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We prove a multivariable approximate Carleman theorem on the deter-
mination of complex measures on R" and R’ by their moments. This is a-
chieved by means of a multivariable Denjoy—Carleman maximum principle
for quasi-analytic functions of several variables. As an application, we obtain
a discrete Phragmén—Lindelof-type theorem for analytic functions on (C’_i_.

1. Introduction. The main issue discussed in this paper is the determination
of a complex measure on R” from its moments. This is strongly linked to the theory
of quasi-analytic classes, in which the partial derivatives of a function determine
the function uniquely. Some work in this direction has recently been presented
in [3, 4]. One of the aims of this paper is to present a generalization of some results
from [3], describing the consequences when the moments of two measures differ
by a set of values that does not grow too quickly. Moreover, our results are valid
for complex measures, not just the positive measures discussed in the earlier work.
Analogous results are presented for measures supported on the positive cone R}
(all such notation is defined below). An application of this is given in the form of a
discrete Phragmén—Lindel6f-type theorem, generalizing some results of [8] which
apply in the one-dimensional case. This paper also contains a multivariable gener-
alization of [2], where a one-dimensional Denjoy—Carleman maximum principle
as well as an approximate Carleman theorem are proved.

We adopt the conventions N={0,1,2,...}, Ry ={x e R:x >0}, R_={x €
R:x <0} and C; ={z € C:Rez > 0}. Let n be a positive integer. We supply R”
and C" with the standard inner product (-, -) and corresponding norm || - ||. We
denote by M (IR") the set of all positive Borel measures @ on R” such that

/ ||x||dd,u(x) <00 foralld >0
R}’l

and let M. (R") be the set of all complex Borel measures w such that || € M(R").
For @ = (xy,...,a,) € N*, set |a| = a1 + -+ + o, and a! = ay!---«,!. For
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f:R* > C, @ denotes 36):0}1 ---%f. As usual, for z = (z1,...,2,) € C",
1 n

z% denotes z{' -+ zp".

Given a product I = I} x - - - x I, of subintervals of R (bounded or unbounded)
containing 0, and an n-tuple M = (M(1, k))k>0, ..., (M (n, k))r>0 of sequences
of positive numbers, write C;(M) for the family of all C*°-functions f:I — C
satisfying

n
M Q0 <erpf TIMG.ep). [xela=(.....an) eN"],
j=1
where ¢y and p ¢ are constants depending on f.
In the sequel, we will say that a sequence (my)k>0 of positive reals is a Carle-
man sequence if

—1/k
mo=1, m,%fmk_lmk_;_] and ka / =

k>1

oQ.

The structure of this paper is as follows. In Section 2, we derive a multivariable
Denjoy—Carleman maximum principle (Theorem 2.3) by means of a multivariable
version of Bernstein’s inequality for functions of exponential type (Theorem 2.2).
This provides an extension of the results in [2].

As an application of the ideas of Section 2, we obtain in Section 3 a multi-
variable approximate Carleman theorem on R” (Theorem 3.2), which holds even
for complex measures. The methods used include a Paley—Wiener—Schwartz-type
theorem for Fourier transforms of distributions.

In Section 4, we derive analogous results for complex measures supported
on R (see Theorem 4.1). Even in one dimension, the results provide sharper
forms of Theorem 2.1 of [8]; we then use the methods of [8] to derive a multi-
variable discrete Phragmén—Lindel6f-type theorem which, in the one-dimensional
case, extends Theorem 4.1 of the same paper.

2. A multivariable Denjoy—Carleman maximum principle. We recall the
multivariable Denjoy—Carleman theorem:

THEOREM 2.1 ([4], page 155, and [6]). Let n be a positive integer. For j =
I,...,n,setlj=[—R;,R;],where Rj >0and I =1 x --- x I,,. Let f € C;(M)
where M is an n-tuple of Carleman sequences. If f®(0) =0 for all « € N",
then f is identically equal to O on 1.

