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RENORMALIZATION OF THE TWO-DIMENSIONAL
LOTKA-VOLTERRA MODEL

BY J. THEODORE COx' AND EDWIN A. PERKINS?

Syracuse University and University of British Columbia

‘We show that renormalized two-dimensional Lotka—Volterra models near
criticality converge to a super-Brownian motion. This is used to establish
long-term survival of a rare type for a range of parameter values near the
voter model.

1. Introduction. We consider here the two-dimensional version of a spa-
tially explicit, stochastic Lotka—Volterra model for competition introduced by
Neuhauser and Pacala in [7]. The idea there was to formulate and study a model
for use in plant ecology which was based on individual, stochastic short range
interactions between plants. Most classical competition models are “mean field”
differential equations models, and do not take into account the spatial locations
of individual plants or individual dynamical effects. Neuhauser and Pacala proved
that their model differs in interesting ways from the classical differential equations
models. We refer the reader to [7] for a discussion of the biological significance of
their findings.

In our previous papers [2] and [3] we studied this model in dimensions d > 3.
In [2] we proved that suitably rescaled nearly critical sequences of these processes
converge to super-Brownian motion. In [3] we used this convergence and a renor-
malization argument to prove that survival and/or coexistence hold for certain para-
meter regions. In fact, these results were proved for a more general class of models
we called voter model perturbations.

Our goal here is to extend this work to the more biologically relevant case d = 2,
the critical dimension. The fact that the two-dimensional random walk is recurrent
requires that we use a different mass normalization than in the d > 3 case, and
this complicates the analysis considerably. We believe that appropriate versions of
our main results, Theorems 1.2 and 1.3 below, hold for the general voter model
perturbations of [2], but in order to keep the presentation as simple as possible, we
will consider only the Lotka—Volterra models which we now define.
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The state space for our process is {0, I}Zd, where Z¢ is the d-dimensional in-
teger lattice. For & € {0, I}Zd, we interpret £(x) =i to mean there is a plant of
type i at site x € Z¢, i = 0, 1, and we will sometimes identify £ with the set
(xezd: &(x) = 1}. The parameters for our process are two nonnegative numbers
a0, o1, and a probability mass function p:Zd — [0, 1] which satisfies p(0) =0,
p is symmetric with covariance matrix o2/, and the kernel p(x, y) = p(y — x) is
irreducible.

Define the local densities f; = fi(§) = (fi(x,&),x € Z4)y,

(L) fi, &)=Y po-0lEM =i},  i=01xeZ {0, )7,

y

and the Lotka—Volterra rate function c(x, §) by

f1(fo+ao f1), if£(x) =0,

(12) C<x’5>={fo(f1 +arfo), g =1.

The Lotka—Volterra process &; is the unique {0, I}Zd-valued Feller process with
rate function c(x, &), meaning that the generator of &; is the closure of the opera-
tor €2:

Q&) =) c(x,5)(PE) — (&)

X

on the set of functions ¢ : {0, 1}Zd — R depending on only finitely many coordi-
nates (see, e.g., Remark 2.5 of [3]). Here £*(y) = &(y) for y # x and £*(x) =
1 —£&(x).

One can interpret the rate function in the following way. A plant of type i at
site x in configuration & dies at rate f; + «; f1—; and is immediately replaced by
a plant of type £(y), where y is chosen with probability p(y — x). The death rate
incorporates both interspecific and intraspecfic effects. The parameter «; measures
the competitive effect of the neighboring type 1 — i plants on type i, while we set
the self-competition parameter equal to one.

Since fo+ f1 =1, c(x, &) can also be written in the form

fi+ (@ —1)f7, if £(x) =0,
fot+(—DfE  ifEx) =1

Setting ag = 1 = 1 results in the well-known voter model (see Chapter 4 of
[6]). In [1] an invariance principle was proved for the voter model. Namely, ap-
propriately rescaled voter models converge to super-Brownian motion. The above
form for c(x, &) suggests the possibility of a similar result holding for the Lotka—
Volterra model for parameters «; sufficiently close to one. This is the case, as was
proved in [2] for high dimensions, d > 3. We briefly recall the main result of that

paper.

(1.3) c(x,§) =
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We define a sequence of rescaled Lotka—Volterra models as follows. Consider a
sequence {aiN :N € N} of @; values fori = 1,2 and let &, = t(N) denote the Lotka—

Volterra model with «; = aiN. For N=1,2,...,let SN = Zd/\/ﬁ and define the
kernels py : Sy — [0, 1] by

(1.4) pn(x)=p(xv/N),  xeSy.
For & € {0, I}SN, the rescaled densities fl.N = fiN(S) = (fiN (x,&),x € Sy), are
given by

(1.5) MNeey=3 pvo-0lEG =i},  i=0,1.

YESN

Then 5,"’ x)=¢& 1(\,7) (xv/N),x €Sy, is the unique Feller process taking values in
{0, 1}5¥ with rate function

NN+ @ —D(rN)?),  ifex) =0,
N+ @ =Dy, ifew =1

Given a sequence N’ = N'(N), we define the measure-valued processes X tN by

(1.6) en(x, §) =

1
(1.7) xN = 7 > EN (x)6s,

xeSN

where 8, is the unit point mass at x. That is, we place an atom of size 1/N’ at
each site x with £V (x) = 1. (We will see below that the appropriate choice for
N’ is dimension dependent.) If >_ ";‘év (x) < 00, then for each ¢t > 0, XtN EMs=
M f(Rd), the space of finite Borel measures on R4, which we endow with the
topology of weak convergence. Let D([0, o0), M ¢) be the Skorokhod space of
cadlag M r-valued paths, and let Qx ¢ be the space of continuous M r-valued
paths with the topology of uniform convergence on compacts. In either case,
X, will denote the coordinate function, X;(w) = w(¢). Integration of a function
¢ with respect to a measure u will be denoted by w(¢). Also, we will use 1 to
denote the function identically one on R¥.
We make the following assumptions about the initial states Sév :

@ Y &' (x)<oo,

xGSN

(1.8)

b) XY —Xo  inMyRY) as N — .
Our basic assumption concerning the rates alN is, fori =0, 1,
(1.9) N=N@'-1)—6eR asN— .
In some places we only require that

(1.10) O=1vsup{loN]:i=0,1,N=1,2,...} < oo.
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2
Let Py be the law of XV on D([0, 00), My) and for Xo € My, let P;(’)G’U be
the law of super-Brownian motion with branching rate y, drift 6 and diffusion
coefficient o2 on x,c (and on D([0, 00), M r)). (See Section 3 below for a char-

o 0,02
acterization of Py’"7 )
0

In [2] it was shown that, for dimension d > 3 and with N' = N, Py = P)’;(’)G’Uz
as N — oo for certain parameters y and 6, where = denotes weak convergence on
D([0, 00), M r). To define these parameters, we introduce random walk systems
{BY,1>0,x €Z% and {Bf,t > 0,x € Z?). The walks B} and B are rate one
walks with step distribution p(-) and B} = l}g = x. The system {B}',t > 0,x €
Zd} is a system of independent random walks. The system {étx ,t>0,x € Zd} isa
system of coalescing random walks, meaning that the walks move independently
of one another until they meet, at which time they coalesce and move together.
We define the collision times 7 (x, y) =inf{t > 0: B} = B,y} and 7(x, y) = inf{r >
0: étx = B}'}, and the constants

ve=Y_ p(e)P(t(0,e) =),

vo=>_p)pE)P(t(0,e) =17(0,¢) = o00),

e,e

Y| = Zp(e)p(e/)P(f(O, e)=7(0,¢) =00,%(e,€) < 0).

e,e

In [2] we proved the following.

THEOREM 1.1. Assume N' = N and d > 3, and (1.8) and (1.9) hold. Then

2¥e,0,02
PN:>PX§6 7 as N — oo,

where 0 = 6yyy — 01 y1.

The strategy used for the proof of Theorem 1.1 in [2] was the following. First,
derive a semimartingale representation for XV . Second, obtain L? bounds on
X ,N (1), which, along with the semimartingale representation, lead to a proof of
tightness of the laws Py. Finally, show that any limiting martingale problem for
XV takes the form of the martingale problem characterizing super-Brownian mo-
tion. Unfortunately, there are significant difficulties implementing this approach
when d = 2.

For the two-dimensional voter model, the appropriate mass renormalization fac-
toris N’ = N/(log N) (see Theorem 1.2 in [1]). The normalization N’ = N leads
only to deterministic heat flow in the limit, as in [9]. Adopting this N’, the first
problem we encounter is that the estimates in [1] no longer imply even L' bound-
edness of XTN (1), let alone L? boundedness. This means that even tightness is
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a more complicated issue than it was before. The method used for d > 3 in [2]
depended on the fact that over short time scales ¢ the Lotka—Volterra dynamics
are quite close to voter dynamics, as the rates of the “perturbation terms” are of
smaller order. By conditioning back time ¢, we allow the quadratic terms in the
drift to relax to voter model equilibria values, and this produces the constants in
the limiting super-Brownian motion. We needed to choose ¢ = ¢(N) — 0 so that
the Lotka—Volterra process is still well approximated by the voter dynamics, but
slow enough so that the system has a chance to relax. Here, however, our errors
in the voter model approximation to the Lotka—Volterra model are multiplied by
a factor of log N. This effectively puts an upper bound on ¢ so that the voter ap-
proximation over time ¢ is good enough. At this point we must verify that this still
gives the system enough time to relax to its equilibrium values. The factor of log N
also makes our total mass bounds problematic. Again, the key is the above voter
comparison, as once we pass to the voter model over short time intervals, the voter
model clustering in d = 2 effectively absorbs this factor, providing ¢ is enough
time for the system to cluster.

Another new issue for d = 2 is that even to define the parameters of our limiting
super-Brownian motion some new two-dimensional random walk estimates are
required (see, e.g., Lemma 2.5 and Proposition 2.1 below).

To state our results, we introduce the two-dimensional potential kernel a(x),

(L11) a(x):/ooo[P(B,O:O)—P(szO)]dt.

Note that a(x) > 0 since symmetry of p(-) implies P(BtO =0)> P(Bf =0). We
may now define

00
yi=2met [T Y pep)
x,y,ee €Z?

X P(t(0,e) AT(0,€') > t(e,€') € du,
(1.12)
B)=x, B =)

X a(y —x).
The fact that y* is finite is contained in Proposition 2.1, proved in Section 2.

Our two-dimensional Lotka—Volterra invariance principle is the following:

THEOREM 1.2. Assume d =2, N' = N/(logN), and (1.8) and (1.9) hold.
Then

2 2
Py = P;g“ 0.0 as N — oo,

where 6 = y*(6y — 01).
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Theorem 1.1 was used in [3] to prove, for dimensions d > 3, that survival holds
for a region of parameter values @ = («g, 1) near (1, 1). If P* denotes the depen-
dence of the Lotka—Volterra model on «, survival for parameter values o means
that

PY(|&|>0forallt >0]|&|=1) >0,

where |£] = )", £(x). A similar result holds here. Let S be the set of all («g, 1) for
which survival occurs. For 0 < n < 1, define S to be the set of all (g, 1) # (1, 1)
such that

[ =m—1, ifag=1,
A=<V @ —1),  ifag<l.

THEOREM 1.3. For 0 <n < 1, there exists r(n) > 0 such that survival holds
for all (ag, a1) € S" such that 1 —r(n) <ag and ay < 1 +r(n).

If S7 = {(ag, 1) € S":1 —r(n) < ag and a; < 1 + r(n)}, Theorem 1.3 shows
survival holds on the region § = Uo<y<1 S7 illustrated in Figure 1.

Theorem 1.3 follows from Theorem 1.2 by a cavalier interchange of limits.
Long-term survival for the limiting super-Brownian motion in Theorem 1.2 occurs
iff 8 > 0, that is, 6y > 6;. Interchanging limits as N — oo and ¢t — oo leads to sur-
vival of the original particle system for op > o1 and & near (1, 1). The monotonic-
ity of the Lotka—Volterra models (increasing in «g and decreasing in o) estab-
lished in Section 1 of [3] [see (1.3) of that work] allows one to infer survival for
larger values of ¢ and smaller values of «; as stated in Theorem 1.3.

The above interchange of limits argument is carried out for d > 3 in Theorem 1
of [3], where now 6 > 0 in Theorem 1.1 leads to survival for |ag — 1| < r(n)

%1

1 (o7}

F1G. 1. Survival region of Theorem 1.3.
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satisfying

(mo +n)(ag — 1), ifap <1,

(1.13) ap — 1< {(mo—n)(ao—l)» ifopg>1,

where mg = y1/y0 < 1. In the proof of Theorem 1.3 the interchange of limits is jus-
tified by a comparison with super-critical oriented percolation as in [3]. To obtain
suitable independence in our percolation events, we must study the Lotka—Volterra
model with 0 boundary conditions outside a large box and show the effect of these
boundary conditions is small on an appropriate space—time region (Lemma 9.1).
This argument is now more involved than the corresponding one in [3] due to the
different mass normalization and the fact that the conditioning technique used in
the convergence theorem must be adapted to handle this new type of bound.

Note that in Theorem 1.3 survival fails at the point o = (1, 1) itself. We conjec-
ture that Theorem 1.3 is sharp in the following sense:

CONJECTURE. There is a continuous curve a1 = g(g), tangent to o1 = g
at (1, 1), so that survival fails above the curve for oq close to 1.

The corresponding conjecture has been proved for d > 3 to the left of (1, 1)
with the slope mg in place of 1, but in fact is false to the right of (1, 1) (with slope
mo) in this higher dimensional setting. The exact state of affairs will appear in a
forthcoming article with Rick Durrett.

We say coexistence holds for the Lotka—Volterra model if there is a stationary
distribution under which there are both 0’s and 1’s (necessarily infinitely many of
each) a.s. For d > 3, it follows from (1.13) and symmetry that survival of 0’s will
occur if

(1.14) o1 — 1> (mo+ n)_l(ao —1), oo < 1 and close to 1.

We have restricted ag < 1 so that the regions in (1.13) and (1.14) intersect in a local
nonempty wedge to the left of (1, 1) containing a local piece of the diagonal o1 =
o (see Figure 3 in [3]). The survival of both types for parameter values in this local
wedge easily leads to coexistence in this local wedge for d > 3 (see Theorem 4
of [3]). The wedge is nonempty because my < 1. For d =2 in Theorem 1.3, we are
in the critical case mg = 1, and the above proof of coexistence just fails. Neuhauser
and Pacala have conjectured coexistence holds along the diagonal «g = a1 for
ag < 1 (see Conjecture 1 of [7]) and proved it for small «g (see Theorem 1 of [7]).
Theorem 4 in [3] confirms this for d > 3 for «g close to 1, but Theorem 1.3 and
the above Conjecture suggest that for d = 2 their conjecture is quite delicate near
oo = 1. One approach to establishing coexistence near og = 1 would be to derive
second order (concave up) asymptotics for the survival region near (1, 1) and so
deduce survival in an open thorn with tip at (1, 1) with slope 1.

