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SCALING LIMIT FOR TRAP MODELS ON Z¢

BY GERARD BEN AROUS AND JIRi CERNY

Courant Institute for Mathematical Sciences and Ecole Polytechnique
Fédérale de Lausanne
We give the “quenched” scaling limit of Bouchaud’s trap model in d > 2.
This scaling limit is the fractional-kinetics process, that is the time change of

a d-dimensional Brownian motion by the inverse of an independent «-stable
subordinator.

1. Introduction. This work establishes scaling limits for certain important
models of trapped random walks on Z¢. More precisely we show that Bouchaud’s
trap model on Z?, d > 2, properly normalized, converges (at the process level) to
the fractional-kinetics process, which is a self-similar non-Markovian continuous
process, obtained as the time change of a d-dimensional Brownian motion by the
inverse of an independent Lévy «-stable subordinator. This is in sharp contrast to
the scaling limit for the same model in dimension one (see [8]) where the limiting
process is a singular diffusion in random environment. For a general survey about
trap models and their motivation in statistical physics we refer to the lecture notes
[2], where we announced the result proved in this paper.

Bouchaud’s trap model on Z¢ is the nearest neighbor continuous time Markov
process X (¢) given by the jump rates

1
(D) clx,y)=—— if x and y are neighbors in Z¢,
2d Ty
and zero otherwise, where {7, :x € Z¢} are i.i.d. heavy-tailed random variables.
More precisely we assume that for some o € (0, 1)

) Plty >ul=u"*(1+ L(u)) with L(u) — 0 as u — oo.

We will always assume that X (0) = 0. The Markov process X (t) waits at a site
x an exponentially distributed time with mean t,, and then it jumps to one of the
neighbors of x with uniform probability. Therefore X is a random time change of
a standard discrete time simple random walk on Z¢. More precisely:

DEFINITION 1.1. Let S(0) =0 and let S(k), k € N, be the time of the kth
jump of X. For s € R we define S(s) = S([s]). We call S(s) the clock process.
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Define the embedded discrete time Markov chain Y (k) by Y (k) = X (¢) for S(k) <
t < S(k + 1). Then obviously, Y is a simple random walk on 7.

In order to state our principal result we need to introduce the limiting fractional-
kinetics (FK) process.

DEFINITION 1.2. Let B;(t) be a standard d-dimensional Brownian mo-
tion started at 0, and let V,, be an independent «-stable subordinator satisfying
E[e=*Y«®)] = ¢~'**  Define the generalized right-continuous inverse of V() by
Va_l (s) :=1inf{r: V4 (¢) > s}. We define the fractional-kinetics process Z4 o by

3) Za.0(s) = Ba(V 1 (s5)).

This process is well known in the physics literature. See, for instance, the broad
survey by Zaslavsky [20] or the recent book [21] about the relevance of this process
for chaotic deterministic systems; see also [9, 10, 13, 14, 17] for more on this class
of processes and references.

We fix a time T > 0 and d > 2 and denote by D4([0, T]) the space of cadlag
functions from [0, 7] to R?. Let X y (t) be the sequence of elements of D ([0, TD,

VAX(tN)

4 X e ——
) N (D) V)
where

_ [ C2@N2(og N)I=72,ifd =2,
) f(N)_{Cd(a)N“/z, ifd > 3,

_ [ T — T+ )] ~12 ifd =2,
(6) Cd(a)_ {[Gd(o)ar(l —(X)F(1+a)]_1/27 lfd23’

and G 4(0) denotes the Green’s function of the d-dimensional discrete simple ran-
dom walk at the origin, G4(0) = > 72, P[Y (k) = 0], for d > 3.
Our main result is the following “quenched” scaling limit statement:

THEOREM 1.3. For a.e. T, the distribution of Xy converges weakly to the
distribution of Z4 o on D4([0, T) equipped with the uniform topology.

This result is a consequence of the following, more detailed statement, that
is, the joint convergence of the clock process and of the position of the embed-
ded random walk. We use D([0, T'], My) (resp. D([0, T'], U)) to denote the space
D([0, T']) equipped with the M7 (resp. uniform) topology. Define

d 1
(7) YN<z>=%Y(er(N>2J> and SN(r)=NS<er<N>2J>.
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THEOREM 1.4. Fora.e. T, the joint distribution of (Sy, Yn) converges weakly
to the distribution of (Vy, Bg) on D([0, T], M) x Dd([O, T1,U).

Let us insist on the following important facts:

1. One word of caution is necessary about the nature of this joint convergence.
It takes place in the uniform topology for the spatial component but only in the
Skorokhod M topology for the clock process (see [18] for the classical reference
about the various topologies on D4 ([0, T']) and [19] for a thorough, more recent,
survey). It is important to remark that our statement is not true in the stronger J;
topology (usually called the Skorokhod topology). Indeed, the main advantage of
the M, topology over the J; topology, for our purposes, is that existence of “in-
termediate jumps” forbid convergence in the latter but not in the former. These
intermediate jumps are important in our context: they are caused by the fact that
the deep traps giving the main contributions to the clock process are visited at sev-
eral nearby instants. All these visits are summed up into one jump of the limiting
a-stable subordinator V.

2. Our scaling limit result is “quenched,” that is valid almost surely in the ran-
dom environment t, and the limiting process is independent of .

3. Our result might be seen as a “triviality” result. Indeed, the fractional kinetics
process can be obtained as a scaling limit of a much simpler discrete process,
that is, a continuous time random walk (CTRW) a la Montroll-Weiss [15]. More
precisely consider a simple random walk ¥ on Z¢ and a sequence of positive i.i.d.
random variables {s; :i € N} satisfying the same condition (2) as the 7,’s. Define
the CTRW U (¢) by

k—1 k
(8) Un)y=Yk) ifre |:Zsi, Zs,-).
i=1 i=1

It is proved in [16] on the level of fixed-time distributions and in [12] on the level
of processes that there is a constant C such that

9) CN=2UN) "=5° 24 4 (0).

The result of Theorem 1.3 shows that the limit of the d-dimensional trap model
and its clock process on Z¢ is trivial, in the sense that it is identical with the scal-
ing limit of the much simpler (completely annealed) dynamics of the CTRW. The
necessary scaling is the same as for CTRW if d > 3, and it requires a logarithmic
correction if d = 2.

4. As mentioned above, the situation is completely different in d = 1, where the
scaling limit is a singular diffusion in random environment introduced in by Fontes,
Isopi and Newman [8] as follows. Let (x;, v;) be an inhomogeneous Poisson point
process on R x (0, 00) with intensity measure dx av~'"%dv, and consider the
random discrete measure p = ) ; v; 8y, which can be obtained as a scaling limit of
the random environment 7. Conditionally on p, the FIN diffusion Z, (s) is defined
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as a diffusion process [with Z,(0) = 0] that can be expressed as a time change
of the standard one-dimensional Brownian motion B; with the speed measure p:
denoting by £(z, y) the local time of the standard Brownian motion B, let

(10) (1) = fR €t y)p(dy).

then Zy(s) = B(¢, ' (5)).

