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THE LINEAGE PROCESS IN GALTON-WATSON TREES AND
GLOBALLY CENTERED DISCRETE SNAKES

BY JEAN-FRANCOIS MARCKERT

Université Bordeaux

We consider branching random walks built on Galton—Watson trees with
offspring distribution having a bounded support, conditioned to have n nodes,
and their rescaled convergences to the Brownian snake. We exhibit a notion
of “globally centered discrete snake” that extends the usual settings in which
the displacements are supposed centered. We show that under some additional
moment conditions, when n goes to +o00, “globally centered discrete snakes”
converge to the Brownian snake. The proof relies on a precise study of the
lineage of the nodes in a Galton—Watson tree conditioned by the size, and
their links with a multinomial process [the lineage of a node u is the vector
indexed by (k, j) giving the number of ancestors of u# having k children and
for which u is a descendant of the jth one]. Some consequences concerning
Galton—Watson trees conditioned by the size are also derived.

1. Introduction.

1.1. A model of centered discrete snake. We first begin with the formal de-
scription of the notion of trees and branching random walks.

Let U = {2} U U,>1 N*"* be the set of finite words on the alphabet N* =
{1,2,...}. Foru:ul._..un andv=vy...v, €U, welet uv =uj...u,vi...vy
be the concatenation of the words u and v (by convention, u = u@ = u). Fol-
lowing Neveu [22], we call planar tree T a subset of U containing the root &, and
such that if ui € T for some u € U and i € N*, then u € T and for all j € [1,i],
uj € T. The elements of a tree are called nodes or vertices. For i # j, the nodes
ui and uj are called brothers and u their father. We let ¢, (T) = sup{i :ui € T} be
the number of children of u [here ¢, (T) will be always finite]. A node without
any child is called a leaf, and we denote by a7 the set of leaves of T'. If v # &,
we say that uv is a descendant of u# and u is an ancestor of uv. An edge is a pair
{u, v} where u is the father of v. A path [u, v] between the nodes u# and v in a
tree T is the (minimal) sequence of nodes u := uy, ..., u; := v such that, for any
i €[0,j — 1], {ui, ui+1} is an edge. Set also u, v[= [u, v] \ {u, v} and similar
notation for [u, v[ and for Ju, v]. The distance dr, or simply d, is the usual graph
distance. The depth of u is |u| = d(, u). The cardinality of T is denoted by |T|,
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and we let 7 (resp. 7,) be the set of planar trees (resp. with n edges, i.e., n 4+ 1
vertices).

A branching walk is a pair (T, ) where T is a tree—called the underlying
tree—and ¢, the label function, is an application from T taking its values in R. In
other words, it is a tree in which every vertex owns a real label. We let 8 be the set
of branching walks, and &8,, be the branching walks associated with trees from 77,.

We introduce now some randomness and construct a probability distribution on
B and on B,,.

The set of underlying trees is endowed with the distribution of the family tree of
a Galton—Watson (GW) process with offspring distribution g = (4 )x>0 starting
from one individual. In this model, all the nodes have a random number of chil-
dren, according to the distribution w, independently from the other individuals. We
denote by T a random tree under this distribution (see, e.g., [1, 10] and most of the
cited papers for more information on GW processes and trees).

The distribution of the labels is defined as follows. Consider (vi)kef1,2,..} @
family of distributions, where vy is a distribution on R¥. The labels are defined
conditionally on the underlying tree T: Set £(&) = 0, and for any u € T \ 9T,
consider

Xy = (L(ul) — L), ..., L(ucy(T)) — £(u)),

the evolution-vector of the labels between u and its children. Conditionally on T,
we assume that the r.v. X, are independent, and that X, has distribution v, (T).
This determines a distribution on 8. For example, if v; is the uniform distrib-
ution on {—1, +1}k for any k > 0, then the r.v. £(ul) — £(u), ..., L@uc,(T)) —
£(u) are independent with common distribution %(84_1 + 6_1) (8, stands for
the Dirac mass at x). In the case where v; is the uniform distribution on
{a,....,k),(1,...,=k)}, the r.v. £(ui) — £(u) and €(uj) — £(u) are not inde-
pendent and do not have the same distribution.

Notice that a sequence of i.i.d. u-distributed random variables indexed by U
allows to build the Galton—Watson trees, and a sequence of random variables in-
dexed by U x N allows to build all the labels (by attaching to the elements of U
a list of random variables with distribution v{, vy, ...). We assume that we work
on an underlying probability space (2, #, P) on which are defined all the random
variables and processes used in this paper.

We define now two sets of assumptions (H;) and (H») that will be assumed to
be satisfied in most of our results. (Hj) is the following set of conditions: p is
nondegenerate, critical and has a bounded support,

Hy) = (,uo +u #1, Zk,uk =1, there exists K > 0 s.t. Z Uik = 1).
k>0 k<K

Under (H) the variance 03 of w is finite and nonzero. The bounded support con-
dition is quite a strong restriction, but considering nonbounded distribution leads
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FIG. 1. A tree on which is indicated the depth-first traversal, its height and contour processes.

to nontrivial complications, and we were unable to extend to that case the most
important results. The condition on the mean can be seen as a normalization, since
any distribution /& related to u by jix = ura* /(3 j ak jur) for some a > 0 induces
the same distribution as ;. on GW-trees conditioned by the size.

Let YO = (Yk,1, .., Yi k) be vg-distributed. We denote by v j, my ;j and alij
the distribution, the mean and the variance of Yy ;. We call global mean and global
variance of the branching random walk,

k k
m=) > wm; and BZ=3 % wEXL ).

k>1j=1 k>1j=1

Let (H,) denote the conditions that the global mean is null, the global variance
finite and positive, and for a p > 4, the centered pth moment of the Yj ;’s is finite:

m =0 and 8 € (0, +00), there exist p > 4 s.t. for
(Hp) := )

any (k, j), 1 = j <k < K,E(|Yg,j —my, j|?) < +oo.

Encoding of branching random walks. We denote by < the lexicographical
order (LO) on the planar trees (and u < v if u < v and u # v), and let u(k) be the
kth vertex in the LO [u(0) = &].

We study the asymptotic behavior of branching random walks via their encoding
by depth-first-traversal. The depth-first traversal of a tree T € 7, is a function

Fr:{0,...,2n} — {vertices of T},

which we regard as a walk around T, as follows: Fr(0) = &, and given Fr (i) = z,
choose if possible and according to the LO, the smallest child w of z which has
not already been visited, and set Fr(i + 1) = w. If not possible, let Fr(i + 1) be
the father of z.

We now encode the branching random walk with the help of a pair of processes.
For any k € [0, |T| — 1], let HkT = |u(k)| and RkT = £(u(k)). The height process
(HST, s €[0,|T| — 1]) and label process (RST, s €[0,|T| — 1]) are obtained from
the sequences (HkT) and (RkT ) by linear interpolation. Alternatively, one may en-
code the branching random walk with a pair of processes associated with the depth-
first traversal: for any k € [0,2(|T| — 1], let HI = |Fr(k)| and R} = ¢(Fr(k)).
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FI1G. 2. A branching random walk from Bg. On the first column, the contour process and the
contour label process, on the second column, the height process and the height label process.

The processes (H!,s € [0,2(|T| — 1]]) and (R”, s € [0,2(|T| — 1)]), obtained
by interpolation, are called respectively the contour process and the contour la-
bel process; the pair (HT, RT) is called the head of the discrete snake. See some
illustrations on Figures 1 and 2.

Letd := gcd{k, k > 1, ur > 0}. The support of the distribution of | T|—we write
supp(|T|)—is included in 1 + dN [and P(|]T| = 1 + kd) > O for every k large
enough]. For n 4+ 1 € supp(|T|), the distribution P under the conditioning by |T| =
n + 1 is denoted by IP,,, in other words

Pn =PCT=n+1).

Even if not recalled, each statement concerning weak convergence under P, is
assumed to be along the subsequence (ny)x for which Py, is well defined. In the
proofs we will treat only the case d = 1, the general case being treated with slight
modifications.

We define h,,, Hn, r, and T, to be the processes HT, ﬁT, RT and RT under P,,
interpolated as follows:

HTY ~ Y
hn(s)zm, h, (s) = nl/nzs,
T ’”zr
— ns = _ ns
rn(s)_n1/4, r,(s)= 14 for any s € [0, 1].

THEOREM 1. If (Hy) and (Hy) are satisfied, then
o~ ~ (@
(hn» hns rn, rn) _n>(h’ h7 IBra ﬁr)

in C([0, 11, R*) endowed with the topology of uniform convergence, where h =
2e/o0,, and e is the normalized Brownian excursion, and where, conditionally on
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h, r is a centered Gaussian process with covariance function

cov(r(s),r(®)) = ﬁ(s, t):= min h(u) foranys,t €[0,1].

UE[sAL,sVE]

Notice that the same processes h and r appear twice in the limit process. The
convergence of processes associated with the contour processes (with a™) to the
same limit as the one associated with the height processes is well understood now,
and “almost” generic (Duquesne and Le Gall [9], Section 2.5, and [21]), we then
concentrate only on the height process. The process (r,h) (or with a different
scaling) will be called the head of the Brownian snake with lifetime process the
normalized Brownian excursion (BSBE). We refer to the works of Le Gall (e.g.,
[16] and with Duquesne [10]) for information on the Brownian snake and to the
papers cited below for discrete approaches to this object.

In the present work we deal only with the head of the snakes; this is, in principle,
different than snakes even if, thanks to the homeomorphism theorem [20] evoked
below, Theorem 1 has some direct interpretation in terms of snakes. We refer to
[13, 20] for the notion of discrete snake which is the discrete analogue of BSBE:
the discrete snake associated with the branching random walk (T, £) is the pair
(HT, ®) where ® = (Pi)kefo,2q7—1)] and Pi is the sequence of labels on the
branch [@, Fr(k)].

