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SHAPE FLUCTUATIONS ARE DIFFERENT IN
DIFFERENT DIRECTIONS

BY YU ZHANG!

University of Colorado

We consider the first passage percolation model on Z2. In this model,
we assign independently to each edge e a passage time 7 (e) with a common
distribution F. Let T (u, v) be the passage time from u to v. In this paper,
we show that, whenever F(0) < p¢, GZ(T((O, 0), (n,0))) > Clogn for all
n > 1. Note that if F satisfies an additional special condition, infsupp(F) =
r >0 and F(r) > pe, it is known that there exists M such that for all n,
az(T((O, 0), (n,n))) < M. These results tell us that shape fluctuations not
only depend on distribution F', but also on direction. When showing this re-
sult, we find the following interesting geometrical property. With the special
distribution above, any long piece with r-edges in an optimal path from (0, 0)
to (n, 0) has to be very circuitous.

1. Introduction of the model and results. The first passage percolation
model was introduced in 1965 by Hammersley and Welsh. In this model, we
consider the Z? lattice as a graph with edges connecting each pair of vertices
u= (uy,up) and v = (v, v2) with d(u, v) = 1, where d(u, v) is the Euclidean
distance between u and v. We assign independently to each edge a nonnegative
passage time t(e) with a common distribution F. More formally, we consider
the following probability space. As the sample space, we take Q2 = [],c7210, 00),
whose points are called configurations. Let P = [],cz2 e be the corresponding
product measure on €2, where p, is the measure on [0, co) with distribution F.
The expectation and variance with respect to P are denoted by E(-) and a2().
For any two vertices # and v, a path y from u to v is an alternating sequence
(vo, €1, V1y ..., Vi, €41, Vitl,---,Un_1, €n, Vp) of vertices v; and edges e; between
v; and v; 4 in Z? with vg = u and v, = v. Given such a path y, we define its pas-
sage time as

n

(1.1) T(y)=) t(e).

i=l
For any two sets A and B, we define the passage time from A to B as

T (A, B) =inf{T ()},
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where the infimum is over all possible finite paths from some vertex in A to some
vertex in B. A path y from A to B with T(y) = T (A, B) is called the optimal
path of T(A, B). The existence of such an optimal path has been proven (see
Kesten [6]). We also want to point out that the optimal path may not be unique.
If we focus on a special configuration w, we may write T (A, B)(w) instead of
T(A, B). When A = {u} and B = {v} are single vertex sets, T (u, v) is the passage
time from u to v. We may extend the passage time over R?. If x and y are in R?,
we define T'(x,y) = T(x',y’), where x’ (resp., ¥’) is the nearest neighbor of x
(resp., y) in Z?. Possible indetermination can be eliminated by choosing an order
on the vertices of Z? and taking the smallest nearest neighbor for this order.

With these definitions, we would like to introduce the basic developments and
questions in this field. Hammersley and Welsh [5] first studied the point-point and
the point-line passage times defined as follows:

am.n = inf{T (y):y is a path from (m, 0) to (n, 0)},
bm.n =1nf{T (y):y is a path from (m, 0) to {x =n}}.
It is well known (see Smythe and Wierman [13]) that if Ez(e) < oo,

1 1
(1.2) lim —ap, = lim —by,=pn a.s.andin L1,
n—-oon n—-oon

where the nonrandom constant i = w(F) is called the time constant. Later, Kesten
showed (see Theorem 6.1 in Kesten [6]) that

(1.3) n=0 iff F(0) = pc,

where p. = 1/2 is the critical probability for Bernoulli (bond) percolation on Z?.
Given a vector x € R?, by the same arguments as in (1.2) and (1.3), if
Et(e) < oo, then

1 1
lim —7(0, nx) —1nf ET(O nx)

n—-oon

1
nlingo ET(0,nx)=u(x) as.andin Lq,
w(x)=0 iff F(0) > p..

For convenience, we assume that 7 (e) is not a constant and satisfies the following:

(1.5) _/e“ dF(x) <00 for some A > 0.

When F(0) < p, the map x — u(x) induces a norm on R?. The unit radius
ball for this norm is denoted by B := B(F') and is called the asymptotic shape. The
boundary of B is

={x GRZSM()C)=1}.
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B is a compact convex deterministic set and dB is a continuous convex closed
curve (Kesten [6]). Define for all ¢ > 0,

B(t) :={veR> T(0,v) <t}.

The shape theorem (see Theorem 1.7 of Kesten [6]) is the well-known result stating
that for any ¢ > 0,

tB(1—¢)C B@) CtB(1+¢) eventually w.p.1.
In addition to B, we can consider the mean of B(¢) to be
Git)={veR*:ET(0,v) <1}.
By (1.4), we also have
tB(1—¢)CG@) CtB(1 +¢).

The natural and most challenging aspect in this field (see Kesten [6] and Smythe
and Wierman [13]) is to question the “speed” and “roughness” of the interface B(r)
from the deterministic boundaries B and G (¢). This problem has also received a
great amount of attention from statistical physicists because of its equivalence with
one version of the Eden growth model. They believe that there is a scaling relation
for the shape fluctuations in growth models. For each unit vector x, we may de-
note by /;(x) the height of the interface (see page 490 in Krug and Spohn [10]).
The initial condition is kg(x) = 0. Being interested in fluctuation, we consider the
height fluctuation function

hy(x) = h(x) = Ehy (x).

Statistical physicists believe that 4, (x) should satisfy (see (3.1) in Krug and
Spohn [10]) the following scaling property

hy (x) = b8 hper (bx)

with the scaling exponents ¢ and z for an arbitrary rescaling factor b. With this
scaling equation, we should have (see (7.9) in Krug and Spohn [10]), for all vec-
tors x,

(1.6) hi(x)~ /% pointwisely or o (h;(x))~ /7.

In particular, it is believed that { =1/2 and z =2/3 when d = 2.
Mathematicians have also made significant efforts in this direction. When
F(0) > p¢, it is known (see Zhang [16]) that

(1.7) o2 (ag.n) < 0.

When F(0) = p. and ¢ (e) only takes two values zero and one, it is also known
(see Kesten and Zhang [9]) that

(1.8) o2 (ag.n) = O(logn).
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In fact, Kesten and Zhang [9] showed a CLT for the process ag ,, a much stronger
result than (1.8). For a more general distribution F with F(0) = p,, az(ao,n) can
be either convergent or divergent, depending on the behavior of the derivative of
F(x) at x =0 (see Zhang [15]).

Now we focus on the most interesting situation: when F'(0) < p.. It is widely
conjectured (see (1.6) above and Kesten [7]) that if £ (0) < p., then

o?(ag,n) ~n*>.
The mathematical estimates for the upper bound of az(ao,n) are quite promising.
Kesten [7] showed that if F(0) < p., there is a constant C such that

(1.9) o*(an) < Cin.

In this paper, C and C; are always positive constants that may depend on F, but
not on ¢, m, or n. Their values are not significant and change from appearance to
appearance. Benjamini, Kalai and Schramm [2] also showed that when 7 (e) only
takes two values 0 < a < b with a half probability for each one,

o2(ag.n) < Cin/logn,

where log denotes the natural logarithm.