Section 2 gives an alternative description of y* and proves it is finite (Propo-
sition 2.1). The martingale problems for both the approximating Lotka—Volterra
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processes and limiting super-Brownian motion are provided in Section 3. In Sec-
tion 4 we state the key bounds, including L' and L? bounds on the total mass
(Proposition 4.3), a mean measure bound (Proposition 4.4), and asymptotics for
the increasing processes arising in the martingale problem for X obtained in
Section 3 (Proposition 4.7). We then show how Theorem 1.2 follows from these
estimates. Section 5 contains mass and mean measure bounds for the voter and
biased voter models. Both upper and lower biased voter models are used because
they are simpler to handle than the Lotka—Volterra model, and bound it above and
below, respectively. The voter model estimates are obtained by direct duality cal-
culations, and the biased voter bounds are then obtained by conditioning back over
short time intervals, arguing that the voter dynamics are close over such intervals.
In Section 6 the above bounds and techniques are used to prove Propositions 4.3—
4.5. The proof of Proposition 4.7, which is more delicate as the demands on our
¢ relaxation time are more severe, is split over Sections 7 and 8. Finally, the proof
of Theorem 1.3 is given in Section 9.

NOTE. Henceforth, we will assume that d =2 and N’ = N/(log N).

2. Characterization of y*. Recall the independent system of random walks

(B, x € 72} and the coalescing random walk system {éj‘, x € Z?} from Section 1,

and also the collision times 7(x, y) and 7(x, y). For e, ¢’ € 72, define the event
Cr(e,e)={t(e,e¢) <T,7(0,e) AT(0,¢") > T}, and let

2.1 ar= ) pe)pE)PTr(ee)).

e.e'c€7?
We will need the following characterization of y* defined in (1.12).
PROPOSITION 2.1.
(2.2) y*= lim (logT)qr < o0.
T—o00

Before beginning the proof of Proposition 2.1, we assemble some facts about
two-dimensional random walk. Let 7, = inf{z > 0: Bt0 = x}, and write P* to indi-

cate the law of the walk BY. Let P(-) = Y ecz2 P(€) P¢(+), and define
(2.3) H(t) = P(z0 > 1).

Let |x| be the Euclidean norm of x € R2.

PROPOSITION 2.2.

(2.4) lim H(t)logr =270
11— 00
P¥(tg>1) )
(2.5) — <2a(x) forall x € Z7,t > 0.

H(t)
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P* t
(2.6) Tim % —a(x) forallx €72

2.7) a(x)/|x|, x # 0 is bounded.

REMARK 2.3. The trivial bound (2.7) is derived below. In fact, it is not hard
to show a(x)/log|x| — 1/mc? as |x| — oo. If > .lel" p(e) < oo for some r > 2,
this limit is a simple consequence of the far more precise P12.3 in [10].

PROOF OF PROPOSITION 2.2. The limit (2.4) is well known, for example,
see Lemma A.3 in [1] for a proof. Now let ¥,,,n =0,1, 2, ..., be a random walk
with step distribution p(-), and let o, = inf{n > 1:Y,, = x}. We will abuse notation
slightly and also let P* denote the law of the walk starting at Yy = x. We note that
a(x) defined in (1.11) is also given by Z;OZO[PO(Yn =0) — PO(Y, = x)].

By P11.5in [10], PYo, < 0p) = 1/2a(x). Since the sequence of states visited
by the walk B,O is equal in law to the sequence visited by the walk Y,, (with Yo = 0),

it follows that f’(tx < 19) = 1/2a(x). By the strong Markov property,
H(t)> Y p(e)P*(ty <tpand 79 > 1)

ecZ?
> Y p(e)P(tx < T0) P* (10> 1),
ecZ?
and (2.5) follows.
For (2.6), we recall the (discrete time) result T16.1 of [10],
PX
2.8) Ploo=nm) _ .

im =
n—oco PO(gg > n)
A standard result (see the local limit theorem P7.9 of [10]) is
2.9) (log n)P%oy > n) — 2no? asn — oo.
In view of (2.4), H(t)/ PY%oo > 1) — 1 as t — 00, and therefore, in order to prove
(2.6), it suffices to show that
P¥(1g > 1)
im ———==1.

t—o00 PX(0og >t)

To do this, let S(¢),¢ > 0, be a rate one Poisson process, independent of the
walk Y,. Then Yg(. is a realization of B. By a standard large deviations esti-

mate, there is a constant C > 0 such that ¢! P(S(¢) ¢ [t/2,2t]) > 0 as t — oo.
Consequently,

(2.10)

P*(rp>1)

= o(e_Ct) + Z

kelt/2,2t]

e 1tk
k!

P*(og > k)

<o0(e " + P¥(0p > 1/2)
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as t — 0o, and similarly,
P¥ (9 > 1) > (1 — 0(e™C")) P* (09 > 21).

These inequalities, together with (2.8) and (2.9), imply (2.10). .
Finally, let ¥ (6) be the characteristic function of Y1, ¥ (6) = >, eix? p(x),
6 € R2. Then (see equation (12.3) in [10])

1= eix~9
a(x) = (2;1)—2/ —do
[-rx? 1 — ¥ (0)
Since |1 — ¢*?| < |x||#] and |81/]11 — ¥ (0)] is integrable over [—, 1% (see the
paragraph after (12.3) in [10]), (2.7) holds. [J

The next result is a general inequality which we will apply to bound the proba-
bility that walks starting from 0, e, ¢’ avoid each other for at least time 7.

LEMMA 2.4. Let X,Y be nonnegative random variables. For any constant
c>0, E(XY Ac) < JcE(X+Y).
PROOF. For any a > 0,
EXYANo)=EXYAc;Y <a)+ E(XYAc;Y >a)
<aE(X)4+cP(Y >a)
<aE(X)+cE(Y)/a.
Now leta = 4/c. O

LEMMA 2.5. Fordistinct sites 0, ey, ex, let T = 1(0,e1) AT(0, e2) AT(eq, €2).
Then for T > 0,

P(t > T) < 2HQ2T))*/*(a(er) + alez))Valer — ea).

PROOF. Define
xr=P>T|B%0<s<T)
and
X =P((0,¢;))>T|B,0<s<T), i=1,2.

Note that (2.5) implies that, for i = 1,2, E(x}) < 2a(e;)H(2T) [since B — By’
is a rate-two random walk with step distribution p(-)]. By independence,

P((0,e1) > T,t(0,e2) > T | BY,s <T) = x}x?,
and also

P(t(e1,e2) > T | Bg,s <T)=P(t(e1,e2) >T) <2a(e; —e2) HQ2T).
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Consequently, since each X% <1,
XT < X7 X7 A 2a(er — e2) HQT).

We may now apply Lemma 2.4 to complete the proof. [

PROOF OF PROPOSITION 2.1. Since I'7 (e, ¢’) C {7(0, ¢) > T}, summation

over ¢’ gives g7 < Y ,c72 p(e)P(7(0,e) > T) =Y 2 p(e)P(t(0,e) > T) =
H(2T). It follows from (2.4) that g7 (log T') is bounded as T — oo.
By the Markov property,

qr = /T > p@pE)P(20,e) AT(0,¢) > T(e, ) € du,
0 x,y,e,e €Z?
@.11) By =x, B =)
x P(t(x,y)>T —u).
Below we will use the fact that this expression is unchanged if we replace the

coalescing walks and corresponding hitting times B and 7 with the independent
walks B and 7. Since

(logT)P(t(x,y) > T —u) = 2moa(x —y) as T — oo for fixed u,

by (2.4) and (2.6), it follows from Fatou that liminfr_ » gr(logT) > y*, and
therefore, y* is finite.

The next step is to apply Lemma 2.5 and see that we may restrict the integral in
211 tou < T/2. By Lemma 2.5,

logT Y ple)p(e)P(t(0,e) AT(0,¢) AT(e,e)>T)/2)

e,e'€7?

< (og TYQH(T)"* 3" ple)p(e)(ale) +a(e"))Vale —¢).

e,e'€7?

By (2.7), the sum above is finite, and so by (2.4), the right-hand side above tends
toO0as T — oo.
Now foru < T/2,(2.4) and (2.6) imply

(logT)P(t(x,y) > T —u) = 2moa(x —y) as T — oo,
and (2.5) implies
(logT)P(t(x,y) >T —u) <2a(x — y)(logT)H(T/2).

The right-hand side above is no larger than a fixed multiple of a(x — y) by (2.4).
Since we have already established the integral defining y* is finite, we may apply
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the dominated convergence theorem to conclude that
logT/T2 Z (e)p(e)P(r(O e)AT(0,¢)>1(e, ) edu,
x,y,e,e €Z?
(2.12) BY=x, B =)
X P(t(x,y)>T —u)— y*,
which completes the proof of Proposition 2.1. [

3. Semimartingale decompositions. Let étN be the rescaled Lotka—Volterra

model as defined in Section 1. Following [2], we introduce the following notation.
If

. 0
¥ € Cp(Sn), ¢ = ps(x), ¢s(x) = £¢(S,X) € Cp([0, T] x Sn),
and s < T, define

Gl Ay = Y Npn(y — 0 (6) — ¥ @),
yeSy
N.1 ! :
32 DM@ = / XN (Anebs + ) ds,
N 1
(“0—)/ S e HEN (1) = 0} (£ (. £V)) 2 dis,

xeSy

33) DVi¢) =

N 1
M/ Y e OUEN ) = 13 (x, V) ds,

XESN

G4 DY@ =

(MY @), (N)2/ > $2)

XeSN

3.5 N . .
x 3 v =0 EN ) — &N ) ds

yeSn

(N,)2 / 3 $2(x)

xeSy
(3.6) x [(af — DUEN (x) =0} () (x, £M))?

+ @) = DEN 0 = Y (N ds.

Note that (MY (¢))2,; may be negative. If X. is a process, let (}”tx, t > 0) be the
right-continuous filtration generated by X..

The following result is Proposition 2.3 of [2], which was stated in the case
N’ = N. Only trivial modifications of the proof of that result are necessary to

(MM ()5,
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prove the following for general, and hence, our choice of, N’. Recall that XV is as
in (1.7).

PROPOSITION 3.1.  For ¢, ¢ € Cp([0, T x Sy) and t € [0, T,

(3.7) XN (@) = X (¢0) + DY (#) + MY (9),
where
(3.8) DY) =D""' () + D *@#) — D (¢)

and MtN (@) is an (?}X N) square-integrable martingale with predictable square
function

(3.9) (MY (), = (MY (@)1, + (MY ()5,

Having described our approximating martingale problems, it is a good time to
recall the target martingale problem. Let C;° (R?) denote the space of bounded in-
finitely differentiable functions on R¢ with uniformly bounded partial derivatives.
An adapted a.s.-continuous M ¢ (Rd)-valued process X;,t > 0, on a complete fil-
tered probability space (2, ¥, ¥;, P) is said to be a super-Brownian motion with
branching rate y > 0, drift @ € R and diffusion coefficient c> > 0 starting at
Xoe My (RY) iff it solves the following martingale problem:

(MP) For all ¢ € C°(RY),

oA

t 2 t
(3.10) Mz(¢)=Xz(¢)—Xo(¢)—/0Xs< 2¢)ds—0/0 X, (@) ds

is a continuous (F,X)-martingale, with Mo(¢) = 0 and predictable square function

t
(3.11) (M(9)), = /0 X, (yd?) ds.

The existence and uniqueness in law of a solution to this martingale problem is
well known (see, e.g., Theorem II.5.1 and Remark I1.5.13 of [8]). Recall from

2
Section 1 that P;(’)G’U denotes the law of the solution on Q2x ¢ (and also on
D([0, 00), My)).

4. Convergence to super-Brownian motion. The goal of this section is to
outline the proofs of the following two key results. Recall that if § is a metric
space and {Qy} is a sequence of probabilities on D([0, c0), S), then {Qn} is
C-tight iff it is tight and every limit point is supported by C([0, 00), S).

PROPOSITION 4.1. The family of laws { Py, N € N} is C-tight.
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PROPOSITION 4.2. [f P is any weak limit point of the sequence Py, then
ﬁ — P47TO'2,9,62‘

Clearly, Theorem 1.2 follows from these propositions. We say “outline” because
we will state the key technical ingredients as Propositions 4.3-4.7 below, and as-
suming their validity, derive Propositions 4.1 and 4.2. Propositions 4.3—4.7 will
then be established in Sections 6-8.

Proposition 4.3 gives “total mass” bounds and will be used to prove that, for
¢ € Cp (R4 x R?), each of the families XV (¢), DN (¢), MN (¢) and (MN (9)).,
N =1,2,...,is C-tight (see Proposition 4.11 below). Propositions 4.4 and 4.5
provide “spatial mass” bounds which are used to prove the required compact con-
tainment condition (Proposition 4.12 below). Proposition 4.7 will be used to iden-
tify the weak limit points of the Py .

Let

(4.1) g(s) = Cas™ P41,

where Cy 1 is a positive constant which will be chosen in Section 6.

PROPOSITION 4.3. (a) For T > 0, there is a constant C42(T) such that, for
all N e N,

(4.2) sup EXN) < C4a(T)X) (1),
1<
(4.3) E(sup xN (1)2) < Coa(M)(XY ) + x{Y (1)).
t<T

(b) Forall s >0and N € N,
4.4) (log MEX (fg' (&) < g()Xg (D),
@45 (QogMEXJ DX (fy' (&) = g (X M* + X{ D).

To state the next bounds, we need some additional notation. For D C R? and
¢: D — R, define

l@ILip = Sup{%ffy)l X#yE D} and
lllLip = [@ILip + |Plloo-

Let AN (¥) = (N + 6 log N)%(w), with semigroup PtN’*.

(4.6)

PROPOSITION 4.4. For p > 3, there is a Ca7(p) such that, for any t > 0 and
¢:R> - RT,

EX) (@) = =N et x i (PN g)
4.7)
+ Ca7647" @ lLip(log N) I =P/2 X N (1).
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PROPOSITION 4.5. For p > 3, there is a constant C4.8(p) such that, for all
¢:R?>— Ry, ife = (log N)~?, then

EXY(logNof (. £M))) < Cas X DlIgILip(log N1 =P/

(4.8) N
+ Ca3Xp (#).
REMARK 4.6. It will be immediate from the proofs that the constants in
Propositions 4.3, 4.4 and 4.5 will depend only on the kernel p(-) and 6 (as well as
the choice of parameter p in the latter two). This will be convenient in Section 9.

PROPOSITION 4.7.  Let supg 7 indicate a supremum over all Xév € Ms(Sn),
¢:R2 — R and t > 0 satisfying X(I)V(l) <K, |$llLip < K and t <T. Then for
every K, T >0and0 < p <2:

(@) limy_oosupg 7 E(| [o (XN (og N2 £ (. &) — 202 XN (9%)) ds|P) =
0; .
(b) fori=2,3,limy_cosupg 7 E(D' (@) — J§ 6i2y* XN () ds|P) =0.

Assuming the validity of these results, we can now prove tightness for the se-
quence of laws {Py: N =1,2,...}.

The first step is to obtain more precise information on the terms in the decom-
position of X tN (¢) given in Proposition 3.1. Lemma 4.8 below bounds the terms
in the increasing process (M N (¢)); and some of the terms in the drift DtN (0).