Observe that both processes, the fractional kinetics and the FIN diffusion, are
defined as a time change of the Brownian motion B;(z). The clock processes
however differ considerably. For d = 1, the clock equals ¢, (t) = [£(t, y)p(dy).
Therefore, the processes By and ¢, are dependent. In the fractional-kinetics case
the Brownian motion B, and the clock process, that is, the stable subordinator V,,
are independent. The asymptotic independence of the clock process S and the lo-
cation Y is a very remarkable feature distinguishing d > 2 and d = 1.

Note also that, in contrast with the d = 1 case, nothing like a scaling limit of
the random environment appears in the definition of Z; , for d > 2, and that the
convergence holds t-a.s. The absence of the scaling limit of the environment in
the definition of Z, , translates into the non-Markovianity of Z, . It is, however,
considerably easier to control the behavior of the FK process than of the FIN diffu-
sion even if the former is not Markovian. Let us mention few elementary properties
of the process Z .

PROPOSITION 1.5. (i) Z4 4 is a.s. y-Holder continuous for any y < a/2.

law

(i) Zg.q is self-similar, Zq o (t) = 1"?Zq 4 (A1).
(ii1) Zg4,q is not Markovian.
(iv) The fixed-time distribution of Z4 () is given by its Fourier transform

(1) E(e'® 7ae®) = Eq (—1€ %1% /2),
where Eq(z) =Y 00 02"/ T (1 + ma) is the Mittag—Leffler function.

PROOF. Since the Brownian motion is y-Hélder continuous for y < 1/2 and
Vw_l is y-Holder continuous for y < « (see Lemma II1.17 of [4]), fact (i) follows.
(ii) can be proved using scaling properties of By and V,,. To show (iii) it is enough
to observe that the times between jumps of Z; , have no exponential distribution.
Example B on page 453 of [6] implies that the Laplace transform of VO[_l (1) is

equal to Ey(—At%). The result of (iv) then follows by an easy computation. [

The name of the FK process comes from the fact that Z,; , has a smooth density
p(t, x) which satisfies the fractional-kinetics equation (see [20])

o —o

a 1 t
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The FK process Z; o has an obvious aging property due to its very slow clock,
namely

sinamr [tw/Cw+1) 1
PLZa oty +5) = Zaalts) Vs <11 = " | W (1 =) du.
T 0
(13)

This is simply a restatement of the arcsine law for the stable subordinator V, since
(14) PlZgo(tw +5) = Zaa(tw) Vs <t1=P[{V(®):t e R} N[t tw + 1] = 2].

This and Theorem 1.3 explain in part the analogous aging result for Bouchaud’s
trap model

) sinamr [1/(146) !
(15) lim P[X(t, +0ty) = X(y)|Tt] = / u* (1 —u)"“du.
ty—> 00 T 0

In fact proving (15) requires a slightly more detailed understanding of the discrete
clock process (see [1, 3, 5]).

At the end of the Introduction, we would like to draw reader’s attention to the
paper [7], where the scaling limit of the trap model on a large complete graph is
identified. The situation there is slightly different since there is no natural scal-
ing limit of the simple random walk on a large complete graph in the absence of
trapping.

The rest of the paper is organized as follows. In Section 2 we recall the coarse-
graining construction introduced for d = 2 in [3] and we state (for all d > 2) some
results related to this construction. Using these results we prove Theorems 1.3
and 1.4 in Section 3. In Section 4 we give the proofs of the claims from Section 2
ford > 3.

2. Coarse graining. We define in this section the coarse-graining procedure
that was used in [3, 5] to prove aging (15). We also recall some properties of this
procedure which we need to prove our scaling limit results.

We use Dy (r) [resp. By(r)] to denote the ball (box) with radius (side) r cen-
tered at x. These sets are understood as subsets of Z¢. We will often use the claim
that D, (r) contains d'wyr? sites, where wy is the surface of a d-dimensional
unit sphere, although it is not precisely true. Any error we introduce by this con-
sideration is negligible for r large. If x is the origin, we omit it from the notation.

It follows from the definition of X that the clock process S can be written as

k—1
(16) Sty =) ey,
i =0

where the ¢;’s are mean-one i.i.d. exponential random variables. We always sup-
pose that the ¢;’s are coupled with X and Y in this way.
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Let n € N large. We will consider the processes Y and X before the first exit
from the large ball D(n) = D(mr(n)), where (the scales for d = 2 are chosen to
agree with [3])
n—1/22n/2n(1—a)/2’ 1fd=2,

202, ifd >3,
and m is a large constant independent of n which will be chosen later (see Corol-
lary 2.2 and Lemma 2.4 below). Let ¢, be the exit time of ¥ from D(n),

(18) ¢y = inflk € N: Y (k) ¢ D(n)).

(17) r(n) = {

In D(n), a principal contribution to the clock process comes from traps with depth
of order g(n) where

—lgn/« ifd="2

19 ey n ’ ’

(19 8 {WN, ifd>3.

We define, as in [3],

(20) M (n) = {x e D(n) :eg(n) < 7e < Mg(n)}.

If M or ¢ are omitted, it is understood M = oo, respectively ¢ = 0. We always
suppose that ¢ < 1 < M. We further introduce two d-dependent constants «, y.
For d =2 we choose

21) y<l—a and k= > ,
l—«
ford >3
(22) y:l—L and I(:l.
3d d

We then define the coarse-graining scale p(n) as

—1/22n/2 y/2 ifd=2
R E n¥’=, i ,
23) pM)_{zwﬂ{ ifd > 3.

‘We will often abbreviate

(24) h(n) =r(n)/p(n).
The last scale we need is the “proximity” scale
g 12n 2 =l2 i d =2,
2kn/2, ifd >3.
Observe that v(n) < p(n). We use & (n), B(n) to denote the sets
(26) &(n) = {x € D(n) : dist(x, TSM(n)) > v(n)},

a, ifd=2,

27) £Mﬁ:{heﬂymyﬁy#xweﬂymxﬁm@JOSWMH,
ifd > 3.

(25) v(n) = {



2362 G. BEN AROUS AND J. CERNY

For all objects defined above we will often skip the dependence on 7 in the nota-
tion.

We now introduce the coarse-graining procedure. Let j' be a sequence of stop-
ping times for Y given by jj =0 and

(28) jh=minfk > j7_ | dist(Y (k), Y(j ) > p(n)},  ieN.

For every i € Ny we define the score of the part of the trajectory between ;" and
Jiiyq as follows. Let

(29) ! =minfk > j":Y(k) e TM)
and y!' =Y (AZ 1)- Let further

o =min{k > A} :dist(Y (k), y/') > v(n)},
GO i3 =min[{k > A]" | : Y (k) € TM\ y"y Uk > Aiy:Y (k) € M.
If the part of the trajectory between ji" and j;', | satisfies
3D dist(Y (ji"), dD(n)) > p(n), Y, Y (i) € €n)
and

)‘?,1 < k:{z < ji"_i_1 < kl'.f3,
dist(y/', 3Dy jm) (p(n))) > v(n), yi' ¢ B(n),

then we define the score of this part as

(32)

A
(33) st= Y enl{Y(k) =y}
k=h,
If (31) is satisfied and )»l’{ 1= ji”+1, we set s = 0. In both these cases s;' records the

time spent by X in TSM during the ith part of the trajectory. In all other cases we set
si' = 0o. This value marks the part of trajectory where something “bad’ happens.
We use J (n) to denote the index of the first bad part,

(34) J(n) = min{i : s} = oo}.

