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ON THE L,-ERROR OF MONOTONICITY
CONSTRAINED ESTIMATORS
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We aim at estimating a function A: [0, 1] — R, subject to the constraint
that it is decreasing (or increasing). We provide a unified approach for study-
ing the IL ,-loss of an estimator defined as the slope of a concave (or convex)
approximation of an estimator of a primitive of A, based on n observations.
Our main task is to prove that the LLp-loss is asymptotically Gaussian with
explicit (though unknown) asymptotic mean and variance. We also prove that
the local IL ,-risk at a fixed point and the global IL,-risk are of order n—P/3.
Applying the results to the density and regression models, we recover and
generalize known results about Grenander and Brunk estimators. Also, we
obtain new results for the Huang—Wellner estimator of a monotone failure
rate in the random censorship model, and for an estimator of the monotone
intensity function of an inhomogeneous Poisson process.

1. Introduction. A frequently encountered problem in nonparametric statis-
tics is to estimate a monotone function A on a compact interval, say, [0, 1]. Grenan-
der [5], Brunk [2] and Huang and Wellner [9] propose estimators defined as the
slope of a concave (or convex) approximation of an estimator of a primitive of A,
in the cases where A is a monotone density function, a monotone regression mean
and a monotone failure rate, respectively. These estimators have aroused great in-
terest since they are nonparametric, data driven (they do not require the choice of
a smoothing parameter) and easy to implement using, for example, the pool adja-
cent violators algorithm; see [1]. Moreover, Reboul [14] provides nonasymptotic
control of their LLi-risk, which proves that they are optimal in some sense. From
an asymptotic point of view, Prakasa Rao [13], Brunk [3] and Huang and Well-
ner [9] prove cube-root convergence of these estimators at a fixed point and obtain
the pointwise asymptotic distribution; Groeneboom, Hooghiemstra and Lopuhad
[8] and Durot [4] prove a central limit theorem for the IL;-error of the Grenander
and Brunk estimators, respectively, and Kulikov and Lopuhaé [11] generalize the
result in [8] to the IL,-error of the Grenander estimator.

In this paper we consider the problem of estimating a monotone function
A:[0, 1T — R in a general model. We provide a unified approach for studying the
IL,-error of estimators defined as the slope of a concave (or convex) approximation
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of an estimator of a primitive of A. We prove that, at a point that may depend on
the number n of observations and is far enough from 0 and 1, the local L ,-risk is
of order n~P/3. We also provide control of the local L p-Tisk near the boundaries
and derive the result that the global L ,-risk is of order n~P/3. Our main result is a
central limit theorem for the I ,-error; see Theorem 2: we prove that the L. ,-error
is asymptotically Gaussian with explicit (though unknown) asymptotic mean and
variance. Applying the results to the regression and density models, we recover the
results of [4, 8, 11] about Brunk and Grenander estimators. Also, we obtain new
results for the Huang—Wellner estimator in the random censorship model, and for
an estimator of a monotone intensity function based on n independent copies of
an inhomogeneous Poisson process. We believe that our method applies to other
models.

Our main motivation for proving asymptotic normality of the IL,-error relies
on goodness-of-fit tests. Assume indeed we wish to test Hy: A = Ag for a given
decreasing (resp. increasing) A, against the nonparametric alternative that A is
decreasing (resp. increasing). Using asymptotic normality and proper estimators
for the asymptotic mean and variance, we can draw from the observations a nor-
malization of the IL,-distance between )A»n and g that converges under Hy to the
standard Gaussian law. The test that rejects Hp if this normalization exceeds the
(1 — a)-quantile of the standard Gaussian law has asymptotic level «. With addi-
tional effort, Theorem 2 can also be used to test a composite null hypothesis. This
will be detailed elsewhere.

The paper is organized as follows. In Section 2 we define and study our estima-
tor in a general model. In Section 3 we apply the results of Section 2 to the random
censorship, inhomogeneous Poisson process, regression and density models. The
results of Section 2 are proved in Sections 4 and 5 and the results of Section 3 are
proved in Section 6.

2. Main results. We aim at estimating a function A : [0, 1] — R subject to the
constraint that it is nonincreasing (or nondecreasing), on the basis of n observa-
tions. Assume we have at hand a cadlag (i.e., right continuous with left-hand limits
at every point) step estimator A, of

A(t):/ot)\(u)du, te[0,1].

We define the monotone estimator of A as follows:

DEFINITION 1. Let A, :[0, 1] — R be a cadlag step process. If A is nonin-
creasing (resp. nondecreasing), then the monotone estimator An based on A, is
defined as the left-hand slope of the least concave majorant (resp. greatest convex
minorant) of A,,, with )A»,, (0) =1lim, o in (1).
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Thus, the monotone estimator is a step process that can jump only at the jump
points of A,; it is monotone and left-continuous.

Hereafter, M, denotes the process defined on [0, 1] by M,, = A,, — A. We make
the following assumptions.

(A1) A is monotone and differentiable on [0, 1] with inf; |A(z)] > 0 and
sup, [A/(1)| < oo.
(A2) There exists C > 0 such that, for all x > n~!/3 and 7 € [0, 1],

Cx
(1 E[ sup (M (u) — Mnm)z} <.
uel0,1], x/2<|t—u|<x n

(A2') Inequality (1) holds for all x > 0 and ¢ € {0, 1}.

First, we give a control of the local IL,-risk of An at a time 7 that is allowed to
depend on n: it is of order n=P/3 if ¢ is far enough from 0 and 1 [in particular, if
t € (0, 1) does not depend on n]. We obtain a control of larger order if 7 is near a
boundary and derive a control of the global L ,-risk:

THEOREM 1. Assume (Al), (A2), (A2') and let p € [1,2). Then there exists
K > 0, which depends only on A, C and p, such that
Eljn(8) = 2|7 < Kn PP
forallt e [n_1/3, 1-— n_l/s], and
@) Eldn (1) = 207 < K[n(t A (1= 0)] "
forallt € (0, n~ 13Ul —n~1/3, 1).

COROLLARY 1. Assume (A1), (A2), (A2") and let p € [1,2). Then

E[/Ol |hn (1) — A(1)]P dt:| =0mnPP.

Note that Theorem 1 does not provide a control of the risk at ¢ € {0, 1}. In fact,
it is known that the monotone estimator is not consistent at the points 0 and 1
in particular models; see [17] for the density model. To control the error at the
boundaries, we assume the following.

(A3) 4,(0) and A, (1) are stochastically bounded.
The following lemma provides a sufficient condition for (A3), which will be useful

for applications.

LEMMA 1. Assume (Al), (A2) and (A2'). If for every & > O there exists § > 0
such that the probability that A, jumpsin (0,5/n) orin (1 —6/n, 1) is less than ¢,
then (A3) holds.
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PROOF. Let x, § and ¢ be fixed positive numbers. One has
P(13,(0)] > x) < P(IA(8/n)] > x) + P(A,(0) # 4, (8/n)).