On the other hand, the lower bound of the variance for az(aoyn) seems to be
much more difficult to estimate. For a high-dimensional lattice, there are some dis-
cussions for a lower bound of the fluctuations from B(¢) to tB (see Zhang [17]).
In this paper, we would like to focus on the square lattice. To understand the com-
plexity of the lower bound, we have to deal with the following special distributions
investigated by Durrett and Liggett [4]. They defined

r =infsupp(F) =inf{x: F(x) = P(t(e) < x) > 0}

with » > 0. Clearly, if r > 0, F(0) =0 < p., so shape B is compact. Without
loss of generality, we can suppose that r = 1 if we replace F(x) by F(rx). In the
following, we always assume that

(1.10) infsupp(F)=1 and F(1)=P(t(e)=1)> p,

where p. is the critical value for the oriented percolation model. Durrett and
Liggett [4] found that shape B contains a flat segment on the diagonal direction.
Later, Marchand [11] presented the precise locations of the flat segment in the
shape when distribution F satisfies (1.10). More precisely, two polar coordinates

in the first quadrant are denoted by (,/1/2 + a%, 6;) for i = 1,2 (see Figure 1),

1/2¢ap/ﬁ)

0; = arctan(
’ 1/2+a,/v2
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FI1G. 1. The graph shows that shape B contains a flat segment when F satisfies (1.10).

and o), > 0 is a constant defined in (2.4) below. Note that 61 < 6; if F (1) > pe and
01 =6, if F(1) = p.. Marchand (see Theorem 1.3 of Marchand [11]) showed that
under (1.10),

BN {(x,y) eR% |x|+|y| =1}

= the segment from (,/1/2+ a3, 61) to (,/1/2+ a3, 62),

where the segment will shrink as a point (1/ V2,7 /4) when F(1) = p.. This seg-
ment is called the flat edge of shape B. The cone between 61 and 6, is called the
oriented percolation cone. To understand why this is called the oriented percola-
tion cone, we introduce the following oriented paths. Let us define the northeast-
and the southeast-oriented paths. A path (not necessary to be a 1-path) is said to
be a northeast path if each vertex u of the path has only one exiting edge, either
from u to u + (1, 0) or to u + (0, 1). Similarly, a path is said to be a southeast path
if each vertex u of the path has only one existing edge, either from u to u + (1, 0)
ortou—+ (0,—1).

For any vector (r, 8) with 8; <6 < 6;, under (1.10), with a positive probability,
there is a northeast path y from (0, 0) to (nr,0) with only 1-edges (see (3.2) in
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Yukich and Zhang [14]). Thus, we call the cone between 6 and 6, the oriented
percolation cone.

With this observation, for 67 < 6 < 6, (see special case 1 in Newman and
Piza [12]), there exists a constant C = C(F, 0) such that

(1.11) a2(T((0,0), (n,0)) <C for all ,

where both (0, 0) and (n, 8) are polar coordinates. On the other hand, it has been
proven (see Newman and Piza (1995)) that if F(0) < p. and infsupp(F) =0, or
infsupp(F) =1 and F(1) < p., then

(1.12) o(T((0,0), (n,6))) > Clogn for all 6.

Even though (1.12) is far from the correct order n?/3, it at least tells us that o2 (ao.n)

diverges as n — 0o. As we mentioned earlier, both the convergence and divergence
in (1.11) and (1.12) indicate the complexity of an estimate for the lower bound of
the variance.

From (1.11) and (1.12), we may ask the behaviors of the variance for the passage
time on a nonoriented percolation cone or simply ask whether with (1.10), for the
most popular first passage time ag ,,

(1.13) az(ao,n) diverges as n — oo.

Indeed, if there were a proof for (1.13), the proof would be tricky because one
has to show that two different behaviors exist in the oriented percolation and the
nonoriented percolation cones. As Newman and Piza (1995) described, “either
the new techniques, or additional hypotheses seem to need to investigate conjec-
ture (1.13) when (1.10) holds.” This is the same flavor as the extension of the
strict inequality on the time constant (see van den Berg and Kesten [2]) to the
nonoriented percolation cone (see Marchand [11]). In this paper, one of the main
works is to investigate the different behaviors in the oriented and nonoriented per-
colation cones. We discovered that, unlike the oriented percolation cone, any long
piece with 1-edges in an optimal path from (0, 0) to (n, 0) contains proportional
circuitous pieces. With this geometric property, we will show (1.13).

Before we mention our result, we would like to introduce Newman and Piza’s
martingale method that was used to show (1.12). To describe their method simply,
we assume that 7 (e) can only take two values a and b with 0 < a < b. The key to
these martingale arguments is to show that there are proportionally many b-edges
in an optimal path. If we change b-edges from b to a, then the passage time will
shrink at least b — a from the original passage time. This tells us why the variance
of passage time should be large if the number of b-edges is large. The remaining
task is to estimate the number of b-edges. However, if we assume (1.10) holds, it
is possible that all edges in any optimal path have value a. Therefore, the Newman
and Piza method will not be applied.

To develop new techniques for case (1.10), we need to investigate the geomet-
ric properties of an optimal path. For an optimal path from (0, 0) to (n,0), we



SHAPE FLUCTUATIONS ARE DIFFERENT IN DIFFERENT DIRECTIONS 337

may guess that an optimal path should not be northeast or southeast since it is
not in the oriented percolation cone. Let us give a more precise definition of what
“nonnortheast” or “nonsoutheast” means. Let y;, be an optimal path from (0, 0) to
(n, 0). Note that the existence of such a y, has been mentioned before. With this
existence, there might be many such optimal paths for ag ,. We now select a unique
optimal path. For example, we may start at the origin and select vertices among
all optimal paths in each step such that the selected vertex is closer to the X-axis.
We still write this unique optimal path as y;,, without loss of generality. Later, we
always use y,, as the unique selected optimal path. For vertices u, v, we say [, , is
an M-bridge if |, , is a horizontal or vertical segment, including both vertices and
edges, from u to v whose number of vertices is less than 2M . Furthermore, we say
ly v 1s an M-broken bridge of y, if [, , is an M-bridge and

(1.14) Ly N yn ={u, v}

In other words, the bridge from u to v is broken and y;, has to go around from u to
v to avoid using any vertex in [, , except u and v.

Now we choose a list of peculiar broken bridges of y;, (see Figure 2), as follows.
We first list all the possible M -broken bridges of y,,. We then go along y,, from the
origin to meet u1, the first vertex of y;,, such that there exists an M-broken bridge
for y, at u1. Note that there may be up to three such M-broken bridges at u1, since
u1 may be the origin. If there are two or three M-broken bridges at u 1, for example,
lu1,vi’ lul’vg/, and lu,,v;”’ we use the following way to select one. Going along y,

from the origin, we first meet either v}, v{ or v{”. We then select the first vertex that

lul,vlll.2
e ke
"""""""" R
Tn -
guz
hL luz,v2 [ . V(u27 UQ)
: U2
Y J ®
(0,0) (n,0)

FIG. 2. The dotted line in the graph is the optimal path y,. e is a 1T -edge. 1, I, I3, Ly, v, and
ly,,v, are broken bridges of vy, . In fact, there are many vertical M-broken bridges parallel to 1, v,
and I3, but we will not list all of them in this graph. ly, v, is the only broken bridge for the remaining
path from vq to (n,0). 11 is not an M-bridge because its length is more than 2M . After ordering all
M -broken bridges of yn, I and I3 are no longer M-broken bridges for yp, so ly, v, and Iy, v, are
M -broken bridges for yy,.
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we encounter and denote it by v;. We can go along y;, from u to vy # u1, denoted
by y(u1, v1). Note that y (uy, v1) Ul,, 4, is a loop (see Figure 2). After selecting
luy v, » we list all the possible M-broken bridges of the path from vy to (n, 0) along
the remaining part of y;,,. As we go from v; along the remaining part of y,,, we
meet uy, the first vertex in the remaining part, such that there exists an M -broken
bridge at u, for the remaining part. Note that ©#, may equal vy. Similarly, if there
are two M -broken bridges at u;, denoted by luz’v/z and luz’v/z/, we select vy, from
v} and v}, as the first vertex encountered on the remaining part of y,, from v;. We
now go along the remaining part of y,, from u to v,, denoted by y (u2, v2). Thus,
y (U2, v2) Uly, 4, is the second loop. Since y, is finite, we continue this process
until the last M -broken bridge, /. ,, . The corresponding piece of y;, from u, to v,
is y (ur, v¢), and the loop is y (ur, v¢) Uly, o, . In the following discussion, for y,,,
we always consider these M-broken bridges {/,; ,;} (i =1, ..., 1) for y, by this
arrangement and by ignoring the other listed M -broken bridges.
Furthermore, by the definition (see Figure 2),

the subpath of y, from v; to u;4; has none
(1.15)
of its own M -broken bridges.

Note that y,, is self-avoiding, so
(1.16) y(ui,v;) and y(u;,v;)have nocommon edge fori # j.

On the other hand, the interior of the loop y (u;, v;) Ul,, ,; cannot contain a vertex
of y,, by (1.16) and the definition of the M-broken bridge. With this observation,

(L.17) lu; v; and luj,vj have no common edge for i # j.