LEMMA 4.8. There is a constant C4.9 such that if ¢:[0,T] x Sy —> R is a
bounded measurable function, then for 0 <t <T:

(a) (MN(¢)>2,z = fé mé\fs () ds where

s 113
(N")?

4.9) imY ()| < Cao xN1, o<s<t

(b)
4.10) (MM (@), =2 f XY log N2 f¥ €N)) ds + / m?y  (¢5)ds,

where

CyologN

i
(c) Fori=2,3, D" (¢) = [t dN(p)ds, where

1dN ()] < Caollpslloo XY Qog NfN (EN)),  0<s<t.

(4.11) Im ()] < lpslfipX (), 0<s<t.
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PROOF. (a) From (3.6) and (1.10) we have

s 113 il o
Imy (@)] < 2 Z—s (x) =26 e X5 -

(b) Use (5 () = EN () =&Y ) (1 = &Y () + &N (1 = £V (x)) in (3.5)

to conclude that

2 log

(MY (p)),, = A Z¢> (x)&! (x)Zm(y—x)(l—s ) ds

flogN

ZZ bs()* — 5 (»)?)

x pn(x — MEN (1 — &N (x)) ds

This is the required expression, where

ogN

Imy’ (9)] = Z Z b5 (%) + 5 (1) (@5 (x) — D5(1)

x py(x — MEN (1 - &N (x))
1
< (log N)2/[6s lloc| s lLipr; YEN) D Iy —xlpn(y —x)
y X

log N
< Cagllgslifip X () ——=,

VN

since Y, |x|pn(x) </202/N.
(c) Use (3.3) or (3.4), and (1.10) to see that, fori =2 or 3,

. - 1
47 (@)1 = Glog Nllgs ooz 22D &7 (1= §7 () pa(y =)
Xy

= 6log Nl sl XY (fo' (V). O

REMARK 4.9. Inequalities (4.9) and (4.11) imply, in conjunction with (4.2),

that for T > 0, there is a constant C4.12(7") such that if ¢y = i, then for 0 < s <
T,

4.12)  E(m) |+ m} ) < Conn(DII¥ I, log N/NH XE (D).

LEMMA 4.10. For T > 0, there is a constant C413(T) so that, for



TWO-DIMENSIONAL LOTKA-VOLTERRA MODEL 763

all0<s<t<T,

£([ [ x¥aoe sy dr]z)

@.13) — 4/3 (v N 132 N
< Ca13(D)(t — )™ (Xg (D7 + Xg (D).

PROOF. Using the Markov property, and then (4.4) and (4.5), the left-hand
side above is

t prt
t prt
52/ f E(Xiv(IOngON(SrN))g(r/_r)X}{V(l))dr/dr

t t
<2 / / g(Ng(r’ —rydr' dr(XY 1 + XY (1)).

After plugging in the explicit form of g given in (4.1), a little integration
yields (4.13). O

PROPOSITION 4.11. For each ¢ € Cg’3(R+ x R3), each of the families
{XN(@).N e N}, {(DN(¢).N € N}, i =1,2,3, {(MN())..N € N}, and
{MN(¢), N € N} is C-tight in D([0, 00), R).

PROOF. Fix T > 0, and ¢ as above, and recall the decomposition of X tN (¢1)
in Proposition 3.1. Lemmas 4.8(c) and 4.10, and assumption (1.8) imply there is
constant C7 such that, fori =2,3,0<s <t <T,

E((DN () — DN (9)*) < Crll%t —)*>.

C-tightness of {DN-i{(¢):N € N} (i =2,3) is now standard (see, e.g., Theo-
rem 3.8.8 and Proposition 3.10.3 of [4]).

Tightness of {(M"(¢)).:N € N} follows by similar reasoning using Lem-
mas 4.8(a), (b) and 4.10, as well as Proposition 4.3(a). C-tightness of the remaining
terms now follows just as in the argument for d > 3 in Proposition 3.7 of [2]. In
particular, the hypothesis that ¢ € C ;’3 is used to prove C-tightness of {D™!(¢)}
as in Proposition 3.7 of [2]. [

We come now to the compact containment condition. Let
B(x,n)={y e R*:|y —x| <n}.
PROPOSITION 4.12. Forall € > 0, there is an n € N, so that

supP( sup XtN(B(O, n)¢) > e) <e€.

N t<e~!
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PROOF. Choose a sequence h = {h,}, h, :R? — [0, 1], with uniformly (in n)
bounded continuous partial derivatives of order 3 or less, such that

(x| >n+1) <h,(x) <1(x| > n).

Note that Cj, = sup,, (|| llLip + | Ahylloc) < 00. By the semimartingale decompo-
sition in Proposition 3.1,

3
@.14)  sup XN (hy) < XY () + > sup IDY ()| + sup IMY ().
t<T i=11<T t<T
Our task is to show that the expected value of the right-hand side above tends to 0
as N,n — oo.
Let ny =sup,, |AN (hy) — azAhn/leoo. As in Lemma 2.6 of [1], our assump-
tions on {4, } imply that limy_, s ny = 0. It is easy to see that

t
(4.15) DN ()| < / XV (vl + Chln_) ds
0
and
ot
(4.16) D3 (hy)| <8 f XY (hy log NfY €M) ds.
0

The term D,N ’2(h,,) is more complicated:

- 1
IDN2(h,)| < elogN/O ﬁZhn(x)(l —&N@)Y pvo —0EN () ds
X y
<dlogN [ S o) — oy Gy = EN () d
<0log oN’x’yI”x nWIPN (Y — )& (y)ds
F10eN [ mEN )i 08 ds
o N’ > n s 0 »Ss
<dmlplogV [+ T le oy g ()
= n|Lip 108 ON/xyx YIPN(Y —Xx)§5 (y)ds
+0 /O XY (log N, () £ 6)) ds
) 262\ 1/2 i
§0ChlogN<%) /Oxgv(l)ds

i [ "XY (hylog N (€N)) ds,

where we have used the symmetry of py(-) and the bound } g, [x[py(x) <
(202 /N)1/2,
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The inequalities above, (4.2) and Burkholder’s inequality show that, with
Ny (T) = Ca2(T)(nn +6Cplog N(202/N)/)T,

E(sup XV (h”)> < XY () + 2EMY () )2 + )y X (1)

t<T

T
@.17) +Ch [T BN (o) ds

T
+20 [ BN tlog NAY 60 ds.
0
[Note limy o0 7y (T) =0.]

To estimate the last integral above, we apply Proposition 4.5 with p = 3 and
¢ = (log N)~3. By the Markov property and (4.2),

E( / "XV (i log NN EV)) ds)
0
_ E( fo XN (hylog NFY €M) ds)

T
+ E( [ B tatog N7 € 1 X2 ds)

8l

N Cy. hn”Lip r N
<e(logN)Can(T)Xy D)+ ———— | EX_ D)ds
log N &

T
+Cos [ B, () ds.
&

Using (4.2) again, and letting n;(, (T) = C42(T)[(og N)_2 4+ C48C,T/log N], we
have

T
E( [ XY htogNsY € as )
(4.18) 0

T
<l (MXY M) + Cag /0 E(XY (hy)) ds.
[Note limy _, o0 7y (T) =0.]
Next, by the above inequality, Lemma 4.8 and the bound (4.12),
E{MN (hp))7)
T N 2 oN /N T N N
= E(fo X (2log Nh”fo & )Nds + /o (ml,s(hn) + mz,s(hn))dS)
T
<2 (XY (1) +2Cag /O E(XN (hy)) ds

log N
+ Ca12(T) | ||iipﬁTX3f ).
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That is, letting 7'y (T) = 203 (T) + C4.12(T)TC2log N/+/N,
N m N T N
4.19)  E(M™ (hw))7) <ny(T) X, (1)+2C4,8/0 E(Xy (hyp))ds.

[Note limy o0 7y =0.]
An application of Proposition 4.4 with p = 3 implies

T _ T
[ ECEY thayds =2 [y (R ) ds

(4.20)
+ ST log N) 1O x5 (V).

Finally, let BtN "* be the continuous time random walk with semigroup P,N’* de-
fined before Proposition 4.4, B(I)V * =0, and note that

E(|B£Va*|2) — 2025‘ (1 +9_10gN/N) < 40’2T
for all 0 <s < T for large N. With this bound, we have

—1\¢ -1
XY PN F ) < XY (B (0, ”T) ) + X{)V(l)P<|B§V~*| > ”T)
4.21)

<x) (B (0, ?)6) + XY W) 1602T/(n — 1)2.

By assembling the inequalities (4.17)—(4.21), we have the following: for any
T, €' > 0, there is an Ny so that,

for N > Ny, n > Ny, E(supXtN(hn)> <€

t<T

The required compact containment follows. [J

PROOF OF PROPOSITION 4.1. The C-tightness of {Py, N € N} is now im-
mediate from Propositions 4.11 and 4.12 above, and Theorem I1.4.1 in [8]. [J

PROOF OF PROPOSITION 4.2. It is now a simple matter to take a subsequen-
tial limit in the semimartingale decomposition of X (¢) in Proposition 3.1 to show

that any limit point satisfies the martingale problem (3.10) characterizing the law

47'[(72,(9,0'2 . . 00 12 .. .
PXO of super-Brownian motion. Let ¢ € C;°(R”). Proposition 4.7(b) im-

plies D,N ’2(¢>) — D,N 3 (¢) approaches the drift term involving 6 in (3.10). Proposi-
tion 4.7(a), Lemma 4.8(a), (b) and Proposition 4.3(a) show that the square function
of the martingale part of X (¢) [given by (3.9)] approaches the square function
of the martingale part of (3.10) with branching rate b = 4 o2. The other terms are
handled just as for d > 3 in [2]. We refer the reader to the proof of Proposition 3.2
there. The only difference in this part of the proof is that we will take 1 < p <2 in
Proposition 4.7, while in [2] p = 2. This leads to only trivial changes. [J



TWO-DIMENSIONAL LOTKA-VOLTERRA MODEL 767

5. Voter, biased voter and Lotka—Volterra bounds. Asin[2], we will obtain
bounds on the Lotka—Volterra model by obtaining bounds on the more tractable
biased voter model. In turn, these bounds depend on good voter model bounds.
In this section we will work with voter and biased voter models, which we now
define.

For b, v > 0, the 1-biased voter model Et is the Feller process taking values in

{0, 12 with rate function
(v+b) fix,§), if £(x) =0,
vfo(x, &), if&(x) =1,

where f;(x,£&) is as in (1.1). Similarly, the O-biased voter model is the Feller
process § taking values in {0, I}Zd, with rate function

vf1(x,§), if £(x) =0,
(v +b) fo(x,§), if&(x)=1.

The voter model ét is the 1-biased voter model with bias b = 0, that is, its rate
function is ¢(x, n) = vfi(x, &) ifE(x)=1—1.
It is simple to check that

5.1) Ex, &) = {

(52) c(x, £) = {

§x)=0  implies c(x,§) <¢é(x,§) <c(x,§)

and

E(x)=1  implies c(x,§) <¢é(x,§) <c(x,8).

Therefore, as in Theorem II1.1.5 of [6], assuming & 0= §0 =&,

we may define § , §t and & on a common probability space
5.3) L
so that i <& <& forallt > 0.

For &, ¢ € {0, I}ZZ, £ < means &(x) < ¢(x) forall x € Z2.
In Section 5.1 we will obtain the required voter model bounds. In Section 5.2
we will use these bounds to obtain good biased voter model bounds.

NOTE. We will assume throughout the rest of this section that (5.3) is in force.

5.1. Voter model estimates. We recall the voter model duality; see, for in-
stance, [5] or [6]. Recall also the system of coalescing random walks {éx X € ZZ}
from Section 1. The basic duality equation for the rate one (v = 1) voter model is
as follows: for finite A C Z2,

(5.4) P& (x)=1Vxe A)=P(&(B") =1Vx € A).
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Recall P = > . p(e)P¢, 1 and H () from Section 2, and define the mean range
of the random walk BY by

R(t) = E(ZI{B? = x for some s < t}).

A last time at 0 decomposition (see, e.g., Lemma A.2 of [1]) yields R(¢) =1+
fot H(s)ds, and [via (2.4)] the well-known asymptotic behavior
R(1) 2

(5.5) lim =210
t—oot/logt

Let P, t > 0, be the semigroup of a rate 1 random walk with step distribution p(-).
We slightly abuse our earlier notation and for ¢ : Z> — R and & € {0, I}Zz, let

£() =) ¢ (x)EX).

LEMMA 5.1. Let ét denote the rate-v voter model. Then for all bounded
¢:Zz—>R+andt20,
(5.6) EE () = &0(Pud),
(5.7) E(I&%) < |&ol* + 2vt|éol,
5.8)  EE(@fo))) < QoPvtHQun))' 2 |glLipléol + H (2un)éo(4),
(5.9 E(&I&(fo&))) < HQut)léol* + RQut) &l

REMARK 5.2. For ¢ =1, the right-hand side of (5.8) is just H(2vt)|§0|.

PROOF OF LEMMA 5.1. By scaling, it suffices to consider the case v = 1.
Also, the first two formulas are well known [the latter follows from (5.14) be-
low], so we prove only the last two. By the duality equation (5.4), symmetry and
translation invariance,

EE(ofoé) =) ¢ (x)pe)P(B} €&, B ¢ &)

<Y &) pe)P(Bf =z, 2(x,x +e) > 1)

X,e,2

= > &@¢x)pe)P(B) =x —2,7(0,€) > 1)

Xx,e,z

=Y & @pEE(p+ B)1{r(0, ) > 1}).



TWO-DIMENSIONAL LOTKA-VOLTERRA MODEL 769

For any z,

> p@E(p(z+ B)1{r(0,e) > 1})

<3 p@E((19ILipl B + 6 (2)) 1{z (0, &) > 1)

1/2
< |¢>|Lip(E<|B,°|2> Y p@P(t(0,¢) > t)>
+¢(2) ) pe)P(z(0,¢) > 1).

Since E(|B?|?) = 20°%t, this proves (5.8).
We expand the left-hand side of (5.9) and use duality to obtain

E(&1&(fo()) =T + Ty,

where

(5.100  Ti= Y ple)P(B} eéo. B} eko, BT ¢ ko, £(x,y) > 1),
X,y,e

(5.11)  To= Y ple)P(Bf eo. BI T ¢ &, 2(x,y) <1).
X,y,e

Consider I'; first, which we expand in the form

Y. 1y #x+e)ple)
X,y,w,z,e
x P(BY =w, Bf =2, B/t ¢ &, t(x,y) > )& (w)éo (2).
By replacing the condition B¢ ¢ & with #(x, x + e) > 1, switching to the inde-
pendent random walk system [dropping the condition that 7 (x, y) > ¢], it follows
that I'y is bounded above by

Z I(y#x +e)p(e)P(l§‘,y =w, B =z,t(x,y)>1,T(x,x +¢) > 1)

x,y,w,z,e

x & (w)o(2)
< > 1o#x+ey#£x)p@P(B] =w, Bf =z, t(x,x +e) > 1)

X,y,w,z,e

x Eo(w)éo(2).