We finally introduce two families of random variables, s (x) € [0, c0) and
r"(x) € Z¢, indexed by x € D(n). By definition, the law of s"(x) is the same as
the law of s]' conditioned on Y (j') = x (and on 7). Similarly, the law of " (x) is
the same as the law of Y ( ji”H) — Y (j!") conditioned on the same event.

We will need these properties of the random variables s” (x).

LEMMA 2.1. Let
(35) &y(n) = {x € &) : dist(x, d0D(n)) > p(n)}.

Then, for every ¢, M and for P-a.e. random environment t:
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(1)
(36) max P[s"(x) = oo|t] = o(h(n)"2).

xe&o(n)
(i)
(37) lim max |h(n)*{1 —E[e™" /25" (x) < 00, 7]} — Fa(1)| =0.

n—00 xyegy(n)

Here

(38) F(,\)—K{M /M i ld}
d - d pg . 1+K&)\‘Z Z‘X+1 Z ’

pM = =% — M=% and

log2)™! (|77 og2,  ifd=2,
(39) d {1, 71 Ga(0), ifd =3,
(ii1)
(40) Jim max [1(n)°Pls" (x) # O] = Kapl| =0

For d =2 (i) follows from Section 5, (i) from Lemma 6.4 and (iii1) from
Lemma 5.7 of [3]. We give in Section 4 a proof for d > 3 taken from [5].

It is worth noting that (i) of the previous lemma implies that (ii) holds also when
conditioning on s”(x) < oo is removed. As a corollary of (i) we also get

COROLLARY 2.2. Forevery 8, T > O there exists m independent of ¢ and M,
such that t-a.s. for n large

(41) P[J(n)/h(n)* > T|z]>1—34.

PrROOF. By (2)

42) P0¢&mI< Y. PlxeTM <Cumigm ™.
xeD(v(n))

This is O(n*1%) for d =2 and O(27"/?) for d > 3. In both cases the Borel—
Cantelli lemma implies that T-a.s. 0 € &y(n) for n large. Therefore, by Lemma 2.1,
P[sy = oolt] = o(h™?). Moreover, by the second condition in (31), if 55 < 00,
then the first part of the trajectory ends in &. Actually, it ends in &y since the set
&\ & is at distance r — p > p from the origin. Therefore, the second part of
the trajectory starts in &y and thus s = oo with probability o(h™?). This remains
true for all parts of the trajectory before the walk approaches the boundary of D.
However, since r/p = h, the expected number of parts needed to approach oD
scales as m>h?. Therefore, it is possible to choose m large enough such that T'h?
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parts stay in D (mr — p) with probability larger than 1 — §/2. The probability that
at least one of these parts is bad is Th*o(h=%) = o(1). This completes the proof.
g

The behavior of the random variables 7" (x) is easy to control.

LEMMA 2.3.  Forevery £ € R and for all x € &(n)

“3) Jim b2 {1~ (e 570y = BT

PROOF. By definition |r"(x)| = p(1 4+ o(1)) = r/h < r. Using the Taylor
expansion and the symmetry of the distribution of r" (x) we get

®

n 1
(44) E[e—f-r (x)/r(n)] =1+ E[Eh(n)_z(é
It follows, for example, from Lemma 1.7.4 of [11] that the distribution of " (x)/p
converges to the uniform distribution on the sphere of radius one. The result then
follows by an easy integration. []

The reason why the scores s;' were introduced in [3] is that the sum of scores is
a good approximation for the clock process.

LEMMA 2.4. Forany § > 0 and T > 0 one can choose ¢, M and m such that
T-a.s. for all n large enough,

(45) P|:2n% max{

k—1
SGIH = stk e {1,...,h2T}} zS‘r} <5
j=0

The proof of this lemma for d > 2 can be found on pages 30-31 of [3]. For

d > 3 it is proved in Section 4.

3. Proofs of Theorems 1.3 and 1.4. We prove Theorem 1.4 first. The next
lemma gives the convergence of fixed-time marginals.

LEMMA 3.1. The finite-dimensional distributions of the pair (Sy, Yn) con-
verge to those of (Vy, Bg).

In order to prove Lemma 3.1 we will need an important lemma describing the
asymptotic behavior of the joint Laplace transform of " (x) and s" (x).
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LEMMA 3.2. For P-a.e. random environment T and for all A > 0, & € R4

oo )
40 HE
=Fq(}) — d

uniformly in x € &y(n).

PROOF. Note first that by Lemma 2.1(1) P[s" (x) = oo|t] = 0o(h (n)~2). There-
fore, we can remove the conditioning on 5" (x) < co. To shorten the expressions we
do not explicitly write conditioning on t in this proof. By a trivial decomposition
according to the value of s" (x) we get

]

(47) = IE[exp(—S 'rr(zgx))ﬂ{s"(x) = 0}}
+8few (-2 )@ £01] - R,

where, since |r" (x)| = p(1 + o(1)),
(48) e~ PO/ < R () < P MIEI/r(n)

and therefore R (n) = 1+ o(1). The first expectation on the right-hand side of (47)
can be rewritten using Lemma 2.3,

H-z[exp(—s i (x))]l{s"(x) - 0}}

r(n)
B CEr@N] CE@Y
ol el
sy o(h(n)~2) — R(M)P[s" (x) # 0],

2dh(n)?

where R (n) satisfies again (48). We rewrite the second expectation of (47) using
Lemma 2.1(ii),

E[exp(— )\;:/(;C) ) 1{s" (x) # 0}:|

sl sl o]

=1—h(n)*Fs(\) +o(h(n)~?) — P[s" (x) = 0]
= —h(n) 2Fy(\) 4+ o(h(n) %) + P[s" (x) #0].

(50)
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Putting everything together we get

As"(x) & -r"(x)
E[GXP(_ C p(n)h(n)ﬂ
E R
2dh(n)?2  h(n)?

Since 1 — R(n) = o(1) and by Lemma 2.1(iii) P[s" (x) # 0] = O (h(n)~2), the
proof is complete. [J

(51)
+o(h(n)™%) + {1 — R()}P[s" (x) # 0].

PROOF OF LEMMA 3.1. To check the convergence of the finite-dimensional
distributions of (Sy, Yn) we choose n =n(N) € Nand t = (N) € [1, 2/%) such
that

(52) N =2"M/eg (),

It is easy to see from the definitions of n, ¢ and r(n) that
(53) f(N) = e1r(a(N)t(N)*/2,
where

1/2¢,—1 (1—a)/2 . .
(54) CIZ(;l(d,a):{n (@ log2)1=02 ifd=2,

L, ifd > 3.

We further set ¢ = c2(d, &) = (Cq(a)c1(d, o)) L.

Later we will take the limit n — oo for a fixed value of 7 € [1, 21/ ) instead of
taking the limit N — co. We will show that this limit exists and does not depend
on t. Moreover, as can be seen from the proof, the convergence is uniform in ¢.
Therefore also the limit as N — oo exists. We will not comment on the issue of
uniformity during the proof. Hence, instead of the convergence of (Sy, Yn) we
show that (in the sense of the finite-dimensional distributions) for all 7 € [1, 21/9)

cav/d

(55) <2n/aS(c r(n)%t%.), Y}

(e ) "5 (Vo) Ba().