Since [y, , is shorter than y (u;, v;) by at least two edges, and each edge costs at
least time one,

(1.18) Je €1, v; such that 7 (e) > 1.

Clearly, for a northeast or southeast path, there is no broken bridge. From this
point of view, we may guess that there are many broken bridges for the optimal
path y,, from the origin to (n, 0). We shall show the following theorem to describe
this fact.

An edge e is called a 1-edge if #(e) = 1. A path is called a 1-path if all of its
edges are 1-edges. Note that we assume that 7 (¢) is not a constant, so

(1.19) 0< P(1 <t(e)).

We say edge e € y, is a 1T-edge if #(e) > 1. We collect all vertices in y,, that
are adjacent to 1*-edges on y, and denote them by D(y;). If y, is not north-
east or southeast, there may exist M-broken bridges {/,; ,, }1<i<r of y,. Note that
u;j, v; € vy, so we collect all vertices u; and v; in y, for 0 <i < t and denote them
by Su (v,). With these definitions, we will have the following theorem.
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THEOREM 1. Let F be a distribution such that infsupp(F) = 1, p. <
F (1) and satisfying the tail assumption in (1.5). Then there exist constants § =
S(F,M) >0 and C; = C;(F,M,8) (i =1,2) such that for all m,n > 1 with
n/2>m> n2/3,

P(1B(m) N [Sy(ya) U D(yn)]| < 8m) < Cpexp(—Can'/1%),

where B(m) = [—m, m]* and | A| represents the number of vertices in set A.

REMARK 1. When m = O(n), we can generalize Theorem 1 for any vector
x =(1,60) with 0 < 6 < 6. More precisely, for a polar coordinate x = (1, 8) with
0 <0 < 6y, let y,(0) be an optimal path from the origin to (n, 6). Similarly, we
choose a list of peculiar M-broken bridges {l,; ., (6)} for y,(0) as we did for y,.
We denote by D(y,(6)) all vertices in y,(9) that are adjacent to 1*-edges on
v (0). We also denote by Sys(y4,(0)) all vertices {u;, v;} for the M-broken bridges
{lu; vi@)} of yu(0). If m = O(n), we can show, under the assumptions of Theo-
rem 1,

(120)  P(IB(m) N (Sm(ya(0)) U D(yn(0)))] < 8n) < Cyexp(—Can).

However, because of the lack of symmetry, we cannot show (1.20) for all 6 < 6,
when m = o(n).

REMARK 2. We may consider the same problem as Theorem 1 when d > 3. It
is possible to show a similar result as Theorem 1 when d > 3 and (1.10) holds.
However, we do not know whether a similar result of Theorem 1 holds when
pe(d) < F(1) < p., where p.(d) is a critical probability for the d-dimensional
oriented percolation. The main reason is that we need to use Lemma 3, proven by
Marchand [11], in our Section 2 to show Theorem 1, but Lemma 3 has not been
proven for all d > 3.

2

REMARK 3. The term n%/? in Theorem 1 can be improved to Cn'/?logn for

large constant C.

With Theorem 1, we can see that an optimal path contains proportionally many
1" -edges or proportionally many vertices adjacent to M-broken bridges. If we
change 17 edge in ¥, to 1-edge, or recover the bridge by changing the time of the
17 -edges from 17 to 1, we have saved a positive passage time for y,,. Therefore, we
can also use Newman and Piza’s [12] martingale method, but with a large square
construction, to show the following theorem.

THEOREM 2. Let F be a distribution such that infsupp(F) =1, p. < F(1)
and satisfying the tail assumption in (1.5). Then there exists C = C(F) such that
foralln

o%(ag.n) > Clogn.
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REMARK 4. Together with Newman and Piza’s result [12] in (1.12), we have
o?(ag.n) = Clogn

for all n whenever F(0) < p.. Together with (1.7), (1.8) and (1.21), the whole
picture of convergence or divergence for az(ao,n) is complete.

REMARK 5. Under the same assumptions as in Theorem 2, the same proof
can be carried out to show that

O’Z(b(),n) > Clogn.

REMARK 6. We are unable to show Theorem 2 for the passage time
7((0,0), (n,0)) for all 0 < 8 < #; even though we believe it is true. In fact, if
one can show (1.20) in Remark 6 for all n?3<m<n /2, then the same proof of
Theorem 2 can be carried out to show

o(T((0,0), (n,0))) > Clogn
forall0 <6 < 0.

REMARK 7. As we mentioned in (1.11), there exists C = C(F,0) for 6] <
0 < 6,,

o?(T((0,0), (n,0))) <C  foralln.

This result can be generalized for 8 = 61 and 8 = 6, without too many difficulties.

2. Preliminaries for the proof of Theorem 1. Before presenting the proofs
of the theorems we would like to introduce a few lemmas.

LEMMA 1. Ify is a path with |y| < 2M and without M -broken bridge, then
y is either northeast or southeast.

PROOF. Denote by u = (1, us) and v = (vq, v2) the extremities of y. By
symmetry, we can assume that vy > u and vy > u». Let us show that in this case
y is northeast.

If y is not northeast, there exist, along y, two successive vertices x = (xp, x2)
and y = (y1, y2) such that:

e cither vy =Xx1 — 1 and Y2 = X2,
e or yy =x1 and y, = xp — 1.

Let us consider the first case. By the continuity of the first coordinate along y,
since y is simple, there necessarily exists k € {—2M +1, -2M+2,...,—1,1,...,
2M —2,2M — 1} such that y' = (y1, y» + k) and x’" = (x1, x + k) are successive
vertices along y. But now two cases occur:



SHAPE FLUCTUATIONS ARE DIFFERENT IN DIFFERENT DIRECTIONS 341

e If the couple (x, y) appears in y before the couple (y’, x), then the vertical
segment between x and x” contains an M-broken bridge for y .

o If the pair (y’, x") appears in y before the pair (x, y), then the vertical segment
between y, and y’ contains an M -broken bridge for y. The second case can be
proven by a similar argument. [J

If we rotate our lattice counterclockwise by 45° and extend each edge by a
factor of +/2, the new graph is denoted by £ with oriented edges from (m, n) to
(m+1,n+ 1) and to (m — 1,n + 1). Each edge is independently open or closed
with probability p = F(1) or 1 — p. For two vertices 4 and v in £, we say u — v
if there is a sequence vo = u, vy, ..., Uy, = v of points of L with the vertices v; =
(xi, yi) and vj4+1 = (xj+1, yi+1) for 0 <i <m — 1 such that y;11 = y; + 1 and v;
and v; 4 are connected by an open edge. For A C (—o0, 00), we denote a random
subset by

g4 = {x:3x’ € A such that (x', 0) — (x,n)} forn > 0.
The right edge for this set is defined by
rp = sup &0l (sup @ = —00).

We know (see Section 3 (7) in Durrett [3]) that there exists a nonrandom constant
ap such that

T, Er
2.1 lim — =lim —"

n—-oo n n n

=ap a.s.andin Ly,

where o, > 0if p > p. and a), = 0if p = p.. Now we need to investigate the large
deviation for the upper tail of r,,. The exponential bound, when p = F(1) > p,
has been obtained by Durrett [3] in his Section 11. However, his proof will not
apply for p = p.. We present a new proof, also independently interesting, to cover
the case p = p..

LEMMA 2. If p= F(1) > pe, for every n > 0, there exist C; = C;(p, n) for
i = 1,2 such that
(2.2) P(ry > n(ap +n) < Crexp(—Can).
PROOF. We observe that 7, can be embedded in a two-parameter process (see
Section 3 in Durrett [3]). For 0 <m < n, let
Fm.n =sup{x —ry : (x,n) € L and Iy < ry, such that (y, m) — (x,n)}.
In particular, we denote by

Fmn(j) =sup{x — j:(x,n) € L and Iy < j such that (y, m) — (x,n)}.
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It follows from Section 3 (3) and (4) in Durrett [3] that

(2.3) Tm.n 4 Fnem and 1y, <rp+1pmp forO <m <n.
By (2.1), we take M such that

2.4) Ery < M(ap+n/2).

Without loss of generality, we may assume that n/M =1 is an integer. By (2.4),
we have

(2.5) P(ra =n(ap+n)) < P(r, —LEry > nn/2).