In fact, Theorem 2.1 is a slightly different version of the result given in [4], but
the proof implies the version stated here.

We say that an entire function g:C" — C is of exponential type at most T =
(t1,..., Ty), where 1t > O for all k, if for all £ > 0, there is a constant A, such that

1g(2)| < Ase(fl-l-s)lzl|+---+(fn+8)|2n\ for each z = (21, ..., 2,) € C".



386 1. CHALENDAR AND J. R. PARTINGTON

The following multivariable version of Bernstein’s theorem is easily deduced from
the single-variable case:

THEOREM 2.2. Let g:C" — C be a function of exponential type at most T =
(1, ..., ). Then for each k with 1 < k < n, the function - 98 lS also of exponential

type at most t. Further, if g is bounded on R", then so is ﬁ’ and

ag
sup —(x) <1 sup |g(x)].
xeR? 0zk xeR?
PROOF. Without loss of generality, we take k = n. For each (z1,...,2,—-1) €

(cn—l’ let 8(z1,eszn—1) :C — C be defined by g(m,...,z,,,])(Zn) =g(z1,.--y2n). Then
for each ¢ > 0, there is an A, > 0 such that

‘g(Zl Z I)(Zn)‘ < Ase(fl'i‘e)‘zl|+"'+(Tnfl+8)|znfl|e(fn+5)|2n|‘

Using the Cauchy integral formula for gézu,-.., 2,y With the circle centered at z,
and of radius 1, we obtain

|gEZI ,...,zn,l)(Z")| < Ase(r1+s)\11 [+ +(Th—11+8)|Zn-1 |e(Tn+€)(|Zn|+1)

— A, e‘[n+£e(‘[1+8)|21|+“'+(‘[n+8)\2n|‘

Clearly this implies that 7 is of exponential type at most t. By Bernstein’s the-
orem ([1], Theorems 2.4.1 and 11.1 .2) applied to g;,,... ., ,,forzy,..., z,—1 real,
we obtain

.....

ag
Sup _(Zlv ---,Zn—l,x) E Tn Sup |g(Zlﬂ ~"9Zn—19x)|7
xeR|0Zn xeR

from which the result follows. [

THEOREM 2.3. Let f € C;(M), where I =R" and M is an n-tuple of Carle-
man sequences. Suppose that there exist C1, ..., Cy, > 0 such that for each ¢ > 0,
there is a constant Ag such that

QO] < A(Cr+e)" - (Co+ &)™ foralla eN".
Then
sup |f(“+ﬂ)(x){ < Cf] ...Crl?n sup |f(01)(x)} foralla, B € N".

xeR? xeR"

PROOF. Define h:C" — C by

1
h(z)= ) = F@0)z.

aeN"
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Thus for each ¢ > 0, we have

1
h(D)] < D Ac(Cr+e)* - (Cy +8)°’”J|21I“1---|ano’”

aeN"

— A e CrOi - HCatolel

That is, & is an entire function of exponential type at most (Cy, ..., C,). For g €
N”", we have

@) 9
Z f a'( )3_/3(Z )= Z f(ﬁ-i-}/)(o)
aeN”? : yeNn

hP(z) =

writing &« =  + y. Therefore,

1
|h(ﬂ)(z)| < A, Z (Cy _|_8),31+Vl o (Cp _|_8)/3n+)/n|zl|yl ...|Zn|)/n;
yeN? :

< A (C; + 8)’3' e (Cp + 8),3;16(C1+8)|Z1|+"'+(Cn+8)|zn\‘
So given R > 0, we have
sup |h(’3)(x)| < A(Cy + 8)’3' o (Cy + S)ﬁneR((Cl+8)+-~+(Cn+8))‘
x€[—R,R|"