Now changing variables, we have

< Y 10#0,y#p@P(B ™ =w+x,Bf =z+x,t(x,x+e) > 1)

xX,y,w,z,e

x Eo(w + x)€o(z + x)
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= Y 10#0,y#e)p@P(B] =w, B =z,7(0,¢) > 1)

X,y,w,z,e
x Eo(w +x)éo(z + %)
= Z 1(y#£0,y#e)p(e)P(B] =w)P(BY =2,7(0,¢) > 1)

x,y,w,z,e
x Eo(w + x)&o(z + x).

Since P(B; =w) = P(Bt0 = w — y), summing in order over y, w, x, z shows that
the last sum above is at most |§0|2P*(t > 2t). Thus, to prove (5.9), it suffices to
show 'y < R(21) &l

In the definition of ', we drop the restriction
obtain

B *¢ ¢ &y and then sum over e to

Iy < Y P(Bf=z.%(x,y) <t)é(2)

X,¥,2

= Z PBf =z+x,t(x,y+x) < t)éo(z + x)
X,¥,2

— Z P(BY=2,7(0,y) <1)éy(z + x),
X,¥,Z

where we have again changed variables. If we sum in order over x, z, y, we obtain
'y < |&|R(2t), and we are done. [

5.2. Biased voter model bounds. We first recall the following from Lemma 4.1
of [2]. If & is the 1-biased voter model with rate function (5.1), then

(5.12) E(|&]) < "o,
- - 2v+b -
(5.13) B = (16l + =20 - e ikl ).
Since 1 — e~ < bt, the last inequality implies
(5.14) E(I&1%) < e (1€l* + (v + b)tléo)).
These bounds must be improved. In (6.2) below we will compare the Lotka—
Volterra model &/ defined in the Introduction with the biased voter models & iv ,

N on Sy. In order to construct the coupling § fv <&N <&V, we must assume that
the voting and bias rates vy and by are

(5.15) v=vN=N—0_logN and b=bN=29_10gN.

With this coupling, the bounds on X IN (1) in Section 4 are then consequences of
analogous bounds on X ,N (1)=(1/N) Z_ . EtN (x)dx. However, for the above rates,
the bound (5.12) implies only that E(X (1)) < e’V X} (1), not that E(XN (1))
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[and hence, E (X,N (1))] is bounded in N, a fact we will need. Nevertheless, the
estimates (5.12) and (5.13) are useful over short time periods, and will play an
important role in deriving better bounds.

To state our improved versions of (5.12) and (5.13), we define several constants
and functions depending on b and v. For p > 2, define

Kp=1ip(b,v) =3(bHQ2u/bP) +¢?) and « =3,
A=A, v) =bRQ2v/b%) +3¢*(1 + 2v/b),

(5.16) !
B, = By (b, v) = 207vb> P H(2v/b"))"
+bH(2v/bP) (262 (1 4+ v/bP))"?
and
hl(b, U)([) = gzt_l/?’ + K2€2+2Kt’
(5.17)

ho (b, v) (1) = >t~ 131 + 2v/b) + 5k Ae' 3.
Also, let P¢p(x) = Zy p(y — x)¢(y) and define the operators
(5.18) AP =v(Pp—¢) and A*=(1+b/v)A.

Let A (resp., 4*) have associated semigroup P;, t > 0 (resp., PF,t>0).

REMARK 5.3. The constants «,, A, B, and the functions Ay, h; are used in
many bounds below. These bounds are not sharp, but they are adequate for our
purposes. Note that for the parameters v = vy, b = by in (5.15), we have [by
(2.4) and (5.5)] k, = O(1), A= O(N/log N) and B, = O(N'/?(log N)1=P)/2)
as N — oo.

PROPOSITION 5.4. Assume b>1and p > 2. Forallt >0,

(5.19) E(&]) < ),

(5.20) E(&%) < |5 + 44e" 4 |,
(5.21) bE (& (fo(&))) < hi ()&,

(5.22) bE(I& & (foE))) < hi()|&l* + ha()|Eol.

For all bounded ¢ : 7> — [0, 00) and p > 3,
EG(@)) < e "t

(5.23 i i
x (Eo(P(9) + [kpb™ P ll$lloc + BpllLipllEol)-
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To derive these bounds, we first state a special case of Proposition 2.3 of [2].
The biased voter models & and &, are special cases of the general voter model
perturbations introduced in [2]; for £, take N = v, B({e}) = bp(e), B(A) =0
for card(A) # 1 and § = 0, while for & take N = v, §({e}) = —bp(e), §() = b,
6(A) =0 for card(A) #0or 1, and 8 = 0. This notation is only important if you
want to verify that Lemma 5.5 is indeed a special case of Proposition 2.3 of [2].

LEMMA 5.5. Let T >0 and ¢:[0,T] x Z* — R, where ¢, ¢ are both
bounded and continuous. Then for 0 <t <T,
(a)

- —_ t - - .
& (1) = §0(¢0) +/ &5 (A(ps) + ¢5) ds
(5.24) 0

t _ _ _
+b/0 S 6 (s, 011 — E (0L fi (x E) ds + M, (),

where M;(¢) is a square-integrable (?’f)—martingale with predictable square
function

(5.25) (M () = (M(@#))1.0 + (M(P)2s,

with

i, t _ i, _ _
(M@ = /o vy ¢ () [E:(x) folx, &) + (1 =& () fi(x, &)]ds

and
_ t _ _
(M (@) = [0 Y 6 (02 (1 — ) i (x. o) ds.
(b)
t —_ .
£ (¢) =&, (d0) + / £ (A@y) + ) ds
(5.26) 0

t
—b [ &, @ fol& ) ds + M, (@),
0

where M ,(¢) is a square-integrable (}Vtg)-mam'ngale with predictable square
function

(5.27) (M (@) = (M ()10 + (M(P))2,:,

with

t
M@= [ 0300, (0 (0,8 + (1 = () fi(x. )] ds
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and

t
(M(@))2. = [ b, 6 fol&,)) ds.
If we set ¢ =1 in Lemma 5.5 and do a bit of stochastic calculus, we see that

- _ t - -
(5.28) & — 150l —b/O &s(fo(&s))ds

and
12 52 te z Floos z
(5.29)  1&I17 — l&ol —(2v+b)f %‘s(fo(%'s))ds—Zb/ 1&s1&s (fo(&s)) ds
0 0

are (J‘tf)-martingales.

In the proof of Proposition 5.4 we will need a few properties of the func-
tion &£(fo(£)) which will be important to “transfer” the voter model bounds of
Lemma 5.1 to the biased voter model.

LEMMA 5.6. Assume &, n € {0, 1}Zd satisfy & <n.
(a) If In| < oo, then

(5.30) In(fo(n) — E(fo(©))] < Inl — |&]
and
(5.31) InlnCfom) — 1EIECfoE)] < Inl* — &I

(b) If ¢ : 7> — RT is bounded, then
(5.32) Z In(x) folx, n) — &) folx,&)lP(x) < (n—&)(@ + Po),

(533) D Ine) folx,m)?* —EX) folx, §)*1¢(x) < (n — £)(¢ + 2P)

and

(1 =n) fiGe,m?* — (1 —E@) fi(x, ) (x)

(5.34)
= =8¢ +2P9P).

PROOF. (a) The first step is

n(fo(n) — E(fo(§))
=>"(n(x) = £@)) folx, m) + D EC)(folx, m) — folx, ).



774 J. T.COX AND E. A. PERKINS

Since fo(x,n) — fo(x. &) = fi(x,&) — fi(x,n), and p(-) is symmetric,
D E@) (folx,m) — folx, &) =D E@(fi(x.&) — fi(x.n))

= E0p(y =0 (EW = n)
X,y

=36 — 1) f1(, 6.
y

Thus,
(5.35)  n(fo(m) —&(fo(§)) = Z(n(X) — &) (folx.m) — f1(x,8)).

X

Since | fo(x,n) — fi1(x, &)| <1, (5.30) is an immediate consequence of (5.35).
It follows from (5.30) that |£] — £(fo(€)) < In| — n(fo(n)). Multiplying the left-
hand side of this equality by || and the right-hand side by |7|, we obtain [note that

E] — £(fo(£)) = 0]
E12 — E1E(fo &) < Inl* — InIn(fo(n)),

or [nIn(fo(n) — E1&(fo(€)) < In|* — |§]*. Since (5.30) also implies that |£] +
E(fo(&)) < Inl+n(fo(n)), multiplying the left-hand side by || and the right-hand

side by |n| yields the inequality [n]n(fo(n) — [€1&(fo(§)) = —(Inl* — [£]?).
(b) These are similar so we only prove (5.34). The left-hand side is bounded

above by
S =n@) (A, = A1, 6o () + fi(x, ) (n(x) — E(x))p(x)]

X

<Y (1=n@))2(f1(x, m) — f1(x, ©)p(x) + (n(x) — £(x))p (x)

<223 p(y = 0@ () —EW) + (11— £)().
x oy
which equals the right-hand side of (5.34). [

PROOF OF (5.19) AND (5.23). Let ¢ be as in Lemma 5.5 and rewrite the
second integral in (5.24) in the form

t _ _
b [ @050 = $6.30)pr =01~ E@IE () ds
X,y
t _ _
+b fo 365 NEW) foly. B ds
y

b t_ _ l_ _
_7 / £, (Ady) ds + / £ (by fo(Ey)) ds.
v JO 0
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We have used the fact ", | (¢ (s, x) — ¢ (s, ) p(x — y)& (x)&(y) = 0 by symme-
try. Therefore, (5.24) becomes

- —_ t - .
E () = Eo(dho) + / E (A" Gy + ) ds
(5.36) 0

t_ _ -
+/0 E(sbfoEy)) ds + My (o).

Fixc>0,7>0and ¢:Z> — RT, and set ¢y = ¢~ P’ .¢. Then (5.36) implies

- _ t _ _
EG@e b o)+ [ EGGRLohE e ds
(5.37)

t -
_/0 E(&(cP!  ¢))e “ ds.
This implies
(5.38) Eo(Pr¢) < E(&($)) < e"E(P9),

where we have set ¢ = 0 for the first inequality and ¢ = b for the second.

We now work at upgrading the second inequality in (5.38) to (5.19) by estimat-
ing the first integral in (5.37) via a comparison with the voter model. Put ¢ = b~7
and assume ¢ > 0. It follows from the coupling (5.3) and the inequalities (5.32),
(5.6) and (5.12) that

E(1& (bpfo(E)) — Ec (b fo(Ee)))
<2b|@lloc E(|E| — 1&:]) < 2b(e”® — 1)||¢ |0 |Zo]-

In view of this bound, » > 1, and the voter model estimate (5.8), we have
E (& (bpfo(E:))) < 2eb*e|¢llool€ol
+b(20*ve H(2ve)) 2 |g|Lipl€ol + bH (2ve)En(9).

(5.39)

(5.40)

We have used the elementary inequality e — 1 < eu for 0 < u < 1 above (and will
make use of it again without comment). The Markov property now implies, for
s > ¢, that

E(és(b‘be(gs)) | ?-:Y—é‘)
(5.41) < (2eb*el|gpllos + b(20*ve H 2ve)) 2| ¢lLip) 1Es—e
+ bH (2ue)€s_s ().

We can now derive (5.19). Taking expectations in (5.41) for the function ¢ =1,
we obtain, for s > ¢,

(5.42) E(&(bfo(€))) < kpE(E—c)).



776 J. T. COX AND E. A. PERKINS

Using this inequality in (5.36), we get, for > ¢,

_ _ t _ o
E(létl)fE(lEeI)Jer[8 E(lés—el)dS§€b8|§0|+Kp/o E(|&]) ds,

where (5.38) is used in the second inequality. This bound also holds for r < ¢, and
hence, (5.19) follows by Gronwall’s inequality.

To prove (5.23), we will take expectations in (5.41), with ¢ replaced by P* (¢,
and substitute this in (5.37). However, we must first alter the last term of (5.41).
For bounded v : 7> — R*, (5.38) implies that

|EE(¥)) — &) < (7 — DE(PXY) + [Eo(PFY) — Eo(¥)].

Since | Py (x) = ¥ ()| < ¥ LipE(IBye(y 40D < W ILipRo%e (v + b)) /2,

|EG(¥)) — &) < (ebell¥lloo + (2026w + )19 [Lip) 1Eol.-
Consequently, by the Markov property, for s > &,
EE—e(¥) < EGE W) + (ebel|¥lloo + (207 + b)) /9 |Lip) E (Es—e ).
Using this inequality in (5.41), with ¢ = P _¢ replacing ¢, we have for s > ¢
EG (P dfoE))
< (kpb*el|plloc + BpldlLip) E(Es—c]) + kp EE (P ).

Plugging this into (5.37) with ¢ = 1 +«, and using (5.38) for s < ¢, and (5.19),
we obtain

(5.43)

EE(¢))e™" <& (PFd) + /0 be" & (PP d)e " ds
! -
+ f (pb?ellBlloc + BplILip) E(1Es—c e ds

t .
+"P/ EE (P d)e @ ds —c / EE (P @))e " ds
<&(PF¢)(1+e 1)
t —_
+(Kpb28||¢||oo+Bp|¢)|Lip)/(; eb£+Kps_(1+Kp)s|§0|ds,

that is,

E(&($)) < P TIHD (E (PF () + (kpb*elldlloo + BpldlLip)1E0l).-
This proves (5.23). U
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PROOF OF (5.20). By (5.29),

_ _ 1 _ _
E(& %) = B> + Qu+b) / EG(fo&,)) ds
(5.44) , 0
+2b /0 E(& & (foE))) ds.
The first integral in (5.44) is easy to handle. By (5.28) and (5.19),
t _ E(E]) — |&
Qub) [ EGods = o+ b)M
(5.45) 0

2 _ _
< (1 + %)e”“m < A",

We continue to write ¢ = b~ 7, but now set p = 3. Since the integrand of the second
integral in (5.44) is bounded by E (&, 1), (5.14) implies

% [ " E(E1E (foE))) ds <2b / " (1B + Qv+ bsiEol) ds
0 0

(5.46) < (e = D)(|&l* + Qv + b)elol)
< (¢* = Dl&l* + Aléol.
For the integral over [¢, t], we use (5.31) and the voter model estimate (5.9),

E(1&:|E(foE))) < E(I& 1€ (fo(Ee))) + E(EI* — &)
< H(Q2ve) |5l + RQve)|&| + E(|E|?) — &
since E (|§g|2) > |§0|2 (|§t|2 is a submartingale). The bound (5.14) now implies

(5.47) bE(1E|E(fo(§:))) < rclBol” + Aléol.
Consequently, by the Markov property and (5.19),

t o _ t _ 5 t _
2 / E(& & (foE))ds < 2 / E(E_eP)ds + 24 / E(E_.])ds
(5.48) ¢ ¢ ¢

t _ _
<% / E(I,—o?) ds + 24"+,
£

Combining this with (5.46) gives

t _ —
2 f E(EIE (foE))) ds
(5.49) 0

—_— — z —
< (@ = D& + (A +2Ae+7) | +2Kf0 E(& ) ds.
In view of (5.44), (5.45) and (5.49),

(5.50) E(1&%) < e*|&|* +4Ae' T 5| + 2« /O "E(EP)ds
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for all # > 0. It follows from Gronwall’s inequality that

E(&%) < {e*IEol* + 4Ae" B[} 0

PROOF OF (5.21). Firstsupposet <& = b=3.Thenb <t~'3 and br < 1, and
using (5.12),

(5.51) PEE (fo(&))) <bBE(|&]) <et™1/3|5|.
For t > ¢, it follows from (5.42) and (5.19) that
(5.52) bEE (fo(&))) < KE(1&—¢|) < xe' ™™ |5|.