~ (d .
Related works. The convergence h,, (—>) h is due to Aldous [1, 2] (see also Mar-

ckert and Mokkadem [21] for a revisited %roof, Pitman [25], Chapters 5 and 6 and
Duquesne [9] and Duquesne and Le Gall [10], Section 2.5, for generalization to
GW trees with offspring distribution having infinite variance).

The two first results concerning the convergence of discrete snakes to the BSBE
appeared in two independent works:

e Chassaing and Schaeffer [7] deal with discrete snakes built on underlying trees
chosen uniformly in 75, [this corresponds to the case u ~ Geom(1/2)] and
where the displacements are i.i.d., and for any k, j, v ; is the uniform dis-
tribution in {—1, 0, +1}. They show the convergence of the head of the discrete
snake for the Skohorod topology, and the convergence of the moments of the
maximum of r, are also given. This study was motivated by the deep relation
between this model of discrete snake and random rooted quadrangulations, un-
derlined by the authors.

e Marckert and Mokkadem [20] studied also the case u ~ Geom(1/2), but with
more general centered displacements that have moments of order 6 + & (the
distribution v ; does not depend on k, j, but v is not assumed to be vg 1 X - - - X
Vk.k). The convergence of the head of the snake holds in (CIO, 1], R?) and the
convergence of the snake itself is given thanks to a “homeomorphism theorem”
which implies that the convergence of the snake and of its tour (in space of
continuous functions) are equivalent. Here it implies that, under the hypothesis
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of Theorem 1, the discrete snake associated with our model of labeled trees
converges weakly to the BSBE.

Then some generalizations appeared few months later:

e Gittenberger [11] provides a generalization of a lemma from [20] allowing him
to consider snakes with underlying GW trees conditioned by the size (condition
equivalent to Hj). The displacements must be centered and have moments of
order 8 + ¢.

e Janson and Marckert [13] show that, in the ii.d. case [v ; do not depend
on (k, j)], moments of order 4 + ¢ are necessary and sufficient to get the con-
vergence to the BSBE. If no such moment exists, the convergence to a “hairy
snake” is proved under the Hausdorff topology.

e In Marckert and Miermont [19], the case of v ; depending on k, j is inves-
tigated (also the underlying GW trees are allowed to have two types). The
hypothesis are for each k, j, my j = 0, condition (Hy) is satisfied, and then
Dok, Mkfsz, j < too. A motivation was to generalize the works of Chassaing

and Schaeffer [7] concerning quadrangulations to bipartite maps.

Another important point is the convergence of the occupation measure of the
head of the discrete snake to the one of the BSBE, the random measure named ISE
(the integrated superBrownian excursion introduced by Aldous [3]; see also Le
Gall [16] and [13, 20]). Using the convergence of the discrete snake to the BSBE,
Bousquet—-Mélou [4] and Bousquet—Mélou and Janson [5] deduce new results on
the ISE and on the BSBE; for example, some properties on the support of the ISE,
and of random density of the ISE are derived. We refer also to Le Gall [15] for the
convergence of the discrete snake conditioned to stay positive.

The novelty in the present paper is that the condition {my ; =0, Vk, j} is re-
placed by m = } ;- lezl mgmy j = 0. This allows to consider some natural
models where, for example, the displacements are not random knowing the un-
derlying tree (see Section 1.3). The proof of Theorem 1 relies in part on some
results from [19], and on a new approach necessary to control the contribution of
the mean of the displacements; the main point for this is the comparison of the
lineage of each node, with some multinomial r.v. This is the aim of Theorem 2,
that we think interesting in itself, since it reveals a thin global behavior of GW
trees conditioned by the size. Unfortunately, the price of this generalization is to
consider only offspring distribution with bounded support. The reason comes from
the proof of Theorem 2. We guess that some generalization for all families of GW
trees (with finite variance) may be found, but for this a control of an infinite se-
quence of processes arising in Theorem 2 should be provided for what we were
unable to do.

1.2. On the lineage of nodes. Assume that (H;) and (H») hold, and let K be
a bound on the support of the offspring distribution. We work again condition-
ally on T. For any node u =iy...ip € T, let u; =iy...i; and [, u] ={@ =
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up,uy, ...,up} be the ancestral line of u# back to the root. Conditionally on T, £(u)
owns the following representations:

|u|
(D )= Lum) — Lm-1),
m=1
where £(uy) — €(upy—1) is v, j-distributed when ¢, ,(T) =k and i, = j, and
where the r.v. (£(u,,) — €(u,,—1))’s are independent (conditionally on T); the vari-
ables £(un,) — £(u,—1) will be often called displacements.
Consider the array

Ik ={(k, j),1=j<k =K}

Let T € T and u be anode of T. For any (k, j) € Ig,let Ay i ;j(T) be the number
of strict ancestors v of u (the nodes v € [&, u[) such that ¢, (T') = k, and such that
u is a descendant of vj, the jth child of v [we write f,(u) = j]. We say that v is
an ancestor of type k, j of u, and we call the vector A, = (A, ;)ie1, the lineage
of u (or the content of [&, u]). See Figure 3.

By (1), conditionally on T, the label £(u) owns the following representations:

Ay, j(T)

LOESDSEED DRR /43

(k. jyelx  1=1

where the r.v. Yk(l; are independent, and where for any /, Y, k(li is v, ; distributed. In
order to make more apparent the contribution of the means my ;’s, and using that
m = 0, write

Aui (D)
d

@ 2 Y Y @ —m)+ Y (A (D — pelul)m .
k,jpelx I=1 (k,j)elx

Assume that T is P, distributed, and that u = u(ns) for some s € (0, 1). Condi-
tionally on |u|, we will see that both parts of the right-hand side of (2) divided by
n'/4 converge in distribution, and the limit r.v. are asymptotically independent: in
the first part, the fluctuations of A, x ; around p|u| are not important when they
are crucial in the second sum.

FIG.3. Onthistree Ay11=1,A422=1,A,42=1,4A,53=1,theothers Ay, ; areO.
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We now concentrate on the r.v. (A,)’s under P,,. For any [ € [0,n], (k, j) € Ik,
set

g (1) = Auayj — elu(D)l.

For every (k, j) € Ik, the process [ gEZ) j)(l) encodes the evolution of the

number of ancestors of type k, j of u(l), when [ varies. Consider G" =
(G™ (5))sefo,1] the process taking its values in R’k defined by, for any s, G™ (s) =

(n)
o

(G,(:f} () (k, jyeix » Where s = G ’ J(s) is the real continuous process that interpo-

lates g,(cnz as follows:

(n) (n) (n)
n g, i(lns)) + {ns}(g; ;(lns + 1]) — g :(lns]))
3) Gl(c ).(S) = k. k’j,ll/4 kJ )

y s €0, 1],

where {x} stands for the rational part of x. The random process G encodes the
lineage of all the nodes of T; its limiting behavior is described by the following
theorem.

THEOREM 2. Under (Hy) and (H») the following convergence in distribution
holds in C ([0, 1)*¥ x C[0, 1] endowed with the topology of the uniform conver-
gence

(G™.h,) (G 1),
n
where h is defined as in Theorem 1, and where conditionally on h, G =
(G, ($))k, jelg,sel0,1] IS a real centered Gaussian field with the following co-
variance function: for any (k, j) and (k', j') in Ig, s and s’ in [0, 1],

4 cov(Gr,j (), Gy, j+ () = (—pichtr + 1Lk, =, j»)R(s, 5).

1.3. Comments, examples and applications. (1) Theorem 2 may be consid-
ered as the strongest result of this paper. It gives very precise information on the
asymptotic behavior of the process G that encodes the lineage of all the nodes.
This gives a “global asymptotic” property reminiscent of the properties of the dis-
tinguished branch in “a size biased GW tree” (see [17], Chapter 11).

(2) For any fixed (k, j) € I, knowing h, Gy ; is a Gaussian process with co-
variance function

cov(Gr;(5), Gij(s)) = (=2 + )h(s, s).

In other words, the process (Gy, j, h) has the same distribution as (v —M% + wugr, h),
and then up to some multiplicative constants, (Gy, j, h) is the head of a BSBE. As
a simple consequence of Theorem 2, we have that (G, ;, h)«, j)er, s a sequence
of heads of BSBE, and that for any (k, j) € Ig,

(d)
5) (G}, h,) = (Gy j, h).
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The dependence between the different processes Gy, ; is ruled out by (4). For any
families of real numbers (A )k, j)erx» We have

(n) (d)
(6) ( > Kk,ij,,-,hn>7(;kk,1Gk,1,h>-
) J

(k,j)elg

(3) Consider the case u = %(80 +682), v2 = 8(41,-1), of binary trees in which
the displacements are not random: £(u1) — £(u) = +1 and € (u2) — (u) = —1. We
have m =0 and 8% = %(l + 1) =1 and Theorems 1 and 2 apply. Hence, the clear
positive bias for R, (¢) for small values of ¢ disappears at the limit. Note also that
this normalizing factor is exactly the same as if v, = %(5(+1,—1) + 8(—1,41)) [case
where (C(ul) — €(u), £(u2) — £(u)) is equally likely (+1, —1) or (—1, +1)] and as
if v, = (%(8+1 +8_1))? [case where the £(u1) — £(u) and £(u2) — £(u) are i.i.d.,
uniform on {—1, 1}]. The question of the convergence of the discrete snake in the
case V2 = 8(4+1,—1) appears first in Marckert [18] in relation with some properties
of the rotation correspondence, and the difference between left and right depth in
binary trees. The convergence of (r,) is not given in [18], but the convergence of
the occupation measure of r,, “the discrete ISE,” to ISE is established. We refer
also to Janson [12] for recent developments concerning the same question.