By (2.5) and Markov’s inequality, for any ¢ > 0,

(2.6) P(rn = n(ap +n)) < exp(—tnn/2)E explt (r, — LEry)].
By (2.3),

Eexplt(rp —lEry)] < Eexplt (rn—m + rn—m,n — LErm)].

By our definition, r,,—3; only depends on the open and closed edges in the region
between {y = 0} and {y =n — M}. On the other hand, on {r,,_j; = j} for some j,
Fn—M.n = rn—m.n(j) only depends on the open and closed edges in the region
between {y =n — M} and {y = n}. In addition, for any j,

N od
Fn—M.an(j) =rpm.
With these observations,
Eexplt(r, —lEry)]
< Eexplt(rn—m + 'mn—M,n — [Ery)]

=> Eexp[t(rn—m — (Il — DEry + rn—stn — Ers) |1 (ra—ps = J)
J

= Z Eexp(t(rn—m — (L — DEry) I (rn—m = j) exp[t (rn—m.n(j) — Eru)]
J
={Eexp[t(rn—m — (I = 1)Ery)H{E explt (ryu — Erm)]},
where [ (A) is the indicator for event A. We iterate this way [/ times to have
(2.7) Eexplt(rn — LEry)] < [Eexpt(ry — Erp)l.
Note that (rpy — Erp) < oo almost surely, so we use Taylor’s expansion for

expt(ry — Eryr) to have

(2.8) Eexpi(ry — Er) = EY LM~ Ernl,

¥
i=0 L
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If we can show that

o0

2.9 Y i

i=2
then by (2.8), for all ¢ € [0, 1/(4M)],

E|}’M — El"Mli .
— converges uniformly for r € [0, 1/(4M)],
l.

2§:ti—2E|(VM — Ery)l’

Eexpt(ryy — Ery) <1+t ‘
i!

(2.10) i:22 i
< (14 0(@*)) <exp(Ct”)

for some constant C = C(M, F). By (2.6), (2.7) and (2.10), if we take t < 1/(4M)
small enough, then there exist C; = C;(F, n) for i =1, 2, such that

(2.11) P(rp > n(ap +n)) < Crexp(—Can),

so Lemma 2 follows. Now it remains to show (2.9). Note that r; is of geometric
type with p > p. > 0, so by (2.3), there exists C3(M, F) such that

(2.12) Elryl' < EMM|ri])' < C3M'il.
By (2.12), there exists a constant C4 = C4(M, F') such that
Elry — Eryl' < E(Irm| + Elrm))’
= E[(Irul + Elru)' Irm| = Elru|]

(2.13) + E[(Irp| + Elrm)'s Iru| < Elrml]
<21E(rml") + (ElrpD']
< C4(2M)'i!

By (2.13), (2.9) follows when 0 <t < 1/(4M). O

Given two points u = (u1, u2) and v = (v1, v2) with u; < vy and us < vy, we

1 .
define u — v as the event that there exists a northeast 1-path from u to v, and
define the slope between them by

V2 — U2

sl(u,v) = .
V] — Uy

With these definitions, we show the following lemma.

LEMMA 3. For0 < a < tan(0y), if (1.10) holds, then there exist C; = C;(F, a)
fori=1,2 such that for all u,v € 72,

P(u A v with sl(u,v) <a) < Crexp(—Ca(vi — uy)).
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PROOF. Suppose that there exists a northeast 1-path from u to v with
sl(u,v) < a for some a < tan(6;). Since we need to use the estimate of Lemma 2,
we introduce the lowest northeast 1-path. Let y, ,» be the lowest northeast 1-path
from u to {x = v}, where the lowest 1-path means that all such northeast 1-paths
have no vertex below y, .. Let the last vertex of y, ,» be v/ = (vy, vé). To show
Lemma 3, we need to show

P(u = v with si(u, v) <a) < Py, slu, v') <a)
(2.14)
<Ci eXp(—Cz(Ul — u1))

The first inequality in (2.14) follows from the definition of the lowest northeast
1-path, so we only show the second inequality in (2.14). By translation invari-
ance, we may assume that u = (0, 0). Figure 3 shows the relationship between r,
and s/((0, 0), v"). By using Figure 3, if {3y, ,» with sI((0,0), v') < a} for some

y = (tan b))z

/y:a,x

v = (v, v))

FIG. 3. The graph shows the relationship between ry and s1((0,0), v'). The dotted line is ¥(0,0),v'>
the lowest northeast 1-path. Two lines, y = x and the line perpendicular to y = x passing through v',
intersect at L,s. The length of the segment from the origin to L, is m. By our construction,
m > vy /2. We draw a line, y = (tan)x, passing through the origin and Mp = (% + %, % - %).
The line passes through the above perpendicular line at R,y. By Marchand’s result (see Figure 1),
the length of the segment from L,y to Ry is map. We also draw a line y = ax for some a < tan(6})
defined in Lemma 3. By our assumption, v o), is below the line y = ax. We denote by ry, the
length of the segment from L.y to v'. Then r}, > mo p + mn. If we rotate our lattice counterclock-
wise by 45° and extend each edge by a factor of /2, then m becomes ~/2m and r aim = -+, for the

right-most edge ry,.
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a < tan(#1), then there exists n = n(a) > 0 such that, for some m > vl/\/i,
(2.15) rw=map+n)=rm=n(a,+n)  forn=+2m.
Here, if n is not an integer, we may define r,, as r|,,). This implies that

(2.16)  P(3yu,y withs1((0,0),v)) <a) < Y P(ra >n(ap +1n)).

n>vy/2

By (2.16) and Lemma 2, Lemma 3 follows. [l

Now we show the following two lemmas in order to explore the passage times
in different directions.

LEMMA 4 (Marchand [11]). Under (1.10),
(2.19) 1/u>1/24+a,/v2.

Recall that the two polar coordinates, for the flat edge on the shape in the first
quadrant, are denoted by (,/1/2 + a[z,, 0;) fori =1, 2, where

1/2:Fa,,/ﬁ>

0; = arctan(
’ 1/2+a,/v/2

LEMMA 5. If F satisfies (1.10), there exists n = n(F) > 0 such that
2>1+tan(f;) = pn +n.

PROOF. Since
1/2 — 2
(2.20) tan(6;) = %,
1/24+a,/v2
then

1+tan(6)) <2.

By (2.20),
(2.21) (14 tan(01))(1/2 + o, //2) = 1.
By Lemma 4, we take n > 0 such that
1
(2.22) 124 0a,/vV2=——,
mw+n

so Lemma 5 follows from (2.22). [

Now we will introduce two lemmas regarding the rate of convergence of point-
point and point-line passage times. Kesten [7] proved that if F' satisfies (1.5) and
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F(0) < p¢, there exist C; = C;(F) for i = 1,2 such that for all 0 < n and all
0<x<Cin,

(2.23) P(|60.n — Efo.n| > xn'/?) < C exp(—Cax)

for 6 = a, b. Alexander [1] used (2.23) to show that there exist C = C(F) such
that for all 0 < n

(2.24) npu < Eagp §nu+Cﬁlogn.

If we combine (2.23) and (2.24) together, we have the following lemma.

LEMMA 6 (Alexander [1] and Kesten [7]). If F satisfies (1.5) and F(0) < p.,
there exist C; = C;(F) fori =1, 2 such that for all 0 < n and all n00l < x <09,

P(lao., — pn| > xn'/?) < Cyexp(—Cax).

LEMMA 7. If F satisfies (1.5) and F(0) < p¢, there exist C; = C;(F) for
i = 1,2 such that for all 0 < n and n%0l < x <09,

P(lbo,n — un| > xn'/?) < Crexp(—Cax).

PROOF. Lemma 7 was proved in Zhang [16], but the paper was not published,
so here we reprove it. We may select an optimal path, denoted by y,f ,forbg, ina
unique way. Then y,f’ N {x = n} contains only one vertex denoted by (n, hn(y,f ).
Smythe and Wierman [13] proved in their Corollary 8.16 that

h b
lim sup Ly") <1 a.s.
n n
Proposition 5.8 in Kesten [6] tells that, under F(0) < p., there exist positive num-
bers C; = C;(F, ) fori = 1,2, 3 such that

P(3 a path y from the origin with |y| > n and T (y) < Cn)
(2.25)
< Cexp(—Cazn).