Let ri! =Y (ji',)) — Y (ji'). We will approximate the processes on the left-hand
side of the last display by sum of scores s;’ and of displacement r;’. It follows
from the properties of the simple random walk that the exit time ji' from the ball
D(p(n)) satisfies E[jI'] = p(n)>(1 + o(1)) and E[(j]/p(n)*)?] < C for some C
independent of n. Therefore, by the law of large numbers for triangular arrays,

a.s. for any 8’ > 0, u < T and n large enough
2.a n
(56) JL(] ey 2h(n)2tou] = =c r(”) ru= JL(1+5/)c52h(n)2zauJ'

Since S(-) is increasing, S(cy r(n)zt“u) can be approximated from above and

below by S(j" ] (8¢5 2h(ny 2o J) Lemma 2.4 then yields that for ¢ small and M, m,
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n large
1 L(18") ey 2h(n)21%u ) —1
.n n
57 PH fonja S(JL(&S’)cgzh(n)%auJ) o XE) z S‘T:| =9.
1=

Similarly, it follows from the properties of the simple random walk that for any
8 > 0 it is possible to choose 8’ such that

L(1£8") ¢y 2h(m)?1%u] 1
CZI 2.a _ 02\/— n
(58) IP’[ " a/zY( 2r(n)%t%u) o ; >58| <s.
Let0=upg<u; <---<uyg <T, A >0 and §& € RY, where i € {1,...,q}.
q

To prove the convergence of the finite-dimensional distributions we will prove the
T-a.s. convergence of the Laplace transform

q

E[exp(—z ;n/a{S(c2 2r()*t%u;) — S(c3 2r(n)*t%u;—1))
i=1

(59)
cav/d
r(n)te/

The discussion of the last paragraph implies that it suffices to show the conver-

gence of
4
for v =+4§’, where
61)  By(n,i) = {L(1 +v)cy 2hm)*t%ui—1], ..., LA+ v)es *h(n)*t%u; ] — 13,

and to show that as 8" — 0 both limits coincide.
Let @, be the set of all finite sequences

(62) Qu=1{x€Z%:0c0,...,c; h(n)*t%u,] — 1}.
Expression (60) can be written as

A, cav/d
[eXp< T Yl )’]

i=1keBy(n,i)

(63) = Y PIY({)=x¢ Vel
{x¢}€eOn

€ Y () 1 ) = Y (3 () ey m)} ]

A n vd oo,
(60) [exp( Z Z tzn/ask—l—rzz)wgi.rk)

i=1keBy(n,i)

q Aisy cad
X E[exp(—z Z e + r(n)t“/ZSi -rp

i=1keBy(n,i)

Y (i) =x¢ ve}.
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The last summation can be further divided into two parts. We first consider
sequences such that {x,} ¢ &p. It follows from Lemma 2.1 and Corollary 2.2
that the sum of probabilities of such sequences can be made arbitrarily small
by choosing ¢, M and m. We can therefore ignore them. The contribution of
the remaining sequences {x;} can be evaluated using Lemma 3.2. Indeed, let
w= ch_zh(n)zt“qu — 1. Observe that given T and Y () = x4, the distribution of
(sy, rpy) is independent of the history of the walk and is the same as the distribution
of (s"(xy), r"(x4)). Therefore,

Ai d
S T

i=1keBy(n,i)
q Aisy co/d
IE[CXP(—Z Z tzn/a + r(}’l)[a/zél *

i=1keBy(n,i)
k<w—1

T’

(64) Y(jg’)szVEfa)—li|

Ag cav/d
X E[exp( 211/0{ ( w) ( )ta/z ";:q (xw)> ‘Ti| .
The last expectation is bounded uniformly in x,, by
o (M) 167 des
65 1= (1£8)h 2(F (—‘1)—L—2).
(65) () ( Fa( =) = 253

Therefore, we can sum over x,, and repeat the same manipulation for x,,_1. [terat-
ing, we find that the sum over {x;} C &p is bounded from above by

PLY (j}!) € & V€ < 0]

% ﬁ{1+ 1+46 ﬁﬁ_ 1—5F <)i>}|3u(n,i)|
h(l’l)2 2d ¢ h(l’l)2 d p

1 |§l|2 ta )\i
_ Hexp{((l ol —a)c—de(T))wi —wn( +v>}
i=1 2

x (1+o(1)).

A lower bound can be constructed analogously. Obviously, as 8,8 — 0 and v =
+4’ the upper and lower bound coincide.

Finally, taking & = 0 and M = oo in the definition (38) of F;()) we find by an
easy integration that

(67) Fa() Mig" Ka(FGN T+ )T (1 —a).
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Therefore, using definitions (54) and (6),

¢ A
(68) —de(—> M=gosa.
c5 t e—0

This completes the proof of Lemma 3.1. [J
To complete the proof of Theorem 1.4 we need to show the tightness.

LEMMA 3.3. The sequence of the distributions of (Sn,Yn) is tight in
D([0, T1, My) x D([0, T1, U).

PROOF. To check the tightness for Sy in D([0,T], M) we use Theo-
rem 12.12.3 of [19]. Since the Sy are increasing, it is easy to see that condition
(1) of this theorem is equivalent to the tightness of Sy (7") which can be easily
checked from Lemma 3.1. In order to check condition (ii) of the theorem remark
that for increasing functions the oscillation function w; used in [19] is equal to
zero. So checking (ii) boils down to controlling the boundary oscilations v(x, 0, §)
and v(x, T, $). For the first quantity (using again the monotonicity of Sy) this
amounts to check that for any ¢, n > 0 there is é such that P[Sy (8) > n] < ¢ which
follows again from Lemma 3.1. The reasoning for v(x, T, §) is analogous.

For Y,, the proof of the tightness is analogous to the same proof for Donsker’s
invariance principle. The tightness of both components implies the tightness of the
pair (Sy, Yn) in the product topology on D ([0, T'], M) x D40, T],U). O

Obviously, Lemmas 3.1 and 3.3 imply Theorem 1.4. We can now easily derive
Theorem 1.3.

PROOF OF THEOREM 1.3. Itis easy to check from definitions (4) and (7) that
XN(G) = YN(SX,I(-)). Let D, 4 denote the subset of D([0, T']) consisting of un-
bounded increasing functions. By Corollary 13.6.4 of [19] the inverse map from
Dy »(My) to D, 4 (U) is continuous at strictly increasing functions. Since the Lévy
process V, [the limit of Sy in (Dy 4, M1)] is a.s. strictly increasing, the distrib-
ution of S;l converges to the distribution of V! weakly on D, +(U) and the
limit is a.s. continuous. The composition (f, g) — f o g as the mapping from
D4([0, T1,U) x Dy 1+ (U) to D4([0, T], U) is continuous at C? x C (here C is the
space of continuous function) as is easy to check. The weak convergence of Xy
on D4([0, T], U) then follows. [

4. Proofs of the coarse-graining estimates for d > 3. We give here the
proofs of Lemmas 2.1 and 2.4 for d > 3. These proofs are adapted from [5] and
use similar techniques as in [3] for d = 2. In general, the proofs become slightly
simpler because the random walk is transient if 4 > 3, and all important quantities
(like Green’s function, hitting probabilities, etc.) depend only polynomially on the
radius of the ball, logarithmic corrections are not required.
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4.1. Proof of Lemma 2.1 ford > 3. Lemma 2.1 controls the distribution of the
random scores s" (x) for x € §y. Typically, s” (x) is equal to the time that X started
at x spends in TEM before exiting Dy (p). In some exceptional cases 5" (x) = oo.
We first show that the probability that this happens is o(h(n)~2), that is we prove
(i) of Lemma 2.1.