Further, notice that in this model, the label £(u) of a vertex u is £(u) = A, 2.1 —
Ay 22, that is, the number of left steps minus the number of right steps necessary
to climb from the root to u in the binary tree. The convergence of (r,) can be seen
directly via the one of (G™):

(d)
Q) (ng; Gé"% h,) —(G2,1, G222, h),

and thenr, = Gé"i - Gg’% %) G2.1 — G,,» which is, conditionally to h and accord-
ing to (4), a centered Gaussian process with covariance function ﬁ(s, t). Here, the
convergence of (r,) appears to be a consequence of the convergence of G | and
G2,2, encoding the right depth and the left depth in binary trees.

We would like to stress on the following point: discrete snake are usually con-
structed with “two levels of randomness”: the underlying trees are random and so
are the displacements given the underlying tree, and then BSBE appears to be a
natural limit of these objects. Here, we provide some objects with only “one level
of randomness” that converges to the Brownian snake. The BSBE appears as a
kind of internal complexity measure in trees measuring the difference between the
number of ancestors of type k, j and some expected quantities.

2. Proofs. The proofs rely on a precise study of the lineage of the nodes under
P, and, in particular, on the comparison of A, with a multinomial random variable.
For this reason, we first give some elements on multinomial distributions and on
their asymptotic behaviors. We then proceed to the proof of Theorem 2, showing
first the convergence of the uni-dimensional distribution, then the convergence of
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the finite-dimensional distribution. The proof of Theorem 1 is given afterward. We
think that some points of view, especially in the description of the distribution of
the lineages in trees under IP,,, should provide some new approaches to study the
trees under IP,,.

2.1. Prerequisite on multinomial distributions. The contents of this section
are quite classical. Consider p = (p;);eci, the distribution on /g, defined by
Dk, j = Mk for any (k, j) € Ix.

For any h > 1, let N’[h] be the set of elements ¢ = (cidierg of N*k | such that
Y i Ci = h. We say that M is a multinomial r.v. with parameter 4 and p, if,
for any m = (my);ery,

@h<{m}>:=P(W)=m)=( N )Hp?"'ﬂwﬁm%

(Mi)ierg ielx

where ((mi)},l'e/,() =h!/([T;er, Mi!). Recall that for any i € I, eMi(h) is a binomial

r.v. with parameters n and p;.
In order to fit with further considerations, we introduce the #/x dimensional
real vector §(n, h) = ($i(n, h))ic1, defined by
Gij(n by =n~ (M) — ) forany (k. j) € Ik
Let oo = (Go0,;)icix be acentered Gaussian vector having as covariance function

®) CoV(Goo,is Goo,i’) = —piPir + pili=ir foranyi,i’ € Ix.

PROPOSITION 3. Let (h(n)) be a sequence of positive integers s.t.
h(n)//n — A € (0, +00). Under (Hy), we have §(n, h(n)) %2 VAG oo in R¥IK

PROOF. This may be proved using classical tools. As pointed out by E. Rio in
a personal discussion, this is also a consequence of the convergence of the empiri-
cal process to the Brownian bridge. We only sketch the proof (for A = 1): let (U;);
be a sequence of i.i.d. r.v. uniform on [0, 1]. Let F}, be the associated empirical dis-
tribution function and F the distribution function of U. Denote by g, = F,, — F.

. d . . .

According to Donsker [8], /ng, (—n>) b, where b is a normalized Brownian
bridge.

Take q = (g;);en a distribution on N and consider

N =#{j, jell,....nhUjelgi++qq + -+ a1}

Then (C/Vk("))kzl is a multinomial r.v. with parameters n and q and satisfies

(N — qin)//n = n(gnqr + - + @) — ga(q1 + - + qr)).
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By Donsker, for any L > 0, ((J\/k(") — qxn)/+/n)k<r converges in distribution to
(g, +-4gis1 — Pgi+--+q ) k<L - The properties of b allow to conclude. [

The following proposition will be used in the proof of the tightness of (G™).

PROPOSITION 4. Under (Hy), for any B > 1, there exists ¢ > 0 such that, for
any h > 0, any n > 0,

E(I§m, WI}) < c(h/v/n)?>.

Recall that all the norms are equivalent in R*/k. Here, we use | X|| =
Yk ety 1 Xk.jl-

PROOF OF PROPOSITION 4. First, since ||X||ﬁ <c) | Xy |# for some ¢ > 0,

E(Ige. D) <c Y E(n™ 4 (M) — uin)[P).
(k,j)elk

Since M ,((hj) is a binomial random variable with parameter w; and i, E(|(M ,(Chj) —

wih)|?) < C(uk, B)hP/?, where the constant C(ug, ) depends on uy and 8 (see
Petrov [24], Theorem 2.10, page 62). [

2.2. Decomposition of trees using the lineages. A forest is a finite sequence of
trees, that is an element of F := [ J;~ 7. For any k € N, a forest with k roots is
a k-tuple of planar trees f = (¢t!,..., t%). The size | f| of fis |t!|+ -+ |tX]. We
denote by f; = (Th, ..., Tk) a random forest in which the trees T, ..., T are i.i.d.
GW trees with offspring distribution p. For any a = (ax, ), jyerx € Rk write

Ni@= )Y (j—Da, and M@= Y (k—ja;.
(k’j)EIK (ksj)EIK

PROPOSITION 5. Let h be a nonnegative integer. For any a € N'[h], and any
m € [0, n],

P(fn,@| =m — h, |f/1+N2(a)| =n+1-m)
P(T| =n) ’

) Pu(Auen) =a) =Qu(a)
where £ and t' are two independent forests.

PROOF. To build a tree T of 7}, such that A, ;) = a, we first build the branch
b = [@,u(m)]: Exactly a_; ancestors v among the & strict ancestors of u satisfy
(co(T), fu(u)) = (k, j). Hence, there are () ways to build b. Then, we complete
b in grafting on its neighbors some subtrees satisfying the following constraints.
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FI1G. 4. The two forests considered in the decomposition.

When A, ) = a, the number of subtrees rooted on the neighbors of the branch
[2, u(m)[ visited before u(m) [resp. after u(m)] are respectively

Ni(@) =#w,d([2, u(m)[,w) =1, w <u(m)},
1+ Na(a) =#({u@m)} U{w, d(Ju(m), 2], w) =1, u(m) < w}).
See an illustration on Figure 4. The Nj(a) subtrees must contain exactly m —
|u(m)| nodes (the nodes, among the m + 1 first, not on [&, u(m)]), and the 1 +
N> (a) subtrees must contain exactly n 4+ 1 —m nodes [the nodes visited after u(m),
u(m) included]. In other words, we need two forests containing respectively m —

h and n + 1 — m nodes. Hence, using simple considerations on the probability
distribution of GW trees, we get the announced result. [

A consequence of this proposition is

P, (|u(m)| = h)
(10) B Z Q (X)P(lle(X>|=m_h’|f,1+N2(x)|:”+1_m)
~ " P(|T| = n)
xeN![h]
" Py, e =m =118y )| =1 +1—m)
(o B P(|T| =n) ’

where M is a multinomial random variable with parameters & and p.

2.2.1. Few facts concerning random forests and random trees. Let (W;);>0o be
a random walk starting from O with i.i.d. increments with distribution ({ig)r>—1 =
(Uk+1)k>—1 (i.e., with increment & — 1, where & is u-distributed). We have the
following:

LEMMA 6. Assume (Hy) holds true.

(1) (Otter [23])) Forany k> 1andn >k, P(|fy| =n) = %]P’(W = —k).
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(i1) [Central local limit theorem (CLLT)]

Jn 1 ( 2 >
12 su —PW, =1 — ——exp| ————
(12) le—n—EdN d (Wa =1) V2roy, P 202n

(iii) sup,>qsup,o XP(W, =x) < +o0.

— 0.

n

(i) is often called “conjugation of tree principle” or “cyclical lemma,” and may
be found in Pitman [25], Chapter 5.1 and is usually attributed to Otter, Kemperman
or Dvoretzky-Motzkin.

(i1) is usually called the central local limit theorem (see Breuillard [6] for a
state of the art). Recall that d is the span of . The support of W, is included in
—n+dN={ueZ,u=—n+di,i € N}. A consequence of (i) and (ii) is that

n=3/2

v 2moy, ’

the equivalent being taken along the subsequence where the left-hand side is non-
null.

13) P(T|=n) ~

PROOF OF LEMMA 6. (iil) sup,-q suprCﬁ{x]P)(Wn = x)} is bounded by

. . .. d
the Chebyshev inequality. By (ii), sup,. s JnP(W, = x)—n> N then

Sup,>o Suprcﬁ \/ﬁIP(Wn =X) is finite. O

The following lemma controls the maximum increment in the process H un-
der P,.

LEMMA 7. Assume (Hy). For any c > 0, there exists p > 0 such that

P (max{ et -+ 11 = (DI} = p1ogn) = 0~

PROOF. The proof deeply relies on the conjugation of the tree principle. Take
n+1liid.rv. Xy, ..., Xp41, pu-distributed. Conditionally on Z;’;Lll (X;i—1)=-1,
among the n + 1 shifted sequences (Xi,..., Xn+1), (X2,..., Xn+1, X1), ...,
(Xn+1, X1, ..., Xn), exactly one (X7,..., X}, ) corresponds to a sequence
(cy,u € T) for a tree T € T, (where the ¢, are sorted according to the depth

first order), and (X7, ..., X)) @ (¢y,u €T) for T under P,,.