The inequalities (5.51) and (5.52) imply (5.21). O

PROOF OF (5.22). Fort <& = b3, we may apply the second moment esti-
mate (5.14) to obtain

(5.53)  E(&I&(foE)) < E(I& %) < e**(1&* + e v + b)|&)).
Arguing as before leads to
(5.54) bE(1& & (foE))) < 273 (1&1* + (1 +2v/b)|&)).

For 1 > ¢, we apply the Markov property, (5.47) and the submartingale property
of |&? and || to obtain

bE(EE (foE))) < kE(&®) + AE(I&)).

After using the bounds (5.19) and (5.20) for E (&) and E (|& |2), respectively, and
rearranging, we arrive at inequality (5.22). U

We need only a few bounds for the 0-biased voter model § .- Using (5.26) di-

rectly with ¢y = e“* Ist_sd) [recall (5.18)] for bounded ¢ : 7?> — Rt and ¢ > 0, we
get the analogue of (5.37),

_ t _
EE, @) =5,(Pd) — [ EE 0P dfole e ds
(5.55) 0

£ — N
+/(; E(§ (cPr—s$))e” ds.
Setting ¢ =1 gives
ct ! cs ! cs
(5.56)  E(I§ e =&, — b /O EE (fo(€ ))e ds+c /O E(g e ds.

By setting ¢ = b above, we get the simple bound

(5.57) E(g,D=e g,
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which implies
(5.58) E(g,1M) = e |5 %
Since |§,| < |&|, the above and (5.14) therefore imply
(5.59) [E(E,1P) — 1€, P < (@ = DIg, 1> + e Qv+ byrlg .
The next step is to improve the bound (5.57).
LEMMA 5.7. Assume b > 1. Then forall t > 0,

(5.60) E(lg,) = exp(—b~2 —ke” D)g, .

PROOF. Withe =b"3, by the coupling gs < ée in (5.3) and the bounds (5.30),
(5.6), Remark 5.2 and (5.57), we get

(5.61) DE(E (fo(&,)) < (bHQ2ve) + b%e)[5,| <k[E,|.

For t > ¢, (5.56) implies

t
E(Ig e = ¢ E(5,)) + / E(ce™[§ | —be™s (fo(§))ds.

|
By (5.57), (5.61) and the Markov property,
t
E(|§l‘ I)ect > €(C—b)€ |§0| 4 /8 E(Ce—bs |§s_8| _ Klgs_e |)ecs ds’
and hence,
- t—e¢
E(g,) = e e &l + e_C(t_e)f (ce™™ —K)E[& | ds.
s, 0 s

Put ¢ = ke?® to obtain (5.60). O

We conclude this section with two final inequalities which are useful for small
t > 0. The first one fgllows easily from (5.12) and (5.57), the second from (5.14)
and (5.58). For &, =50 =¢&o,

(5.62) 0<E(&)— E(E,D < 2" — Dgol,
(5.63) 0=<E(&) — E(&,1) <2 — D&l + 2 Qv + byt |l
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6. Proofs of Propositions 4.3—4.5. Return now to the rescaled regime of the
Section 1 and let StN € {0, 1}V be the rescaled Lotka—Volterra model with rate

function cy (x, &) given by (1.6), where (1.9) continues to hold. Let é, € {0, 1}Zz
be the 1-biased voter model and §z € {0, 1}Zz the O-biased voter model with
rates v = vy = N — AlogN and b = by = 20log N given in (5.15), and set

EN(x) =&(x+/N) and £V (x) = § (x+/N) for x € Sy. Thus, &V € {0, 1}V has
rate function

_ v +om N8, ifEx) =0,
N = N L 8, iFE() =1,
and § ?’ € {0, I}SN has rate function
v N6, if £(x) =0,
NCCEZN b N8, fER) =1

We assume that N is large enough (N > Ny) so that vy > 0 and by > 1.

It is easy to check that cy(x,&) < cn(x,&) < cn(x, &) if &§(x) =0 and
cy(x,8) > en(x,8) > cn(x, §) if £(x) = 1. Thus, as in (5.3), assuming g([)v =
Sé\' = éé\’ , we may construct the three processes on one probability space so that

(6.1) eV <gl <gl  forallr>0.

Letting XY = &, ¥, cs,, &Y (18, and XN = 53, 6V (0)3, it follows that
X(I)V :X{)\' = )_((I)V and

(6.2) XN <xN<xN  forallt>0.

We begin with bounds for the 1-biased voter model. Proposition 5.4 and Re-
mark 5.3 imply that there are constants C¢ 3 and Cy4 1 such that if g is as in (4.1),
then for all N > Ny, t >0,

(6.3) E(XY (D) < Cozee¥ X} (1),

(6.4) E(XY1)?) < Co3e“3 (X M + X (1)
and

(6.5) (log NYECXN (f¥ (. EM))) < g X{ (1),

6.6)  logMEXNMXN (N, M) < g)(XY )* + XY ).

We also need the following comparison result, which follows from the coupling
(6.1), inequality (5.19) and Lemma 5.7, our choice of vy and by, and Remark 5.3.
There is a constant Cg_7 such that

ExN) - ExN @)

(6.7) . .
< Cerl(log N)™~ +t]1Xy (1), 0<t<lI.
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_ Since the coupling (6.2) does not allow us to compare XtN ( fo(étN )) and
XN (fo(EN)), we need the following. Recall that &1, i are defined in (5.17).

PROPOSITION 6.1. Fort >0,

(6.8) PEEN (fo &) <hi1&)]
and
(6.9) PE(EN1EN (foEM))) < 2(hi()1EY 1P + ha(0)|EY]).

PROOF. Fort <e=b"2 bEEN (fo(6)) <bE(EN]) <bE(EN)), so just as
in (5.51) we obtain

(6.10) bEEN (fo&))) <er™'PIE.
To handle ¢ > ¢, we compare with the biased voter model using (5.30):
bEEY (foeM))) <bEEN (foEM))) +bEEN | — &N
< b(H (2ue) + 2ebe 4 2(e”* — 1)) |&Y|
<«l&'l,

by (5.40), (5.62) and the coupling (6.1), and the definition of «. Our standard
argument with the Markov property now gives, for t > ¢,

PEEN (fotM) <k E(EN ) <k E(EN]) < ke ™),

the last by (5.19). This inequality and (6.10) imply (6.8).
Now consider (6.9). For t < ¢, (5.14) implies

PE(ENIEN (fogM ) <bE(EN1?) <bE(EN 1)
6.11) < be™* (IEY 1> + (2v + b)elg]'|)
<7 VB(EY 1R + (1 +20/b)1EY ),

where the last inequality follows as in (5.51). By comparing with the biased voter
model using (5.31),

bE(ENEN (foe))) < bEENIEN (foEN)) + b(E(EN 1) — E(IEN ).
Consequently, by the above bound, (5.47) and (5.63),
bE(EN1EN (foeM))) < 2k |E)1* + AIE)D).
It follows from the Markov property that, for all > ¢,
bE(EN1EN (o)) <2k E(EN 1P + AE(EY D)
<2(kE(EN?) + AE(EN D).
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We have used (5.28) and (5.29) in the last inequality. Using (5.19) and (5.20) in
the above, and also recalling (6.11), we get (6.9), as required. [

PROOF OF PROPOSITION 4.3. Part (a) follows from the coupling (6.2), the
fact that X tN (1) is a submartingale [see (5.29)], the strong L? inequality for non-
negative submartingales, and the bounds (6.3) and (6.4). Part (b) follows directly
from the previous Proposition and Remark 5.3. [J

Proposition 4.4 is a direct consequence of the coupling (6.2) and the following
biased voter model bound. Recall the notation introduced in (4.6).

PROPOSITION 6.2. For p > 3, there is a constant C¢ 12(p) such that, for any
t>0and ¢ :R* > Rt,

ERN () < 0eM' (Cont g (pNryy

(6.12) c . N
+ Co.12¢C012" || Y7 [|Lip (log N) I =P/2 X N (1).

PROOF. Fix N, and recall that in this section & € {0, 1}ZZ is the biased voter
model with rates v = N — élogN and b =20 log N, and that EtN(x) =& (x+/N),
x € Sy. Define ¢:Z> — R by ¢(x) = ¢ (x/v/N). Then ll¢llec = ¥ oo,
BILip = N~ 2|9 |Lip, P (x) = Py (x/</N) [P} is defined after (5.18)] and
&Y (V) =E&(9). Applying (5.23),

EEN () < b "t @V (PN
+ [k pb? P W lloo + By N~V 10 Lip11EYN ).

Since p > 3, it follows from Remark 5.3 that Kpbz_l’ + BPN_I/2 =
0((logN)(1_p)/2) as N — oo, and thus, (6.12) holds because 6 > 1 implies
b>logN. U

PROOF OF PROPOSITION 4.5. Lete=5b"P. By (5.32),
EXY (¢ foEM)))
< E(XY (b foEX))) + 2bll9 oo (E(XY (1) — XN (D))).
Now applying (5.40) and (5.62), we find that
E(XY (¢ foEN)) < (6D Pllgplloo + ByN ™ 1BlLip) X5 (1) + 1, X( ().

Using our standard asymptotics for B, and «,, we obtain (4.8). []

(6.13)
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7. Proof of Proposition 4.7—Part I. For ¢:R?> — R, ¢ € {0,1}5¥ and
X(¢)=(1/N) ¥, ¢(x)¢(x), define
AY T (¢, 0) = X Uog N2 £ ¢, ),
1
AT @ 0) =+ 2 (1= c@)d)log NfY (v, 0)?,
AV 6, 0) = X Qog NofY ¢, 0))
and
AV @0 =A1T 4,0 -y X@), =123,

where y; = 2702 and y» = y3 = y*. An easy calculation using (4.3) and
(1.9) shows that to prove Proposition 4.7 it suffices to prove the following: for
0 < p <2, there exists ny =ny(p) | 0 as N — oo such that, for all K, T > 0,
there exists C(p, K, T) such that, forallt < T, ¢: R2 — [0, 00) and Sév such that

(7.1) Ipllip v X' (1) < K,

we have
t )4

a2 g(|[ AV@.eas] ) smepk. =125
0

We will do this by following the general strategy we have already used, comparing
the Lotka—Volterra with the voter model over short time periods and estimating
the difference via comparisons with the biased voter model. We must be more
careful than before because we need more precise estimates than, say, the ones in
Proposition 4.3.

Define the sequences

—1 EN
en = (loglogN)™ ", IN=—,
log N
(7.3) .
KN=(10gN)/ s Sy = Knty.

We assume that N is large enough so that ey Vty Viy <1 and §y < (log N)~1/2,

Note that 6 /ey — 0 as N — oo. We assume the Lotka—Volterra model on Sy,
£V and the 1-biased voter model €V on Sy are as in the previous section.
This section is devoted to proving the following two results.

PROPOSITION 7.1. There is a constant C7.4(K) and sequence n7.4(N) | 0 so
that, for all ¢ satisfying (7.1) and j =1,2, 3,

|E(AY (¢, &) < Cr.4(K)

(7.4) x (n7.4<N>(XéV M + XY (1)?)

+ey! //l(lw—Z| fx/ﬁ)dXév(wWXév(Z))'
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PROPOSITION 7.2. There is a constant C7 5 such that, forall 0 <t < T,

B([ [ 10x =31 = van)axt o ax¥ »)

(7.5) < C75e95T (X () + X (1)?)
SN 2/3 ~1/3 t
1+ 123 + 55t~ 131 (1 —)}
X[3N+t( I 40N o8 +3N

We divide our work into four parts. In the first we collect together various random
walk estimates that we will need. In the second we will establish Proposition 7.5,
the voter model version of Proposition 7.1. In the third part we prove Proposi-
tion 7.1 by comparison with the voter model, and in the fourth we prove a biased
voter model analogue of Proposition 7.2, which implies Proposition 7.2. The key
inequality (7.2) is then proved in Section 8, completing the proof of Proposi-
tion 4.7.

7.1. Random walk estimates. Recall from Section 1 that B,O is arate 1 contin-
uous time random walk with step distribution p(-), starting at 0.

LEMMA 7.3. (a) There is a constant C7 ¢, depending on p(-), such that

(7.6) sup P(B=x) <Cr6(t + )" forallt >0
xeZ?
and
(7.7) sup P(BY =x) < C6(x>+ 1)™'  forall x € 7*.
t>0

(b) If z7 € Z? and tr > 0 satisfy

(7.8) lim_ % —7 and Tlimm% —5>0,
then

. o e~ l2?/20%s
(7.9) Tll)moo TP(B;, =zr)= T7ols

(¢c) For each K > 0, there is a constant C7.190(K) > 0 so that

(7.10) liminf inf T P(BY =x)> C7.10(K).
T—00 |x|<KVT

REMARK 7.4. If p(-) is a kernel on Z? (any d) satisfying the conditions of
Section 1 and also ¥, |x|? p(x) < oo, then part (a) and it’s proof go through, where
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lx|? may now be replaced with Ix|4 in (7.7).

PROOF OF LEMMA 7.3. The first inequality is standard for discrete time
walks; see (A.7) in [1] for the simple adaptation to continuous time. For the sec-
ond, let Y,, be the discrete time random walk with step distribution p(-) introduced
in Section 2. Then P7.10 in [10] implies there is a constant C7 ¢ such that

sup PO(Y, =x) < Cre(Ix>+ 1)~!  forall x € Z2.
n>0
Since P(BY =x) = Y2 ye~'t" P(Y, = x)/n!, (71.7) follows immediately.

Fore >0, let Y7, n=0,1,2,..., be the discrete time random walk with step
distribution p®(x) = P(B; = x). Applying the discrete time local central limit
theorem (P7.10 in [10]) to this random walk, we can conclude that if (7.8) holds,
assuming that t7 € ¢Z™" for all T, then (7.9) must hold (note the step variance of
Y¢ is o'2¢). The fact that p(-) is symmetric implies that P(B,O = () is decreasing
in ¢, and therefore, the Markov property implies that

0
P(B(n+1)8 =x)

pf(0)
for u € [ne, (n + 1)e].

P(BY, =x)p°(0) < P(B) =x) <

This inequality and an argument by contradiction shows that (7.8) implies (7.9)
without the restriction ¢t € eZ™T.

For the walk Y, let ¢, (K) = inf|x|§KﬁnP0(Yn = x). Then P7.10 of [10] im-
plies that liminf,_, 5 ¢, (K) > 0 for every K > 0. Let S(¢),t > 0, be a rate one
Poisson process. For all x| < K /%,

tP(BY=x) > tP(S(t)=n) inf P(Y,=y)
' |;_n|z<;/2 Iy|<K~/2n !

> P(IS(t) —t] <1/2)(2/3) n}gzcn(lfﬁ).

