]Bil,

then the existence of the required set & follows from the argument below (5.25),
where (5.29) can be deduced from |&| > ¢|B;| > ¢/ (N/ )T N92=1 by applying
the estimate (5.9) to [cN'~*] copies of & piled-up in a box. [

6. The large deviations estimate. Our task in this last section is to derive the
following form of the large deviations estimate (1.10):

THEOREM 6.1 (d > 3). The estimate (1.10) holds with (cf. Figure 2)

d d
d—1-22 0n(0,1/d)><<0,d—1— i )

d—1 d—1

0 1
d—1—— on[l/d,OO)X(O,d—l——)’
~ 71 d—1
©6.1) f(a,p)= ((d_l)Z_])(d—l—ﬂ),

1
1/d, d—1——,d—1),
on[l/ oo)x|: T-1 )

0, otherwise.

Before we begin with the proof of Theorem 6.1, we examine its implications. With
the function f in (6.1), the lower bound exponents d(1 — o —¢(«)) [in (1.4)] and ¢
[in (1.13)] are related via (1.14), as will be checked in Corollary 6.3. We therefore
have to justify the expression Vd (1 — 2a)1{¢<1/4) on the right-hand side of (1.14).
This is the aim of the next proposition.

PROPOSITION 6.2 (d >2,0 < a < é). For some constant cg > 0,

€2 Ry [expleaN (1720} < 7] 2.
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PROOF. The idea is that, by our previous geometric estimates, any trajec-
tory disconnecting E must contain at least ¢cN? points in a box of the form
X + Bx(0,[N/4]), x € E. Hence, there must be two visited points within dis-
tance N from each other, such that the random walk X spends [cN 4] time units
between the visits to the two points. The probability of this event can be bounded
from above by standard large deviations estimates.

In detail: Lemma 4.1, applied with B(a) = Boo(0, [N/4]) (i.e., with o > %),
shows that, for t > 0, N > ¢, the event {X ([0, [#]]) disconnects E} is contained in
the event

(6.3) U {X ([0, [z1D) %—disconnects x 4+ Boo (0, [N/4D)}.
|Xd+1x|§€]+1\’

We now choose a set I C x + By, (0, [N /4]) corresponding to %-disconnection of
X + Bxo(0, [N /4]) by X ([0, [¢]]) [cf. (1.6)]. By the isoperimetric inequality (5.11)
of Lemma 5.2, applied with x + Buo(0, [N/4]) in place of [0, M4t and I in

place of A, the event (6.3) is contained in |J ,cf A, ([t]), where, for some
[xg+11=<[t]+N
constant ¢7 > 0,

A ([1]) = {|X ([0, [£1]) N (x + Boo(0, [N /4]))| = ¢7N?}.

‘We therefore have

PON“’“[TﬁiSCsr]sPON“’“[ U Ax([t])}
xekE

[xg+1|=<[t]+N
(6.4)

< N4t + Ny sup PY LA ([t])].

xeE

By the strong Markov property applied at Hxx+ Boo (0.[N/4])? the entrance time of
X 4+ Boo(0, [N /4]), and using translation invariance of X, we obtain

sup P AL (D]

xeE
N~y —1
<sup Py [0, x Ac(1D]
xeE (x+Boo (0,[N/4]))

(Markov, transl. inv.) N—da
< sup Py [Ax([tD]
x:Ax([t])20

< PON_da [for some n > ¢c7N¢ : 7(X,) < N].

N—dap

d
IGESY) for n > ¢7N¢,

Inserting this last inequality into (6.4) and using that N <
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N > c() (because d — da > d — 1 > 1), we deduce that, for N > c(«),
PON_da [T;l/isc < []
d N d.
<cN(t+N)P, [for some n > 7N :m7(X,,) < N]
(6.5)

e N—doln
<cNY@t+N) Y Py [”Z(X")Sm}

n>c7N9

N—a'o{n N—dotn ]

_ Nd p N PN—dot|: X . .