From Theorem 1, Xn (8/n) is stochastically bounded. Moreover, )A»,, (0) can differ
from A, (8 /n) only if A, jumps in (0, §/n). Hence, both probabilities in the above
upper bound are less than ¢, provided ¢ is small enough and x is large enough,
whence ,(0) = Op(1). Likewise, A, (1) = Op(1). O

To compute the asymptotic distribution of the L ,-error, we assume that M), can
be approximated in distribution by a Gaussian process. Specifically, we assume the
following.

(A4) Let B, be either a Brownian bridge or a Brownian motion. There exist
qg>12,C4, >0, L:[0, 1] — R and versions of M, and B, such that
P(nl_l/q sup |My (1) —n"?B, o L(t)| > x> <Cyx1
tel0,1]

for all x € (0, n]. Moreover, L is increasing and twice differentiable on [0, 1] with
sup, [L"(t)| < oo and inf, L'(¢) > 0.

We also need to define the following process X:

(3) X (a) = argmax{—(u — a)> + W)}, a R,
uelR

where W is a standard two-sided Brownian motion (see [6, 7] for a precise de-
scription of this process). It is known that, for every p > 0, [£| X (0)|” is finite and
the following number &, is well defined and finite:

o
k, =/0 cov(|X (0)|7, |X (a) — al”) da.
We are now in position to state our main result.

THEOREM 2. Assume (Al), (A2), (A3) and (A4). Assume, moreover, there
are C' > 0 and s > 3/4 with

) V(@) =A@ <Cle—x* forallt,x €[0,1].
Let p € [1,5/2). Then with m, = E|X (0)|” [y 142/ (t)L'(1)|P/ dt,

1 ~
n1/6(n1’/3/ |An (8) — A(0)|P dt — m,,>
0

converges in distribution as n — oo to the Gaussian law with mean zero and vari-
ance 02 =8k, [o |4 (VL' (1) *P~DBL (1) dt.
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Note that our proof of Theorem 2 is partly inspired by [4, 8, 11]. As in those
papers, a key step consists in proving that the L, -error of A, is asymptotically

equivalent to an IL. ,-error of Uy, the inverse process of An. In the present approach,
the proof is quite simple (even for p > 1) thanks to the use of Theorem 1. Another
key step consists in approximating a proper normalization of Uy (a) by the location
of the maximum of a drifted Brownian motion. In the present approach, thanks to
Proposition 1 in [4], we deal with a parabolic drift independent of #, whereas in [§]
and [11] the considered drift depends on n and is only close to parabolic (which
brings about technicalities, e.g., in the computation of asymptotic moments). Fi-
nally, asymptotic normality is proved using Bernstein’s method of big blocks and
small blocks, as in [8] and [11].

Let us comment on the assumptions in Theorem 2. On one hand, the contribu-
tion of the boundaries of the L ,-error is not negligible for p > 5/2 because An
converges slowly to A near 0 and 1 (this was already stressed for the density model
in [11]). This is the reason why we restrict ourself to p < 5/2. On the other hand,
our proof of Theorem 2 relies on Proposition 1 of [4], which provides a control
of the error we make when we approximate the location of the maximum of a
given process by that of a drifted Brownian motion. The assumptions ¢ > 12 and
s > 3/4 emerge when using this proposition; see Lemma 5 below. We believe that
the proposition can be improved with the assumptions g > 12 and s > 3/4 being
weakened. .

To conclude this section, we comment on a slight modification of A,,. Let G, be
the set consisting of 0, 1 and the jump points of A,, and let C,, be the “cumula-
tive sum diagram” consisting of the points (¢, A, (¢)), t € C,. If A is nonincreasing
(resp. nondecreasing), let A, be the left-hand slope of the least concave majorant
(resp. greatest convex minorant) of C,,. Then )A»,, and )Nm are identical if A, is non-
decreasing and A is nonincreasing, but they may differ otherwise. In some applica-
tions, 5»,, may be preferred to )A»,, since, for instance, the least-squares estimator of a
monotone regression mean takes the form 5»,1. Therefore, we now describe the as-
ymptotic behavior of A,. Let A, be the continuous piecewise-affine version of A,
which means that [\,,(t) = A,(t) atevery t € Gy, and A, is affine in between two
consecutive such points. Assume

(5) sup E[(A,(t) — Ay())*] < Cn™*3
tel0,1]

for some C > 0. Then Theorem 1 and Corollary 1 remain true with An replaced by
An. On the other hand, assume

(6) IE[ sup |An(t) — A,,(t)|q] <cn'™4
te[0,1]

for some g > 12 and C > 0. Then Theorem 2 remains true with A replaced by X,.
The proof of these results is omitted. It is worth noticing that the extra assump-
tions (5) and (6) hold in every application we consider in Section 3.
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3. Applications. In this section we consider several models where it may be
interesting to estimate a function A on [0, 1] subject to a monotonicity constraint.
In each model we propose an estimator A, of A, we give sufficient conditions for
the assumptions (A2), (A2'), (A3) and (A4), and we make explicit the function
L in (A4). In particular, this provides sufficient conditions for the IL,-error of
the monotone estimator to be asymptotically Gaussian with explicit asymptotic
mean and variance. It is worth noticing that, in each considered application, (A2)
and (A2') follow from Doob’s inequality and the fact that a proper modification
of M, is a martingale. Also, (A4) follows from an embedding argument similar to
that of Komlés, Major and Tusnéddy [10].

3.1. The random censorship model. Assume we observe a right-censored
sample (X1,481),...,(Xy,8,). Here, X; = min(7;,Y;) and §; = 17,<y,, where
the 7;’s are nonnegative i.i.d. failure times and the Y;’s are i.i.d. censoring times in-
dependent of the 7;’s. Assume that the common distribution function F of the 7;’s
is absolutely continuous with density function f and that we aim at estimating
the failure rate A = f/(1 — F) on [0, 1]. Let N,, be the Nelson—Aalen estimator,
defined as follows: if 11 < --- < #; are the distinct times when we observe uncen-
sored data and n; is the number of X ; that are greater than or equal to #;, then N,
is constant on each [#;, t;41) with

Na(t) =)

j<i

Moreover, N, (t) =0 forall t <ty and N, (t) = N, (t) forall t > #;. Let A, be the

restriction of N, to [0, 1] and G be the common distribution function of the Y;’s.

The monotone estimator based on A, is the Huang—Wellner estimator and we have
the following.

1
nj

THEOREM 3. Assume (Al), F(1) < 1andlim;y G(1) < 1.
(1) Then (A2), (A2") and (A3) hold.

(ii) Assume, moreover, inf;c(0,1)A(t) > 0 and G has a bounded continuous first
derivative on (0, 1). Then (A4) holds with

_ ! Au)
@) L(1) _/0 0—Fu)(1 -G du, tel0,1].

Note that in the case of nonrandom censoring times Y; = 1, one has G (u) = 0 for
allu < 1,s0 L reducesto L= (1 — F)~! — 1.

3.2. The Poisson process model. Assume we observe i.i.d. inhomogeneous
Poisson processes N, ..., N,, and their common mean function A is differen-
tiable on [0, 1] with derivative L. Let A, be the restriction of Y ; N;/n to [0, 1].
Then we have the following.
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THEOREM 4. Assume (Al), A(1) < oo and inf;c(o,1)A () > 0. Then (A2),
(A2), (A3) and (A4) hold with L = A.