The inequality ||u(l)| — |[u(l +1)|| =h > 1 implies that |u(l + 1)| < |u(/)|, and
the deepest common ancestor v of u(/ + 1) and u (/) has depth |u(l + 1)] — 1.
Assume that the tree is visited according to the reversed LO (the order on the al-
phabet N is reversed, but if z is a prefix of 7/, z is still smaller than z’: this amounts
to walk around the tree counterclockwise and rank the nodes according to their
first visit time). In the reversed LO, the nodes in JJu, u(l)[ are visited consecu-
tively, and each of them has at least one child. Under P, when traversing the tree
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in the LO (or by symmetry in the reversed LO), the gap between two nodes having
zero child is a geometrical r.v. Geom(up). We work now on the LO order. De-
note by X1, ..., X,4+1 1.i.d. random variables p-distributed and by G1, G2, ... the
successive gaps between the zeros:

n+1
1
Z(X,- -1 = —1) = O(nl/ZIP(maxG,- > p Zgn))

; i<n
i=1 -

plogn

]P’(max Gi >
1

=o(n™7h,

for p large enough. Note that the first maximum is taken on a random number
of terms, a.s. bounded by n. By the conjugation of the tree principle, we get the
result. [

REMARK 1. Using the same argument, one may control the depth of the last
node u(n): for any ¢ > 0, there exists p > 0 such that

(14) P, (lu(n)| > plogn) = O(n™).

Foru e T,l € [0, |u]] and (k, j) € Ik, let A,k ; be the number of ancestors
v € [&, u[ such that d(u, v) <1, and for which ¢, (T) =k and f,(u) = j.

LEMMA 8. (i) For every ¢ > 0, there exists y > 0, such that, for n large
enough,

P,(3(k, j) € Ix,u €T, |Ayxj— plull = yy/|lullogn) <n™°.

(i1) For every c > 0, there exists y > 0 such that, for n large enough,
Pn(a(k» .]) G IK? u E Tyl E (07 |M|]’ |Au,l,k,j - /’Lkll 2 y llogn) S n—C.

PROOF. (ii) clearly implies (i). But let us prove (i) first. Using (9) and (13),
we have for some constant ¢ > 0, for any m € [0, n], any & > 1, any a € N [A],

(15) P (Aumy = a) < en®?Qp(a)lp<p.

Then
Au(myk,j — Hxlu(m)|| = y/|u(m)|logn)
n n
<en®? Y N P@EK. j) € Ik | M) — wilhl| = v\ Jhlogn).

m=0h=0
This latter probability is smaller, for any m < n, h < n than #I Kn_)’z/ 2 by

Hoeftding. Hence, P,(3(k, j) € Ix,u € T,|Ay,j — pilull = y+/lullogn) <
7/2, =292
cn'/“n .

P, (3m € [0, n], (k, j) € Ik,




GLOBALLY CENTERED DISCRETE SNAKES 223

FIG. 5. Exchange of two nodes in a lineage.

For (ii), assume that u(m) = h and for [ < h, take vi,...,v; the ances-
tors of u(m) at depth 0 < h; < --- < h; < h, and set A;(m)’l’k’j =#i,cp =
k, fv;(u(m)) = j}, the lineage of u(m) restricted to the nodes v;’s. By “symme-
try,” (A;(m),l,k,j)kaj and (Ay(m),ik,j)k,j have the same distributions. Here “sym-
metry” means the following: let v; and vy be two ancestors of u(m). Exchange
in T the two nodes v; and v, together with the subtrees rooted on their children
not on [0, u(m)], as on Figure 5. We get T’. First T” and T have the same weight
under IP,,. Second, A, ) has the same value in 7" and T’, and the nodes u(m) in T
and T’ have the same depth [u(m) is by definition the mth node].

Now take v the ancestor of u(m) at depth /. By symmetry, (Ayk, )k, ;j and
(Au(m), 1k, j)k,j have the same distributions. And thus, by (i), for any m < n,
I <n,P@Ek,j) € Ix, |Aum)ik j — mikllll = y+/llogn) is certainly smaller than
en??n=27% As a direct consequence, cn’/ 242;,-2r i5 a bound for P,(3(k, j) €
Ix,u €T, 1€ lul), | Ak, — il = y/Tlogn). O

We end this section with a result concerning multinomial random variables. For
any h > 0, set

0'2 0'2 2
Jp = {a e N'[h], (N1 (a), N2(a)) € [Tﬂh 23, Tuh +h2/3] }

LEMMA 9. For any h € N, Ny (M™) and Ny(MP) have the same law and
there exists c; > 0, ¢y > 0 such that

PMP ¢ ;) < cpexp(—cah!/3).

2
PROOF. The first assertion is easy. Writing {INy(MP)y — #l > n?3}y ¢
h . .
U M) — hyse = b3 1} [check that Y ;(j — Dpwe = Yy j(k — itk =

2
%1, by Hoeffding, one has P(|M{") — hux| = h?3 #1k) < 2exp(—h'/? ) 2#1k)).
Summing this for (k, j) € Ik, the result is shown to be true. [J
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2.2.2. A first comparison lemma. In this section S denotes a Polish space. For
any r.v. X taking its values in S, we denote by Py the distribution of X: that is,
Px(A) =P(X € A) for any A Borelian of S.

DEFRINITION 1. Letting (Y1, Y2,...) and (X, X»2,...) be two sequences of
r.v. taking their values in § such that Py, is absolutely continuous with respect to
Py,, we write Px, < Py, . Let f, be a nonnegative measurable function f, such
that Px, = f,Py, [in other words, Px, (A) = [, fn dPy, for any Borelian A of S];
the existence of f;, is ensured by the Radon—Nikodym theorem. For any ¢ > 0, let
Al :={x,| fu(x) — 1] < €}. We say that Py, /Py, — 1, 0or X,,// Y, — 1, if for any
e >0, Py, (A?) — 1 (this is a convergence of f, to 1 in a weak sense).

If X,,//Y, — 1, then Py, (A?) — 1, and for any B C A, |Py,(B) — Px,(B)| <
ePy, (B), therefore, suppg porelian IPx, (B) — Py, (B)], the total variation distance
between X, and Y, goes to 0. Hence, the following lemma is a straightforward
consequence of the Portmanteau theorem:

d
LEMMA 10, If X, // Yy — L and Y, DY . then X, —" ¥ .

We end this section by an argument of continuity:

LEMMA 11. Let (g,) be a sequence of continuous functions from S into a
Polish space S'. If X,,// Y, — 1, then g,(X,,)//gn(Yn) — 1.

PrOOF. If Px, < Py,, then so do Pg,(x,) < Pg,(v,), and then there ex-
ists a nonnegative measurable function 4, such that P, (x,) = hnPg,(v,). As
above, denote Ag‘/ = {x, | fu(x) — 1] < &'} where f, satisfies Px, = f,Py, and
Py, (A%Z) — 1 and set B}, = g,(A7,). We have P, (y,)(B},) — 1. Forany A C B[,

Py, (%, (A) — Py, v,y (A)] = ‘/A(hn — 1) dPg,v,)| <€,

the inequality follows that g, ) c A7, Letting now ¢ > 0 be fixed and set-
ting A = {x,h,(x) — 1 >¢e} N B, (or A= {x,h,(x) — 1< —¢e}N B[), we get
Py, (v,) ({x, |hn(x) — 1] > €}) < 2¢’/e; choosing ¢’ > 0 small, one sees that this is
arbitrarily small for n large enough. [J

2.2.3. Proof of the convergence of the uni-dimensional distributions in The-
orem 2. In this section we work under P,. Let X := (Ayum), lu(m)]) and
Y] = (A}, lu(m)|), where the distribution of A} knowing |u(m)| = h is sim-
ply Q. The aim of this section is to compare X/ with Y} and to deduce from
the asymptotic behavior of Y, the one of X, . The proof of the convergence of the
finite-dimensional distributions will also use this strategy.
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For M > 0, and n € N, consider
A ={(@ h).he/nIM™' Ml ae ).
We have the following:

PROPOSITION 12. (i) For any m, n, with m < n, we have Pxn < Pyn.
(i) Forany s € (0, 1), a > 0, there exists My s.t. for n large enough ]P> (YLnsJ €
An my) = 1 —a and for any M > 0,

(XLnsJ =(a, h))

(16) sup —1/—0.
@hyerny | Pn(¥Y |5 = (@, h)) n

(i) For any s € (0, 1), X[, //Y ;5 = 1.

PROOF. (iii) is a consequence of (ii). Let a € N;[A]. Since {A,m) = a} C
{lum)| = h}, Pp((Augmy, lu(m)l) = (a,h)) = Pu(Aym) = a). According to
Proposition 5 and formula (10),

Py (X, = (a, h)) P(fn, @] =m —h, If,1+N2(a)| =n+1-—m)

(17) .
Pa(Vp =@, 1) P(fy, cyn| =m —h,If, [=n+1—m)

14+No (M)

Then (i) holds true. Assume now that s € (0, 1) and @ > O are fixed. There exists
M such that, for n large enough, P, (Ju(|ns])| € \/E[M*I, M]) > 1 —«a/2 [since

h, (n) — =e and since P(e; = 0) =0 for any s € (0, 1)]. For such a M,

Pﬂ(yl_nsj 6 An’M)
=Pu(Y]hs) € Ana. lu(lns])| € V/n[M ™", M)
= Y Pu(lu(lnsDI=DPu(Y ], € Anmllullns )] =1)
le/nM~1 M]

= Py(ju(lns )] € /alM ™!, M), min, M]P(M(” € Jy).

This minimum goes to 1, thanks to Lemma 9.
Now, according to Lemma 6(i) and (ii), since f and ' are independent,

P(|fn, @) | = Lns] — h, Fl+N2(a)| =n+1-— |ns))
__ NM@EAd+MNM@E)
(lns] —h)(n+1—|ns))
X P(Winsj—h = —N1(@))P(Wy—{ns |41 = —Na(a) — 1),
and then for any M > 0,
Pty = 1ns) = A, ]y =1+ 1= Lns])

sup —1/—=0
(a:h)eAn,M Qn,s,h n
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for
oph? exp(—oh?/(8ns(l —s)))
8rn3(s(1 —s))3/2
|=14n—|ns])= A, + By, where

qn,s,h =

Now, IP)(|f1\11 (M(h>)| = |ns| —h, If 14Ny (MD))

A =P(|Ey, o] = Lns] — Lns ). M® ¢ Jy)

By = ]P’(|le(=M(h))‘ = |ns| —

Using again Lemma 6(i) and (ii), we get

|=14n—|ns], MP € Jp).