N+ N) Zd O R T E v

n>c7N

Since (77(X,) — N‘;Td?’)nzo is a Pdv o -martingale with steps bounded by c,
Azuma’s inequality (cf. [2], page 85) implies that

—do —da
N n N n :| < e_cN—Zdan‘

—da
PN [ X,) — -
o |2 T T < Taa T

Applying this estimate to (6.5) with ty = exp{cs N9 ~24*} we see that for N >
c(a),
P({Vfda[Tf,isc < exp{C6Nd72da}] < NI+ exp{C6Nd72da . C/Ndeda}'

Choosing the constant cg > 0 sufficiently small, this yields (6.2) (recall that da <
1<%, O
— 2

We can now check that Theorem 6.1 does have the desired implications on the
lower bounds on Ti5¢.

COROLLARY 6.3 (d >3, a >0, ¢ >0). With ¢ defined in (1.5), one has

6.6)  fora> 1, PY M NMe < plisep 290y
©7)  fora<1, P “[exp{Ndmame@n—) < plisc) 200y

PROOF. Since the function f of (6.1) satisfies f(o, ) > 0 for (a,B) €
(1,00) x (0,d — 1), (6.6) follows immediately from Theorem 6.1 and (1.11).

By (1.12) and (6.2), (6.7) holds with ¢ defined for o € (0, 1) by (1.14). Let us
check that the expression for ¢ in (1.14) agrees with (1.5). We first treat the case
o€ [%, 1), for which f (e, -) is illustrated on the right-hand side of Figure 2, below
Theorem 1.2. We have da > 1, f(«, ) =0 for 8 > d — 1 and the maximum of g,

[cf. (1.13)] on (0,d — 1) is attained at (see Figure 2)
fmd—1- 27 ¢ [
- d— 1)

1
—1—-——d-1)nN —1,d—-1).
d=1)NWa=1d-1)
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Hence, for a € [+, 1) [cf. (1.13)],

_ l -«
¢ = sup ) = a(P) —d(1-a- ).

11—«
@
Turning to the case o € (0, é), we refer to the left-hand side of Figure 2 for an
illustration of f. We now haveda — 1 <0, f(o,8) =0for 8 >d —1— ddT“l and
hence

and therefore ¢ (o) = as required.

¢ =sup ga(B)
B>0

da 1 o
= sup (ﬂ/\d—l— ):d(l——— )
Be0,d—1—da/(d—1)) d—1 d d-1

Therefore [cf. (1.14)], for & € (0, 1),

(6.8) <p(a)=1—a—((1—1—%)v(1—2a)).

This expression is immediately seen to coincide with (1.5) for « € (0, %) near 0

and %, and o is precisely the value for which 1 — % — d‘)fl = 1-2a,, sothat (6.8),

and hence (1.14), agrees with (1.5). O

Thanks to Corollary 6.3, the lower bounds on T]‘\j,iSC of Theorem 1.1 will be es-
tablished once we show Theorem 6.1. Let us give a rough outline of the strategy
of the proof. In the previous section, we have shown that if K = X ([0, ;D[ N;a]])

%—disconnects B(a), then there must be a wealth of subcubes of B(«x) such
that X ([0, Dpyey]) contains a surface of points in every subcube (see Lemmas
5.3 and 5.4 for the precise statements and Figure 3 for an illustration). The crucial
upper bound on the probability of an event of this form is obtained in Lemma 6.5,
using Khasminskii’s lemma to obtain an exponential tail estimate on the number of
points visited by X during a suitably defined excursion. This upper bound is then
applied in order to find the needed large deviations estimate of the form (1.10). We
begin by collecting the required estimates involving the Green function [cf. (2.25)].

LEMMA 6.4 (d>2,N,a>1,100<a <4N,ACBCS,).

ZyGAgB(x’ y)

(6.9) POIHY < HX]<-
A B " infyea Yyea 88 (3, )

forx € B.

For any x,x’' € S,, one has

o
(6.10) 25 (x, x') < e(l \/Ix—x’loo)l_dexp{—c'w}.
a
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If diam(A) < & [¢f. 2.4)] and A € B~ /19 [¢f. (2.3)], then, for x, x € A,

(6.11) clx —x'|l54 < gB(x, x).