3.3. The regression model. Assume we observe y;, = A(i/n) + &, | =
1,...,n, where the ¢; ,’s are independent random variables with mean zero. Let

1
An) =~ yin,  1€[01].

i<nt

Then the monotone estimator based on A, is (a slight modification of) the Brunk
estimator and we have the following.

THEOREM 5. Assume (Al) and sup; , Ele;n|? < ¢4 for some q > 2 and
cqg > 0.

(i) Then (A2), (A2") and (A3) hold.

(i1) Assume, moreover, q > 12 and var(g; ,) = az(i/n) for some 2:10,1] >
Re. If 02 has a bounded first derivative and satisfies inf, o%(t) > 0, then (A4)
holds with L(t) = [ o*(u) du.

In particular, if the ¢; ,’s are i.i.d. with a finite moment of order g > 12 and
variance o2 > 0, then L reduces to L(¢) = to2. Thus, we recover Theorems 1
and 2 of [4].

3.4. The density model. Assume we observe independent random variables

X1,..., X, €10, 1] with common distribution function A and density function
A = A’. Then, the monotone estimator based on the empirical distribution function
of X1, ..., X, is the Grenander estimator and we have the following.

THEOREM 6. Assume (Al) and inf; A(¢) > 0. Then (A2), (A2'), (A3) and (A4)
hold with L = A.

In particular, we recover Theorem 1.1 of [8] and Theorem 1.1 of [11].

4. Proof of Theorem 1. We assume here A is decreasing. The similar proof in
the increasing case is omitted. We denote by K or K’ (resp. c¢) a positive number
that depends only on A, C and p and that can be chosen as large (resp. small) as
we wish. The same letter may denote different constants in different formulas.

First, we give upper bounds for the tail probabilities of the inverse process.
Recall that for every nonincreasing left-continuous function 4 :[0, 1] — R, the
(generalized) inverse of A is defined as follows: for every a € R, h=1(a) is the
greatest ¢ € [0, 1] that satisfies 4 (¢) > a, with the convention that the supremum
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of an empty set is zero. Let A" be the upper version of A, defined as follows:
AT (0) = A, (0) and for every 7 € (0, 1],

A1) = maX{An(t), 1131 An(u)}.

Setting Un = ():n)_l, one can check that

8) Uy (a) = argmax{A; (u) — au} forall a e R,
uel0,1]

where argmax denotes the greatest location of the maximum (which is achieved).
Moreover, for any a € R and ¢ € (0, 1], one has U,(a) >t if and only if a < A, ().
Hereafter, g = AL

LEMMA 2. There exists K > 0 such that, for every a € R and x > 0,

A K
) P[|Un(a) — g(a)| = x] = —.
nx
PROOF. Fixa €R, x >n~'/3 and denote by P the probability in (9). By (8),
we can have |U, (a) — g(a)| > x/2 only if there exists u € [0, 1] with |u — g(a)| >
x/2and A} (u) —au > A (g(a)) — ag(a), whence

P, < P[ sup  (AF(u)—au) = AF(g@) — ag(a)].
lu—g(a)|>x/2

But A, is cadlag and A, > A, so the previous inequality remains true with A"
replaced by A,. Let ¢ satisfy 0 < ¢ < inf; |A/(£)|/2. If A(g(a)) # a, then either
a > A(g(a)) and g(a) =0, or a < A(g(a)) and g(a) = 1. Hence, from Taylor’s
expansion,

(10) Aw) — Ag@) < (u — g(@)a —c(u — g(a))’

for all u € [0, 1], whence

iy P< P[ sup  {My(u) — My (g(@) — c(u — g(@)*} = 0]
lu—g(a)|>x/2

It then follows from Markov’s inequality and (A2) that

Pr<y P[ sup {My (1) — My(g(a))} = c(xzk—‘)z}
k>0 Llu—g(a)|e[x2k=1,x2k]
x2K/n
<cy 2
= 292k—2)2
=0 (cx42 )

But ), 273 is finite so (9) holds for all x > n~1/3. This inequality clearly extends
to all x > 0 since the upper bound is greater than one for all x < n~1/3, provided

K>1. 01
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LEMMA 3. There exists K > 0 such that, for every x > 0 and a ¢ 1([0, 1]),
K
nx(r(g(a)) —a)?’

(12) P[|Uy(a) — g(a)| > x] <

PROOF. We argue as above except that we use (A2') instead of (A2), and
instead of (10), we use the fact that A(u) — A(g(a)) < (u — g(a))A(g(a)). U

Now we prove Theorem 1. Let ¢ € (0, 1). By the Fubini theorem,
A w A~
I :=E[(A, () — A(t))+]p :/ Pl (1) — A1) > x]1pxP " dx,
0

where for all x € R, x4 = max(x, 0). We have 0,, (A(t) + x) >t whenever )AL,,(I) >
A(t) + x, whence

w A
I < / P[0, (0.(t) + x) = t]pxP ' dx.
0

By (A1), there exists ¢ > 0 such that g(A(f) + x) <t — cx for every number x
that satisfies A(¢#) + x € (A(1), A(0)). As a probability is no more than one, it thus
follows from Lemma 2 that

m A
(13) L <Kn PP+ P[U, (A(t) +x) = t] px? L dx.
A(0)—=A ()
One has g(A(¢) +x) =0 for all x > A(0) — A(¢), so Lemma 2 yields
N K
Assume 7 > n~ /3. Combining this with (12) yields
K
2 PX
A0) =1 () +n~13 nt (A(0) — A(1) — x)
As p < 2, we obtain [| < Kn—P/3. Now assume ¢ < n~ /3. Then n~!/3 <
(nt)"1/2. A probability is no more than one, so (13) and (12) yield
K
2 P
AO) =1 (1)+(nt)=1/2 nt (A(0) — A (1) — x)

L <Kn P34 P=lgx.

P=lax.

L <K@nt)P?+

As p <2, weobtain I1 < K(m)*p/z. In both cases,
I < K(n=PP 4 (nr)=P/?).
Similarly,
L=E[(A1) — A (0),]” < KPP+ (n(1 =) ")

and the result follows.
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5. Proof of Theorem 2. We assume here A is decreasing. The similar proof in
the increasing case is omitted. We denote by K or K’ (resp. ¢) a positive number
that depends only on A, C, p, Cy4, g, L, and that can be chosen as large (resp. small)
as we wish. The same letter may denote different constants in different formulas.
Moreover, we denote by U, the inverse process (8) and we set g = A~ !. We first
provide in Lemma 4 an upper bound for the tail probability of Uy, which is sharper
than (9). Then, thanks to Proposition 1 in [4], we prove two lemmas that will be
useful to approximate a properly normalized version of U, (a) with the location of
the maximum of a drifted Brownian motion. Finally, we prove Theorem 2.

LEMMA 4. There exists K > 0 such that, for every a € R and x > 0,

(14) P(|Un(a) — g(a)| = x] < K (nx™)! 4.