Note that since (M (j,k + 1)/M(j, k))k>0 is an increasing sequence for each j,
we have M (j, )P/ < M(j, B,). Hence,

n
®) (Cj+e)bi oRUCIHe)++(Cate)) [ 8.
- = SH MG j=1 :

n
< AgeR((Cl+5)+"'+(Cn+8))p|/3| 1_[ M(j, B,
Jj=1
where p = max{(C; +¢)/(M(j, 1)):1 =< j <n}. Therefore, h € C[_g gy»(M) and
so f —h € C_g. gy (M), with (f —h)® (0) = 0 for each « € N". By Theorem 2.1,
f — h vanishes identically on [—R, R]". This holds for all R >0 and so f =h
on R”.
By repeatedly applying Theorem 2.3, we obtain that #® is of exponential type

at most (Cy, ..., C,) and that

sup |[R@TP) (x)| < C’s] .CP sup |h @ (x)|.

xeR" xeR"
Since h|gr = f, the result follows. []

The following corollary is immediate and shows that Theorem 2.3 is an exten-
sion of Theorem 2.1:

COROLLARY 2.4. Let f satisfy the hypotheses of Theorem 2.3 and suppose
that limsup,,_, o | £ @ )|V1*l = 0. Then f is constant.



388 1. CHALENDAR AND J. R. PARTINGTON

3. An extension of the multivariable Carleman theorem on R”. The fol-
lowing multivariable Carleman theorem is proved by De Jeu in [3]:

THEOREM 3.1. Suppose that i1, 2 € M(R") satisfy

(2) s(a) ::/ x*dp(x) :/ x%dpa(x)  foralla e N"
R~ R~
and that the conditions
o0
Zs(Zmej)_l/(zm)zoo, j=1,...,n,
m=1

hold, where e is the jth canonical basis vector of R". Then 1 = 5.

As an application of the ideas of the previous section, we obtain the following
multivariable approximate Carleman theorem. Note that it applies even to complex
measures and, in the case n = 1, it provides a strong generalization of [9].

THEOREM 3.2. LetCy,...,C, > 0. Suppose that 1, ity € M.(R") satisfy

/ x“dul(x)zf x“duy(x) + c(a) forall a e N*,
]Rn Rﬂ
where for all € > 0, there exists a constant A, > 0 such that
lc(@)] < Ae(Cr+ &) -+ (Cy + &)™
holds for all o € N". Let

s@)= [ e dQuu ]+ uah 0.

Suppose that the conditions
o0
(3) > s@mej) VM = o, j=1,...,n,
m=1
hold. Then ) = ur + o, where o is a complex measure on R" supported on
[—C1, Ci] x -+ X [=Cp, Gy

We immediately deduce the following strengthened version of Theorem 3.1:

COROLLARY 3.3. Let w1 and uy satisfy the hypotheses of Theorem 3.2,
with c(a) satisfying limsup‘a|_)oo|c(o¢)|1/|“‘ =0. Then wuy = w2 + ady for
some a € C. If, in addition, | and 1y are probability measures, then (11 = 7.

The proof of Theorem 3.2 will require two preliminary results, which we now
present. The one-dimensional version of the first result can be found in [7] and its
extension follows by an inductive argument.



MULTIVARIABLE CARLEMAN THEOREMS 389

THEOREM 3.4. Suppose that h:C" — C is of exponential type at most T =
(t1, ..., Ty) and that |h| is bounded on R" by a constant D > 0. Then

“) |h(z)| < Det 1 mailt 4l Imz,| forallz=(z1,...,2,) € C".

The next result is a version of the Paley—Wiener—Schwartz theorem and is a
special case of Theorem 7.3.1 on page 181 of [5].

THEOREM 3.5. Let tq,...,7, > 0. If an entire function h:C" — C satis-
fies (4), then it is the Fourier transform of a distribution supported on [—1y, T1] X
w X [=Tw, Tl

We are now ready for the proof of Theorem 3.2.