Note that if h,,(y,f) > Mn for some M > 0, then |y,f| > Mn. It also follows from
a large deviation estimate (see Kesten [6]) that there exist C; = C;(F) fori =3,4
such that

(2.26) P(T(y?) = 2nu) < C3exp(—Cyn).

With these observations, there exist M = M (F) and C;(F, M) =C; fori =5,6
such that

o) P(hy(yl) = Mn) < P(ly2| = Mn, T (y?) < 2un) + Csexp(—Cyn)
. < Csexp(—Cgn).
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With (2.27),
P(bon <npu—xn'l?)
(2.28) O ,
< P(bon <np—xn / cha(y,)) < Mn) + Crexp(—Can).
P(bO,n =nu— xnl/Z’ hn(ynb) < M”)
(2.29) '
= Z P(bO,n =np _xnl/Z’ hn(ynb) = i)-
i=—Mn

From (2.28) and (2.29), there exists i such that
P(bon <np—xn'"?) <2(M + DnP(bon <np—xn'2 hy(y?) =1)
(2.30)
+ Ciexp(—Can).

Let EO,n be the passage time from (21, 0) to the line {x = n}. We also select an
optimal path )7,{’ for by , in a unique way and denote

(n, ha (7)) = 72 N {x =n}.
If
{bon <np —xn'2 hy(y)) =i, bon <np—xn'? by (P) =1},
then
ao.an < 2np —2xn'? = 2np — V2x(2n) 2,

Note that {bg, < nu — xn'/2 h,(y?) =i} and {bo, < nu — xn'/?, h,(y?) =i}
only depend on the configurations of the edges in —oo <x <n and n < x < 00,
respectively, so the two events are independent and have the same probability. By
Lemma 6,

P(bo <np—xn'/?)?
< (2M + 1))’ n? P(boy <np —xn'? hy(y)) =i)?
+ Cyexp(—Can)
< @M + D))’ P(boy <np —xn'? hy(y)) =1,
=0 bon <np—xn' b (7)) =)
+ Crexp(—Can)
< (2(M + 1))*n?P(ao.an <2nu — v2x(2n)"/?) 4 Cy exp(—Can)

< C3exp(—Csx).

On the other hand, note that by , < ag ,, so Lemma 7 follows from (2.31). [
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3. Proof of Theorem 1. In this section, we show Theorem 1. For the optimal
path y, for ap, from the origin to (n,0), we denote by y, (m) the piece of y,
from the origin to first meet the line {x = m} for n*/3> <m < n/2. Suppose that
¥, (m) N {x =m} = v,(m). The path y, then goes from v, (m) to (n, 0). We denote
the last piece by y,’ (m). Clearly,

(3.1 Vn=Va(m) Uy, (m) and ag, =T (y,(m)+T(y, (m)).
If we denote by l;m,,, the passage time from (n, 0) to the line {x = m}, then
T(y,/ () = by n.

Note that l;m,n has the same distribution as bg ,,—,, so by Lemma 7,

P(T (v, (m)) < (n = m)p = n*7) < P(bou—m < (n —m)p —n*'7)
(3.2)

< Crexp(—Can'/1%).
By (3.1) and (3.2),
P(aon < T (yy(m)) + (n —myu —n*/7)
(3.3) = P(T(y,/(m)) < (n —m)u — n*'")
<C(C exp(—C2n1/14).
By (3.3),
P(T (y,(m)) > um +2n*'7)
< P(T () = pm +20*7 [ ag,0 = T (v, (m)) + (0 = m)p —n*'7)
+Crexp(—Con'/1).

Note that {7 (y, (m)) > um + 2n*7 ag , > T (y,(m))+ mn—m)p — n*7} implies
that ag , > nu +n*7, so by Lemma 6,

P(T (y;(m)) = um +2n*'7) < P(agn = np +n*7) + Crexp(—Con'/'%)
< Cyexp(—Cyn'/1%).

Now we estimate the length of y; (m). Clearly, |y, (m)| > m. Note that m > n*/3 >
w'n*7 for large n, so by (3.4) we have

(3.5) P(T (y,(m)) = 3um) < Cyexp(—Con'/1%).

As t(e) > 1 almost surely for all edges, if N = 3u, then on T (y, (m)) < 3um,
(3.6) ly, (m)| < Nm almost surely.

Together with (3.5) and (3.6), we have for all n and m > n?/3,

3.7) P(ly,(m)| = Nm) < Cyexp(—Con'/1).
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Now we use the method of renormalization in Kesten and Zhang [8]. We define,
for integer M and w = (wy, wy) € 72, the squares and the vertical strips by

By (w) =[Mwi, Mwi + M) x [Mwy, Mws + M)
and
Vm(wy) =[Mwy, Mw; + M) x (—00, 00).

We denote the M-squares and the M-strip by {By(w):w € Z2} and {Vyr(wy):
w; € Z}, respectively. For the optimal path y,,, we denote a fattened y, (m, M) by

Vu(m, M) = {By(w) : By (w) Ny, (m) # ).
By our definition,

[yatm| _ m

M2 — M?
For each M-square Bjs(w), there are eight M-square neighbors. We say they are
adjacent to By (w). Since y,(m)’ is connected, y, (m, M) has to be connected
through the square connections.

Note that if there are much fewer vertices of [Sys(y,,) U D(yy,)] than other ver-
tices in y, (m), then there are also fewer strips that contain a vertex in [Sy (y,) U
D(yy)] than the other strips. We say a strip Vs (wy) is bad if

B(m) 0[Sy (yn) U D(yu)] N Vy(wy) # 2.

For each bad strip Vjs(w1), we also say two neighbor strips to its left and two
neighbor strips to its right are bad. Otherwise, we say a strip is good.

We eliminate all bad strips from Z? (see Figure 4) and denote the remaining
vertices by G. Recall our definitions of {/,, ,,} and y (u;,v;) fori =1,...,7,in
Section 1. We may define [, (see Figure 4) as the path from the origin that goes
along y,, meets u;, then goes along /,,, ,, from u; to v; (not along y (u;, v;) in yy),
and then goes along y;, from v; to u;41, until it meets {x =m} fori=1,..., 1.

For a strip with

(3.8) |V (m, M)| >

Vi (wy) C {0 <x <m},

[, will cross the strip Vs (wq). If we go along I', to cross through Vs (wy), we
will meet vertex vy (w1, 1) at the left boundary of Vjs(w;), and then go along I,
using the vertices inside V), (w1) to meet vertex vy (wy, 2) at the right boundary of
Vur(wy). Note that I';, may cross through Vs (w1) back and forth many times (see
Figure 4). We select one of them (see Figure 4 for I'1) and denote this subpath of
Iy, from vy (wy, 1) to vay(wy, 2) by Iy (v (wy, 1), vy (wy, 2)). If Vyr(wy) CG,
Iy (wi, 1), vy (wy, 2)) cannot contain a vertex of [, ,, fori =1,..., 1,50

Lo (wi, 1), vy (wi, 2)) C yu(m)'.
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{z =0} {z =m}

FIG. 4. The graph shows the path y, (m) in the strips, where the dotted line is v, (m). T, is
the path from the origin to uy along the dotted line from uy to vy along ly, v, and then from v,
along the dotted line to {x = m}. Ty, crosses three good strips: Vy;(0) with the big dotted line
't =T (vpr(0,0), vpr(0, 1)); Vag (1) with the big dotted line T'y = Ty, (vp(1,0), vpr (1, 1)); and
Vi (2) with the big dotted line I's = 'y (vpy (2, 0), vpr(2, 1)). Vg (0) is a good-short-flat strip since
the big dotted line 'y is flat. Vpy (1) is a good-short-nonflat strip since the slope of its two terminal
points in Iy is larger than tan(01) — 81. Vs (2) is a good-long strip since the number of vertices in
'3 is larger than 2M . V) (5) is bad because it contains M -broken bridge I, v, for yn. Vs (3) and
Vi (4) would be good-short-flat strips, however, they are bad since they are next to Vyy(5). Vy(6)
is bad since e is a 1T -edge, and it is also next to bad strip Vys(5). After eliminating the bad strips,
G=Vy0)U Vy (1)U Vy(2).