PROOF. Fix a € R, x € (0, 1] and denote by P, the probability in (14).
From (11), one has P, < P, + P, where P, is equal to

Cc

(u —g(a))z} zO>

]P’( sup {n_l/z(Bn o L(u) — B, o L(g(a)))
lu—g(a)|>x/2

and
2
" —1/2 CcX
P/ =P sup [M,(u)—n B,oL(u)|>—|.
uel0,1] 16

One can derive from the properties of Brownian motion and the Brownian bridge
(see, e.g., (24) below and the proof of Theorem 4 in [4]) that, for all x € (0, 1],

P, < K exp(—cnx?®) < K'(nx>)' 4.
Now by (A4), there exists K > 0 with
P! < Kx™%n'"9 < K (nx¥)174,
Hence, (14) holds for all x € (0, 1]. It clearly extends to all x > 0 since both f/n (a)
and g(a) belong to [0, 1]. O

LEMMA 5. Let T, > 0, W, be a standard two-sided Brownian motion,
Dy, :[-T,, T,] = R a nonrandom function and R,, a process indexed by [—T,, T,].
Furthermore, let

U, =argmax{D, + W, + R,} and V,= argmax {D,+ W,}.
[T, Tn] [—logn,logn]
Assume D, continuously differentiable, D,,(0) = 0 and there exist positive A and c
such that | D), (u)| < Alu| and D, (u) < —cuzfor allu € [-T,, T, ]. Assume, more-
over, either (1) or (i1), where:
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(G) T, =n'/G6a=1D) for some q > 12 and there exists K > 0 such that
(15) IP[ sup  |R,(u)| > x] <Kx"9n'713  forall x € (0,n*7].
u€[—Ty,,Ty]
(i) T,, =logn and there exist K > 0 and s > 3/4 with

sup R, ()| < Kn~*/(logn)’.
”G[_T;th]

Letr =2(q —1)/(2q — 3) under (i) and r < 2s under (ii). Then there exists K’ > 0
that depends only on K, A, c and r such that

—1/6~r
E|Un—v,,|’<K/<” )
- logn

PROOF. Assume (i). Assume, moreover, n is large enough so that 7,, > logn.
If V, denotes the greatest location of the maximum of D, + W, on [T, T,],
then Vj, can differ from V, only if |V, | > logn. It thus follows from Proposition 1
in [4] (see also the comments just above this proposition) that there exists an ab-
solute constant C such that the probability that |U, — V| > 4 is no more than

8372
}P’[ sup  |R,(u)| > 5 ]+Cxlogn+2IP>(|Vn/|>logn)
ue[—T,,Tu]

for every (x, §) that satisfies
1
16 8 € (0, logn], 0, A’(logn)? < ————.
(16) (0. logn], x> (ogm) < 5 S log(1/2x0)
Moreover, for every x > 0,
(17) P(|V,| > x) < 2exp(—c’x’/2);

see, for example, Theorem 4 in [4]. Let ¢ > 0 and for every é > 0, set

x5 = (logn)~ /@D §=34/Qa+1),,3=0)/Blg+1)

Then (16) holds for every (8, xs) with § € (n~1/%/1logn, n=¢), provided n is large
enough. By (15), there thus exists K’ > 0 such that, for every such 3,
(18) P(|U, — Vu| > 8) < K'xslogn.

Now, |U, — V,,| < 2T, so from Fubini’s theorem

27,
E|U, — V,|" = 5 P(|U, — Vy| > 8)r8" "1 ds.

But forevery § > n~¢, |U, — V, | can exceed § only if it exceeds n ¢ and therefore,
the above integral is no more than
—&

—1/6\71 n

n / r—1 / r

< ) + K logn/ xsrd' ~ dé + K'x,-<logn(2T,)".
logn n=1/6/1logn
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Since r < 3q/(2(q + 1)), straightforward computations prove that this is of order
O((n~"%/logn)"), provided ¢ > 12 and ¢ is small enough. This completes the
proof in the case (i).

Assume (ii). For every § > 0, let

xs =2K83?n*3(logn)?.
Arguing as above, we get (18) for every 8 € (n~'/%/logn, n=¢). We conclude with

the same arguments, since s > 3/4 and r <2s. U]

LEMMA 6. Let U, and V, be processes indexed by J,, C [xg, x1] for some
real numbers xy and x| independent of n. Let p > 1, r > 1 and let v’ satisfy 1/r =
1 —1/r'. Assume there are q' and K such that

(19) sup E|U,(@)|? <K and sup E|V,(a)|? <K

acl, ael,

for all n. Assume, moreover, either (i) or (ii), where:

() ¢'=(p—)r' and sup,; E|U,(a) — Va(@)|" = o(n™"°).
(ii) ¢’ = pr’ and there exist y > r/6 and K’ > 0 such that, for every n and
a € Jn, P(Uy(a) # Va(a)) < K'n77.

Then

/|Un(a)|Pda=/ Via(@)? da + op(n~1).
Jﬂ Jn

PROOF. It follows from Taylor’s expansion that
(20) Ik = yP < plx =yl v )P < ple =yl 6P 4y
for all positive numbers x and y. Hence, for every a € J,,
E[|Un@)7 = [Va (@] < pE[|Un (@) = Va@I(1Un@"~" + [Va(@)|”71)].
Also,
E[|Un(@)” = |Va(@)|?] < E[Ly, @)V, @) (| Un (@] 4 |Va(@)|7)].

Hence, the result follows from Holder’s inequality. [
Now we turn to the proof of the theorem. Hereafter,
9o =nf’/3/01 n(6) = MO\ .
e Step 1. First we express $, in terms of Uy. Precisely, we prove

A0)
@) gu=ntP A ) 100(@ = g@I71g @) da+ op(n™ "),



1092 C. DUROT
For every x € R, let x; = max(x, 0). Moreover, let
| 1 R
I = fo [(n () —A(0)) )" dt, L= fo (@) — ha (D)) )" dt
and

I pAO)—=A()P
= /0 /0 13 (y=a(t)+al/r dadr.

We have A, (1) < A(0) for all £ > U, (A(0)), so
Un(A(0)) poo
O=h-h= / / 13 dadt
1 1 0 (AMO)—A(1))P A (D)=A()+all/P

UM 0)
5/0 [(An(t) = 1(0)) )" dt.