PROOF. The estimate (6.9) follows from an application of the strong Markov
property at H jf . The estimate (6.10) follows from the bound on the Green func-
tion of the simple random walk on Z?*! killed when exiting the slab Z< x
[—[al], [a]] in (2.13) of Sznitman [11]. For (6.11), we note that, by assumption,
Boo(x, %) C B. In particular, it follows from translation invariance that

(6.12) gB(x, x") = gB=0all0 g x — ).

By assumption {5 < ZTN so the right-hand side of (6.12) can be identified with

the corresponding Green function for the simple random walk on Z¢*+!, and (6.11)
follows from the estimate of Lawler [9], page 35, Proposition 1.5.9. [

We now introduce, for sets U, U C E, the times (Ién)nzl and (l~)n)n21 as the
times of return to U and departure from U [cf. (2.24)] and denote with m, and 7,

elements of the set of projections {ry, ..., Tg+1}. The next lemma then provides a
control on an event of the form [cf. (2.3), (2.8)]
A -

(613) U,U,l, M ,M> i

= U U Ml (X (10, D, D N Cy )| = 1)

TCs s U gcu-=hH yeé
|y=y'loo >l for y,y'€€,
|7 (8) =M

Our method does not produce a useful upper bound when d = 2 [note that when
d =2, the right-hand side of (6.14) is greater than 1 for N > c]. Although it is
possible to obtain a bound for d = 2 tending to 0 as N — o0, using estimates on
the Green function in dimension 2, it does not seem to be possible to obtain an
exponential decay in N with this approach. Thus, the upper bound we have for
d =2 brings little information on the large deviations problem (1.10).

LEMMA 6.5(d>3,N,l,a,M1,M>>1,100<a <4N,1<I< IQW)' Let U,

U C E be sets such that U C U“/10 C U C x, + Sy [cf. (2.2), (1.9)]. Then one
has the estimate

(6.14)  sup P)?[AU AAE exp{c’Ma + ¢’ Mylog N — ¢’ Myja~ 1471}
xeE I
[on the event defined in (6.13)].

PROOF. In order to abbreviate the notation, we denote the event in (6.13) by A
during the proof. Furthermore, by replacing & with a subset, we may assume that

(6.15) |7 (&) = |€] = M.
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Also, translation invariance allows us to set x, = 0.
The first step is to note that the number of possible choices of the set & in the
definition of A is not larger than

(6.15)
U< (eN) DM < exp{cM, log N).

Next, we note that visits made by the random walk X to Cy (), y € €, can only
occur during the time intervals [Ién, ﬁn], n > 1 (because & C U (_1)). From these

observations, we deduce that

sup PV[A]
xeFE

(6.16) < ceMiloeN

M,
X sup PS[Z Z|n**(X<[1?n,13n]mcy<z))|szlzd},

X, 8,705, Tk n=1yeé&

where the supremum is taken over all x € E, and all possible sets & and
projections ., T4 entering the definition of the event A. By the exponential
Chebyshev inequality and the strong Markov property applied inductively at
IéMz, R’Mz_], e, 151, it follows from (6.16) that, for any r > 1, sup, . PQ[A] 18
bounded by

_ d
Cech log N—crMil

M,
X sup Eg [exp{z Z r | (X ([0, D) N Cy(D))| 00z ”

X, 8, T, T n=1yeé€

(6.17)
(Markov)
<

.~ d
Cech log N—cr Ml

M
X sup (supES[exp{Zrh**(X([O,Dl])ﬂcy(l))|”> )

&, Ty, ys \x€U ye€

Before deriving an upper bound on this last expectation, we introduce the follow-
ing notational simplification: for any point z € Cy(/), we denote its fiber in C\ (/)
of points of equal 7,4-projection by J;, or in other words, for z € Cy (I),

J, = {Z/ € Cy(l) :77**(1/) = T (2)}-
The collection of all fibers in the box Cy (/) is denoted by

(6.18) F(y)={J;:ze Cy(D)},
and the collection of all fibers by
(6.19) F=|JFQ.