This is enough to prove (7.10). [J

7.2. Voter model estimates. Leten,ty, Ky, Sy be asin (7.3). For N fixed, let
é‘t be the rate vy = N — 6 log N voter model on Z? with rates as in (5.1) for b =0
and v = vy. Define étN(x) = é,(x«/ﬁ), x € Sy, the rate vy voter model on Sy .
We introduce some rather trivial notation which will be used frequently:

(7.11) m(l)=2 and mQ2)=m3)=1.

Our goal here is to prove the following analogue of Proposition 7.1 for é,N .
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PROPOSITION 7.5. There is a constant C7.12 and a sequence 1n7.12(N) | 0 so
that, for j =1,2,3, if $ :R* — R, then
|E(AY (.68

(7.12) <7 N)(XY @ + XY ) gl
m(j)
+Ei£ﬁﬂbi_//10w—zl§v5®d§gﬁwdﬁg@)
EN

To prepare for the proof of this result, we introduce rescaled versions of the
independent and coalescing random walks systems {B;} and {B}} introduced in
Section 1 as follows: for x, y € Sy,

(7.13) BN =BYN/UN, BN = BN /YN,

UNT UNT

and
rN(x,y)zr(\/Nx,«/ﬁy)/vN, fN(x,y)zf(\/Nx,x/ﬁy)/vN.

We will need the following estimate.

LEMMA 7.6. There is a constant C7 14 such that

loe N
Og ZPN(e)P ENBNY) =V BN =1,V (v, x + o) > 1)
(7.14)
<Cruey // (lw—2z| < )dXO (w)dXO (2)
XN 1)?
+ C7.14 Ié)zv(c‘?j/ .

REMARK 7.7. In Section 5.1, working with the (unscaled) voter model, we
estimated quantities like the left-hand side above by, in effect, dropping the condi-

tion 50 (BN . +e) = 1. The bound this produces is too crude for our current needs.

PROOF. By translation invariance and symmetry, the left-hand side of (7.14)
is

(N2 EN w)E) @Y pale)

X |:ZNP(B,/1VV’O =w —x, B,ljvv’e =z—x,7V(0,¢) > tN):|

(7.15) = N
= (N')” Zso W& (z>ZpN(e>NP<BZIN= —w, 7" > 2ty)

=z} + 2l
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where rév “ = inf{s: BSN ¢ =0}, and N respectively, Eév , denotes the contri-
bution to (7.15) from w, z satisfying |w — z| < V/Kn1n, respectively, [w — z| >
JVEKnty. Define PN by

PY((BN,ifye )= pn(@P (BN, 1)) e,

and note that

EN(BYNP) =Y pn(e)E(le+ BYOP)

eGSN

= Y pn@ (e + EQ@le, BYO) + BN O) =202 (N~ + ).

eeSy
For & inv , use (7.6) and the Markov property at time ¢y to see that
N};N(Bé\,’N =z7—w, rév > 2tN)
<NE(1(z) > tm)(@)P(B\" =z —w— BN ()
< NP}’ > t)Cr6wnin)™!
N
<C76—H(vniN)/tN.
UN
In view of (2.4), there is a constant C7 1¢ such that

(116) = < Crasey! [ [ 10w 21 = VEniw) dX ) ax§ o).

To bound =V, let iy = e~ V12N and use the Markov property at time Aty
and the bounds in Lemma 7.3(a) [recall (7.13)] to see that, for |w — z| > </ Kntn,

I;N(Bé\t’N =w-—2z, ‘L'(;V > 2tN)

< EN<1(‘L’(§V > ﬁNZ‘N, |B

VKnt
N 2N N)) sup P(BN’O x')
x/

anNl = Q—Anty
FN N _ A N vEKnin
+ E <1(T0 >77NtN,|BﬁN,N|§ > )
N,0 _ N
X P(B(Z—ﬁN)tN =w—z— BﬁNtN)>
EN(UBY P i Creé
< vt L 4H (unfniN)— .
Knty vN (2 —nN)tn NKnty
Using EN(|B,§YWN|2) =202(finty + N~1) and H(v) ~ ¢/log N as v — oo [i.e.,

(2.4)], and then plugging in the value of these constants, one shows that each of
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the last two terms above is O ((N (log N)Knty)~1) as N — co. Hence, there is a
constant C7 17 so that

2N < C7.7X) 1)?
EN KN.
Put (7.17) and (7.16) into (7.15) to get the required bound. [

(7.17)

PROOF OF PROPOSITION 7.5. Fix ¢:R? — R such that [¢]|Lip < oo, and
let e, f denote independent random variables with law px (-). The structure of the

proof is as follows. We will use duality to decompose each E (A;v '+) into a sum
of simpler terms [defined below in (7.20)—(7.22)],

EAY T @ &) =2 -5,
(7.18) EA) (9,80 =N — 53N 4 22V,
EAY g BNy =Y = 23N 2,
We will show that there is a sequence n(N) — 0 such that, for j =1, 2, 3,
(7.19) 12N =y X @) = gl Ko (D),

and that the remaining %' N are bounded above by terms of the form given in
the right-hand side of (7.12). This will prove (7.12). Note that it is (7.19) which
identifies the parameters of the limiting super-Brownian motion of Theorem 1.2.

The Z N are given by
1 AN AN x R
5" = ﬁ 2P ogNPE (Bl =18 (xox ) > i),
(7200 =PV = Z¢<x>zlogNP(so (BN =EY BN =1,
tN(x,x+e) > IN),
oY= Z«p(x)log NPE (B ) =1,

N(x x—l—e)/\r (x,x+ f)>tn,

tN(x +e, x+ f) <tn),
3V = Zd)(X)logNP(éo (BN =& BN ) =1,

(7.21) N, x+e) AN, x+ ) > 1y,
tN(x+e,x+ f) <ty),
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1 A
3,N N/ pN,
23 = Y mlog NP(&) (B ) =0,
X

50 (BNx—l—e)_%_O (BNx+f)_1’
T (x,x-l—e)/\rN(x,x—i—f)
/\fN(x+e,x+f)>tN)
and

1 .
N = 5 Y oo log NPEY (B =
X

N, x+e) AN, x+ ) > ty,
tN(x +e,x + f) <ty),
(7122) =N =33V,

1 o
o = N S ¢ logNPEY (B =1,
X

%_0 (BN x+e) _50 (BN x+f) =0,
rN(x,x+e)/\tN(x,x+f)
AN (x e, x + f) > ty).

Although the expressions for the E;’N are lengthy, verification of (7.18) is
a straightforward application of duality. We will prove the decomposition for
E (Aév o+ (o, ét]]\\,’ )), the others are proved similarly.

Using duality,

E(AY (9, EN))

1 2 2~ ~
= ﬁZ‘Nx)logNP(%}fV’(X) =LENG+e =N+ f)=0)

Z¢><x)logNP(so BN =18 BN =8 BN =0,

T (x,x+e)/\1?N(x,x+f)>tN).

The possibility 7V (x + e, x + f) > ty gives rise to Eg’N . For the complement,
letting Ey = {tV(x,x +e) AtV G, x + ) >ty tVN(x +e,x + ) <tn},

ENBN* =1, 8 BN = EN BNy =0, Ey)

=&V BN =1, EM\EY B =EN (BN =1, En).
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Taking expectations, this gives the terms E;’N and 232 o proving the decomposi-
tion for E(AY"T) in (7.18).

Before tackling (7.19), let us dispense with the error terms E;’N ,i# 1. By
Lemma 7.6, we see, that for j =1, 2, 3,

z2V < c7.14||¢||é'.g<f>[e;1 // 1w — 2] < Von)dXY ) d XY 2)
(7.23)

+ (KNsN)—IX{)V(nZ]
Next, consider ES’N, and recall that TV (x, y) = t(x+/N, y~/N)/vy. This term is

no larger than

||¢Iloo

NP 50 (BNx+e) 1,

N, x+e) AtV x+ HAT i te, x4+ f)>ty)
||¢>||oo

V(w )logNZP(B,iVV’e =w—x,
X

™,e) ATV, /) AtV (e, ) > ty)
= |l XY M) 1og NP(zV (0,e) ATV (0, f) ATV (e, f) > tw).

Note that 7¥ (e, f) > ty implies e # f, and also that 7¥ (x, y) > ty is equiva-
lent to 7 (+/N, x\/ﬁy) > vyty. Therefore, by Lemma 2.5, (2.7) and (2.4), we may
conclude that, for a constant C7»4 depending on p(-),

(7.24) 23N < Cro4ll9 e X (1) (log N) ™12,
Virtually the same reasoning gives
(7.25) 23V < Cro4ll¢llo XYY (1) (log N) ™1/,

On account of (7.23), (7.24) and (7.25), the proof of Proposition 7.5 will be com-
plete once we establish (7.19).
Consider first the j = 2 case of (7.19). Then

5" =y Xg @)
1 P A
= | L& @) Y ) log NP(B S =w —x,
w X
tN0,e) AT, ) > ty,

tNe, f) <ty) —y* XY ()
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1 ~ A
= |57 L&) ) (log NE(@(w — Bi)
1(zV(0,e) A TN (0, ) > ty,

tNe, f) < ) —y*o(w)))|.

Recalling the notation g7 from (2.1), and using Cauchy—Schwarz in the second
inequality below, we see that the above implies

1= — XN (9]
< N,Zso (w)log N

E(lpw — B —pw)|1(V (0,e) ATV (0, f) > 1w,
tN(e, f) <ty))

1 ~
+| Zsév (W) (w)((log N)quyiy — ¥*)

1/2
< XY M) log NE(913,| BN D)4y,

UNIN
+ ¢ lloo XY )| (log N)guyry — v
<1plLipXY (D) 1og N (20> (N~! + ty) H Quyty)) '/

+ 1 llooXg (D10g N)quysy — ¥*I.
Thus, by (2.4) and Proposition 2.1,

(7.26) 12" =y XY @) < m26MWlIbllip X§ (D),
where 1726(N) — 0 as N — oo. Virtually the same argument gives the same
bound for |E31’N — y*)?év(¢)|.

Finally, arguing as we did for EZI’N , we have

1= — 2702 X ) (9?)]
= NL Y& wllog NE(@*w — B )1(z" (0,) > 1)) = 2m07¢% (w)]
[
< 2 & wlog NE(j¢>(w — By®) — 9> ) [1(zV (0, €) > 1w))]

+ % Zéév(w)d)z(wﬂ log NP(‘L’N(O, e) > ty) — 2n02|
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< X' (1) (log N E((2l1lloolpILipl By "D /> H Quntn) 2
+ 91131 (log NYH Quytn) — 2ma?).
Again, since E(|B;1,VV’0|2) <20ty, (2.4) implies that
(7.27) 21N = 2202 XY (D) < 27 (N XY DI,

where 1727(N) — 0 as N — oo. The required result, (7.19), has been proved
thanks to (7.26), its analogue for j = 3, and (7.27). This completes the proof of
Proposition 7.5. [J

The next result will allow us to deduce Proposition 7.1 from Proposition 7.5.

LEMMA 7.8. There is a constant C738 so that, for j =1,2,3, ¢:]R2 — R,
andall0 <t <1,

IEAY (9. 6M) — E@al (9. 8V))
< Cr8lll1 [(log N) ™" + tlog N1X( (1),
where m(j) is as in (7.11).

(7.28)

PROOF. The proofs are quite similar, so we only consider j =2. If §,7n €
{0, 1}5V satisfy & < n, then (5.34) with ¢ = 8, implies

[(1=n0)) Y e,m? = (1= £)) £ (x, 6)?
<n@) —E@) + 20 o) — ¥ (x, )]
If we apply the above with n = élN and & = SIN , we get
|E(AY (@, EN)) — E(A) T (¢, M)
E{Z[(l —EN ) Y (x, EN)?

X

1
<
=N

—(1=&N ) ¥ (x, M) log N (x)]’

1 _ _
< ll¢lloc log NE[W Y EN @) — &N +2(AN L EN = £V (. s,N))}

<3|¢lloclog N[E(XN (1)) — E(XN (1))]
<3|$llocCo7l(log N) ' +1log N1X)' (1)  forO<r<1,

applying the bound (6.7) in the last inequality above. This argument gives the
same bound for [E(AY T (¢, EN)) — E(AY (¢, EN))|, and (7.28) follows by the
triangle inequality. [J
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7.3. Proof of Proposition 7.1. Let m(j) be as in (7.11). By writing ¢ =
¢t — ¢~ if m(j) = 1, we may assume ¢"() > 0. Combine Proposition 7.5 and
Lemma 7.8 to conclude that

EAY 6. END] <o) (X3 @) + X5 D) 19117

m(j)
C7 12||¢||OO f/ |w_z|<\/_)dX(1)v(w)dX0 (2)

+ c7.28||¢||g"o<”[<log1v)* + 1y log N1X() (1),
+ VI E(XN (0"0) = XN (0" D).
By our coupling and (6.7),
[E(XN (@) = X\ (6" )| = E(Xpy (¢") — X ) (¢"))
< gD E(XN (1) — XN (1)
< Co7llp 12 [(log N) 72 + 151X (D).

If we insert the above into the previous inequality we obtain the required upper
bound (7.4).

7.4. Proof of Proposition 7.2. 'We will work with the biased voter model and
prove an analogous result for it. Namely, there is constant C7 5 such that

E([[10x =51 = VB axY wax )
(7.29) < C7.5¢575 (XY )2 + XN (1))
SN 2/3 —13 < L)]
X[—8N+t(1+t )+ 6Nt log 1+5N .

Since étN < étN , (7.29) would imply (7.5).

To prove (7.29), we need two estimates which are simple consequences of
Proposition 7.3. We express these estimates in terms of the random walk BN-*
which takes steps according to py (-) atrate vy +by = N + 0 log N and has semi-

group PtN’*, introduced just before Proposition 4.4.

COROLLARY 7.9. (a) Forall x € Sy and t > 0,
C76
1+ Nt
(b) Assume 8 | 0 and N8y — oo. For each K > 0, there is a constant
C731(K) > 0 so that

(7.31) inf NSNP(B ; *=w) > C731(K).
N>1,weSy.lw|<K /8y

(7.30) PBN*=x)<
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PROOF. Inequality (7.30) is a direct consequence of (7.6). The inequality
(7.31) is a direct consequence of (7.9) and the fact that P(B? =x) > 0 for all
xeZ*t>0. O

For x,w € Sy, let p"""(x) = NP(BN’* =x —w) and pN(x) = p° ).
For fixed e, > 0, let ¢ (x) = p€+, s If M is as in Lemma 5.5 and

¢:Ry x Sy = R, let ¢n(s,x) = ¢p(s,x/v/N),x € Z?, and MN(¢) =
(N ' M, (¢n). By (5.36) and integration by parts,

XN (N2 = XN (pN2 42 / XN (@9 ditY (%)

+2/ XN(pe—H 5)XN(p8+t sbeO ( 5 ))ds

+ MY (@]

Then E([M"(¢%)];) = N "2E((M(¢%)n);) and so we may take means and use
Lemma 5.5(a) to conclude

EXN (p£V )2

Yol e 2e ([ XYM DR G v @ as)
(7.32)

t log N
E(/O C7,320]§;/ g+t S(X) [5 (x)fo (x, -§ )

+ (1= @) A EN] ds).