PROOF OF THEOREM 3.2. Forallm >0and j=1,...,n, define

1
MG == [ " d (] + sl )

where mg = (Ju1]| + 2D (R™?). Clearly, M(j,0) = 1, and on applying Holder’s
inequality, we obtain

MG, m?*<M@(,m—1D)M(,m+1)  forallm> 1.
Moreover, note that
. 1 m
MGm =— [ 11" v,
mo JR

where

Hence, using the calculations from [2], page 93, it follows that

o0
ZM(j,m)_l/m:oo foreach j=1,...,n.

m=1

In other words, M := (M (1, k)k>0, ..., M(n, k)k>0) is an n-tuple of Carleman
sequences.
Define f:R" — C by

1 ‘
Fw)=— f =10 4y — ) (x),
no JR»
so that

1 .
PO = [ (i) i) e A - ) ),
mo ]Rn
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where o = (a1, ..., o) and x = (x1, ..., x,). Therefore, we have

1
[FOwl == /R e[ x| d (| + 2D ().

Using the generalized Holder inequality, we obtain
|F@ )| <M1, na)!" - M, nop) ",

Now, for each j =1,...,n, set M(j,aj) = M(j,noej)l/”. It is clear that
M(j,0) = 1. Moreover, for all k > 0, M(j, k)2 < M(j,k — 1)M(j,k + 1) since
(MAE/(J'"J)I) Ym>0 is increasing. The fact that >~ | M (j, m)~1/™ = oo follows from
Lemma 2.2 of [3] and the fact that (M (J, m)l/m)mzl is increasing. At this stage,
we have proved that M= ((M(l K k>0, - s (1\7(11, k))k=>0) is an n-tuple of Car-
leman sequences and that f € Cpn (M ).

Now, note that f @) = = ’) ‘c(a) Therefore, for all £ > 0, there exists
Ag > 0 such that

|F@0)] < Ag(Cr+ €)™ -+ (Cp + €)™

As in the proof of Theorem 2.3, there is an entire function 4 : C" — C of exponen-
tial type at most (Cy, ..., Cy) such that hjg» = f and |h(z)| <1 for all z € R". By
Theorem 3.4, we deduce

lh(z)| < eC1IIm(z1) | ++-=4Cp | Im(z,)| forall z=(z1,...,2,) € C".

Hence, using Theorem 3.5, & is the Fourier—Laplace transform of a distribution u
supported on [—Cy, C{] X --- X [=Cy, Cy]. Thus, f is just the Fourier transform
of u. But f was defined as the Fourier transform of ’“;0“2 So, by the uniqueness

theorem for Fourier transforms of tempered distributions on R”, u = £ ‘m 2 n
particular, @1 — o is supported on [—Cq, Cy] X X [—Cy, Cyl, as requlred O

Here is a corollary involving a weaker condition than (2) but valid only under a
restrictive condition on the measures @ and p:

COROLLARY 3.6. Let Cy,...,C, > 0. Suppose that 1, nuy € M(R™) satisfy
1 = o and that

(5) s(j,m):= f x;ﬂ dp(x) :/ xT dpr(x) +c(j,m) forallm e N,
Rn RI‘L
where for all € > 0, there exists a constant A, > 0 such that
lc(j,m)| < Ag(Cj+ &)™

for all m € N. Suppose further that the conditions

o0
S sGozm) VO oo, j=1,..n,

m=1
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hold. Then 1 = uy + o, where o is a positive measure on R" supported on
[—C1, Cil x -+« X [=Cy, Gyl

PROOF. Following the lines of the proof of Theorem 3.2, since u; — ua >0,
we first obtain

1
FOw)] = o [l d - ) )

and then, using the generalized Holder inequality, it follows that
[ w)] = ML na)" - M(1 nay) "
The proof ends in the same way as the proof of Theorem 3.2. [J
REMARK 3.1. If in Theorem 3.2 we take p and u; to be in M(R") rather
than in M. (R"), then, clearly, we may replace condition (3) by

o
> 5@mej)~VM = o, j=1,...,n,
m=1

where

S(a) = [R" x“duy(x).