yeé
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Using this notation, we have [cf. (2.22)]

(6.20) > (XA0. DI N Cy )| = 3 Lx_p,y-
yeé JeF

By the version of Kha§minskii’s lemma of (2.46) of Dembo and Sznitman [4] (see
also [8]), we see that for any x € U and r > 0,

k
(6.21) Eg|:exp{r > 1{H}(<[~,]}” < Zr"(sup EQ[Z 1{H;<<51}D :

JeF k>0 \xeU JeF

Writing [cf. (6.18), (6.19)]

ZI{H}‘<DI}:Z Z 1{H}‘<1§1}’

JeF ye€ JeF(y)

for any x € U, the strong Markov property applied at H, g) () Yyields

0
Ex|:z 1{HJX<[~)1}1|

JeF
_ 0| yx ; -
(6.22) = Z E, |:HC)V(I) <D, Z (I{H}(<D1}) ° 9Hé~(l>:|
yee€ JeF(y) ’

0 X M 0
< Z P; [Hcy(l) < Di] sup EZ|: Z I{H}(<[)1}:|'
yee€ G LyeF(y)

To bound the right-hand side of (6.22), we note that, for any z € Cy (/) and k €
{0,...,1 — 1}, at most ¢(1 Vv k)?~1 of the fibers J € F(y) are at | - |oo-distance
1 Vv k from J, and thus deduce that, for any z € C, (1),

0
EZ[ Z I{H}(<D1}}

JEF()
(6.23) o
<c) (vii! sup PYH) < Dil.
k=0 7' T (=2 ) |oo=k :

For this last probability, we use the estimate (6.9), applied with A = J,/, B = U
and x = z. With the help of (6.10) and the assumption that U C S,, the nu-
merator of the right-hand side of (6.9) can then be bounded from above by
clk'~4, while the denominator is trivially bounded from below by 1. We thus ob-
tain

sup PZO[H}; < 151] < clk' 4,

7 (z—2) =k
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With (6.23), this yields

E?[ Z I{H}(<D1}} §cl2 forany z € C, (0).
JeF(y)

Coming back to (6.22), we obtain

(6.24) ES[Z 1{H}(<51}} <cl?y P)[HE gy <Di]  foranyxeU.
JeF yeé

For this last sum, we proceed as before: Note that, by (6.15), the sum can be re-

garded as a sum over the set 7, (&), which is a subset of the d-dimensional lattice

75 (E). Since moreover |y —y'|so > [ forall y, y’ € &, there are at most c(1 Vv k)41

points in 77, (&) of | - |s-distance between k! and (k 4 1)/ from 7, (x). We therefore

have, for any x e U,

yeé
(6.25)

o0
<cdy (vi! sup Pf[Hgy(l) <Di].
k=0 YEE: |my(y—x)| =kl

In order to bound this last probability, we again use the estimate (6.9), this time
with A = Cy(/) and B = U. By (6.10), our assumption that U C S, then allows
us to bound the numerator of the right-hand side of (6.9) from above by cltl(1v
lk)l_de_‘,”‘/“, while our assumptions / < 155 and C,(I) CU C U (=4/10) allow
us to use (6.11) and find the lower bound of ¢/? on the denominator. We thus
have

sup P)?[Hg,(l) <Di]<c(v k)l—d e Ukja)
YEE: Ty (y—x) |21k *

With (6.25), this yields
ZP)?[H();(N) <D1]§c% forany x € U,
yeé
which we insert into (6.24) to obtain
0
sup EX[Z 1{H}‘<[)1}:| <cgal.
xel JeF

Choosing r = ﬁ in (6.21), we infer that

O 1
Ex| exp 2cgal

ZI{H}‘<51}”52 forany x e U.
JeF
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Coming back to (6.17) with r as above and remembering (6.20), we deduce (6.14)
and thus complete the proof of Lemma 6.5. [

The remaining part of the proof of Theorem 6.1 is essentially an application of
Lemma 6.5 together with the geometric Lemmas 5.1-5.4 showing that the event
on the left-hand side of (1.10) is contained in a union of events of the form (6.13).
For a < 5, all that remains to be done is to combine Lemma 5.5 with Lemma 6.5.