As follows from the definition of s”(x) the exceptional cases that we need to
control are:

(a) the exit point from Dy (p(n)) is not in & (n),

(b) Y hits a trap in TSM (n) that is at distance smaller than v(n) from
Dy (p(n)),

(c) Y hits two different traps in TgM (n) before the exit of D, (p(n)),

(d) Y hits a trap from B (n) [see (27) for definition],

(e) Y hits a trap y in TEM (n), exits Dy(v(n)) and then returns to y before
exiting Dy (p(n)).

We now bound the probability of all these events. For the event (a) we have

LEMMA 4.1. Let Pi(n,x) be the probability that the simple random walk

started at x exits Dy(p(n)) at some site that is not in &. Then tT-a.s. for every
x € &, Pi(n,x) < Cg(n)"“v(n)* = o(h(n)?).

PROOF. Let A, = A, (n) denote the annulus

(69) Ax(n) = Dx(p(n) +v(n)) \ Dx(p(n) —v(n)).
We first show that there exists K such that t-a.s. for n large enough
(70) A, NTM| < Kp?~lvg™  forall x e D.

d—1

The number of the sites in A, is bounded by |A,| < ¢/p?~"v. Hence, for x fixed

PllA, N TM| > Kp?~vg™]

y

n < exp(=AKp" " vg ) {1 +cg e (e — D)
< exp{p? g V[-AK +c(et = D]}

Summing over x € D we bound the probability that (70) is violated by

(72) cr(n)?exp{p?~'g T v[=AK + c(e* — D]}

Since p¢~1g=*y = 2@=Dy/24nc/2=1 and (d — 1)y /24K /2 — 1 > O for our choice
of constants, the fact (70) follows by choosing K large and using the Borel-
Cantelli lemma.

If (70) is true, then there are at most cK p¢~1vg=*v?=1 points on the boundary
of Dy (p) that are not in &. The probability that Y exits Dy (p) in any such point is
O(pl_d) (see [11], Lemma 1.7.4). Hence,

(73) Pi(n,x) <cKp® g™ p1 = = g™ = o(h(n)?).

d
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This completes the proof. [l
Next, we bound the probability that (b) happens.

LEMMA 4.2. Let Py(n,x) be the probability that the simple random walk
started at x hits a trap in TgM (n) N Ay (n) before exiting D, (p(n)). Then t-a.s. for
all n large, P,(n,x) < Cp(n)v(n)g(n)™% = o(h(n)_z)for all x € D.

PROOF. According to (70) there are z-a.s. at most Kp9 lvg™® traps in
AN TgM . The probability that the walk hits one such trap y is by (148) bounded
from above by c|x — ylz_d. There exists constant C such that forall y € Ay, |x —
y|>~4 < Cp?~?. The required probability is thus smaller than Cp?~lvg=%p?~4 <
Covg=®. [

Let P, denote the distribution of the simple random walk Y started from x. To
proof (c) we need several technical lemmas first.

LEMMA 4.3.  Let
(74) Vi(n) = Z P, LY hits y before exiting D, (p(n))|t].

yeTM

Then for any § > 0 and t-a.s. there is ng such that for all n > ng and for all
x € &(n)

(75) (1 =8 KapMh(n)™ < Vo(n) < (1 +8)KapMh(n) =2

PROOF. Let u =1 —2/(3d) and ((n) = 2*"/2, therefore k < u < y and
v(n) K t(n) K p(n). Recall that B, (r) denotes the cube centered at x with side r.
Let D, = Dy (p —21) \ B (1). We divide the sum in (74) into three parts. We use X1
to denote the sum over y € TsM N D,, 2> to denote the sum over y € TEM N By (1),
and X3 to denote the sum over y € TSM N (Dx(p) \ Dyx(p — 2t)). The reason why
we introduce the third sum is the error term in (149) which is too large for the traps
that are too close to the border of D(p).

The main contribution comes from X, so we treat it first. We cover D, by
cubes with side ¢. It is not difficult to show that 7-a.s. for n large

(76) 1B.()NTM e ((1—-8)pMig™, (1+8)pMig™)
for all x € D such that dist(x, dD) > V2. Indeed, let
(77) Fe={B:()NTM| > 1 +8)pMig™).

Then for any small 5 and n large enough P[x € TM] < (14 ) pM¢=%. Hence, for
A>0

P[F,] < exp(—A(1 +8) pMlg™){1 + (" — 1)(1 + n)pM g~}

(78) M. d_ — A
<exp(pig™ =1 (1 +8) + (" = DA+ )]},
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For any § one can choose A and 1 small enough such that the exponent in the last
expression is negative. Hence,
(79) P[Fy] < exp(—ci/g™)

for n large enough. Summing over all x and using the definitions of ¢ and g we get
(80) IP’[U Fx} < Créexp(—c2"dH=2/2),
X

Since du — 2 > 0, the upper bound for (76) is finished. The proof of the lower
bound is completely analogous.
We can now actually estimate ;. Without loss of generality we set x = 0. Let

(81) H, ={z €1(m)Z?\ {0}: B,(t) N D, # @}.
Using the bound (149) we get

i Y adlyP =P+ 00y DN+ 0G0 — 1y

yeTMND,
(82)
<Y 3T ay = o+ oy + 0@ — IyDFTY),
ZEH,, yGTEM
YeB ()
where ag = 40'(4 — 1)m /2. Obviously, for any y € B, (1), |ly[>~ — [z>7¢| <

ctz| I=d Thjs together with (76) yields the bound
®3) i< Y A+8pMileanllzl* - p* 7 + 0z} + R,

z€H,
where
@) R=Y > ady=p 0y DI0(p - Iyh*
z€H, yETgM
yEBz(t)

Every site y from the last summation satisfies |y| < p — t. Therefore, O(p —
| y|)2_d = 02 9). The error term R is thus much smaller than the sum in (83)
which we now estimate. Replacing the summation by integration (making again
an error of order ¢|z|!~%) we get

S < (1+8)pMg f@ adllzP~ — p>4 + 0@z} dz + R
M —a 2 1 1
(85) < (1+8)pM g~ pPagoa( 5 = ) (1+o(D)
<(1428)KipMhn)~2,

where wy denotes as before the surface of the d-dimensional unit sphere. The
lower bound for X1 can be obtained in the same way. It is actually much simpler,
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because the lower bound (147) on the hitting probability is less complicated than
the upper bound (149). Hence,

(86) 21> (1-28)KapMh(n)~2.