Sum over z, multiply by /N, and use Zz Z(x)p L(y) = pévs(y — x) to see
that

E([ [erko-naxtaxim)
< [ [ epbecn (v = raxt oaxy o
t _ _ —
P28 ([ [ [epbsrmg 0 = 00w Y 0.8 ax 0 dXY ) ds )

lo
+Cr3 / epNes s>(0>E< ]gv STEN @ Y, EY)

X

+a —§§V(x))ffv(x,§sN)]> s
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- C766N
T 142N(e+1)

/’ 2C76eN
0 1+2N(E+1t—y5)

x{@?

EXN Wby XN (Y ENY)) ds

/’ eN
0 14+2N(e+1t—2s)

where we have used (7.30) in the last line. Next use the mass bounds (6.5) and
(6.6) and the definition of g in (4.1) to bound the sum of the last two integrals by

E(og NXN (£ (EN))) ds,

+2C732C76

t
CeC‘“t'/O S-i_gﬁs—l/3 ds [)((I)v(l)2 —+ X(I)v(l)]

Consequently, there is a constant C7 33 such that, for0 <z < T,
E([ [erko-naxYwaxim)

t
< Crne LY 24 XY )+ [ s R as)
g+t 0 E+t—s
(7.33)

&
< C7333T X (1)? + X{)V(l)]<m(l +3¢%/3)

+2et~ 3 log(1 + t/e))

(split the integral at #/2). Now set ¢ =y and note that the above upper bound is
the right-hand side of (7.29). The left-hand side of (7.33) is bounded below by

E(//5szaN(y—X)1(|y—x|SM)ngv(x)dX?’(yO

> Cr31(DE(1(ly — x| < von) dXYN ) d XY (v)),

where C731(1) > 0 by (7.31). Combine this with (7.33) to complete the proof of
(7.29), and hence, Proposition 7.2.

8. Proof of Proposition 4.7—Part II. We will make frequent use of the fol-
lowing elementary estimate. If ¢ : R? — R such that lollco < K, then there is a

constant Cg | = Cg.1(K) such that, for j =1,2,3 and s > 0,
(8.1) AN (9. &) < Ca (KXY (log NSy (. €)) + XY (1)1,

Now let J > 1, TJN = inf{s:Xf,V(l) >J},t<T,1< p <2, and recall the
sequences defined in (7.3). Assume also that [|@||Lip V X(I)V (1) < K. We first show
there is a constant Cg 2 (7, K, p) such that, for j =1, 2, 3,

p) - Cgo(T, K,P)‘

t
(8.2) E<‘/O Is =T +n)AY (@, £)) ds =
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By Holder’s inequality, the left-hand side is at most

2\ p/2
P(Ty §t)(2_p)/2E((/0t A7(¢,§SN)ds) )p

2-p)/2
< 2”/2P<supX§V(1) > J)

s§<t

* [E<./0t AY (@, ds) /Slt A?’(¢,Sg)dsz>]p/2

E(supy, XN (1)%)@=P)/2
J2-p

<20,
t N v N N
x [E</O (X5, (og Nfy' (5,)) + X§, (1)) ds

t p/2
X / EX§\]' (X?zl,ﬂ (log NfON(g;;’_Sl)) + X?zlfn (1) dsz>]
81

- C(T,K,p)
="

r N N /N N
[E ( | el dog N ) + X2 w)

T N p/2
X / [(g(s2 —s1) + 1) X (D] dsa ds1>]
51

for a constant C(T, K, p). In the next to last line we used (8.1) and in the last line
we used (4.2), (4.3) and (4.4). After simplification and applying (4.5) and (4.3),
we have that the last line above is at most

C(T,K, T r/2
ME(/O g<s1>(x(’)v<1>2+x0”(1>)ds1)

J2=p
for a constant C'(T, K, p). This proves (8.2).
We can now use L? estimates. Let

t 2
63 E(| [ 16 =1 +mal@.eMas| ) = n. s+ mV. o,
0
where
t
(N, 1.1) =2E</O 161 < T +6)AN g, 6Y)
tA(S1+HIN)
x| 162 2 7 + 1) AY (9. £ dsi ds )
51

L(N,J,t)= 2E<fot L1 < T + 1) AY (9. €]

t
x [ 16y s =T 4 008 9.8) dsads ).
51
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By (8.1), the Markov property and (4.2) and (4.4), it follows that I1(N, J, t) is at
most

263,05 ([ 1 Goe NAY &) + XY )

S1+IN
x [ g (X og NAY ) + XY (D) dsads

51

T
< 26§.IE( [ XY aog NAY ) + X2 ()

S1+in N
x [ (e =50+ Corm) XY W dsad ).

1

In view of the definition of g(s), (4.3) and (4.5), it follows that there is a constant
Cg.4(K, T) such that

(8.4) I(N,J,T) < Cg.4(K, T)t3>.

Turning to I>(N, J, T), we may use Proposition 7.1 and (8.1) to see that, for
S1+1In <82,

|E(1(s1 < T 1(s2 = T + 10 AY (9. 6]) AY (8. €]))]
<E(161 <THOUs2a < T) +tn)IAT @ EDIExy | (AT, E3))
< Cs.1(K)

x (1661 < T)IX og NAY (€)) + X D)

xcu[nu(zv)( N @ xN, )
+ (ey) 7!
x [ [ 1wz sﬂ)dxg_,,v@)czxg_w(w)]).

Since l{TJN <5< TJN + Ny} {s1 +tny <52 < T]N + ty} =0, this implies that
L(N, J,t)
<2Cs.1(K)

T
x/o E[l(s1<TJN)[ Nog NfY €M) + XN ()]

T—s1
xc7.4<n7.4<N)EXSN1 ( /O (XN + x! (1))dS2>

+ (en) !
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xEXN(/T " ff (lw—zl < Vén)dX) () dX] (w)dsz))]ds1.

Apply (4.3) and Proposition 7.2 to see that there is a constant C (7', K') such that
I (N, J, T) is bounded above by

T
C(T,K) /0 E(1<s1<T,N>[ Nog NfY EN) + XN )]

x {n7.4(N)(XsN, 12 + xN (1))

+ey' Crs(XN M+ XN (1))

T —s1 5
y [f < 1+ 2/3)
0 SN + 52

+5NS2_1/3 10g<1 + ;—2)> dS2:| }) dsq
N

T
x /0 E(xY (g N ) + XY (1))

<C(T,K)(J*+ )

X {n7.4(N)

T=s1/1+ T2/3 S
+ (Bn/en) _ log 1—|— dsy 1 dsy.
0 N +S2 In

By using (4.2) and (4.4) and evaluating the remaining deterministic integrals, we
see that there is a constant Cg 5(K, T) such that

(8.5) L(N,J,T) < Cgs(K, T)(J* + J)ns.s5(N),
where ng5(N) = g—x log(1 + %) + n7.4(N) — 0as N — oo [recall (7.3)].

By standard inequalities,
14 t 2\\ P/2
)= (E(|[ aY@.seas) )
0

t
N N
E(‘/o A (p,s, 67 )ds
< (L(N.T.K)'? + (N, T, K)')P.

We now choose J = Jy — o0 such that J,%,ngj(N) — 0 as N — oo. Then (7.2)
follows from (8.2), (8.3), (8.4), (8.5) and the last inequality. As was noted at the
beginning of Section 7, Proposition 4.7 is then immediate.

9. Proof of Theorem 1.3. The proof of survival in [3] was given for general
voter model perturbations assuming d > 3 and N’ = N. Here we are concerned
only with Lotka—Volterra models, but are working in dimension d = 2 with mass
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normalization N’ = N /log N. In this section we will state and prove analogues of
Lemma 3.2 and Proposition 4.2 of [3]. Given these results, the argument in Sec-
tion 5 of [3] applies without further change to complete the proof of Theorem 1.3.
We will content ourselves with proving survival only, and not derive a lower bound
on the probability of survival as given in Corollary 3 in [3].

For any K > 2, L > 1 and N € N, define I = [—L,L)*, I = 2L,0) + I,
Iy =(-2L,0)+ I, I'=(—KL,KL)? and I}y = (—KL~/N, KL+/N)>. For
§0 e {0, l}Zz, supported on I}, let {é, (x):x € Z%,t > 0} be the Lotka—Volterra
model where all sites x ¢ Iy, are set to O for all time. We may construct £. and
€. as the solutions of a stochastic differential equation as in [3] [see (SDE)(I') in
Proposition 2.1 of that paper] so that if |&9| < co and & < &, which we will as-
sume throughout, then £ <& forall r > 0. For x € Sy, let étN (x) = Eni (x/N),
)?tN = % ZXESN étN(x)Sx, and é,N, XN be as usual. Note that S,N and f(N are
supported on I’.

The main technical step in the proof of Theorem 1.3 is the following version of
Lemma 3.2 of [3]. Among our standing assumptions (1.8)—(1.10), it only requires
(1.8)(a) and (1.10). Let || - || be the sup norm on R2. Recalling the independent
random walk family B} introduced just before Theorem 1.1, we define here

9.1) Bl =8N, xeSy.
Also define
6log N
9.2 Sy = :
.2) N N

from the following:

LEMMA 9.1. There exists a nondecreasing Co3:Ry — Ry, depending only
on 6 and p(-), such that, forany N e N, t >0, K > 2, L > 1, ifXN = X(I)V is
supported by I, then

ExN1) - xN )
9.3)

KL
sc%meDL——+P( sup wﬂ%>meanﬂ.
IOgN u<t(1+8))

Given this bound, the next step is the following analogue of Proposition 4.2 in
[3]. Recall the definition of S before Theorem 1.3. For o = (g, 1), let ||a||| =

g — 1] + |y — 1], and for K > 1, let yx — 642K+D?,

PROPOSITION 9.2. Assume 0 <n < 1. There are L,K,J e N, T > 1 and
r € (0, e™*) depending on n such that if

10?;(1/||06||1))1/2J2

©4 aeS" el <r and N=NWF{( lerl
a1
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then X (I = X{' (1) > J implies
(9.5) PYXYINAXFU-1)=T) =1 —yk.

Inequality (9.5) is just what is needed to show that the Lotka—Volterra process
“dominates” a super-critical oriented percolation, and hence, survives. The details
of this argument are spelled out in Section 5 of [3], and apply without change
to the current setting. Therefore, to prove Theorem 1.3, it suffices now to prove
Lemma 9.1 and Proposition 9.2. We will start with the proof of the second result,

assuming the validity of the first one. Our argument closely follows the proofs of
Proposition 4.2 and Theorem 8.3 in [3].

PROOF OF PROPOSITION 9.2. We now choose certain constants which de-
pend only on > 0 and p(-). Let ¢ = c(0) > 1 be large enough so that
(9.6) exp(—c’K?/176%) < yx /4 forall K > 1.

Asin Lemma 4.3 of [3], we may choose T =T (1) > 2and L = ¢+/T € N such that
if X, is super-Brownian motion with branching rate 2y, diffusion rate o and drift
do € [ny*/24, y*] [recall y* from (1.12)], then there is a constant Cy7 = Cy.7(n)
such that

0.7 P(X7(I1) A XT(I-1) <3X0(1)) < Co7/Xo(I).

Next, let K >4 + 47‘7 be large enough so that

(9.8) 8C9.3(T)efc2K2/1602 < 6762K2/1702’
and let J € N be large enough so that

(9.9) Coq/J < e K107,

By monotonicity of XN (Proposition 2.1 (b)(ii) of [3]), we may assume
X(I)V ) = Xév (1) = J. We claim that, with ¢, T, L and K defined above, there
exists 7 € (0, e~*) such that if « € S", ||||; <7, and N = N() is defined as in
(9.4), then

(9.10) PUXN () A XN (I_y) <37) < 20 K7/1707
and
9.11) PY(XN(I) = XV (1)) > J) < e K707, j=+1.

Given these estimates, it is straightforward using (9.6) to complete the proof of
9.5).
Before beginning the proofs of (9.10) and (9.11), we note that

9.12) ap —aq > gllotlll foralla € S
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and also that for @ € S and N' = N'(«) = N(«a)/log N (),
(9.13) N'lleelly € [§. 1].

These estimates follow from (crude) elementary calculations which we omit.
(9.12) uses n < 1 and (9.13) uses |le|; <7 < e~ 2.

If (9.10) fails, then we may suppose there exists a sequence «’* € S” and initial
states X(])V’” supported on I with X(])V’" (I) = J such that ||a™|; — 0 as m — 00,

and
9.14) P (XN" (1) A XN" (1)) <30) > 2¢7 K177 forall m.

We may assume, by taking an appropriate subsequence, that X év " — X for some
Xy € My supported on [ satisfying Xo(/) = J. We may also assume, in view of
(9.13), that N, (g — L, — 1) — (6, 61) for some (6o, 61) € R2. The inequali-
ties (9.12) and (9.13), and the fact that |eg — «1| < |le||1 imply that

y*(6y —0)) = mli_)mooy*N,;l(a(’)” —af") elny*/24,y*].

Now let X; denote super-Brownian motion with branching rate 2y,, diffusion rate
o2 and drift y*(@p — 61). By Theorem 1.2, the fact that X7(31;) =0 a.s., and the
inequalities (9.7) and (9.9), it follows that

limsup P (XN (1)) <37) < Px, (X7 (1)) <3J7)

m— 00
_ 22 2
<C9.7/J§€CK/17U.

Since the same estimate is valid for /_1, (9.14) cannot hold. This proves (9.10).

Now consider (9.11) for /7. Following the proof of (4.11) in [3] (the odd lower
bound on K is used here), the invariance principle for Brownian motion and a
standard Gaussian estimate imply there exists a sequence ey — 0, depending ulti-
mately on 7, 0% and 6 , such that

P( sup  1BNO) > (K — 2)L) < 8exp(—c?*K?/1607%) + ey.
u<T (1+8))

Combining this estimate with (9.3), the coupling é,N < &N and Chebyshev’s in-
equality imply

P(xY ) — XN > J)
9.15)

KL
=< C9.3(T)X(1)V(I)[@ + 867621{2/1662 + 8N:|/J-

If (9.11) fails for I1, then we may assume the existence of sequences o™ and
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X(I)V " as before, such that, for all m,
aNm Nm m 2
(9.16) P (X3 (L) — (1)) > J) > exp(—c?K?/1702).
However, the estimate (9.15) implies that [recall X(l)v () =1J]

limsup P (XN (1) — XN (1y) = T) < 8Co3(T)e™"K?/160

m—00
< exp(—c?K? /17067,
by (9.8), and this contradicts (9.16). [

To prove Lemma 9.1, we must also work with the rescaled voter and biased
voter models £V, EN, XN XN from Sections 5 and 6 with rates and bias vy
and Dy, respectively, as in (5.15), as well as their counterparts with O boundary
values off of I, SN SN XN and XN We will assume that 50 = 50 = 50 and

é 0= “;‘ 0= 5 o so that the construction of these particle systems via (SDE)(I') as
in [3] ensures that

(9.17) EN <EN  gN<EN  forallr >0,
as well as
(9.18) EN <N EN<EN forallt >0,

We use Eé N E to denote expectations for our initial conditions %V < Sé\’ as above.

PROOF OF LEMMA 9.1. In this proof constants C and functions C(-) will
depend only on 6 and p(-), and may change from line to line. The C(T) will
always be assumed to be an increasing function from R to R . Implicit use of
Remark 4.6 will be made to ensure this from time to time.