For o > é, that is, for B(a) = B (0, [N /4]), we additionally use an upper bound
on the probability that the random walk X makes a certain number of excursions
between Cy, (L) and (Cx, (L)P))¢ until time Dyys; for xs € Boo(0, [N /4]) and L
as in (5.1) (cf. Lemma 6.6) before we apply the geometric Lemmas 5.1 and 5.3
and the estimate (6.14) with U = Cy, (L).

PROOF OF THEOREM 6.1—CASE o < 5. In this case, we have to show (1.10)

with f illustrated on the left-hand side of Figure 2 (below Theorem 1.2) and
[N?"1] = [N9], Lemma 5.4 implies that, for / as in (5.1) and the event A. . . ...
defined in (6.13),

(def.)

(6.26)  {Up@) < Dy} € As LeNd-1+dag-d [np] = Al

2[Nd0‘J’S

4INda]
Lemma 6.5, applied with a = 4[N9*] and x, = 0, yields
(6.27) sup P)?[A;V] < eXp{CNﬂ + CNd*1+da7dy IOgN _ C/Ndflf},}.

XGSZNda

In view of (5.1), we have 0 < y <dw, and providedd — 1 +da —dy <d—-1—vy
and 8 <d — 1 — y, thatis, if

do

(6.28) ﬁ<y<doz, B<d—1-—y,
then (6.26) and (6.27) together show that
(6.29) sup  P[Up) < Dpysy] < exp{—cN~177)
XES) )
For g8 € (0,d — 1 — %), d > 3, the constraints (6.28) are satisfied by yg =

% + eo(d, B) for go(d, B) > O sufficiently small. Moreover, d — 1 — yp =

d—1-— % —so(d, B) @D f(a, B) —eo(d, B). Since we can make &o(d, 8) > 0

arbitrarily small, (6.29) thus shows (1.10) for the case o € (0, %). This completes
the proof of Theorem 6.1 in the case o < 5 g

PROOF OF THEOREM 6.1—CASE o > 5. Recall that in this case we have to

find an estimate of the form (1.10) with the function f illustrated on the right-hand
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side of Figure 2 (below Theorem 1.2) and with B(«) = Bso (0, [V /4]) [cf. (1.7)].
In order to apply Lemma 6.5 with U = Cy, (L) € B(«), L as in (5.1), we consider

15;‘*, ﬁﬁ*, n > 1, the successive returns to Cy, (L)
(6.30)
and departures from C, (L)) [cf. (2.2), (2.24)].

The following lemma, in the spirit of Dembo and Sznitman [4], provides an es-
timate on the number of excursions between Cy, (L) and (Cy, (L)))¢ occurring
during the [N P] excursions under consideration in (1.10).

LEMMA 6.6 (d > 2, o > l, B>0,y€(,1),L= [NV/], m,N >1). For
X € SoN, X € Boo(0, [N /4]) and Ié;fj defined in (6.30),
(6.31) PY[RY < Dyypy] < cexp{eN' ™I LITINP — c'm).

PROOF. We follow the proof of Lemma 2.3 by Dembo and Sznitman [4].
Since Cy, (L) € S2p, visits made by X to C,, (L) can only occur during the time
intervals [R;, D;], i > 1; cf. above (1.10). Let us denote the number of excursions

between Cy, (L) and (Cy, (L)D)e performed by X during [R;, D;] by H;, that
1s,

Ni=|n>1:R; <R*<D;), i=>1.

Note that one then has N; = Nj o Og,, i > 1. For any A > 0, x € Sy,
Xx € Bx(0,[N/4]), we apply the strong Markov property at R, and deduce
that

PRy < Dyysy]

< PfHM > [%“ U%Q{Nl ot Ny = g]”

m (NF1-1 m
L I L)

x€SN  |xg41|=2N

With the strong Markov property applied inductively at Rys1_1, Riys1-2, - - -» R1
to the second term on the right-hand side, one infers that

PRy < Dyyey]

Se—k[m/Z](Eg[ek,Nl]_'_ sup E;)[e)u/\/l]([Nﬂ]—l)>‘
XESIN  [xa+1|=2N

(6.32)

For any x € Say,

(6.33) EdM =1+ ("= 1)) " PIM >nl.

n>0



1486 D. WINDISCH

Applying the strong Markov property and the invariance principle as in [4], (2.16)
and below, we find that

(6.34) PN >n]l< (1 —c)"PO[M > 0].