For each such path I'y, (vp(wi, 1), vayr(wy, 2)), the path cannot contain a ver-
tex v such that v € [Sy(¥,) U D(y,)] by our definition. This tells us that
Ly vy (wy, 1), vy (wy, 2)) is a 1-path. If

|Fm(vM(w17 1)7 UM(wlvz))I Z 2M7

we say the strip Vs (w1) is a good-long strip. Otherwise, it is a good-short strip.

Now we focus on all good-short strips. Assume Vjs(w1) is a good-short strip.
Then by (1.15), I'y, (var(wy, 1), var (w1, 2)) has none of its own M -broken bridges.
By Lemma 1, I}, (var(wy, 1), var(wy, 2)) is either northeast or southeast. We say
that a good-short strip Vs (w1) is good-short-flat if

[sl(vy (wi, 1), vy (wy, 2))| < tan(6y) — 41,
where 0 < §; < tan(6) is taken such that

(3.9) 81 =n/100
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for the n defined in Lemma 5. In contrast, Vs (w1) is good-short-non-flat if
Isl(up (w1, 1), vur (wi, 2))| > tan(6y) — 1.

For a good-short-flat strip Vy(wy), if vy (wy, 1) € By (w) for some w =
(w1, wy), then we say the square By (w) is a good-short-flat square. By Lemma 3,
for a fixed Bjs(w), there exist positive constants 8; = B;(F, ;) fori =1,2,3,4
such that for all M,

P(By(w) is a good-short-flat square)

< BiM exp(—B2M) < B3 exp(—paM).

Now we denote by F(y, (m)) the number of good-short-flat strips. We shall
show that there exist §, > 0 with §, < /100 for the n in Lemma 5, M =
M (52, B3, B4, N), and C; = C;(F, N, M, 81, 68) for i = 1,2 such that for all m
and n with n?/> <m <n/2,

G.11) P(F(y,(m)) = 8m/M) < Cyexp(—Con'/™).

(3.10)

To show (3.11), we need to introduce a few basic methods to account for con-
nected squares. By (3.7),

3.12) P(F(y,(m)) = 8m/M)
) < P(F(y,(m)) = 8ym/M, |y, (m)| < Nm) + C exp(—Con'/1%).

As we mentioned, y,fl (m, M) is connected through horizontal, vertical, and di-
agonal squares. Therefore, there are at most 8¢ choices for all M-squares in the
path y, (m, M) if |y, (m, M)| = k, where |y, (m, M)| represents the number of M-
squares in y, (m, M). Let By (w) be the union of By (w) and its eight neighbor
M-squares. We call this a 3M-square. If By (w) Ny, (m) # &, then By (w) con-
tains at least M vertices of y, (m) in its interior. We collect all such 3M-squares
{By(w)} such that their center M -squares contain at least a vertex of y, (m).

We need to decompose y,(m,M) into disjoint 3M-squares. We select an
M -strip, from {Vys(w1) :w; € Z}, with the maximum number of M-squares in
¥, (m, M). We denote by Viax(1) and i; the strip and the number of M-squares in
Vimax (1) Ny, (m, M), respectively. We also denote by V... (1) the two neighbor-
ing M-strips on the left side of Vipax(1). In addition, we denote by i~ the number
of M-squares in V. (1) Ny, (m, M). Similarly, V5 (1) and i 1+ are denoted by
the two neighboring M -strips on the right side of Vipax(1), and the number of the
M-squares in V. (1) Ny, (m, M), respectively. By this construction,

if <2i; and i; <2i.

We consider the top square, denoted by By (u1) € Y, (m, M), in M-strip Viax(1).
Clearly, Bys(u1) contains at least M vertices in y, (m). Now we consider the sec-
ond top M-square in this strip, denoted by By (u2) C y, (n, M), such that By (u2)
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and By (u1) have no common vertices. We continue in this way to find all the
disjoint 3M -squares in this strip such that their center M-squares contain at least
a vertex of y, (m). Note that it is possible that only one 3M-square exists in this
strip.

Next we select an M -strip, from {Vys(wy) : w1 € Z} \ {Vimax (1) U Vrfax(l)}, with
the maximum number of M-squares in y, (m, M). We denote by Vimax(2) and i»
the strip and the number of M-squares in Vimax(2) Ny, (m, M), respectively. We
also select the two neighboring M -strips on the left side Vipax(2). Note that these
two strips might overlap the strips of V.. (1) U VI (1). If so, we eliminate the
overlapped strips from these two strips. We denote the selected strips by V. (2).
In addition, we denote by i, the number of M-squares in V. (2) N yp(m, M).
Note that V. (2) might be empty after the overlapped strips are eliminated. If it
is empty, then i;” = 0. Similarly, we select the two neighboring M-strips on the
right side of Vinax (2). After eliminating the overlapped strips of V. (1)U anax(l)
from these two strips, let V& (2) and i;r denote the selected strips and the number

of M-squares in VnTaX (2) Ny, (m, M), respectively. By this construction,
iy <2, and iy <2i.
With Vinax (2), we select 3M -squares in the same way that we selected for Vipax (1).
Note that the selected 3M-squares in Vipax (1) and Vipax (2) are disjoint.
We then continue this process to select from the third to the last M-strip to

find all the disjoint 3M -squares such that their center M -squares contain at least a
vertex of y, (m). By these selections, we have

(3.13) ijgzij and i; <2i;  forall j.
By (3.13),

k= (i +if+i7) <> 5ij.
j j
Thus,
k/5< ij.
j

By our construction, each strip Vinax(j) contains at least [i;/37 of these disjoint
3M-squares. With these observations, if |y’'(m, M)| = k for large k, there are at
least k/15 disjoint 3M-squares such that their center M -squares contain at least a
vertex of y, (m).

If there are at most Nm vertices in y, (m), then

(Mk/15) < Nm.

On the other hand, note that y, (m) is a path from (0, 0) to {x = m}, so it at least
crosses m /M strips. This implies that

[V (m, M)| = m/M.
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With these observations, on |y, (m)| < Nm,
(3.14) m/M < |y, (m,M)|=k <15Nm/M.
By (3.14),
P(F (y,(m)) = 8m/M, |y, (m)| < Nm)

= Y P(Fym)=8&m/M,

ISNm/M=>k>m/M

(3.15) lya(m)| < Nm, |y, (m, M)| =k)
< > 8“P(F (y,(m)) = 8am/M,
I5Nm/M=>k>m/M

[Vu(m)| < Nm, y,(m, M) =T, |T'| = k),

where I' is a fixed connected M-squares and |I'| = k means that [ contains k
squares. On the event {F (y, (m)) > 8om /M, |y, (m)| < Nm,y,(m, M) =T, || =
k)}, there exists a connected set I of k M-squares, with the bounds in (3.14) for &,
and that contains at least d,m/M good-short-flat squares. If there are more than
8ym /M of such good-short-flat strips, note that vy (w1, 1) has to stay in the left
boundary of an M-square By (w) C y, (m, M), so we select all such 8,m /M good-
short-flat squares from I" to have at most

ISNm/M
Som/M

Therefore, by (3.10), (3.15) and (3.16),
P(F(y,(m)) = 8m/M, |y,| < Nm)

(3.16) ) < 2DNm/M choices.

(3.17)
< (1SNm)glst/M215Nm/Mﬂ§2m/M eXp(—ﬁ4m32).

Thus, for n in Lemma 5, 0 < §, < /100, and N in (3.7), we select M =
M((n, 62, B3, B4, N) large such that (3.11) follows from (3.12) and (3.17).