4. An approximate multivariable Carleman theorem on R’} with applica-
tions.

4.1. An extension of the multivariable Carleman theorem on R, .
THEOREM 4.1. Let Cy,...,Cy > 0. Suppose that iy, u2 € M(R7) satisfy
/ x“dm(x):/ x“dus(x) + c(a) foralla e N,
R R
where for all ¢ > 0, there exists a constant A > 0 such that

lc(@)] < Ae(Cr+ ) -+ (Cy + &)™
holds for all « € N". Let

s@ = [ 2% dQul + ).
+

Suppose further that the conditions
o0
(6) Y s(me)) VM =00,  j=1,....n,
m=1
hold. Then wy = py + o, where o is a complex measure on R’ supported on
[0,C1] x -+ x [0, Cpl.
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PROOF. We define measures vy and v; on R” by
dve(tr, ..., ty) =du (e}, ..., t2)  fork=1,2.

If o € N" satisfies @« = 28 for some § € N”, then
s@:= [ dnl+ b =2 [ xPd(ul+ raD ),
R» R”
otherwise s’ () = 0. We write
f t“dvi (1) =/ t*dvy(t) + ¢ ().
Rn ]Rn
Note that

I/ (@)] < Ae(Cy + )% (C + £)n/?

for all « € N, Also

o0 [e.¢]
Z s/(2mej)_1/(2m) = Z (2s(mej))_1/(2m) =00, j=1,...,n.
m=1 m=1

Hence, by Theorem 3.2, vi = v, 4+ ¢/, where ¢’ is a complex measure supported

on [—+/C1,+/C1]x -+ x [=+/Cy, +/Cy ]. It follows that 111 — 5 is supported on
[0,Ci]x ---x[0,C,]. O

The following corollary is immediate, and provides the multivariable Carleman
theorem for R’} proved in [3], Theorem. 5.1:

COROLLARY 4.2. Let w1 and > satisfy the hypotheses of Theorem 4.1, with
c(a) satisfying limsupw‘_)OO lc(e)| V1 = 0. Then w1 = up + ado for some a € C.
If, in addition, (1 and o are probability measures, then (11 = [43.

REMARK 4.1. If in Theorem 4.1 we take 11 and u; to be in M(R'}) rather
than in M (IR} ), then, clearly, we may replace condition (6) by

o
Zf(mej)_l/(zm):oo, j=1,...,n,
m=1

where

s(a) :./R" x“dui(x).

+



MULTIVARIABLE CARLEMAN THEOREMS 393

4.2. A discrete Phragmén—Lindelof theorem. In this section, we present an
application of Theorem 4.1; in the case n = 1, we obtain a generalization of [8],
Theorem 4.1, including a simplification of the original one-dimensional proof.

We begin with an n-dimensional Phragmén—Lindel6f theorem, a stronger form
of which can be found in [10]. See also [11].

THEOREM 4.3 ([10], page 303). Let f :@ — C be continuous and holomor-
phic on C'_and let a > 0. Suppose that | f| is bounded by M on the set (iR)" and
that for all ¢ > 0, there is a constant c, > 0 such that

|f @I < cee ™1 forall z € CL,
where || - || denotes any norm on C". Then
|f@)| < MR forall z e C7.

The following theorem is of interest even in the case n = 1 which we discuss
separately later:

THEOREM 4.4, LetCy,...,Cp>1.Let f 3@ — C be continuous and holo-
morphic on C'} and bounded on each of the sets

Ex:={z=(z1,....,22) €CL:0<Rezr <1}  fork=1,...,n.
For a € N, define
M(a) =sup{| f(2)]: 0 <Rez; <aj,...,0 <Rez, <ay}.
Suppose that M (o) < oo for all o and that

oo
(7 > M@mep) VM =00,  j=1,....n.

m=1

If for every ¢ > 0, there is a constant A, > 0 such that
|f(@)] < Ae(Cr+ )% - (Cp + )™,
then
| f (@) < M(O)Cfezl .CRe forallz e CT
In particular, if limig|— o0 | f (@) |"/1%! < 1, then | f| is bounded by M (0) on C.