Hence, by monotonicity

n~Blogn R
n-ns| (R ®) = 20" di + 130 (0) = ADIP L1135, 60 -togn-

Let p’ € (p —1/2,2) be such that 1 < p’ < p (such a p’ exists since p € [1,5/2)).
By assumption, A is bounded and A,(0) is stochastically bounded, so, from
Lemma 4,

R . Vlogn ,
It = Jy < 3 (0) = A(D|PP / G (1) — MO dt + op(n=P/31/6).
0

Now, note that the results in Theorem 1 remain true under the assumptions of
Theorem 2 (since one can use Lemma 4 instead of Lemma 2 in the proof). As
p €[l,2), we get

n~1Plogn , ,
E(/ [An (1) — A(1)]P dt) < Kn~ PR 10y,
0
Butp/>p— 1/2’ SO
n~Ylogn /
/ |An (1) — A(0)|P dt = op(nfp/3*1/6)'
0

Therefore, I1 = J; + op(n~P/371/6). The change of variable b = A(f) + a'/? then
yields

20) Un(b) el p/3-1/6
Il:/m) /g(m pb =) Ly g, b+ op(n )-

By Taylor’s expansion, (A1) and (4), there exists K > 0 such that
22) =201 = [(e®) — 1) 0 g®)]" T < K(t —g®)" "'
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for all b € (A(1),A(0)) and ¢ € (g(b), 1). As a probability is no more than one,
integrating (14) proves that, for every ¢" < 3(q¢ — 1), there exists K,/ > 0 with

(23) E[(n'|0,(a) — g@))7] <K,  foralla eR.
Thus, 11 equals

20) U, (b) o1 el —p/3-1/6
/Ml) /g(b) pl(t—g®)" ™'V og®IP "1, g o dtdb+ R+o0p(n ),

where R = Op(n~(P+9)/3)_ Hence,
A0) pias el e
I = /}:(1) Uy (b) — g(b)|P|A" o g(b)| ]lg(b)<l_7n(b) db + op(n ).
Likewise,

HO N p-1 —p/3-1/6
b= [ 180 = G 0 8B, g, b+ 0p P10

and the result follows, since ¢, = np/3(11 + Ip).
e Step 2. Now we approximate a proper normalization of U, by V, defined as
follows. We have the representation

(24) Bn(t) = Wn(t) - Sl’lts

where W, is a standard Brownian motion, &,, = 0 if B, is a Brownian motion and &,
is a standard Gaussian variable independent of B, if B, is a Brownian bridge. Let
d = |)|/2(L")?, and for every ¢ € [0, 1] let

(25) Wi @) =n"/O[W, (L(t) +n~Pu) — W (L)),
so that W; is a standard Brownian motion. For every ¢ € [0, 1], we define V(t)

as the location of the maximum of the drifted Brownian motion u — —d(¢)u? +
W; (u) over [—logn, logn]. We aim at proving

A (1)
L'(1)

p p

dt + op(n=1/9).

5o —1/6 &n
V(it)—n —2d(t)

(26) G = fo 1

For every a € R, let at =a — n_l/ZSnL’(g(a)). The process ﬁn is nonincreasing
and |&,| is less than log n with probability greater than 1 —exp(—(logn)2/2). As L’
18 bounded, we derive from Lemma 4 that

27) P(IL(Un(a*) = L(g(@)] > x) < K (nx)! 7

for all x € [n~13, L(1) — L(0)] and large enough n. With a modification of K,
this inequality holds for all x > 0 and n € N. As a probability is no more than one,
integrating this inequality yields

(28) sup E[(n'3|L(0,(a®)) — L(g(@)))! ] < K,
acR
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provided ¢’ < 3(g — 1). Recall (21). Then Lemma 6(i) with, for example, r = r’ =
2 combined with Holder’s inequality and the change of variable a — af proves

that
20 L(Ty(a)) — L(g(a)) | _ _
—pP/3 1eN1=p 1/6
Gu=n /m) T 18 @' da + op(a~"/5)
i 18/ (@)]' )
_ ,p/3 ENy EV\|P 1/6
=" [ L@@ ~ Lig@ NP (5 da o™V,
where

Jo=[2(1) +n"Y%/1ogn, (0) —n='//10gn].
Leta € R. By (8),

LU,(a®)= argmax {(AfoL™!—a’L7YHw)).
uelL(0),L(1)]

The location of the maximum of a process {Z (), u € 1} is also the location of the
maximum of {AZ(u) + B, u € I} forany A > 0 and B € R. Therefore,

n'3(L(U,(a*)) — L(g(a))) = argmax{ Dy, (a, u) + We(ay () + Ry(a, u)},

uely(a)

where Wy (q) is given by (25),

Ii(a) = [-n"*(L(g(a)) — L)) n'3(L(1) — L(g(@)))],
Du(a,u) =n**(A o L™ —aL™")(L(g(@)) +n~"2u) —n*/*(A(g(a)) — ag(a))
and R;(a, u) is equal to
n*(a—a®) (L™ (L(g@) +n~""u) — g(@)) —n " 6u + Ru(a, )
for some R, which satisfies

sup  |Rn(a,u)| <n®? sup |AS(t) = A(t) —nV?B, o L(1)|.
acR,uely,(a) tel0,1]

We will use Lemma 5 to show that R, is negligible. For this task, we need to
localize. Let 7, = n'/G64=11) gapd

U,(a) = argmax {Dy(a,u) + Wy (1) + Ry(a, u)}.
ue[_TnsTn]

If n is large enough, then [—T,,, T,,] C I,(a) for all a € J,, so
n'(L(U,(@®)) — L(g(a)))

can differ from U, (a) only if its absolute value exceeds 7,. It thus follows
from (27) and (28) that we can apply Lemma 6(ii) with some r’ < 3(¢ — 1)/p,
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r’ as close as possible to 3(¢ — 1)/p. We get

g (@)]'~7

Cig@yr e’

o = /J |0, (@) +n'3(L(g(@)) — L(g(@))|”

=ﬁn

Now let

g P lg@]'?
(g@) | (L'(gla))?

da +0p(n_1/6).

0 . —1/6
n(a)—n ¥

l:]n(a) = argmax {Dp(a,u) + W@ ()}

ue[—logn,logn]
By Taylor’s expansion, there are positive K and ¢ with

d 2
—Dy(a,n)
u

<Klu| and Dy(a,u)<-—cu

for every a € J, and u € [-T1,, T,]. Moreover, there exists K > 0 with

IRy (a,u)| < Ku*n='2|&,| +n*> sup |A,(t) — A(t) —n" 2B, o L(1)],
t€[0,1]

since A, is cadlag. By (A4), (15) thus holds with R, («#) replaced by R, (a, u). Due

to Theorem 4 in [4], U n(a) has bounded moments of any order, so we can apply
Lemmas 5 and 6 both with condition (i) to get

- g 17 1@
G = /J

2d(g(a))| (L'(g(@)))?
Now we approximate l:] n(a) by V(g(a)). By Taylor’s expansion and (4), there
exists K such that, for all |u| <logn,

l:]n(a) —n1/6 da+0[p>(n_1/6).

|Dy(a,u) —d(g(@)u®| < Kn="3(logn)?.

It follows from (17) that f/(t) has bounded moments of any order so Lemma 5(ii)
and Lemma 6(i) show that
£, |7 Ig@]|'?