It remains to show that ¥, and X3 are o(h(n)~2). To estimate ¥ we need a
finer description of the homogeneity of the environment than (76). Let imax be
the smallest integer satisfying 2'v(n) > t(n), that is, imax ~ (w0 — x)n/2. Then T-

a.s. forn large, alli € {0, ..., imax}, and all x e D
(87) 1B, 2v)NTM| <n(1v2dvig™),
Indeed, fix i € {—1, ..., imax} first. Then for any x € D we have

P[|B, 2" T)YNTM| > n(1 v 2148 g=%)]

(88) <exp(—an(1v 24l g=®)) (1 4 c(eh — e~ g~} >
< Cexp(—cAn).
Summing over x e D and i € {—1, ..., imax} We get an upper bound for the proba-

bility of the complement of (87) which is of order nr(n)%e~*". Therefore, choos-
ing A large enough, (87) is true P-a.s. for n large enough.

Let E ={—1,0,1}9\ {0, 0, 0}. Let ©; be the union of 3¢ — 1 cubes of size 2/ v
centered at 2/ vE,

(89) 0; = |J By, 2'v).

xekE

To bound X, we cover the cube B(t) (we suppose again that x = 0) by UE“:é O;.
Observe that our covering does not contain B(v). However, B(v) C D(v) and
0 € &y, so that B(v) N TSM =0.

By (148) and (87) we get
Imax
22 < C Zn(l Vi 2ldvdg—ol)(21v)(2—d)
i=0
(u—K)n/2 ‘ )
S C Z n{(zlv)z—d vzzlvzg—a}.
i=0

(90)

The first term in the braces is decreasing in i and the second one is increasing. The
sum is thus bounded by an(vz_d \% ng_“). However, both terms, n2v2~4¢ and
nztzg_“, are much smaller than /(n)~2 for our choice of constants. This means
that ¥, < Xj.

The sum X3, that is the sum over y € TSM N(D(p)\ D(p —2t)) can be bounded
in the same way as the probability of hitting a trap in the annulus A, N TEM was
bounded in Lemma 4.2. Following the same reasoning [with v(n) replaced by ¢(n)]
we get £3 < p1g~% < h(n)~2. This completes the proof of Lemma 4.3. [J
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The second technical lemma that we need to bound the event (c) also provides
the required bound for the event (d).

LEMMA 4.4. Let

91) Wy(n) = Z P, [Y hits y before exiting D, (p(n))|t].
yEB(n)

Then t-a.s., for and for all x € &(n) and n large enough W, (n) = o(h(n)™?).

PROOF. The proof is very similar to the previous one. We divide the sum
into three parts in the same way as before. We keep the notation X, X3, X3 for
these parts. Since 8B C TgM , it follows from the previous proof that ¥, and X3 are
o(h(n)~2). Hence, it remains to bound £; from above. This can be achieved by
the same calculation as before if we show that

92) |B:() N B|=o(IBx() NTM|) =0('g™*)

for all x € D [cf. this with (76)]. We will show that t-a.s. for n large and for all
xeD

(93) 1B (1) N B(n)| < n*v?g™2d = ¢ (n).

This bound is not optimal but sufficient for our purposes. Indeed, using the defi-
nitions of g, v and r we find that ¢ (n) = 0 (n?2@=31/2) which is much smaller
than (“g=% = 0 (2\@—8/3)n/2y,

Let .£,, denote the grid t(n)Z%. Then, |L£, ND| < c(r/L)d. We use A to denote
the event that there exists a cube of side ¢ containing more than ¢ (n) bad sites. If
A 1s true, then there is also a cube of side 2 centred on £, that contains more than
¢ (n) bad sites. Therefore,

94) PlAl< Y PB:2)NB|>¢m]=<Ce/)'PlBQ2)NB|>¢m)].
xeL,ND

Using the definition of $B and the union bound we get that P[x € B] <
ce 2y g=2¢ Therefore, by the Markov inequality,

P[|B(2) N B| = ¢ (n)] sqs(n)—lE[ 3 i eﬁ}}

xeB(20)

(95) 2 2 d
<Ce n “(r/1)y”¢.

Putting this into (94) we obtain P[A] < Cn~2. Therefore, (93) follows by the
Borel-Cantelli lemma and the proof is complete. [

We now use the last two lemmas to bound the probability of the event (c).
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LEMMA 4.5. Let P3(n, x) denote the probability that the simple random walk
started at x hits two traps from TgM (n) before exiting D,(p(n)). Then t-a.s. for
every x € &y, P3(n, x) = o(h(n)~2).

PROOF. For A C Z¢ we use Y(x, p, A) to denote the number of different traps
from A visited by the simple random walk Y before the exit from Dy (p). Then,
Ps(n,x) =P Y(x, p, ') = 2l1]
<PulY(x, 0. T 2 21%(x, p, T\ B) = 1, 7]

(96)

x Py[Y(x, p. T\ 8) > 1]7]

+ P Y, 0. TM) > 21Y(x, p, B) > 1, TIPL[Y(x, p. B) > 1|7].
By Lemma 4.3,
97) Po[Y(x. p. TM\ B) = 1]7] < Vi(n) = O(h(n) ™)

and, by Lemma 4.4,

(98) Py[Y(x, p, B) = 1|T] < Wy (n) = o(h(n)~?).

If we show that

99 PuY . 0. TM) = 21%(x, p. TM\ B) = 1, 7] = O (h(n)?) = o(1),

then the lemma follows from (96)—(99). To prove (99) we denote by y the first
visited trap from TSM . Then from the strong Markov property and from D(x, p) C
D(y, 2p) if follows that

P (Y (x, p, TM) > 2|Y(x, p, TM\ B) > 1, 7]
(100) <P, [%(y,20, T\ {y}) = 1|7]
< Z Py[Y hits z before exiting Dy (2p(n))|T].
zeTM

The right-hand side of the last formula can be bounded by Ch(n)~? using the
same argument as in Lemma 4.3. This argument works because y € T \ B and
therefore (TSM N Dy(v)) \ {y} = @. The fact that the ball considered in (100) is two
times larger than in Lemma 4.3 does not change the asymptotic behavior, it only
changes the prefactor. [

It remains to exclude the event (e).
LEMMA 4.6. Let Ps(n, x) denote the probability that the simple random walk

started at x hits a trap y € TSM (n) exits Dy(v(n)) and returns to y before exiting
Dy (p(n)). Then t-a.s. for every x € &(n), Ps(n,x) = o(h(n)_z).
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PROOF. Due to Lemma 4.2 we can suppose that dist(y, 0Dy (p)) > v. Let
Preturn (X, ¥) denote the probability that the simple random started at y that
have exited Dy(v) returns to y before exiting D, (p). Obviously Ps(n,x) <
max{ preturn (X, ¥) 1y € Dx(p) N TEM }. Let G4(x, y) denote the Green’s function
of Y killed on the first exit from the set A C Z¢. By the decomposition on the first
exit from Dy (v),

(101) Gp, (¥, ¥) =Gp,)(¥, ¥) + Preurn(x. Y)G D, (p) (¥, ¥)-
Hence, by (145), uniformly for y € D, (p) N TSM and dist(y, 0Dy (p)) > v,
Gp,»(y,y)
G, y)
| Gp)(0,0)
Gpp)(0,0)
This completes the proof of (e) and therefore also of Lemma 2.1(i) ford > 3. [

Preturn(X, y) =1-
(102)
=00 Y =o(h(n)™?).