Choosing A > 0 such that e*(1 — ¢) < 1 with ¢ as in (6.34), and coming back to
(6.33), we see that for any x € S>y,

(6.35) E%M < 14 c(0)PY[M > 0].

If we consider |x441]| = 2N, then we can apply the estimate (6.9) to P)?[JV 1>0]=
PO[HC 1) < D] with A = Cy, (L), B = S4n, a = 4N and then use the Green
function estimates (6.10) for the numerator and (6.11) for the denominator of the
right-hand side of (6.9), to obtain, for N > c¢(y’),

PO[N > 0] <cLiINT4,
With (6.35), this yields, for any x € S,y with |xz41| = 2N,
(6.36) EVM <14 el IN,

By (6.35), the first expectation on the right-hand side of (6.32) is bounded
by a constant and with (6.36), the second expectation is bounded by 1 +
c(M) LA~ 'N1=4 The estimate (6.31) follows and the proof of Lemma 6.6 is com-
plete. [

We proceed with the proof of Theorem 6.1 when o > %. For any x € S>y and
m > 1, we find
0
P [UBy.tv/41) < Dy
< P{[for some x, € Boo(0, [N/4]): R} < Dyysy]
(6.37) + P [Ug0.1v/4) < Dywsys
for all x, € Boo(0, [N/4]): Ryt > Dy

@ p, 4+ p,.

Applying Lemma 6.6 to Py, we obtain

P < N sup PY[Ry < Dyysy]

(6 38) X+€Boo(0,[N/4])
' ©3D) o d+i l—dyd—1nB
cN T exp{cN""“L“"'N m}.

In order to bound P, in (6.37), we apply the geometric Lemmas 5.1 and 5.3. To-
gether, they imply, for N > ¢(y, y’), the following inclusions for the event A. . . . .
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defined in (6.13):

{UBoo(O,[N/“]) < Dyypy, forall x,. € Sy : an* > Dyy8 }
[NF] [NP]
(Lemma 5.1) ~
C U {X ([0, D;:1) %—disconnects Cy, (L)}

X+€Boo(0,[N/4]),
Cr (L)S B (0,[N/4])

(6.39)

(Lemma 5.3)

S U AC (L).Con (LD Le(L/ 1) m+
€ Boo (0[N /4]),
Cia (L)S Boo 0. [N /41)

Since 1 </ < & [cf. (5.1)] and Cy, (L)1 € €, (L)D) S x, + Sy, for x, €
Boo(0,[N/4]) and N > c(y, '), we can apply Lemma 6.5 with a = 2L to obtain,
for P> in (6.37),

6

0
SP PlA X X L) ] ¢ nHd
X+E€Boo(0,[N/4]) x[ Cry (L), Cry (LY Le(L/ 1) m]
(L 6.5, a=2L)
emmaf a Nd+1 exp{cm_’_CLdl*legN_c/Ldillil}.
With (6.38) and (6.37), this estimate yields

sup PL[Up0.iv/41) < Dpwsy]

xXeSHn
(6.40) < N exp{eNP=@=D0=r) _ /)
+ N explem + NP =4 log N — ¢/ N@=D7'=7),

Inview of (5.1),0 <y <y’ < 1,and provided B —(d—1)(1—y") < (d—1)y'—y
anddy’ —dy < (d — 1)y’ — y, that is, if

(6.41) 0<y<y <1, B<d—1—y, y' <(d -1y,

then the right-hand side of (6.40) is bounded from above by exp{—cN C _1)7’/_1’}
for my = [¢/NF~@=DU=¥"] and N > c(y,y’), for a large enough constant
¢’ > 0. Hence, for y, y’ satisfying (6.41), one has, for N > c(y, ¥'),