In :fjn 2d(g(a)) | (L'(g(a))?

and (26) follows from the change of variable r = g(a).

e Step 3. Now we prove that, although B,, could be a Brownian bridge in (A4),
everything works as if it were a Brownian motion. This is similar to Corollary 3.3
in [8] and Lemma 2.2 in [11], but the present argument takes a simpler form since
we deal with V. Precisely, we show that &, can be removed from (26), that is,

A (1)
L'(1)

da + op(n~'%),

V(g(a)) —n~'/°

p
dt + op(n=19).

|
(29) o= fo V()7
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This is precisely (26) if B, is a Brownian motion since, in that case, &, = 0. Hence,
we assume here that B, is a Brownian bridge. Therefore, &, is a standard Gaussian

variable. Let
1 M) |P e 16 &n A(@) P
_ . 1/6 p _ _ 16
Do =n {/o Vol L'(7) d /ov(t) " 2o o d’}'

We will show that D, = op(1). Hereafter, for every ¢, V (¢) denotes the location of
the maximum 0f~the process u — —d (1)u? + W, (u) over R. Then for every t, V(1)
can differ from V (¢) only if |V ()| > logn, so similar to (17),

P

(30) P(V (1) # V(1)) < 2exp(—c*(logn)?).
Moreover,
d)*PV (t) = argmax{—u’d ()~ + W,(ud (1) */?)},
ueR
which, by scaling, is distributed as X (0); see (3). Fix y € (0, 1/12). Corollaries 3.4
and 3.3 in [7] show that X (0) has a bounded density function, so from (30),
PV <n V) <Kn7.

Here, K does not depend on ¢ since d is bounded. Moreover, &, and V(1) possess
uniformly bounded moments of any order and the probability that |&,| exceeds
logn is less than exp(—(log n)2/2). Expanding x + x? around |\7(t)| then proves
that D, is asymptotically equivalent to

I~ ~ _1/6 &n - M@
1/6 _ _,—1/6 p—1
pn /O{W(m ‘V(t) n 2d(t)}wan ‘L,(t)

p
1a,0 dt,

where A, (7) is the intersection of the events {|V (t)| > n~"} and {|&,| < logn}.
Hence,
LV@)

_ Y p—2
Dy = pén A 2d(I)IV(t)I ‘

A ()

p
00 dt 4+ op(1).

Now, V(t) has a symmetric distribution, so

IO, KO [ IO g KOP
E( A 2d(l‘)|v<t)| o) dt> _Var< A 2d(t)|V(l‘)| 0 dt

and one can prove, arguing as in Step 5 below, that this tends to zero as n — oo.
Thus, the above integral converges to zero in probability. As &, is stochastically
bounded, we get D, = op(1).

e Step 4. Now, we prove that it is sufficient to show

1
n'/® / Y,(t)dt > N(0,07)  in distribution,
0
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where
p

A1)
L'(t)
We have seen that d(1)%/3V (¢) is distributed as X (0), so (30) implies
A (1) M)
L'(t) L'(1)

Ya(t) = (IV@0)IP —EV(0)|?)

1 p 1 p
/ElV(t)lp dt:ElX(O)le d(r)~2r/3 dt +o(n~1%)
0 0

=m, +o(n~1%).

Thus, by (29),

1
n/(gy —m ) =n1/6f0 Y, (1) dt + op(1),

which proves the stated result.
e Step 5. In this step we show

1
31) lim Var(n1/6/ Yn(t)dt) =0,.
0

n—oo

Let v,, = var( fol Y, (t) dt). From Fubini’s theorem,

”"=2/01/S1 M@ M)

X
L'(t)  L'(s)

Letc, =2n"1/3 logn/inf, L'(t). The increments of W,, are independent, so V(t)

and V (s) are independent for all |t — s| > ¢,,. Moreover, |V (¢)| possesses bounded

moments of any order, so

1 pmin(l,s+cy,)
32) v, = 2/ /
0 Js

For every s and ¢, let v, (s) be the location of the maximum of the process
u > —d(s)u® + W, (u) over [—logn,logn] and let V;(s) be the location of the
maximum of this process over the whole real line. By (17), V;(s) and v, (s) have
bounded moments of any order. Holder’s inequality combined with (20) thus yields

lcov(I Ve ()7, [Vs($)|P) — cov([Vi(s)IP, |Vs(s)IP)| < KEVT |V, (1) — Vi (s)I",

pcov(|\7(t)|p, |V (s)|P)dtds.

2p

2O cov([V ()P, [V (s)P)dt ds + o(n™'/3).

L' (s)

where r > 1 is arbitrary. Since Vt (1) = V(t), Lemma 5(ii) yields

1 pmin(l,s4cy) A/(s)
weaf ]
0 Js

L'(s)
For every fixed s, V;(s) can differ from \7t(s) only if |V;(s)| > logn, so similar
to (17), we get

2p

cov([V,()|7, |V (s)|P) dt ds + o(n~/3).

P(V,(s) # Vi(s)) < 2exp(—c*(logn)?).
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Thus, f/t (s) and X7S(s) can be replaced by V;(s) and Vi(s) in the above integral.
Now, fix s and ¢ in [0, 1] and let X be given by (3), where

W (u) =n'78d () 3 (W, (L(s) +n=3d(s)723u) — W, (L(s))).
Then
d($)?PVi(s) = X(n'3d()*3 (L (1) — L(s5))) — n'Pd()*3(L(t) — L(s)).

The change of variable a = n'3d(s)?3 (L) — L(s)) and straightforward compu-
tations then yield (31).

e Step 6. It remains to prove asymptotic normality of n!/¢ fol Y, (¢)dt. We will
use Bernstein’s method of big blocks and small blocks, as in [8] and [11]. Let L, =
n~13(logn)?, L, = n~13(logn)? and denote by N, the integer part of (L, +
L;)_l. Letap =0, apny,+1 =1 and foralln e Nand all j € {0,..., N, — 1}, let
azj+1=azj + Ly and apj 12 = azj41 + L},. Finally, let &, ; = n'/® [i27' v, (1) d1.
By definition, EY,, () =0, so

No—1 vapiin 2 @j42 (@42
El > / Yo()yde) =5 f f cov(Yy (1), Yu(s)) dt ds.
j:() a i,j a a

2j+1 2j+1 2i+1

By independence, the terms with i # j are equal to zero for large enough #, so the
above expectation is of order o(n~!/3). Hence, n'/6 fol Y, (t)dt is asymptotically
equivalent to Zj &,,j, and by Step 5, Var(Zj &,,j) tends to o[% as n — 00. By
Holder’s and Markov’s inequalities, we have, for all § > 0,

Nn Nn
S E(E L, 158) < Y E(E 187
j=0 j=0

This tends to zero as n — 00, so the central limit theorem with the Lindeberg
condition shows that }_; &, ; tends to a centered Gaussian distribution with vari-

ance al%. By Step 4, this completes the proof of the theorem. [

6. Proof of the results of Section 3. Here again, K, K’, ¢, denote positive
numbers that do not depend on n and may change from line to line.

6.1. Proof of Theorem 3. (i) Let M, be the stopped process
M (1) =M, (t A X)) = An(t) — At A X)), t€[0,1],
where X,y = max; X;. We have X,) < 1 with probability y", where

(33) y=1 —1tiTr?(1 —F(1))(1-G@) <1.
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Recall (a 4 b)? < 2a® + 2b? for all real numbers a and b. As M is identical to
M, if X,y > 1, we get

E[ sup (Mn(u)—Mn(t))z}

t<u<t+x
<28 swp (M0 - M) |+ 207"
t<u<t+x

forevery t € [0, 1] and x > 0. Here, K denotes the supremum norm of 1. By Theo-
rem 7.5.21in [16], M} is a square integrable mean zero martingale with predictable
variation process

A
O / 1—5)() =K 45

where H,_(s)=n"1Y; 1x,<s. By Doob’s inequality,

E[ sup (M (u) — M;f(t))z] < 4E[(M*(1 A (t + ) — M*())?]