Now we show that (3.11) implies Theorem 1. Note that y, (m) crosses out from
{x =0} to {x =m}. Without loss of generality, we may assume that y,, first meets
the left or right boundary of B(m). If not, we can always work on the horizontal
strips rather than the vertical strips by using the same argument. There are at least
m/M strips that have a common vertex with y, (m) on B(m). On

|B(m) N [Sy (Yn) U D(ya)]l < ém

for 6 = 62/M and &, defined above, there are at most (58,m)/M bad strips. After
eliminating these bad strips, we have at least (1 — 582)m /M good strips left. Note
that y, (m) contains at least m horizontal edges and each of them at least costs time
one, SO

T (horizontal edges of y,; (m)) > m.
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Now we account for the vertical edges in y,(m). In fact, under F(y,(m)) <
dym/M for a small 6, > 0, the number of good-short-flat strips is less than
dym /M. The total number of good-long and good-short-nonflat strips is more than
m/M — 55m/M — éym/M = (1 — 652)m /M. For each good-long or good-short-
nonflat strip, by the definition of §; in (3.9), I"'(vy (u, 1), vps(u, 2)) has to contain
at least

(tan(6)) — 81)M — 1 > (tan(6;) — 0.02n) M

vertical edges, where —1 is a possible error made by a noninteger number
(tan(61) — 81) M. Therefore, on F(y, (m)) < 8,m/M, there are at least

[m(1 — 682)/ M][(tan(6;) — 0.027) M] = m(1 — 68,)(tan(6;) — 0.02n)

total vertical edges. The total time of vertical edges costs at least (tan(61) —0.1n)m.
Together with horizontal edges, by Lemma 5, on F (y, (m)) < 8xm/M,

(3.18) T (y,(m)) = m + [tan(61) — 0.1n)m = m(u + n/2).

Therefore, for n and m with m > n?/3 > 4p='n*7 by (3.4), (3.11) and (3.18),
there exist C; = C;(F, 8, n) fori =1, 2, 3, 4 such that

P(1B(m) N [Sy(yn) U D(y)]| < 8m)
<2P(1B(m) N [Sp (ya) U D(yw)]| < 8m, F(y, (m)) < 8ym/M)
+ Cpexp(—Con'/M)
<2P(T(y,(m)) = m(u+n/2)) + C1exp(—Can'/1)
< Czexp(—Cyn'/1%),

where factor 2 above is the result of the assumption that y, (m) meets the left or
right boundary of B(m) first. So Theorem 1 follows.

4. Corollaries of Theorem 1. In this section, we need to generalize Theo-
rem 1. Let §3 be a number such that

(4.0) 551048 MN =172,

where 6, N and M are the numbers selected in Theorem 1, (3.6) and (3.11) in
Section 3. Since F is a right continuous function and ¢ (e) is not a constant, we
may select z > 1 such that

@.1) P(l<t(e)<z)=F(z) — F(1) <,

where 83 is the number in (4.0). We say e is a z"-edge if 1 (e) > z, where z > 1 is
the number in (4.1). For the optimal path y;,, we denote by D(z, y;,) all the vertices
in y, that are adjacent to z*-edges on y,. We also let Sy (z,y,) be the set of
vertices in y, that are adjacent to M-broken bridges {/,, ,} of ¥, and, in addition,
each broken bridge /,, ,, contains at least one z*-edge. With these definitions, we
have the following corollary.
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COROLLARY 1. [f F satisfies (1.5) and (1.10), there exist C; = C;(F, M, N,
7,63,8) fori =1,2,3, and M in (3.11), N in (3.7), and & in Theorem 1 and 85
in (4.0), and z in (4.1) such that

P(IB(m) N[D(z, y) U Sm (2, ya)1l < 8m/4) < Crexp(—Con'/1)
for all m with n/2 > m > n*/? and

E(|B(m) N[D(z, yu) U Sm(z, yu)ll) = C3m.

PROOF. By Theorem 1,
P(1B(m) N[D(z, yu) U Sm(z, yu)1l < 5m/4)
< P(IB(m) N [D(z, yu) U Sm(z, yu)1l < m/4,

|B(m) N [D(yy) U Sy (ya)ll = 8m)
+ Cq exp(—Cznl/M).

4.2)

Note that if |B(m) N D(y,,) U Syr(vn)| > m, then either
|D(yn) N B(m)| = dm /2,
or
|Sm (yn) N B(m)| = 8m /2.

We may assume that the first event occurs. For v € D(y,) N B(m), v is adjacent to e
on y, with £ (e) > 1. Thus, there are at least half of these vertices in D(y,,) N B(m)
such that the edges adjacent to these vertices cannot take a value larger than z
under

|B(m) N [D(z, yn) NSy (2, ya)ll < m/4.

In other words, there are at least §m /4 vertices in y;, that are adjacent to edges {e}
on y, with 1 <(e) < z. Therefore, there are at least 8m /16 edges in y, (m) ad-
jacent to these vertices with 1 < 7(e) < z, since each vertex is adjacent to at most
four edges. Recall that y, (m), defined in the last section, is the piece of y, from
the origin to the line {x = m}. To fix our path y, (m), on |y, (m)| < Nm, we have
at most 4 - 3V choices. After fixing our path y,(m), we fix these edges with
1 < t(e) <z, so we have at most

Nm

Z (Nkm> < 2N™ choices.

k=1
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With these observations, by (3.7), if we take §3 satisfying (4.0),
P(|B(m) N [D(z, yu) U Sy (z, yu)1|l < 8m/4,|B(m) N\ D(yn)| = 8m/2)
< P(IB(m)N[D(z, yu) U Sy (z, yu)ll < m/4,

ws) |B(m) N D(yn)| > 8m/2, |y, (m)| < Nm)
' + Cy exp(—Can'/1)

< C33NmaNms 10 4 € exp(—Con'/1)

< Csexp(—Csn'/1%).
Now we assume that the second event occurs:
|Sm () N B(m)| > ém /2.

By (1.18), each M-broken bridge has at least an edge e with #(e) > 1. If this edge
is not a 77 -edge, then we have 1 < t(e) < z. Note that each M-bridge has at most
2M edges. Note also that if u is fixed, then there are at most four choices for /, ,,
so we use the same estimate as (4.3) to fix the path y, (m), the starting vertices in y,
for M-broken bridges, the M-broken bridges, and the edges with 1 < t(e) <z in
these M-broken bridges, resulting in

P(IB(m) N[D(z, yu) U Sm(z, yu)1| < Sm /4,
|B(m) N Sp(yu)l = 8m /2, |y, (m)| < Nm)
< C33NmNmgNm o ppyNmsdm/16,
By (4.0), there exist C; = C;(F, M, N, 83,68, z) for i =1, 2 such that
P(IB(m) N[D(z, yu) U Sm(z, yu)| < 8m /4,

wa) |B(m) N Syt (yn)| = 8m /2, |y, (m)| < Nm)
' < Ciexp(—Cam).

Together with (4.3) and (4.4),
P(1B(m) N[D(z, ya) U Su (2, yu)ll < 8m/4,
| B(m) N [D(yn) U Sy (vn)ll = 8m)
< P(IB(m) N[D(z, ya) U Sm (2, yu)1l < 3m /4,

s B(m) N ()| = 8m/2. |y, (m)] < Nm)
' + P(IBG) N D (. y) U Sut (2 vl < Sm

|B(m) 0 Sy ()| = 8m/2, |y, (m)| < Nm)
+2Cy exp(—Con'/1)
<Cy exp(—C5n1/14).
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Therefore, the probability estimate in Corollary 1 follows from (4.5). With (4.5),
we also have

(4.6) E(|B(m) N [D(z, ¥a) U Sm(z, y)1l) = Cam. O

In Corollary 1, we showed that there are proportionally many vertices {v} such
that v € Syr(z, ¥n) U D(z, yn). If u € Spr(z, y,) for the optimal path y,, then to
show Theorem 2, we need the M-broken bridge /, , to stay inside a large square.
Let us consider Bjs(u). The square has the center at (u; + M/2,us + M/2).
Now we construct a larger square G(Bjys(u)) with the same center at (u; +
M/2,uy + M/2) and a side length of 7M. Note that G(Bjs(u)) contains 49 of
these M-squares and By (u) is the center M-square among these 49 M -squares.
Here we require these G-squares, the same as for the B-squares, to have lower and
left boundaries but no top and right boundaries.