Let 13,N denote the semigroup of ,B,N 0 killed when it exits I’ Arguing just as
in the proof of Lemma 3.2 of [3], we get

xNay=xY@eNy+mN

(9.19) +logN90/ Z V1) (1 —EN) N (x, ENY ds
—logNoY /0 ﬁZﬁﬁsl(x)gsN ) [ (x, EN)? ds,

where MtN is a square integrable martingale with mean 0. Since X{)V = Xév , we
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may take differences with (3.7) (with ¢s = 1) to conclude that
E(xN @) —x )
=x)a-pPN1)

+ fot E(%N log N Ni 2= ) N gD (1= Y1)
— 61 log N NL ZSSN(x)fON (x, N2 (1 - ﬁ,fisl(x))) ds
9200 46 logN/ ( ZptNJ(x)

x[(1=&Y @) A (.87

— (1 =&V @) A x, EY )2]) ds
—oN e pN N N N2
6 logN | E| 5> PLAMIET (0 fy' (.8

—EN ) fo (x, EY ﬁ) ds.

Choose ¢k 1 : Ry — R so that

l(x>KL)<¢g(x) <1(x>(K—1)L) and [pg rlLip=<1.

Then
9.21) 1—15,’Xsl<x)sE(¢K,L( sup ||x+35’°||))sﬁt_s(x)
u<t—s
and
(9.22) \hy—sILip < 1, 725 ILip < 2.
For s <7 and & < £ are in {0, 1}V, define
log N
Ho(t = 5.8) = = L] (1 =) N (6, 82 + £ Y (x, 8]
H1<s,§>= V(62 —E) £y (x, 6)7
Hz@,é)— )Y (e, 62 = (1—E@) ¥ (x, 6.
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From (9.20) and (9.21) we get

E(xN@) - xN)
(9.23) <x{'a-pNy

1NN N = N N
+9U0 E(Ho(t —s,£)))ds +/O > HiEY )ds].
i=1
Our goal is to show, by estimating each of the above terms, that there are constants
co(t) and ¢ such that
Ex¥ 1 - xN)

N KL N.0 —
(9.24) <co(®) Xy (1) + P sup (B> (K=2)L
log N u<t(1+8})

e /0 E(XY (1) = X (1) ds.

Applying Gronwall’s lemma, we obtain (9.3).
Step 1. The first term in (9.23) is simple. Since Xév is supported on I =
[-L. LT,

(9.25) xa-pN < X(I)V(I)P(sup 18BN > (K — 1)L>.

Step 2. Let ¢ = (log N)™?, where p = 18, and consider the Hy term in (9.23).
(The choice p = 18 is used only in the last line of this proof.) We first note
that

/

Ho(t — s,
log N ot —s,8)

<3 31— E@)ED) +E@) (1= EDM)]pN G — )hy—s(x)
x oy

= 26(f3 (E)—s)
+ 3311 = E0))EW) PN & = ) (i () = s ()]
x oy
<26 (fN(E)h—s) + V20N,

using (9.22) and the covariance assumption on p to bound Y |z|pny(z) by
V20 N~1/2in the last line. Now we may use the Markov property and the above to
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see that

t _ N )
E(/O Ho(t —s,&;" ) ds

§E(/08H0(t—s,"g‘sN)ds>

tve -
+ E(/ 2Exn (XY (log Nfg' (EM)hi—s) ds)

los N [tve
V20 OgN / EXN (1) ds
&

v
e 2C4.8 tVe
N N
<2log NE( /0 XY (Myds) + logNE( fg XH(l)ds)
tve _ log N [fve
+2C448E< i XjV_s(h,_s)ds)Jrﬁo v E(XN1))ds,

where we have used the trivial bound Hy(t — s, Sﬁv ) <2logNX fv (1), Proposi-
tion 4.5 and (9.22) in the last line. Recall the definition of PtN "* before Proposi-
tion 4.4. Next use (4.2), Proposition 4.4, (9.22) and a bit of arithmetic to bound the
above by

xN@) 1ve _
0 N/ pN,
C(t)[ log N + : X, (Ps_:ht_s)ds]
for some C(t). In view of (9.1), PtN’* = le211+5/ ) where P,N is the semigroup of
N

,B,N 0 and we readily see that

PSN’:fz,_S(x)fP( sup ||/3L§V’X||>(1<—1)L).
u<t(1+8)y)

Now use the fact that X (])V is supported on / to conclude that

E(fot Ho(t —s,f;‘SN)ds>

< Cons(DXY (D[(log N+ P( sup 1BV > (K — 2>L)]
u<t(1+8))

(9.26)

for some Cog o6(2).

Step 3. Turn next to the H; terms in (9.23), i = 1,2. With an application of
the Markov property in mind, let us for the moment consider more general initial
conditions than that in the theorem and assume only é(j)v < éév are such that |§(])V | <

oo and &V is su d ! EN N £ < EN i
0 pported on I’. We couple & <& and §, <& as described
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above so that (9.17) and (9.18) hold. Let ¢ = 1/6 and for § > 0, let
I'®)={wel :dw,dl) <6},

where d(w, d1') is the distance from w to the boundary of I” in the supremum
norm on R2. The goal of this step is to prove that there is a constant Cog 77 such that

2
E&;\I%\/ (Z Hi (égN’ ggN))
(9.27) =1

. xN @)
< Coy [X&V =KW+

+log NXJ) (1/(284))].

As before, we proceed via comparisons with the biased voter model and voter
model, and hence, need the decomposition

(9.28) E%\/,%\/(Hi(gév,gév)) = +I+ Eg(gv’géV(Hi(éfgv, £,
where

' = Fli = E$§7§§(|Hi(§§,§§) - Ht(éév»éév)l),

' = Fé = Eé(f],gévﬂHi(éé}?V’ éé\/) - Hi(g(g{v, éé\/)l)

After expanding I'; using the definitions of H; and H», and rearranging using the
inequality ||a — b| — |c —d|| < |a — c| + |b — d|, we have

Ci< Egn ey (Hi(E . 6)) + Egn v (Hi G EY)).

We estimate these two terms as follows.
By (5.33) and (5.34), we have fori =1, 2,

Eqv (HiEY,8M) <3log NE(XY (1) — X2 (1)
(9.29) <3Cg7log N[(log N) ™2 4+ £]1X} (1)
< C920X(y (1)/logN

for a constant Cg 29, where in the next to last line we used the basic coupling
and (6.7).
Again, as in the proof of Lemma 3.2 in [3], anNd arguing as in (5.36), we may

show that, for some square integrable martingale M¥,
= ~ ~ = t - = ~ =
xNay=xY BNy + MY + /0 2010g NXN(BNF1 1N EN)) ds,

where ISzN’* — 13[1271+ 5) and &) is as in (9.2). Take differences with (9.19) and use
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the fact that f’IN 1 isdecreasing in ¢ to see that

E(XY 1) —xY 1) < Xy (PN

pN
Ly 1= Y1)

+26log N / E(XY @) + XN 1)) ds
(9.30) 0
<2log N f E(XN 1) + XN ))ds
0
< C(logN)2X{ (1),

where (6.3) and the coupling (9.18) is used in the last line. Now repeat the deriva-
tion of (9.29) to see that, fori =1, 2,

(9.31) Egy (H; &N EN)) <3Clog N) " XN (1).

We have therefore proved [(9.29) and (9.31)] there is a constant Cg 3> such
that

(9.32) [ <Comn(ogN) XV, i=1,2
Similar reasoning leads to
(9.33) [y < Cosz(logN) ™' Xy (),  i=1,2.

To finish the proof of (9.27), it remains only to prove the voter model inequality

Eov en (S HEYEY) < Con(xa XY+ N(l)>
ey (DN ED) < oas (X5 1 - %) u

(9.34) 3
+6log NX) (I'(2¢7))

for a constant Cg 34. We need an elementary lemma.

LEMMA 9.3, If§ <& € {0, 1)V, H1(5.8) = % . (6 () —£(0)) /) (x. 6)
and Hy(£,8) = 2N 5> EfY (0, &) — fF(x, s)] then

Hi(5,€) + Hy(5,8) <3(H1(§, ) + Ha (£, §)).

PROOF.

~ log N - - -
Hy(£,E) < OIgV, (1 — @)A1 E)? — A1 B+ (EQ) — E(x) fi(x, )2

210gN

ZZ 1—£0)pn(y —0)(EW) —EO))

log N

ZZ Ex) —E@)pn(y —0)E(Y)
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stZpN(y —x0)(1—&x) — (1 —&()))

= QH + Hy)(§,§).
Simpler reasoning shows that H; (&, £) < (H+2Hy)(£,€). O

To prove (9.34), we will also need an extension of the voter model duality de-

scribed in Sections 5 and 7. Define the killed walks B iv * and l?;v * by setting

them equal to the rescaled walks B and B of (7.13), but killed (set equal to
a cemetery state A) when they first leave I’ at time

ty(x, 1) =inf{r > 0: BN"* ¢ I'}.
We also set
(9.35) & (M) =

With this convention, the joint duality we need is as follows: for all ¢;, f; € {0, 1}
and Xi, Vi € SN,

P en BNy =i EY ) = fini=1,..., M)
9.36) ’
= PEYN (BN =i EN (BN = fii=1,.... M).

This is readily obtained from the coupling of EN and £V through the stochastic
differential equation in Proposition 2.1 of [3]. One can refine the dynamics there
by using appropriately defined uniformly distributed random variables to identify
the “parent” of a 0 or 1, enabling us to define the usual Poisson arrows, which in
turn allow us to define the coalescing dual. If the dual random walk from a site x
leads to a site outside I/, we know that §€N (x) = 0 by our 0 boundary conditions
and so by freezing the dual random walk at A, we ensure the validity of (9.36)
thanks to (9.35). The details are standard and left for the reader.

As before, e denote a random variable with distribution py, independent of our
coalescing random walks. Let I’ — x be the obvious translation of I’. By (9.36),
we have

Eey ex (b(EY €M)

_logNZPS (x) =1, S (x+e)=0, ég(x—l—e):l)

_logN ZP 50 BNX)—I 50 (BNx—l—e) 0,%\’(&;\7’){”):1)

log N
= N/

S[PEYBY) = 1,8V (BN+ey =0, ) (BN*+) = 1)

X
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+PEBY) = 1LE (B = 1.5 B+ =0)],

since éév(f?év’”e) = ( implies %V(l}fy’”e) =0, and éév(égN’x’Le) = 1 implies
éév (éSN +€¢) — 1. Using translation invariance, and the fact that .%V (éé\’ Xy =1

and §0N (éé\’ Xt+e)y — () imply é,N X and E,N “*+¢ have not coalesced before ¢, the
above is not larger than

log N = A R
o L6 @) =&Y ) Y P(BY =w —x N 0.0) > ¢)
w X
logN —zy LN.e AN /
+— Y E W)Y PBYN=w—x,tN(e, I'—x) <e¢)
w X
=S5+ 5.

Summing over x first, and using (2.4), we conclude that

S1 =log N(X} (1) — X (D) H(Ne)
(9.37) N .
< Co37(Xy (M) — X (1))

for a constant Cg 37. In the last, recall from Step 2 that ¢ = (log N )_18.
For S,, we first separate out the sums (1) w € I'(2¢?) and 2) w € I’ \ I’ (2¢9)
and ||w — x|| > &4. Note that d(x, dI") > &4 for the remaining x, w. Therefore,
S, <log NXY (I'2e%)) + log NXY () P( BN <|| > &)
log N
N/

Y 1we '\ T2, flx - wll < 695 (w)

w X

+

X P(éé\”e:w—x,supnéy’ell >eq)
9.38) v
©. SN (117 q &N AN,e 2y .—2g
<logNXy (I'2e?)) +1log NXy (DE(||B. “|I9)e

+logNX) ()P (sup IBN-¢|| > gQ)

u<e
<log NXY (I'(267)) + Co35log N X (1)e! =24

for a constant Cg 33, where we have used Doob’s weak maximal inequality in the
last. Combine (9.37) and (9.38), and use p(1 — 2g) > 2 to derive

Egévgé\/(ﬁz(éév,gév))

(9.39) B N -
<log NXY (I'(267)) + Co 30l (log N) ' X{ (1) + X5 (1) — X{ (1]

for a constant Cg 39.
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For P_Il, we have, by similar reasoning,

Eey ex (i €Y €M)

1 N
- ZPs()(BN’C)—l50<BN’C)—050<BNW> 0)

__logN

o 2 [PE) BN = LEY (BY) =0.6) (B) 1) =0)

+ PEN (BN = 1,EN (BY*) = 0, &) (BN+¢) = 0)]

- log N

Z(sév(w) —EY W)Y P(BN ' =w—x,tV(0,¢) > )

logNZ‘é() (w)ZP BNO—w x, TN, I’ —x)<e¢)

The S; are actually slightly simpler than S; to handle (we have 0 in place of ¢)

and so, as before, we may bound Eé(;v, EN (I-_Il (%V , é ?’ )) by the right-hand side of
(9.39). Combine these two bounds and use Lemma 9.3 to complete the derivation
of (9.34), and hence of (9.27).

After inserting bounds (9.25), (9.26) and (9.27) into (9.23), the Markov property
implies that

E(xNa) - xN)
<X (1)P(sup 18V > (K — 1)L)
u<t
+0Cq26() X{ (1)

< [GogM 4 P( sup 1811 > (K 2L )|

u<t(1+8%)

a5 ( [+ e & as )

XY,
1 og N

+ éc9.27E( / . E(Xﬁvga) XN+

+log NXN 8(1’(2&))) ds>.
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Thus, in order to prove (9.24), it suffices now to prove the two bounds

¢ N N 1 ! N
(9.40) /0 E((H + )€ &) ds + oo /0 E(XN (1)) ds
Coq0(t) N
= log N Xo M
and

l ~
(9.41)  logN / EXN(I'(2¢7)))ds < Co.41(t)(KL/log N) X} (1).
0
The bound (9.40) follows easily from (4.2), the definition of ¢ and the fact that

H;(EN,EN) < 21og NXN(1). For (9.41), let I'(¢) = {w:d(w, dI") < 49} and
choose ¢ :R2 — [0, 1] such that

Lyeay < Ye < lf’(e) and (| YellLip < e 1.

Then, using Proposition 4.4, the left-hand side of (9.41) is bounded above by
log NE([OZ va(ws)ds>
<c(r) [e—q (log N)C=P/2XN(1) +log N fo z X (PN *yr) ds]
< c(t)[(log N2 xV @) +1og N /0 t / P(BYN** el'(e)xY) (dx)ds}

for some c(t), where BY-** is a random walk starting at x with semigroup P,N’*

as in Proposition 4.4. Use the bound on P(B,N % — w) from (7.30) to see that

t _
log N / / P(BN** e I'(e)) XY (dx) ds
0

eINKL
ds
1+ Ns

=cXY (1)K L(log N)'=P/®1og(1 + N1)
<c(KLXY @) (1ogN)~t.

t
< CX(])V(I) logN/
0

We have finally used our choice of p = 18. This proves (9.41), and hence, com-
pletes the proof of (9.24). [
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