We now show Lemma 2.1(ii). Since s"(x) records the time that X spends in
TM, we should first control the distribution of the depth of the first hit trap in 7.
To this end we define

1/2

(103) o ="+ (max|Lgmo])
xX=&
with L defined in (2). Since L(x) — 0 as x — 00, the function o satisfies
(104) o) >1/n, nli)rroloa(n) =0
and
(105) max [L(g(n)x)| K o(n) as n — oo.
x>

Further, let z, (i) be a sequence satisfying ¢ = z,(0) < z,(1) <--- < z;,(Ry) =M,
and z,(i +1) — z,(i) € (6(n),20(n)) for all i € {0,..., R, — 1}. Let p! denote
the factor

1 1
106 " _ .
(106) PE= @ G+ e

LEMMA 4.7.  Let Px(n, i) denote the probability that the simple random walk
started at x hits the set Tzi"é’)ﬂ)(n) before exiting Dy (p(n)). Then for any &
and a.e. T there is no such that for all n > ng, for all x € §y(n) and for all

i€{0,...,R,}
(107) Pr(n, i) € (Ka(l = 8h(n)"2pl, Ka(1 + 8h(n)"2pl).

PROOF. We will need the following technical claims.
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LEMMA 4.8. Forany § > 0, t-a.s. for all n large:

(i) PlOe T2 D) e (1= 8)g2pr', (1 +8)g % pl),
(i) forallx eDandi €{0,..., R — 1}

(108) B NTIG e (=8 pl, (1 +8)g ™ pf).

PROOF. By (2) we have

n o o—a 1 1 L(gz,(i)) L(gzn(i+1))]
1 n— — _ )
109 pi=¢ [(mm zn(i+1)a>+ W e
To prove (i) we should thus show that
110) L(gz{,(i))_L(ng,(i+1))=0( Lo )
Zp () zp(i + D z0(D)*  zp (i + 1

However, this is true since z,(i)™* — z,(i+ 1) < o(n) and, as follows
from (105), L(gz,(@)) = o(o (n)).

The claim (ii) can be proved exactly as (76) was proved; the estimate on P[x €
TM] should be replaced by the first claim of the lemma. The easy proof is left to
the reader. [

We can now finish the proof of Lemma 4.7. We use V, ;(n) to denote

(111) Vei(n)y= > P.[Y hits y before exiting Dy (p)|z].
S

Lemma 4.8(ii) and the procedure used to show Lemma 4.3 give

(112) (1= 8)Kapih(n)™> < Ve i(n) < (1+8)Kapfh(n)~>.

For £, (n, i) we have then

(113) Pr(n, i) < Vi i(n) < (14 8)Kapih(n) 2.

The corresponding lower bound can be obtained using Lemma 4.5 and Bonfer-
roni’s inequality. Indeed, using the notation introduced before (96),

Pe(n,i)>Vei(n)— Y P.[Y hits y and z before exiting Dy (p)|t]
y.Z€ TZ‘;"(E")+ b
n j 1
(114) = V,.i(n) — P[Y(x, p, TZZH(E.’)’L ) > 2]

> Vyi(n) — P[Y(x, p, TM) > 21> (1 — 28) Kaplh(n) 2.

This completes the proof. [
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We can now show Lemma 2.1(ii), that is, to show that 7-a.s.

(115)  lim max |h(m)2{1 — E[e " @27 |57 (x) < 00, 7]} — F4(3)| = 0.

li

n—0o0 xegy(n)

When the simple random walk Y hits a deep trap y before exiting D, (p(n)) and
s (x) < 0o, then s" (x) is simply the time spent in y before the exit from D (v(n)).
The process Y hits y a geometrical number of times. The mean of this geometrical
variable is G p(v(1))(0, 0). Each visit takes an exponential time with mean 7. Us-
ing the expression (145) from the Appendix we get the following formula for the
conditional Laplace transform of s" (x):

(116) E[ (—L(x))‘ n( )<oo}— !
exp nja Ty,s (X = 1+)\'Ty2—n/aGd(0)(1+0(1))

The probability that s" (x) = co is o(h (n)~2). Therefore,
As™(x)
E[exp(— TIC )

= E[exp(—)gnf/(ax)) ‘Ti|(1 +o(h(n)™?).

s (x) < 00, ti|
(117)

The last expectation can be estimated using Lemma 4.7 and (116),
As™(x)
E[exp(— nia ) ‘t:|
(118) > (1= (1+8)KapY h(n)?)

pi'(1—3)
1+ 12, ()G4(0)(1 4+ o(1))

For n large the last expression is bounded from below by

Ry
+ Kah(n) ™2
i=1

M
_ =2 M _ o ) 1 _ -2 M
1 — Kzh@n) (pe fg [ 173G 0 zat dz> 8Ch(n)™"p;

(119) ,
=1—hn) 2(Fs(\) + 0(5)).

This and (117) give an upper bound for 1 — E[e*“nm/zn/a [s"(x) < o0, T]. A cor-

responding lower bound can be constructed analogously. This completes the proof
of Lemma 2.1(i1).

To prove Lemma 2.1(iii) define first &, (n) as the probability that the simple ran-
dom walk started at x hits the set TSM before exiting D, (p(n)). Using Lemma 4.3
and the same reasoning as in (114) it can be proved that

(120) Pr(n) € (Ka(1 = hm) 2 pM, Ky(1 + 8)h(n) 2 pM).

Since P[s” (x) # 0|t] is bounded from below by &£, (rn) and from above by £, (n) +
P[s"(x) = oo|t], Lemma 2.1(iii) follows from Lemma 2.1(i) and (120).
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4.2. Proof of Lemma 2.4 for d > 3. We want to show that for any § > 0 and
T > 0 it is possible to choose ¢, M and m such that for T-a.s. and n large enough

S(Jk)— ZS

The sum of scores records (if s stay finite) only the time spent in TgM .Let §, be
the event {s;? < 00:j < Th(n)?}. As follows from Corollary 2.2, the probability
of §y, can be made smaller than §/2 by choosing m large. Conditionally on §,, the
difference in (121) is positive and it increases with k. It is therefore bounded by

(121) ]P’|:—max{ ke{l,...,h(n)zT}} 35} <.

Th(n)®—1

(122) SUtne?) = 2= 5%
j=0

which is simply the time spent in 7¢ and T, during the first j;f h(ny? PACS:
We first show that the time spent in 7°¢ is small.

LEMMA 4.9. For any § > 0O there exists € such that for a.e. T and n large

enough,
j;h(n)2
(123) IP’“ Z ety L{Y (i) e T?} > 2”/“8} NGn r:| <3.
i=0

PROOF. On §, the first Th(n)? parts of the trajectory stays in (). The prob-
ability in (123) is thus bounded from above by

Cn
(124) |:Zelry(,)]l{Y(l) eT*® }>2”/“5‘ }

=0

where ¢, is the exit time of Y from D(n) [see (18)]. We show that there exists a
constant K1 independent of ¢ such that for a.e. T and n large enough

n
(125) E[Zeiry(,-)]l{Y(i) eT¢) r:| < Kel—on/e,
i=0

The claim of the lemma then follows by the Markov inequality.
To prove (125) we bound the expected time spent in traps with 7, <1 first,

;ll
[Zelrm)ﬂ{m,)ﬂ k ] 3 0G0, »)1{r, < 1)
=0 xeD

(126)

<Y Gp(0,x) =E(g) = 0Q2") « 2",
xeD
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.. . : L —i+1 .
We divide the remaining part of 7° into disjoint sets ngz_i , wWhere i €
{1, ..., imax} and imax 1S an integer satisfying

(127) 1/2 <27 imxgg(n) < 1.