<u<t+x

= AB[(M}(1 A (t + 1)) — (M (1))?]
_ 4 IA(t+x) )L(S)
=B e ]

Let N be the number of X;’s that are greater than or equal to 1. For every s <
I A Xy, n(1— H,_(s)) is greater than or equal to 1 vV N. Hence, by monotonicity,

E[ (M (1) M*(t)2}<4 MOE(—) < &
tflilSlIt)—Fx n () = My ()" | < 4x )<1\/N>_7’

since N has a binomial distribution with parameter n and probability of success
1—y > 0. Also, y"* < K/n for some K > 0, and xZ<xforall x € [0, 1]. Hence,
for every t € [0, 1] and x > 0, we have

2 Kx
(35) B[ sup (M0 - M, 0) | <25

t<u<t+x n
To handle the case u < ¢, we derive from (35) that

E[ sup (Mn(u)—Mn(t))z}

t—x<u<t

< 2E[(My (1) — My ((t — x) v 0))°]
+ 2IE[ sup (M, (u) — M, ((r — x) v 0))2]
t—x=<u=<t
Kx
n
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for every r € [0, 1] and x > 0. Combining this with (35) yields (A2) and (A2).
Now, A, jumps only at times #; when we observe uncensored data. Hence, for
every § > 0, the probability that A, jumps in (0, §/n) orin (1 —4&/n, 1) is no more
than

nP(T € (0,8/n) U (1 —8/n, 1)).

This is no more than 2K §, where K is the supremum norm of f on [0, 1], so (A3)
follows from Lemma 1.

(i1) Let L be defined by (7), and denote the supremum distance on [0, 1] by || . ||.
We will prove that there exist versions of M,, and the standard Brownian motion B,
such that, for all x € [0, n],

(36) P[n sup |M,(t) —n~ V2B, o L(1)| > x + Klogn] < K'exp(—cx),
te[0,1]

where K, K’ and ¢ depend only on F and G. This indeed suffices to prove (A4).
We consider the limit-product estimator F,, of Kaplan and Meier,

.1 i<t
Fn<r)=1—]"[<"’ ) , 120,

i<k i

and we set A, = — log(1 — F3,). By Corollaries 1 and 2 of [12], there are versions
of F, and B, such that

(37) Pn||F,—F —n"Y?2(01 = F)B,o L|| > x + K logn] < K exp(—cx)

for all x > 0. Here, K, K’ and ¢ depend only on F and G. As L is bounded on
[0, 1], we have

P[|| B, o L| > x] < exp(—c'x?)

for some ¢’ > 0 and all x > 0. But F (1) < 1 and we have (37), so we can assume
without loss of generality that F,,(1) < 1 and, therefore, A, is well defined on the
whole interval [0, 1]. As A = —log(1 — F), expanding u — exp(—u) proves that
there are positive ¢, K and K’, which depend only on F and G, such that

Pln||(Ay — A)exp(—=A) —n~Y2(1 = F)B, o L|| > x + K logn] < K'e™*,
for all x € [0, n]. Hence,
Pln|Ap — A —n""?B, o L|| > x + K logn] < K’ exp(—cx),

and it remains to show that A, is close enough to A,. By Taylor’s expansion, one
has, for all i with ¢; € [0, 1],
1 n

0<Ant) —An(ty) < Z 2(71] — 1)2 = 2NV 1— 1)2’

j<i
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where we recall that N is the number of X;’s that are greater than or equal to 1.
Both A, and A, are constant on the intervals [7;, ti+1). As N is a binomial variable
with parameter n and probability of success 1 — y [see (33)], one can then derive
from Hoeffding’s inequality that

Pln||A, — Anll > x] < K exp(—cn) < K exp(—cx),

for some K >0, ¢ > 0 and all x € (K’, n]. The result follows.

6.2. Proof of Theorem 4. Fixt € [0, 1] and x > 0. As A, — A is a martingale,
Doob’s inequality yields

(38) IE[ sup (M, (u) — M,,(t))z} <AE((My (1 A (t 4 %)) — My (1))°).
<u<t+x

But n(A,(1 A (t + x)) — A,(¢)) has a Poisson distribution with expectation
n(A(1 A (¢ + x)) — A(t)). Thus, its variance is bounded by Knx, where K is
the supremum norm of A on [0, 1], and (35) holds for all x > 0 and ¢ € [0, 1]. We
can handle the case u < ¢ as in the proof of Theorem 3, whence (A2) and (A2').
Now, A, can jump in (1 —48/n, 1) only if at least a process V; jumps in this inter-
val. But the jumps of N; have height 1, so for every é > 0,

P(Ay jumps in (1 —38/n, 1)) <nP(Ni(1) — N1 (1 —8/n) > 1).
The variable Ni(1) — Ni(1 — §/n) has a Poisson distribution with expectation
A1) — A(1 — §/n), so by Markov’s inequality,
P(Ay jumps in (1 —8/n, 1)) < K§.
We can proceed likewise to control the probability that A, jumps in (0, 8/n), so

(A3) follows from Lemma 1. It remains to prove (A4). For this task, fix ¢ > 2 and
forevery k =0, ...,n, let fy = k/n. We have

(39) E|My () — My (tx-1)|? < Kn™1

for all k > 1 and some K > 0. The increments of M,, are independent, so by Theo-
rem 5 in [15], there are versions of M,, and the standard Brownian motion B,, such
that

E[ max |M, () — n—‘/an(Aak))rf] <Kn'™d
1<k<n

for some K > 0. One then obtains, using (39), monotonicity of A, and properties
of Brownian motion, that there is a K > 0 such that

E[ sup | M, (t) — n—l/anm(r))rf} <Kn'™
t€[0,1]

This holds for any ¢ > 2, hence, in particular, for some g > 12. Thus, from
Markov’s inequality, (A4) holds with L=A. O
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6.3. Proof of Theorem 5. (i) We have (u + v)? < 2(u? + v?) for all real num-
bers u and v. Hence, for all ¢ € [0, 1] and x > O,

2
2 K
E|: sup (Mﬂ(u) - M”(t))2i| = EE[ sup < Z Ein — Z Ei,n) :| + p

lu—t]=x lul=x \j <p(t4u) i<nt

for some K > 0, which depends only on A. By Doob’s inequality, this is no more

than
2 2
8 8 K K'x
n2E< Z 5i,n> + l’l_zE( Z 8i,n> + n_2 =< »
nt<i<n(t+x) n(t—x)<i<nt
for all x > 1/n, whence (A2). By definition, A, jumps at times i /n,i =1,...,n