(6.42) sup PO[Up. 0. (n/4 < Dpyey] < expl—eN@= D=7},

xXeSHN

ForO<pB<d—-1- %, d > 3, it is easy to check that the constraints (6.41)
a—1 y

are satisfied by y; = d%l — ;l(ild;’?i and y{ =1—¢€1(d, p) for €1(d, B) > 0 small

enough. Moreover, (d — D)y —y1=d — 1 — ﬁ —ced,B) = fa, B) —
ce1(d, B). By (6.42), this is enough to show (1.10), since we can make €1 (d, 8) > 0
arbitrarily small.
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If, on the other hand, d — 1 — ﬁ < B <d — 1, the constraints (6.41) are sat-
isfied by yp=d — 1 — B — 2525 and y3 = (d — 1)(d — 1 — B) — £2(d, B) for
e2(d, B) > 0 sufficiently small and

d—Dy,—y2 = ((d=1>=1)(d—1-B) —cex(d, B)

Dt B) - cex(d. ).

which yields (1.10) for this range of 8 as well. This completes the proof of Theo-

rem 6.1 for o > dl and hence the proof of Theorem 6.1 altogether. [

REMARK 6.7. It is easy to see from Theorem 1.2 that the exponents in the
upper and lower bounds on T]?,isc for « < 1 in (1.4) would match if one could
show that the large deviations estimate (1.10) holds with the function f* defined
in (1.15). It may therefore be instructive to modify (1.10) by replacing the time
Upw) by U, defined as

U = inf{n > 0: X ([0, n]) 2 TY x {0}}.

One can then show that f* is indeed the correct exponent of the corresponding
large deviations problem, in the following sense: For any o, 8 > 0, 0 < & <

f*(a, B) < &, one has

Tim 1 0 /
(6.43) 1\/11_1)110O NE logxeSZS:vlzaMJ P[U<Dyp] <0  forany0<p <8,
as well as
: 1 : 0 /
(6.44) ngnoo a8 logxeszl[r;[fmll P[U<Dypp]=0  forany g’ > B.

To show (6.43), one notes that standard estimates on one-dimensional random
walk imply that the expected amount of time spent by the random walk X in
Tf\, x {0} during one excursion is of order N¥**!_ With this information and
the observation that PO[U < Dyyp; 1< POIX ([0, Dy ) N T4, x {0}| > N],
one can apply Kha$minskii’s lemma as in the proof of Lemma 6.5 to find the
claimed upper bound. For (6.44), one can follow a similar route as in the deriva-
tion of the upper bounds on T;\i,isc. One can first establish Lemma 3.5 and hence
the estimate (3.26) with oo replaced by i, and then show that for S. de-
fined in (3.7) and ay as in (3.32), PO[Sic;ay] < D11 = (1 — eN—derhycran >
cexp{—c' N?=@erD(1og N)?}, where the first inequality follows essentially from
standard estimates on one-dimensional random walk. This is enough for (6.44)
with 8 <d — (da A 1). For B > d — (da A 1), one uses again that the expected
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number of visits to 'H‘j{, x {0} during one excursion is of order N denl “and finds
that P_O[S'[CIGN] < @[Nﬂ/]] — las N — oo forany B’ > B >d — (da A 1). Using
(3.26) for the second inequality, one deduces that for N > ¢(B),

_ 2
PY[Cry > [e1anTISieian) < Dyyery] < 2P0[Cry > leran]] < 1

hence

P.O[u < i)[N,g/]] > P.O[@Tv?{] =< [ClaN]|§[claN] < i)[Nﬂ’]]P-O[S[CWN] < ‘D[Nﬁ']]

— 1,

thus (6.44) for 8 > d — (da A 1). Note that (6.44) and {U < i)[Nﬂf]} C{UBw@) <
Dy Nﬂr]} together imply that, for any function f in the estimate (1.10), one has

f(a, B) < f*(a, B) for any a, B >0, B’ > B, so that f(a, B) < f*(a, B) when-

ever f(a, -) is right-continuous at §.
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