—1{—=0.

n

sup

heyniM—1,M] 1 49n,s.h

On the other hand, A, < P(M™ ¢ J;) < cjexp(—cah!/?) < 2exp(—cn'/®/M)
for any h € /n[M~',M]. To complete the proof of (ii), check that
SUPpe /um 1, my |An/Bnl —> 0. 1]

We have now all the tools to conclude the following:

COROLLARY 13. Forany s € (0, 1), letting s, = |ns]/n, we have
(G™ (su), B (5)) // (§ (. /g (5)). B (5)) —> 1.,

and the convergence of the uni-dimensional distributions holds in Theorem 2.
(Recall that § is defined in Section 2.1.)

PROOF OF COROLLARY 13. Proposition 12 and Lemma 11 yield the first
assertion of the Corollary.

For the second assertion, we first examine s = 0 and s = 1. Since h,,(0) =0
and Remark 1 entails that hn(l)pm—nl;a' 0, the convergence of the uni-dimensional
distributions holds in Theorem 2 for s =0 and s = 1.

For s € (0, 1), since h, %) h in C[O0, 1], by the Skorohod representation the-

orem [14], Theorem 3.30, there exists a probability space on which this con-
vergence is a.s. On this space [or on an augmented space on which the pair

(6.1, /by (50)) By (5)) ] i defined
(18) (6.1 v/ (s50)). B (50)) 3 (62 )

h, . . . . .
where G0 is a Gaussian process which covariance function [see (8)] allows to

check that (9, hy) @(G(s) hy) for any s € (0, 1). To prove that the convergence
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of the uni-dimensional distribution holds in Theorem 2, it remains to control the
distance between (G (s,,), h,(s,)) and (G (s), h,(s)). Since h,, %2 hin C[0, 1],

ba.
[hy, (s,) —h, (s)] pr%a 0. For G™, this is more complex, and we will establish some
bounds useful also for the proof of the tightness. Let

QF = {T c ‘J"n,mlax||u(l+ )| — |M(l)|| SPIOg”}-

Let & > 0. According to Lemma 7, for p large enough, P, () > 1 — ¢ for n large
enough. We have, for s, = [ns + 1]/n,

(19) [G™(s0) —G™(5)],Lgp =n(s —50) D Lge|G(s)) — G ()]

ielg
In QF, for any k, j, the differences |G,(c',13- (s)) — G,({n; (sp)| are bounded by
2pn~1/4logn (which is a bound on the number of noncommon ancestors of two
consecutive nodes in the LO for a tree in QF). Hence, since s — s, < 1/n, for any
¢’ > 0, for n large enough,

0 |6 () = G s)] 11gp <c(s — su)/4=E

ba.
for some constant c¢. One concludes that |G (s,) — G (s)|1 pr%;l 0. O

2.3. Convergence of the finite-dimensional distributions. In this Section x > 2
is a fixed integer. We denote by s®) the vector (s, ..., s¢) where 0 <] < --- <
s < 1are fixed. Let T € 7,,. Fori € [1,«], setu; = u(|ns;|), uo = uy+1 = &, and

L(T) ={u;,i €1, «]}.

We assume that 7 is large enough such that [ns1]| > 1, and |ns; | # |ns; | fori # j,
so that the u;’s are different nodes of 7" sorted according to the LO.

The aim of this section is to study the distribution of (Ay;);ic[1,] under Py,
and to deduce from this the convergence of the finite-dimensional distribution in
Theorem 2. The ideas are of the same type as in the case of the uni-dimensional
distributions, but the details are more involved since the dependences between the
r.v. Ay;’s must be taken into account. For this, the shape of the tree spanned by the
u;’s must be considered.

Denote by #; ; the deepest (i.e., youngest) common ancestor of u; and u ;. Let
Ty = Ui, [@, u;i] be the subtree “spanned” by the u;’s,

Z(T) =i j, 1 =i < j <} ={iiiv1,i €[l = 1]},
Z*(T)=Z(T) N L(T),

the set of branching nodes in Ty, and the nodes in L(T) that are ancestors of
other nodes of L(T).
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U3,4 = U4,6

FIG. 6. A tree T and the associated tree ®(T) = {2, 1,11, 111,112, 12,121, 122, 1221, 123}. On

this example Z*(T) = uy, and then I?(") ={122}.

DEFINITION 2.  The shape function b(n) associates with Ty the smallest tree
in 7 having the same branching structure (that we call shape) together with a
coding of the nodes of Z*(T') (see Figure 6). Formally,

b(n):T, x[0,11 — T x PrU),

(T, %)) —s (TP, 170,

where #r (U) is the set of finite subsets of U and where T?™ is characterized by:

(i) TP™ is a tree having #(Z(T) U L(T) U {@}) nodes,

(ii) there exists an increasing function ®7 from Z(7) U L(T) U {@} in T?™,
preserving the descendants: ®7(u) is an ancestor of &7 (v) in TP iff y is an
ancestor of vin T'.

The set Ig(") is defined to be &7 (Z*(T)).

The tree T?™ can be constructed in somehow squeezing the paths between the
nodes of Z(T) U L(T) U {<} in unit length edge and in renaming the vertices in
order to get a tree. The function @7 is unique and for short, for any u € Z(T) U

L(T) U {2}, we write u®™ instead of ®7(u). The set I?(") encodes the images
of the nodes of Z*(T). Notice that #Ig(") =k —#IT?™  and when I?(") is not

empty, the tree 77" alone is not sufficient in general to guess I ?(").

In what follows, we will often write b instead of b(n).

A pair (u, v) [with u, v e L(T) U Z(T){@}] such that u? = fa(v") is the father
of v in T? will be called a spanned branch. The contents of the spanned branches
will be carefully handled since they contribute in general to several A,,’s. The set
of spanned branches can naturally be indexed by the edges (u”, v?) of T?, but
also by the nodes v? of T? \ {&} using the bijection between the edges of T? and
TP \ {&} that associates with the edge (u?, v?) the node v?.

Using this labeling, we define A, the content of the spanned edge (u, v) by

A(Ub),](,j = #{U) Eﬂu, U[[, Cw = k’ fw(l)) = .]}
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The extremities of the spanned branches are not counted in the A ,py 4 ;’s in order
to simplify the decompositions (& was counted in the unidimensional case). It is
easy to check that

(21 Aubyk,j = (Avk,j — Auk,j) — Liey, fuon (ks J).

We also introduce the “ordered content” of the edges. For any v? € T?\ {@}, define
A » (T), the ordered content of the edge (u, v) by
(CO)

A ) (T) = ((Cws fuw®)), w elu, v]),

the nodes of Ju, v[ being sorted according to the LO.

We write simply X(T )= (X(vb)(T))vbeTb\{g}, the list of ordered contents of
the spanned edges.

The ordered content of any edge belongs to | J;>o(/ x)'. The canonical surjection

7 from ;o1 %) into N’k associates with the ordered content B = (Cki, ji),i=
1,...,1) the content B:

B = (B =#i. ki, ji) = (k. )}.

The application 7 can be extended to the list of ordered contents, and we set
A(T) = ”((X(vb)(T)))vbeTb\{@} = (E(X(Ub)(T)))v”eTb\{Q}'

The definition of Ny and N, (given in Section 2.2) are extended to ;> (1 x) we
set,

Ni(B):=Nix(B)) and Na(B):=No(x(B)).
We denote by H, the cardinality #]u, v where u® = fa(v”). We set
Hr = (Hvb)v”eT”\{Q}’

the ordered list of the spanned branches lengths.

The nodes of Z(T) U {&} are the “hinge nodes” laying between the spanned
edges, and they also contribute to the A,;’s. For any u in Z(T) U {&}, the set
fu(L(T)) is asubset of [1, ..., c,(T)] with ¢,» (T") elements: the set of the ranks
of the children of u that are ancestors of the nodes of L (7). We encode the contri-
bution of Z(7T') U {} to the lineage, thanks to the sequence Or:

Or =(CW’), RW"D), ..., RW"CWU"))) perp oo,

where C(u?) = ¢,(T) and R@®1) < --- < RW”Cw")) is the sorted list of the
elements of f,(L(T)). Note that ull, ..., uPC ") are the children of u? in T?
and then the arguments of R are unambiguous.

The idea now is the following. If (TP, Il;(n), A (T), ®r) is known, to end the
description of T using T«, it remains to describe the fringe subtrees rooted in the
neighborhood of T« (the fringe subtree of T rooted atu is T, = {v €e U:uv € T}).
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FIG. 7. The forests considered in the decomposition are surrendered. Notice that the node u; be-
long to a forest only if it is a leaf in Tyw). Observe also the contribution of the neighbors of the
“hinge nodes,” the nodes z;’s on the picture.

We pack these subtrees into forests that are, up to some border effects, rooted on
the neighbors of T« between u; and u; .
For any simple path / in 7', we denote by N (/) the neighborhood of I:

NU)={ueT,dr(u,l)=1}.

We now build the set of roots of the forest we consider (see Figure 7):
So={veN(D,ui]), o <v=<uy},

o { {veNQui,uir1[) ui <v <wuip1}U{u;l, ifu; € L(T)\ Z2*(T),

" ve N([uis uia Dy ui < v < uiqr), ifu; € 2*(T),

ie[l,k—1],

8 ={v e N(Jue, D)), ure < v}U {u}.