If t € {0, 1}, we thus have for every x € (0, 1/n) that
sup [My(u) — M, (@)= sup |A(u)— A@)| <Kx,

lr—u|<x lt—ul<x

whence (A2). Moreover, it is clear from Lemma 1 that (A3) holds.
(i1) From Theorem 5 in [15], there exist versions of (&; ) and the standard
Brownian motion B,, such that

|: Zs —n_l/zB< 202(1/11))
teOl]

i<nt 1<nt
Thanks to Markov’s inequality, one can then derive (A4) from properties of Bj,
and the regularity assumptions on o2

:| <Kn'™4,

6.4. Proof of Theorem 6. Fix t € [0, 1], x > 0, and define
Ap(u) — Ap(2)

M =, e [0, 1],
W)= uelo,1]
where we recall that A, is the empirical distribution function of the sample
X1,...,X,. By Lemma 2.2 in [8], the process {:M,(u), u € (¢, 1]} is a reverse

time martingale conditionally on A, (¢). Since A is increasing and A is bounded,
Doob’s inequality yields

M, (t +x/2) —M,l(z))2

2 2
E[ sup (M (u) — My (1)) }SKX E( At +x/2) — A1)

X/2<u—t<x
But n(A,(t + x/2) — A,(¢)) is a binomial variable with parameter n and prob-
ability of success A(f 4+ x/2) — A(t). Moreover, A is bounded away from zero,
whence

E[ sup (MMu)—MN))ﬂs%

x/2<u—t<x
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forall x > O and ¢ € [0, 1]. To handle the case u < ¢, we use the fact that the process
{M;,,(u), u €[0,¢)} is a forward time martingale conditionally on A, (#) (see
Lemma 2.2 in [8]). Whence, (A2) and (A2'). Now, A, jumps at times X1, ..., X,.
As X is bounded, the probability that A, jumps in (0, 5/n) orin (1 —§/n, 1) is no
more than

nP(X; € (0,8/n)U (1 —8/n, 1))

for every § > 0. This is no more than 2K §, where K is the supremum norm of A,
so (A3) follows from Lemma 1. Finally, it follows from the Hungarian embedding
of [10] that (A4) holds with L = A and B,, a Brownian bridge.

Acknowledgment. I wish to thank Laurence Reboul for useful discussions
about the Nelson—Aalen estimator and martingales.

REFERENCES

[1] BARLOW, R. E., BARTHOLOMEW, D. J., BREMNER, J. M. and BRUNK, H. D. (1972). Sta-
tistical Inference Under Order Restrictions. The Theory and Application of Isotonic Re-
gression. Wiley, London. MR0326887

[2] BRUNK, H. D. (1958). On the estimation of parameters restricted by inequalities. Ann. Math.
Statist. 29 437-454. MR0132632

[3] BRUNK, H. D. (1970). Estimation of isotonic regression. In Nonparametric Techniques in Sta-
tistical Inference (M. L. Puri, ed.) 177-195. Cambridge Univ. Press. MR0277070

[4] DuRoT, C. (2002). Sharp asymptotics for isotonic regression. Probab. Theory Related Fields
122 222-240. MR 1894068

[S] GRENANDER, U. (1956). On the theory of mortality measurement. II. Skand. Actuarietidskr.
39 125-153. MR0093415

[6] GROENEBOOM, P. (1985). Estimating a monotone density. In Proc. Berkeley Conference in
Honor of Jerzy Neyman and Jack Kiefer (L. Le Cam and R. Olshen, eds.) 2 539-555.
Wadsworth, Belmont, CA. MR0822052

[7] GROENEBOOM, P. (1989). Brownian motion with a parabolic drift and Airy functions. Probab.
Theory Related Fields 81 79-109. MR0981568

[8] GROENEBOOM, P., HOOGHIEMSTRA, G. and LOPUHAA, H. P. (1999). Asymptotic normality
of the L1-error of the Grenander estimator. Ann. Statist. 27 1316-1347. MR1740109

[9] HUANG, J. and WELLNER, J. A. (1995). Estimation of a monotone density or monotone hazard
rate under random censoring. Scand. J. Statist. 22 3-33. MR1334065

[10] KOMLOS, J., MAJOR, P. and TUSNADY, G. (1975). An approximation of partial sums of inde-
pendent RV’s, and the sample DF. Z. Wahrsch. Verw. Gebiete 32 111-131. MR0375412

[11] KuLikov, V. N. and LOPUHAA, H. P. (2005). Asymptotic normality of the Lj-error of the
Grenander estimator. Ann. Statist. 33 2228-2255. MR2211085

[12] MAJOR, P. and REJTO, L. (1988). Strong embedding of the estimator of the distribution func-
tion under random censorship. Ann. Statist. 16 1113-1132. MR0959190

[13] PRAKASA RAO, B. L. S. (1969). Estimation of a unimodal density. Sankhya Ser. A 31 23-36.
MR0267677

[14] REBOUL, L. (2005). Estimation of a function under shape restrictions. Applications to reliabil-
ity. Ann. Statist. 33 1330-1356. MR2195637

[15] SAKHANENKO, A. L. (1985). Estimates in the invariance principle. Limit Theorems of Proba-
bility Theory 175 27—44. Trudy Inst. Mat. 5. (In Russian.) MR0821751


http://www.ams.org/mathscinet-getitem?mr=0326887
http://www.ams.org/mathscinet-getitem?mr=0132632
http://www.ams.org/mathscinet-getitem?mr=0277070
http://www.ams.org/mathscinet-getitem?mr=1894068
http://www.ams.org/mathscinet-getitem?mr=0093415
http://www.ams.org/mathscinet-getitem?mr=0822052
http://www.ams.org/mathscinet-getitem?mr=0981568
http://www.ams.org/mathscinet-getitem?mr=1740109
http://www.ams.org/mathscinet-getitem?mr=1334065
http://www.ams.org/mathscinet-getitem?mr=0375412
http://www.ams.org/mathscinet-getitem?mr=2211085
http://www.ams.org/mathscinet-getitem?mr=0959190
http://www.ams.org/mathscinet-getitem?mr=0267677
http://www.ams.org/mathscinet-getitem?mr=2195637
http://www.ams.org/mathscinet-getitem?mr=0821751

1104 C. DUROT

[16] SHORACK, G. R. and WELLNER, J. A. (1986). Empirical Processes with Applications to Sta-
tistics. Wiley, New York. MR0838963

[17] WOODROOFE, M. and SUN, J. (1993). A penalized maximum likelihood estimate of f(0+)
when f is nonincreasing. Statist. Sinica 3 501-515. MR1243398

LABORATOIRE DE STATISTIQUES
UNIVERSITE PARIS SUD

BATIMENT 425

91405 ORSAY CEDEX

FRANCE

E-MAIL: cecile.durot@math.u-psud.fr


http://www.ams.org/mathscinet-getitem?mr=0838963
http://www.ams.org/mathscinet-getitem?mr=1243398
mailto:cecile.durot@math.u-psud.fr

	Introduction
	Main results
	Applications
	The random censorship model
	The Poisson process model
	The regression model
	The density model

	Proof of Theorem 1
	Proof of Theorem 2
	Proof of the results of Section 3
	Proof of Theorem 3
	Proof of Theorem 4
	Proof of Theorem 5
	Proof of Theorem 6

	Acknowledgment
	References
	Author's Addresses