G(By((0,0))) contains 49 of these M-squares. We denote them by {Bjs(q1),
..., By (qa9)}, where g5 is the left-lower corner vertex of Bjs(gs), the same as be-
fore. For example, we may think g; = (0,0), g2 = (1,0),¢43 = (0, 1),q4 = (—1,0),
gs = (0, —1).... For each vertex g5, we work on {By;(gs + (7i,7j))} for all in-
tegers i and j. In words, they are the M-square lattice on the plane at 7M apart.
With this definition,

49

U U Bulgs + (7i,7))) = 2.

s=11i,j
We also work on {G (Bys(gs + (7i,7j)))} for all i and j. By our definition, for g,
these 7M -squares {G (Bys(qs + (7i,7j)))} are disjoint for all the different i or j
and the union of all these 7M-squares is Z°.

Forn?3 <m<n /2 and g5, we denote by Rjs(gs, m, n) the number of squares
of {By(gs + (7i,7j))} that contain at least a vertex v € B(m) N (Sp(z, ) U
D(z,yy)) for all possible integers i and j. Note that for each u € By(qs +
(7i,7j)), its M-bridge

4.7 lu,v C G(Bm(gs + (7i,7)))).
Note also that
49
(4.8) 3" Ru(gs.m,n) > |B(m) 0 (Sp(z, ya) U D(z, yn))|/ M.

s=1
If m is not an integer, we may define Rys(qs, m, n) = Ry (gs, lm], n). With Corol-
lary 1 and (4.8), we have the following corollary.

COROLLARY 2. Under the same hypotheses as Theorem 1, there exists C =
C(F,z, M) such that

49
E(Z Ry (g5, m, n)) >Cm.

s=1
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5. Proof of Theorem 2. Before the proof, we need to introduce a martingale
inequality obtained by Newman and Piza [12]. Let Uy, U, ... be disjoint edge
subsets of Z2. We will express configuration w for each k as (wg, @), where wy
(resp. the edges in @y) is the restriction of w to Uy (resp. the edges in 7> \ Up).
We also have, for each k, disjoint events D;“ and D, in F (Uy), where F (Uy), for
each k, is the sigma-field generated by 7 (e) for e € Uy. With these two events, let

(5.0) Hi (o) = af, (@1) — ag, (@),
where

J,_ A . A — A A
ag,, (@) = inf ao,(wx, @) and ay,(@F) = sup aon(wk, o).
wr €Dy wreDy

Using these definitions, Newman and Piza [12] proved in their Theorem 8 the
following lemma.

LEMMA 8 (Newman and Piza [12]). If Uy, Dy, and Hy satisfy the following:

(i) Conditional on F (Z* \ Uk Ux), then ¥ (U;) and ¥ (U;) are mutually in-
dependent fori # j.
(ii) There exist positive p and q such that for any k

P(wx € D |F(Z*\Uy)>p and P(wpeDF|IFZ*\UY)>q as.

(iii) For every k, Hy > 0 a.s.
Suppose that, for ¢ > 0 and each k, Fy C ¥ (Z?) is a subset of event {Hj, > €}.
Then

o*(a0.n) = pqe®y_ P(Fr)*.
k

To apply Lemma 8, we set all vertices on Z? in a spiral ordering starting
from the origin. We denote these vertices by {(i;, j;)} for t = 1,2,.... Now we
define vertex sets Uy = G(By (g1 + (7i1,7j1))), Us = G(By(q1 + (Ti2,7j2))),
Us = G(By(q1+ (7i3,7j3))), ..., which is a spiral ordering of these 7 M -squares.
Recall that our squares are the sets of vertices, but it is easy to reconsider them as
the edges in these squares without the edges in the top and right boundaries.

Note that with this ordering, Uy, ..., Uy, ... eventually cover all 72, and
n12
(5.1) B(m) C | Us.
k=1

Since U; NU; = @ for i # j, (i) in Lemma 8 holds. Let D, be the event that all
edges in Uy, are 1-edges and let D,j be the event that all edges in Uy, are z T -edges.
Since Uy is finite, then

—_ - 2
P(wi € Dy |F (Z2\ Up)) = plooM
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and

P(wi € DF|F(Z*\Up) = [1 - P(t(e) =1) —83]1001”2,

where 83 is defined in (4.0).

Therefore, (ii) in Lemma 8 is satisfied if §3 is small enough. Note that ag , is a
coordinatewise nondecreasing function of w, so (iii) holds.

Let Fj(q1) be the event that:

(a) yu, defined in Section 1, has to use at least a zT-edge of Uy or
(b) there is an M-broken bridge [, ,; C Uy (1 <i < 1) for y, such that [, ,,
contains at least one z 1 -edge.

We will show that
(5.2) Fi(g1) C {Hy = min{2,z — 1},

so Lemma 8 can be applied.
On (a), for w = (wg, &) € Fr(q1), note that if all z*-edges in Uy are changed
to be 1-edges, the passage time 7 (y;,) is at least saved by z — 1, so

(5.3)  apn(@) =T ¥ (@) = T (ya) (@, &) + (2 — 1) > ag,, (@) + z — 1),

where co,i is the configuration in Uy such that all edges in Uy have value one, and
T(yn)(a),'{, @y) is the passage time for path y,, but with configuration (a),l, ).
On the other hand, we denote by a),;F the configuration in Uy such that

a&n(d)k) = inf ag,(wk, &) = ao (o, dx).
a)kEDk+

For the configuration a),j, all edges in Uy have values larger than z. With this
new configuration (a),j, @y), if an optimal path for ao,n(a),j,é)k) never passes
through Uy, then

(5.4 ao,n (@), &) = ag n(w).

By (5.3) and (5.4),

(5.5 ag (1) = aon @y, k) = ag.n (@) = ag, (@) + 2z — 1.
Therefore, by (5.5) we have
(5.6) Hy>(z—-1).

If all optimal paths for aoyn(a),'f, @) have to pass through Uy, we denote by v,
an optimal path for the configuration (a),j, @y). Then we reduce the value of the
edges in Uy Ny, from z to 1 to have
5 ag (&) = ao n (@] , &)

> T (D) (wp. &) + (2 — 1) > ag, (@) + (2 — 1),
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where T (yn+) (a)}(, @y) is the passage time for path y,;" with configuration (a)}(, r).
Therefore, we still have (5.6).

On (b), for @ = (wi, @x) € Fx(q1), lu; v, C Ux has to contain at least one
zt-edge. If we change all edges in Uy from z > 1 to 1, then all the z"-edges in
lu; v; are changed to be 1-edges. If we go along the bridge /,,, ,, from u; to v;, we at
least save time two, compared with going along y (u;, v;) from u; to v;. Therefore,

(5.8) ao.n(w) > aq , (@) + 2.
If an optimal path for ag , (a),j, @) never passes through Uy, then by (5.8),
(5.9) aon (o], &) = ag p(w) > ag , (&) + 2.

If all optimal paths for ao,n(w,j, @) have to pass through Uy, by the same reason
in (5.7), we have

(5.10) H, > 2.
Together with (5.9) and (5.10), on (b), we also have
Hj > min(z — 1, 2).

Thus, (5.2) follows. It follows from Lemma 8 that there exists C = C(F, M, 55, z)
such that

(5.11) o*(aon) = CY_[P(F(q)].
k

By Lemma 1 in Newman and Piza [12], we have

n2/4 m 2
(5.12) o*(agn) = C(logn)—1<2 m—”[z P(Fk<q1>>]> :

m=1 k=1
By (5.2), we have for n?3 <m< n/2,

2

(5.13) ERy(q1,m,n) <) P(Fi(q)).
k=1

This shows that

n?/4 2
(5.14)  o’(ag) = Clogn)™' ( Y mPERm(q1, v/m, n)]> .
m=n4/3
Similarly, we have the same inequalities corresponding to ¢, . .., g49, to have

n?/4 2
(5.15) oz(ao,n)zcaogn)—l( > m—3/2[ERM(qt,ﬁ,n)]) .

m=n4/3
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If we sum all ¢ from # = 1 to t = 49 together, by a standard inequality (2ab <
a® + b? for positive a and b) we have

n?/4 49 2
(5.16) 49az(ao,n)ZC(249logn)—1( > m_3/2|:ZERM(q,,\/ﬁ,n)i|> .
=1

m=n4/3

By using Corollary 2 for each m > n?/3 in (5.16), we have

az(ao,n) > Clogn.

So Theorem 2 follows.
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