The forests we consider are
Si(T) :=(Ty, u € 4);

we denote by §(T) = (Fi(T))i=0.... « the (ordered) sequence of forests.

Let/ € [0, k — 1] be fixed. Let uf’ = vg, v{’, e vfn = u;’H, the shortest path in

T between uf and uf’ 1~ Let vf = uf’ \ uf’ .1 be the deepest (youngest) common

ancestor of uf’ and uf’_H. Since vé’ < v,’;, two cases arise, vf’ = v(l)’ or0<i<m.We

have
#8,(T", 12, A 1, 0O(T))

(22) _ b b X b b
_‘M,I+I(T ’IT7 (T))—i_yl,l-i-](T 7IT9®(T))’
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where, for any [, N ;41 (T, I?, X(T)) counts the number of subtrees rooted on
the neighbors of the spanned branches visited between u; and u;4 1, according that
these subtrees are on the right or on the left of these spanned branches:

i—1 m
‘N‘l,l-i-l(Tb’ 1’57"7 X(T)) = Z NZ(X(UP)) + Z Nl (X(Up))’

p=0 p=i+1

and Y; 141(T?, I%, ®7) counts the number of subtrees rooted on the neighbors of
the nodes of Z(T) U {T}:

Y001(T" 12, O1) =L cypo + ROL) = RO DLizo — 1

i—1 m—1
+ Y [COh) — ROSC@WINTI+ Y [R(H) —11.
p:l p=i+l
Indeed, R(fo) — R(vf_l)]ll->o — 1 is the number of children of vlp in 4;, the sum
Z;;ll [C(vi’,) — R(ng(vg))] counts the number of children of v{’, R vl.’il in Sy,
and ¥-7! | [R(v) — 1] the children of v/, |,..., vy _ in S,
For [ =«, let uf = vg, vll’, e v,}; = ”£+1 = . Since vf’ is an ancestor of vf’_l,
we have
m—1
N1 (T 12 A (T) = 3 No(AK ).
p=0
m
Y1 (TP 17, O7) = Y [Cwh) — RWHC I,
p=1

notice that the term p = m concerns the root.
The cardinalities F;(T) = #5;(T) satisty

(23) Fi(Hr,T?) = (Insit1) — [nsi) + 1) — (uiga] — i g411) — 1pgarts

since the visit times of the nodes u; are |ns; ] and since |u;41| — |47, 741| + 1 nodes
visited during [ns;, ns;11] are notin U, c s, -

For any tree ¢ having n nodes, P(T =t) =[], ¢; pc,(r)- Hence, if ¢ has n nodes,
putting together the contribution of the forests and of the ordered edge contents,
we get

!
P(T=1)= < [TP@Essar,a0.00) =3 (t)))

i=0

—
(A by (D, j
X ( 1_[ l_[pz (Ub) t k])( l_[ pc(zb)),

vPetb\{o}) k. j zberd\ard

(24)

where £, is a random forest with x roots (see Section 2.2).
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COMMENT 1. A few points worth mentioning:
— Let A = (Ak j)k, jyerx With Z,-GIK A; = h. The number of ordered contents
having A as content is

h
25 a1 A) — |
. T <(Ai)ielK>
and thus,
b4 ; h )
o 2 1l M ( A ) P = Qu(A).
Bern—1(A) k- (Aiierg k.

This is simply due to the fact that all permutations of the “symbols” (k, j)’s are
possible in the ordered contents B ’s such that n(?) =A.

— The size of the forests §;, as well as their number of trees, is a function of the
contents (it does not depend on the order of the content).

We are now able to express the probability to observe a shape together with
the (ordered) contents in terms of the probability that some forests have some
prescribed sizes.

The probability to observe some contents will be obtained by summing on all
corresponding ordered contents, thanks to (26). We won’t do this job on all possi-
ble shapes since asymptotically only “the simplest shapes” eventually happen. We
first state a result in this direction.

2.3.1. Decomposition of a tree T given At and TY. Let ?'25_1 ={T € To—1,
deg(@) =1,Vu € T \ &, deg(u) € {0, 2}} be the set of trees with 2x — 1 edges,
with binary branching points (except the root that has only one child). Denote by

A ={T €T, TP € LB | VP, vb) e T?,
ub = fa@?),d(u,v) e VnlM~", M1}

A tree in A, p has its shape in ?‘25_ 1» and all its spanned branches lengths in
Vn[M~', M]. By a counting argument, I? is empty, which means that the nodes

u; are sent on the leaves of TP by ®7.
LEMMA 14. For any € > 0, there exists M > O such that, for n large enough,

HJ)n(An,M) >1—e.

.. d .
PROOF. This is a consequence of h, (—n>) h = 2e/o0,, and of the properties of
e: e is a.s. nonnull on (0, 1) and the local minima of e are a.s. all different (the
continuum random tree is a.s. a binary tree). [
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For any T € A, y, @7 sends the nodes of L(T") on the leaves of T’ and the
nodes of Z(T') on the internal nodes of 7%\ {@}. The branching points are distinct
#Z(T) =« — 1 and L(T) N Z(T) is empty. Therefore, ©7 belongs to D? = D> x
DY, where Dy = {(c,x),1 <x <c}and D3 = {(c,x,y), | <x <y <c}. Note
that, under (H;), D is a subset of [1, K}P"_l.

2.3.2. A second comparison result. The idea is to compare (A(T), Ht,
O, Tb) under P, with some simple random variables. Thanks to the previous
lemma, we will somehow consider only the case I’T’ is empty.

Denote by (A, #;,, @n,Tﬁ’,) the r.v. (A(T), Jr, @T,Tb) under P,. Hence,
A, = (Ail)i: 1.....k 1s the sequence of contents, #,, = (Jf,l, e J(’,{( ) the sequence
of spanned edge lengths, ®, the sequence of branching properties of the hinge
nodes where K is then the number of spanned branches (the number of edges
of Tg ). These sequences were labeled by the nodes of the tree T?, but, we may
and will consider that they are labeled by integers (the LO is a total order). This is
equivalent knowing the shape and allows one to work also when the shape is not
known.

We define now the 4-tuple (A%, #,, ©*, T?) as follows: #,, and T have the
same law as above, and A} and ©* are described conditionally on #, and T%.
Conditionally on #, = (]f,}, R an]( ), where K is then the number of spanned
branches (the number of edges of TZ), we have A} = (AL*Y; 1.k where the
r.V. Ai{*s are independent with respective distribution Q i The random variable
©r = (0} (i))i=1,..., has k coordinates that are independent of (#,,, A, TZ) and
distributed as follows:

PO (1) = (" j) =)o for any (j°, j') € D,
P(O;) = (j% j'. j») =2uj/o;  forany (j°. ', j?) € Ds,i=2.

Since the mean and the variance under . are respectively 1 and o2, these for-

mulas define indeed two distributions. In the following O/ stands for the vector
(01,...,0p). Let

oy = {(@% 1 X2 oW T%) 5 e nIM ™!, M1, 8 € Jyy, T" € T30}
N supp(Ay, Hy, @;,TZ).

The following Proposition generalizes to finite-dimensional distributions the
Proposition 5.
PROPOSITION 15. (i) For any ¢ > 0, there exists M such that, for n large

enough,

Pu((AL, Ho, O, T €Ty ) > 1 —&.
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(i)

P, ((An, Hy, ©,, T2) = (a,x, 0, 0
o wp |Pn(An T O T = @x0.20) |,
(a,x,@,rb)eF,,,M Pl’l(('A;7'}€n’ ®Z’Tn):(av X, 977: )) n

In general, P, 3, ©,.12) A Par. 5, 01 18, since supp(O7) is strictly included
in supp(®,) when ©[3, +00) > 0 (the variable ®* mimics the coding of binary
branchings on Tﬁ). In that case, moreover, P, (Tz ¢ Tzﬁ_ 1) > 0 for n large enough,

and no control of (A, #,, ®,, Tg) is provided on CTZIZ71. But an analogous of
Lemmas 10 and 11 can be written by weakening slightly the condition Px, < Py,
of Definition 1:

DEFINITION 3. Let (Y1, Y>,...) and (X1, X»,...) be two sequences of r.v.

taking their values in a Polish space S. We say that Py, /Py, S lorX, /] Yn —
1 if for any ¢ > O there exists a measurable set A}, and a measurable function
fi + A, > Rosatisfying Px, = f7Py, on A7, such that sup, ¢ 4 | f;; (x) — 11 -0
and such that Py, (A})) > 1 — ¢ for n large enough.

LEMMA 16. Assume that X,,//, Y, — 1, then:

d d
. IfY,,(—n>) Y, then X,,(—nQ Y.

o Let (g,) be a sequence of continuous functions from S into a Polish space S'. If
X/l Yy — 1, then g,(X,)// 8n(Yn) — 1.

The proof is the same as those of Lemmas 10 and 11 and is left to the reader.

PROOF OF PROPOSITION 15. (i) Let ¢ > O be fixed. By Lemma 14, thgre
exists M such that P(A, ) > 1 —¢e/2. Now conditionally on T € A, , the}f,’l’s
belongs to [/n/M, \/nM], and then the multinomial random variables A.* by
Lemma 9 satisfy together A,;* € J;,(F,) with probability arbitrary close to 1 (for
any M, when n is large enough).