PROOF. Forz=1(z1,...,20) = (x1 +iy1,..., x5 +iyy) With xg, yr € R (k =
1,...,n) and for all @ € N", set

_ f(@
A4z (I+zp)

g(2)
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Let
1/2
B(a) = sup (/ |g(z)|2dy1---dyn> .
0<x;<ay,...,0<x, <a, \VR"
Then
2dvy---d 1/2
B(a) < sup (/ @ dy: ynz)
(8) 0<x)<ay,...,0<x, <o, \JR" |1+Z]| |1—|—Zn|

= M(a)7"/.

Let us write Rez = (x1,...,x,) and Imz = (y1, ..., yn). It follows from (8) that
there exists a function ® € L2(IR") such that

g(i Imz)=/ ®(0)e' M=) 4.

]Rn

Moreover, its analytic extension to C'} is given by
g = / ®(0)e'% do.

Rn

Applying the multivariable Plancherel theorem, we obtain
[ g@Pdyr-dy, = ay [ (0@ PR do
Rn Rn
and thus
©) B@? = @) [ 10@) e do.
Rn

Let

W(ty,..., 1) =d(ogr, ..., logt,) fort=(t1,...,t,) e RL.

We have
glz+ 1, ..., D) =/ ®(0)elet D) g,
Rﬂ
Using the change of variables o = (071, ..., 0,) = (logty, ..., logt,), this becomes
dt
glz+ 1, ..., 1) =/ Wyt et = W),
n .- n
R+ 1 n R+

For o € N, set

C(a):/ e ()| dt
Rn

+
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and note that

Cl)= | eXi=1@tDon|p(q)|do
Rﬂ

=/ %) | (o) [eXh=1% do
R

+ [, eF @ e @)e T do
R

1/2 . 1/2
5(/ ez<°"‘7>|<b(o)|2d0) (/ e22k=l“kdo)
R™ R™

1/2
+(/ e222=1<“k+2>‘fk|c1>(o)|2do) (f e—222=1"kda>
R R:

n
+ +

By (9) and (8) we obtain
C(a) < B(@)2m)™"227"2 4+ B(a 4 (2,...,2))2n)"/?2~"/?2
<204m)"?Bla+(2,...,2) <2'"""M(a 4+ (2,...,2)),

12

and hence, using (7), we have
o
Y Clmep) /e =00,  j=1,....n.
m=1

Clearly, |g(2)| < |f(2)| forall z € C™, and so for every ¢ > 0, there is a constant
Ag > 0 such that

Ig@) = 1f(e)] < M(a) <A (Cr+ &) -+ (Ca +6)™.

Applying Theorem 4.1, we see that W is supported on [0, C1] x --- x [0, C,], and
so @ is supported on D,, := (—o0,logC1] x --- x (—00,log C,]. Hence, we have

g(Z):/i) @ (0)e'>) do.

Since f(z) = (z1 +1)---(z4 + 1)g(2), it follows from the Cauchy—Schwarz in-
equality and the fact that f is bounded on each set Ej that

(@] < K(z| + D"CFE ... cRea

for some K > 0; also, sup{|f(z)|:z € (iR)"*} = M(0). The conclusion is now an
immediate consequence of Theorem 4.3 on takinga = 1 and ||z|| = >} _ (log Cx +
8)|zk| and letting § > O tend to zero. [J

The following result generalizes [8], Theorem 4.1, which treats the special case
when (f (m));,>1 is bounded. It follows immediately from Theorem 4.4.
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COROLLARY 4.5. Let f:C, — C be continuous and holomorphic on C.
For m e N, define

M (m) =sup{| f(z)|:0 <Rez <m}.

Suppose that M (m) < oo for all m and that

o0
> M) VM = o

m=1

Iflimsup,,_, . | f(m)|"/™ < 1, then | f| is bounded by M(0) on C.

Acknowledgments. The authors are grateful to the EPSRC for financial sup-
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