From condition (2) it can be showed easily that the probability that a fixed site x
isin 722" is bounded by

(128) pni =Plx e TSZ <Pz, > 27 eg(n)] < ce~¥g92i,

For any fixed i € {1, ..., imax} and K’ large we can write

tn—1
]P)|:E|:Z e]TY(]):H-{Y(J) c T88221 }’T:| > K/Sl—azl(a—l)zl’l/ot:|

j=0

(129) = }P’[Z Gp(0, 0 llx e T2,

xeD

}> K/ 1— azl(d l)2n/a:|

< P[Z Gp(0,x)1{x e TS, > K’sazml]
xel

Using the Markov inequality (with A,, > 0) this can be bounded by

= exp(=2n K'e ™2 TT[( = pui) + paje™ 7]
xeD

< eXp(—)»nK/s_afa_l) 1_[ [1 + C2i0lg—018—(x(e)\nG]D)(O,x) _ 1)]
xeD

(130)

Since x > log(1 + x), we have

log 1_[ [1+4+c2/%g % (eMn GO0 _ 1)]

xeD

< Z 21(1 }\nG]DJ(O x) _ 1).

xeD

(131)

Let A, =n/2Gp(0, 0). We divide the last sum into two parts. First, we sum over
the sites that are close to the origin, |x| < n?/@=2) Since Gp(0, x) < Gp(0,0), we
have

Z Cziag—ozg—ot (e)»nG]D)(O,X) _ 1)
xeDn?/(d=2)
(132) < CnZd/(d—2)2ia—n8—ae)\,lGD(O,O)

< Cn2d/(d—2)2ioc2—n8—ozen/2'

The last expression tends to 0 as n — co.
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By (146), Gp(0, x) < cn=2 for x € D(n)\ D(n*/“=2)). Therefore, the argument
of the exponential in (131) is smaller than ¢’n~!. Using the fact that e* — 1 < 2x
for x sufficiently close to 0 we get e*9PO0¥) _ 1 < cnGp (0, x) and thus

Z Cziag—cxg—a (e}L”GD(O,x) _ 1)

xeD\D(n%/@d-2)
(133) . 4
< > Cn2'% %g~*Gp(0,x) < C2'% %n.

xeD\D(n%/@-2)

Here we used )", .p Gp(0, x) = O(r(n)?) = 0(g%). From (132) and (133) it fol-
lows that the expression in (130) can be bounded from above by

(134) exp(—K'cne~¥2/%) exp(Cne~*2'%).

Therefore, it is possible to choose K’ large enough such that this bound decreases
exponentially with n for all i € {0, ..., imax}-
Summing over all possible values of i gives

Imax {n_l : .
]P’|:U (E|: Z eiTY(i)]l(Y(i) € T8822,~1+1)‘T:| > K’el_“z’(“_l)zn/‘”)}
i=0 i=0
(135)

<ne .

The Borel-Cantelli lemma then yields
é‘n_l —i+1 ;

(136) E[ Y ety L(Y (i) e TS )‘r:| < K'glmopile=Don/a
i =0

t-a.s. for all i and for n large enough. Combining (126) and (136) we get eas-
ily (125). This completes the proof of Lemma 4.9. [

We show now that the set T™ can be safely ignored.
LEMMA 4.10. For every § there exist m and M such that for a.e. T and n
large enough
(137) P[{Y hits Ty before j?h(n)Z} NGnlt] <8.
PROOF. As in the proof of Lemma 4.9 we can replace j;h (n)? by ¢,. We use
again the Borel-Cantelli lemma,
P[P[Y hits T (n) before ¢, |T] > 8]

(138)
< e M B[exp{h,PLY hits Ty (n) before g, 1)].
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However,

log E[exp{1,P[Y hits Tjs(n) before ¢,|t1}]
(139)

< logE[exp{An Z P[Y hits x before {,]1(x € TM)”.
xeD

Since P[x € Tyy] <cM~%g™%, we get
< Z log{1 4+ cM~“g~“(exp{1,PY hits x before ¢,1} — 1)}
xeD

<> eM~*y~*{exp(A,P[Y hits x before g,]) — 1}.
xeD

(140)

We choose A, = n/2 and divide the sum into two parts. For |x| < n%/ =2 we use
P[Y hits x before ¢,] < 1. Hence,

> eM ™y~ *{exp(A,P[Y hits x before ¢,]) — 1}
xeDn%/d=2)

(141)
2d/(d—2)2—nen/2

<cn

which becomes negligible as n — oco.
By (148), for |x| > n?/@d=2) the argument of the exponential in (139) is smaller
than cn~! and thus

(142) exp(A,P[Y hits x before £,]) — 1 < en|x|*~¢
for some large c. We have thus

Z cM ™% g7 *{exp(A,P[Y hits x before ¢,]) — 1}

xeD\D(n%/(@-2)
(143) o4
<cM%g™%n > IyI77 <eM™*n.

xeD\D(n%/@-2)
Inserting (141) and (143) into (138) we get
(144) }P’[}P’[Y hits Ty (n) before ¢,|T] > 8] <cexp(—nd +c'M™“n).

The proof is complete by taking M large enough. [J

APPENDIX: PROPERTIES OF THE SIMPLE RANDOM WALK

We summarize here some useful facts about the Green’s function and hitting
probabilities of the simple random walk in the large ball D(r) C Z¢, d > 3. The
following lemma is taken from [11], Proposition 1.5.9.
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LEMMA A.1. The Green’s function Gp)(-,-) of the simple random walk
killed on exit from the ball D(r) satisfies

(145) Gp(0,0) = G4(0) — O(r*~%)
and
(146) Gpiry(0,x) = aq(|x[*4 —r7) + 0 (x|,

where ag = %F(% — D —4/2,
The hitting probabilities are controlled by the following lemma.

LEMMA A.2. Let p,(0, x) denote the probability that the simple random walk
started at O hits x before exiting D(r). The function p, (0, x) satisfies

(147) pr(0,x) > Z" (x> ==y + 0(x|'™%),

(148) pr(0,%) < ag(x =~ + 0(x'"%.
More precisely p, (0, x) can be bounded from above by

(149) pr(0,0) = o (P~ =27+ 0l =) (14 O ((n = 1)),

PROOF. The first two claims follow from equation (146),
(150) Gpr)(0,x) = pr0,x)Gp(r)(x, x),
and from 1 < G p(x, x) < G4(0). The third fact is a consequence of (150) and
Gpr (. x) "' < Gp,r—pxp(x. X) " =G p(r_pxp(0,0) 7"
=GaO "+ 0(0r = 1xD*™),

which is a consequence of (145). [

(151)
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