We examine now (ii). Let (a,x, 0, t?) € T, 3 for 6 = ((j?, jll), (jé’, jzl» ]'22),
s Gy dids JO-

Using (24) and Comment 1,

P((An, H, ©n, T)) = (a,%,6, ")

GO AT Q@) TTEy 0P i | = Fi0T).0 <1 <10)
B P(T| =n) ’

where the f!)’s are independent forests.
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On the other hand,
P((A), Hy, ©F, T2) = (a,x, 6, %))
=P((A, OF) = (a,0)|(Hy, T2) = (x, 7)) P((Ha, TE) = (x, %))

2k —1 K 2 Kk—1
= ( [T Qx (ai)) (]_[ u,-o> (—) P((H,, T) = (x, °));
i=1 i=1 /) \n
summing formula (28) on all possible values of the a;’s and the 6’s leads to
P((Hn, T)) = (x, 7))

29 R/ TR o= FxT?), 01 <)
a P(|T| =n)

where m = (m;);=1.... « is a vector of x multinomial independent r.v. (the parame-

ters of m; are x; and p), and where 0= (5 ())ie[1.x] =) ©; and is independent

of m. Hence, for (a, x, 0, %) € T, p1,

k]

P((‘Anv ’}fl’lv ®I’lv T;l?l) = (av X, 0’ Tb))
P((AZ’ an’ ®Zv TZ) = (a9 X? 0’ Tb))

(30) ) b
B P(|f;5(rb,@,a,9)| =F((x1°),0<]<«x)

e — . )
P(|f#5(fb,®,m,é)| =Fi(x,70),0<1<k)

It is easy to check that for any (a, x, b, 0) in 'y p, any [, for n large enough,

2
o
|Fi(x, T°) = n(sp1 —sp)| < n?/3, #81(t°, @,2,0) — Ld(u, u41)| <n¥'2,
+ > +

since (1/2)*/3 < 5/12. This allows to approximate, on one hand, F;(x, t?) by
2

n(s;+1 — s7) and, on the other hand, #5,(z", a,0) by %“a’(ul, ur4+1) on I'y, p since

/12 = o(n'/?), the order of d(u;, u;+1). By Otter and the central local limit the-
orem and thanks also to a decomposition of the denominator along {m € [] Jy, } or
in its complements (as in the proof of Proposition 12), we get
l
Pa(Ify3 s g a0yl = FIX, T, 0 <1 <)
— —1/—0.

0 - ; -
f#5(r1’,®,m,9~)| —FI(X,T ),Ofl SK) |:|

31 sup
@x,0,7)€0, m | Py (|

2.3.3. Proof of the convergence of the finite-dimensional distribution in Theo-
rem 2. 'We now show that Proposition 15 and Lemma 16 imply the convergence
of the finite-dimensional distributions in Theorem 2. The proof is similar to that of
Corollary 13.
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Thanks to the Skorohod representation theorem ([14], Theorem 3.30), there ex-
ists a probability space €2 on which the convergence of h,, to h is a.s. On €2, the
vector

Vi = (h,(s1), By (51, 52), iy (52), B (52, 53), - ., By (50)),

which determines Tﬁ, as well as the length of the spanned branches, converges a.s.
to

Voo = (h(s1), A(s1, 52), h(s2), (52, 53), . .., h(s,)),

which determines 75 the ordered discrete subtree of the continuum random tree
Too, With contour process h, spanned by the root and the nodes visited at times
s1, ..., 8. The edge lengths of 75 are given by the normalized Brownian excursion
(see Aldous [1, 2]). The coordinates of V, are distinct and nonzero a.s., and then
75 has only binary branching points, and its shape rsb belongs to ’J'Zf_l (we call
here shape the tree ts where the edge lengths are somehow fixed to 1). Let Hx =
(Hoo,i)ic[1,2¢—1] be the lengths of the (sorted) spanned branches in 7. By the
property of the Brownian excursion, a.s. the coordinate of #, are almost surely
all positive and finite, and then there exists M such that all the #, ; belongs to
[M~Y, M] (fora M depending on 7,). On €2,

(32) T % b

s 9
and therefore, fop n large enough, T, € I'; 2.
Denote by (A})ic[1,2¢—1] the (sorted) corresponding contents of the spanned

branches of T,,, and by (]f,i) ie[1,2¢—1] their lengths. The normalized contents are
then given by

gg;c),j =n" Ak j — ).

Proposition 15 and Lemma 16 entail that
(n) j j
(&")icqi2e 13 Ha /) 11§D (1, 7)) i1 217> Hon/ V1) = 1,

where the r.v. g,(i)(n, Jf,’;)’s are independent, and conditionally on Jf,ll =1,
(g(i)(n,%,’;)) @ G(n,l) (these variables were introduced in Section 2.1).
On Q, J,//n a—ns> Hso. Conditionally on Hs, by Proposition 3, (%) (n,
J(,’;)),-e[[lyz,(_l]] converges in distribution to (983)16[[1,%_1]], where the 9(02 are

independent, and 95,0) is a centered Gaussian vector having as covariance function

33)  cov((§D)i (9w ) = (—mriw + mal jy=k, ) Hoo,i-

In order to check that this implies the convergence of the finite-dimensional dis-
tributions in Theorem 2, it suffices to reconstitute the contents of the branches
[2, u;]’s by summing the contents of the spanned branches they contain, and
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to use that asymptotically, conditionally on ., these contents are independent
[and that the shape is fixed by (32) for n large enough]. Hence, by (33), one eas-
ily gets the fact that each Gy ;(s;) is Gaussian with the law described in Theo-
rem 2. Knowing V., the limiting G(s;)’s are obtained as sums of independent
Gaussian vectors. To compute the covariance between Gy j(s;) and Gy j/(s;r)
(for s; < s;7), we use that the nodes in [@,u; /] are the common ancestors of
u; and u;. The contents of the branches [it; ;/, ;[ and [ut; ;/, u;[ are asymp-
totically independent. By (33), one then checks that, knowing V,, the covari-
ance cov((ggg Mk, j» (9&;));{/, j) is ruled by the common ancestors, and then equals
(—prpr + pk L, jy=@’, j») min{h(s), s € [s;, s}, O

2.4. Tightness in Theorem 2. We only prove the tightness of the family (G™),
since one already knows that (h,,) is tight [since h, %) h]. In this section we assume
(Hp) and (Hp). 5

We collect in the set Q,,°"”*” the trees with n edges having some suitable prop-
erties:

QEOVP = {T € Ty, Vt,s €0, 1], |h,(s) —h, ()| < 8|t —s]°,
max llu + 1) = luD)|| < plogn,
lu(n)| < plogn,V(k, j) eIkl € (0, |ull,

|Auk,j — il <y llogn},

LEMMA 17. Forany ¢ > 0, a < 1/2, there exists § >0, y >0, p > 0, s.t.
PQESYPy > | —e.

According to Lemmas 7 and 8, and Remark 1, only the condition on the Holde-
rienity of H has to be checked. We refer to Marckert and Miermont [19], Sec-
tion 5.2, for a proof of this result.

Let ¢ > 0 be fixed. Set « = 2/5 and choose § > 0, y >0, p > 0 s.t.
}P’(QZ’S’V”) ) > 1 — ¢ for n large enough. For these choices, write €2, instead

a,8,y,p
of 2, .
We will establish the following proposition.

PROPOSITION 18. For any a > 0, there exist B > 0, ¢ > 0 s.t. for any suffi-
ciently large n,

(34) E(||G§”) —G,(")H’f]lgg) <clt —s|'t@ foranys,t €[0,1].
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This implies that for any a > 0 the (1 + a)/B-Hélder norm of the family (G™)
is tight, and then that (G) is tight in C ([0, 11)*/% [recall that G{" is the null
vector of R#/k],

We first point out that, using (20), we get that for any a@ > 0O there exists § >
0 such that, for n large enough, E(||G"™(s,) — G(")(s)llf]lgg) <c(s — sp)'e.
Hence, we can restrict ourself to prove (34) only for s and ¢ such that ns and nt
are integer (this is classical). From now on, we assume that s, ¢ are in [0, 1], :=
[0,1]NN/n,and s #¢.

We set u; = u(|ns)), up = u(|nt]), it 2 their deepest common ancestor and
Dy (s,t) =d(uy, uy). There exists § > 0, such that, for T € @, any s, ¢ € [0, 1],,
s #t,

D, (s,t) <2+ H,(nt) + H,(ns) — 2kemin H, (k)

[ns,nt]

<2n8lt —s|*P +2 <8 nt —s|*°.

LEMMA 19. Forany @’ > 0,a > 0, there exist B > 0,c > 0 s.t. for any s,t €
[0, 1] such that |s — t| < (log n)_3,f0r n large enough,
(35) E(|G™ — G| 1g,) < clt —s|'*.

PROOF. Lets,t €[0,1],, s #t. We use a deterministic bound valid for all

trees T in €2,. Let (k, j) € Ik fixed. As in the proof of Proposition 4, it suffices to
show that

36)  n P Ay g — plur| = Auykj + palual|’ < els — o'
Passing via i1 2, the left-hand side of (36) is smaller than
1™ P Aug g = il + | Augan = malhal|” +2°),

where hy :=d(uy,tt12) — 1 and hy :=d(up,1;2) — 1 (the contribution of i 2
is bounded by the term 2). Using that |A, ;x j — puil| < y+/llogn for any [ and
1 < Dy(s, 1) <8n'2|t — 5|23, we find

n B Ay i — i ])” + | Auy i j — melual|® < ea(t — )P Qog )P/

and since |t — s| < (10gn)‘3, |t — s|/3/6(10gn)’3/2 <1 and then ¢ (r — 5)B/5 x
(logn)P/? is smaller than |t — s|'*¢ for B and n large enough. [

LEMMA 20. For any a > 0, there exist § > 0, ¢ > 0 s.t. for any t € [0, 1], for
any n large enough,

(37) E(|G" ]} 1q,) < cr'*.
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PROOF. First, consider the case t = 1. In 2, we have |u(n)| < plogn and
then
E(|G{” [ 10,) < c1(plogm)Pn =Pt

and this is smaller than ¢1'*¢ for any a > 0, ¢ > 0, 8 > 0 for n large enough.
By the previous lemma and a simple computation [using that max |[u(l + 1)| —
lu()|| < plogn], one sees that (37) is true if t ¢ V,,, where

V, :=[(logn)~3,1 — (logn)3].

Assume now that t € V,. In Q,, the Holder property of h, and the inequality
lu(n)| < plogn imply that, for ¢t € V,,,

(38) lu([nt])| < Lp(t) :=con'[t A (1 = 1)]”.

For any real number a, we denote by a - u the vector (auk)k, jyerx- Using
(9) and (13), there exists ¢3 > 0 such that, for € V,, and n large enough,

E(|G™ |0 1q,)
—h-pf

Z Z @h() nB/4=3/2

h<L, (1) aeN},,

IP>(|f1\/1(r’=1)| = |nt] —h, fl1+}\72(a)| =n+1- Lntj)

and by Otter [23]

M” la—n.piy
h<L,(t) aeN[hJ
N1 @1+ N2@)P(W s - = N1 (@) PWy— )1 =1+ Nz(a))
(lnt] —h)(n — [nt] +1)
where (Wj) is the random walk described in the beginning of Section 2.2.1.
In order to bound these two last probabilities, we use a classical concentration
property valid for any nondegenerate random walk (Wy); (trivial consequence of

Petrov [24], Theorem 2.22 p. 76): there exists a constant cs such that, for any
n=>0,

(39) sup P(W, = y) < es//n.
y

Now, for any a € N[Ih], Ni(a) and N»(a) are smaller than K#, and for any h <
L,(1),t €V, and n large enough, nt — h > nt /2. We then get

Qu@)lla—h- ||
E(IG"|{10,) <c6 Y. .
& B/4—3/2 _ 3/2 — 372
h<Lp(aeN},, " (Lnt] — h)3/2(n — |nt] + 1)
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Using Proposition 4, we obtain that, for any ¢ € V,,,

() B (La(1)P/>3 (1 A (1 =1)P>H
E(|G"[1a.) < C7nﬁ/4+3/2(t(1 —1)32 =cs (t(1—1))32 U

REMARK 2. The last formula implies that, for any a > 0, there exist 8 > 0,
¢ > 0 s.t. for any ¢ € V,, for any n large enough,

(40) E(|G™ P 1q,) <c(t A (1 =)'

This allows to prove a part of Proposition 18: since E(||G,(") - Gg") ||/18 1g,) <
cElg, (IGM 1P + 1G™1F)) when s, 1 € V;, and s <1,

—if s <7 — s [in this case 1 < 2( — 5)], then (|G — G P1q,) < c(t —
s)l—i—a,

—ifl —¢t <t—s[inthiscase 1 —s <2(t —s)], then

E(|G™ -G [P 10,) <c((1 =)'+ (1 — )T < 200 — )77

Thanks to this remark, only the case s,¢ € V,,, s <t, and
41 [sA(l—=s)]=t—s and [tA(Q—08)]>t—s

remains to be checked. So assume that s and ¢ satisfy these constraints.

Consider A, = (A, An. 42) = (A, 5.u1)» AGi, 2.u2)» A,y »)) the contents of
the “three” spanned branches in Ty (some of these spanned branches may be
empty). We have

E(|G™ - G |f1q,)
(42) P, (AL =a;,i=1,2,3)[llar — hy - ullf + llay — by - )]

DD 2P ’

hi,hy,h3@1,a2,a3

W_here the first sum is taken on h_1+ h3y < L,(s), ho +h3 < L,(t), hy + hy <
D, (s, t) :=8n'/?|t — s|* where L, (x) is given in (38). By (24), Comment 1 and
the Otter formula, &1, ho, h3, a1, a, a3 fixed,

Si(P(Wg, = S;(0))
F;

’

3
(43) P,(AL =a;,i=1,2,3) <cn’/? sup []Qn (@)

i=l

where the supremum is taken on 6 = (61, 62, 63) € [0, K]]g, and where F; = ns +
I—lu(lns D=1, K =n(t—s)+1—(lu(lnt])| i1 2), F3=n(1—-1)+1,8 =
Ni(az) + Ni(ap) + 61, S2 = Na(ay) + Ni(az) + 62, S3 = Na(az) + Na(az) + 0s.
We plug this bound in (42), and bound the left-hand side using the following
ingredient:
— the probabilities in (43) involving the random walks are bounded using (39).



GLOBALLY CENTERED DISCRETE SNAKES 241

—forace N[Ih], N;(a) < Kh and then for a constant ¢ > 0,
S1 < Klu(lns )|+ 61 < cLy(s),
Sy < c|Dy(s, 1),
S3 < Klu(lnt])| + 63 < cL,(t).

The denominators are bounded using |t —s| > (log N3 A0 =1)]> (log n)~3,
[s A1 —s5)]> (log n)*3, and then for n large enough,

Fi1 >ns/2, F,>n(t—1)/2, F3>n(l—1)/2.
Finally, we get that the left-hand side of (42) is smaller than

c{ Ly ()L, (t)Dy(s, 1)

3
x S Y [1Qu@dlar — k- pllf + llaz — ho.llf]

hi,ha,h3a1,@2,a3 =]

x nPPA323 (s A (1 —9)) (e A (1= D)t —)]*}
The double sum is smaller than

> B RS < Dats, 0)PPTLL(),
hi,ho,h3
this last factor L, (s) being a bound of k3. Finally,
(Ln(5))*Ln(1)(Dy (s, 1))P243

[3(s A (1 =)t AL =1))(r = )3/
By (41), it suffices to take § large enough. [J

E(16{" - 6" |{1g,) < cn¥/> 7P/

2.5. Proof of Theorem 1. Consider the representation of £(u) given in (2). For
any s such that ns is an integer,

(44) 1, (s) =P (s) +1P(s),
where
Au(ns)A,k,j o
rD(s) =n~1/4 Z Z (Yo = mej),
(k,elg 1=1
P =0 3" (Aumsk,j — lums))my j = (G™(s), 7).
(k,j)elk

where 7 = (m,j)k,jyerx and (a,b) = Z(k’j)eh( a,jbk,j. For s in [i/n, (i +

1)/, n], rf,l)(s) and r’(12) (s) are defined by linear interpolation. Since h,, %) h in
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C[0, 1], by the Skorohod representation theorem [14], Theorem 3.30, there exists
a probability space €2 on which this convergence is a.s. On this space by The-
orem 2, G™ converges in distribution in C ([0, 1D*% to GP, where GM has the
distribution of G knowing h. Now, since the application

W 1 C ([0, ID*K — (C[0, 1]),
(s> g(s)) — (s> (g(s), 7))

is continuous, on 2 we have
(45) (G™, 7) %2 r® .= (Gh, )

in C([0, 1]). On €2, r® is a centered Gaussian process with covariance function

cov(r@(s), r? (1))

=h(s,1) Y D0 (=i + ik, =, )Mk, jmi -
(k,jelg (K, j)Helk

On €2 (or on an enlarged space), rgl) is the standard head of a discrete snake as-

sociated with independent centered displacements. As shown in [19], under (H;)
and (Hp),

d
(46) r) & 0

in C([0, 1], R), where r) given h is a centered Gaussian process with covariance
function

cov(rD(s), rV @) =h(s, 1) Y weof .
(k, el

It remains to prove that, given h, the finite-dimensional distributions of r'" and
r® are independent. We establish the “asymptotic independence” between the
two processes r,gl) and r,(f) knowing h. The arguments are quite straightforward;
we just explicit the uni-dimensional case. Let

TV ={T € T,,,¥(k, j) € Ix,ueT, /44wy,

Au,k,j - Mk|ul| =n
According to Lemma 9 in [19], for any v > 0, ¢ > 0, if n is large enough,
P,(7,”) > 1 —e. Letting s € [0, 1] (such that ns is an integer), one may compare

Liklu(lns )| —nt/4+v ]

r,(s) = n~ /4 Z Z (Yk(li — my )

(k. jelk =1

with rfll)(s), where the same r.v. Y, k(l; are involved in both r), and rfll). Know-

ing |u(|ns])|, r),(s) is independent of r,(12) (s) since r,(s) is a function of the
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Y, j’s when rf,z) is a function of the Ay, ;’s. We will prove that |r£,1)(s) —

ba. L . :
r, (s)lpr%)a 0 which is sufficient to deduce that ¥ and r® are independent

given h (in the uni-dimensional case): indeed, the distance in R3 between
(!, (5), £ (5), hy, (5)) and (r"” (s), £5”(5), h,(s)) goes to O in probability; hence,
(). 12 (). By (50) S (1 (), 1D (5), h(s)) and then (1D (5), ) (s)) are inde-

pendent given h(s) since (r/,(s), rﬁ,z) (s)) are independent given (h, (s)).

We have
Py (|, (s) =130 = x) < P(jry,(9) = V| =, T) + Pu (T \ T,

The last term goes to O for any v > 0. The Rosenthal inequality ([24], Theo-
rem 2.11) asserts that if (X)x is a sequence of centered r.v. and g > 2, then

n q n n q/2
X, )5c<q>(zE<|x,~w>+(zvarom) )
i=1

i=1 i=1
where c(q) is a positive constant depending only on ¢. For p satisfying (H), we
have

(47) E(

P(jr),(s) — i > x, 7,") <E(xP[r, (s) — r{" | 1gy).

Conditioning at first by the A, s)). and using (47), we get P(|r} (s) — r)| >
x, 7)) =<

- p/2
xil’c(p) 1/4+ 1/4+v 2
(3 g w3 v,

k. pHelk (k. j)elx

and then for v < 1/4, for any x > 0, the bound goes to 0.
Hence, r is a centered Gaussian process with covariance function sum of the
ones of r'") and r®. Using that Z(k’j) wimy, j =m =0, we get cov(r(s), r(t)) =

h(s, 1) S ) E(VZ ).
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