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A binomial-type operator on a stationary Gaussian process is introduced
in order to model long memory in the spatial context. Consistent estimators of
model parameters are demonstrated. In particular, it is shown that dy —d =

3
(0] p(%), where d = (d|, dy) denotes the long memory parameter.

1. Introduction and main results. A process obeying the spatial autoregres-
sive model

(1.1) Xt :aXs—l,t + IBXS,t_l - aﬂXs—l,t—l + &5t

was first studied by Martin [18], where —1 < «, 8 < 1. Martin indicated that
it is often desirable in practice that a process be reflection symmetric, that is,
Pkt = P—k,—t = Pk,—t = p—k ¢ for lags k and £, and that the autocorrelations have
a simple form. These requirements led to the definition of model (1.1),which has
autocorrelation py ¢ = ¥ 1! for lags k and ¢. Spatial autoregressive models are
shown by Tjgstheim [22] to be useful in studying geophysical quantities such as
seismological data. Jain [14] indicates that these models can be applied to de-
velop useful algorithms for image processing. Culles and Gleeson [8] and Basu and
Reinsel [2] illustrate the suitability of model (1.1) as an error term in a regression
model used to analyze data collected in agricultural field trials. Moreover, empiri-
cal evidence of slow decay of correlations between yield in two-dimensional agri-
cultural field trials has received considerable attention (e.g., [10, 24, 25] and [20]).
This led to the study of power law correlation functions by Whittle [25] and
Besag [3] as an alternative to exponential decay. Martin [19] also indicates the im-
portance of long-range correlation structures in agricultural field experiments. In
addition, Professor Kwang-Yul Kim of the Department of Meteorology at Florida
State University has communicated to us that many geophysical variables, such
as ocean temperature, exhibit a well-extended spatial correlation structure (e.g.,
[16, 17]). The above references motivate the possible need for inclusion of a long
memory component when modeling certain spatial processes.
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It is assumed that the data-sites can be arranged in a square lattice. This com-
monly occurs in agricultural experiments where exactly one plant is located at
site (i, j). Tjgstheim [21] mentions that irregularly spaced data-sites can some-
times be replaced by a regular grid using the interpolation techniques of Delfiner
and Delhomme [9].

Let C denote the field of complex numbers; define

¢ (21,22, 0, B) = (1 —az)(1 = Bz2),

V(21,200 B) = [¢(z1, 22,0, B)] .

Suppose that B1 X = Xs—1,:(B2Xs = X,:—1) 1s the backward shift operator on
the first (second) index of X,;; then (1.1) can be written compactly as

(1.3) ¢(B1, By, a, B) X5t = 1.

It is assumed throughout this work that all processes considered are Gaussian.
Asymptotic results on parameter estimators in the model (1.3) for both stationary
and nonstationary cases can be found in [1, 4, 5, 15].

Our purpose here is to extend the work of Fox and Taqqu [11, 12] from
time series to the spatial context by including a long memory component in the
model (1.3). Memory in time series is modeled by use of the binomial operator
(1— B)?, where d e (—%, %) denotes the memory parameter. The following oper-
ator is used in the spatial setting with two indices d = (d1, d3):

(1.4) vei=(1-B)% o (1 - By*.

(1.2)

The operator V¢ is defined by its corresponding power series representation in
(z1,22), that is, V4 X = Z,‘fe:o akeXs—k.1—e, Where the coefficients are found
from the power series expansion of (I — z1)% (1 — z2)% in the unit polydisc
A1(0) x A1(0) with A1(0) = {z € C:|z] < 1}. Let Z denote the set of all inte-
gers. Given ¢ in (1.2), V4 in (1.4) and the white noise process g5 ~ WN (0, o?),
the fractional autoregressive model of the form

(1.5) ¢(B1, Br, o, )V Xy =&y,  wheres,t €Zanddy,d> € (—3, %),

is considered. It can be shown (see [6]) that the spectral density function of the
stationary solution of (1.5) is

0_2 |1 - e—iJC|—2d1 . |1 - €_iy|_2d2
472 lp(e=i, e, a, B>

(1.6) fx,y,0)=

where 0 = (a, B,d), |a| < 1,|B8| < 1 and |d;| < %, i =1, 2. Moreover, the corre-
sponding autocovariance function when o = 8 =0 is

(=DK1 = 2d)T (1 — 2dr) o2
Fk—di+DI'A—k—d)lF€—dpy + DI —€—dp)’

y(k, £) =
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Let 689 = (ap, Po, dp) denote the true parameter value, where dy = (d19, d2o)-

Recall that a second-order process {X;;:s,t € Z} is said to be stationary
when E(X;;) = p and, for each k, £ € Z, cov(Xs4k t+¢, Xs5¢) 18 independent of
s,t € Z. Moreover, {Xg; :s,t € Z} is called strictly stationary provided all its
finite-dimensional distributions remain invariant under translations. Denote X y =
# Z,]X(:l Xk¢ and define

2

N
Z et(kx—i—[y) . (sz _ YN)
k,l=1

IN(X= y) -

N2

to be the periodogram of the process. As suggested by Whittle [23] in the time
series case, define 6y to be an argument 6 = («, 8, d) making

IN(XJ’) X
2 f(x,y,0)

a minimum, where I = [-7, 7], I?> = [-7, 7] X [-7, 7] and f(x,y,0) is the
spectral density function of the process. In our setting, it can be shown that a min-
imum exists when |¢| <r, |B| <r and |d;| <s,where 0 <r <land 0 <s < %
i=1,2.

Some motivational comments concerning the estimator defined in (1.7) are in
order. Assume that {X;, :s, ¢ € Z} is a mean zero Gaussian process with spectral
density function f(x, y, #) given in (1.6) and denote X = (X 11, X12,..., XyN) ~
N(0,T'y). Let Logx denote the natural logarithm of x. Then the log-likelihood
function of X is

(1.7) on(0) =

2 N2 1 1 /—1
Ly@,0 ):—7L0g2n — §L0g|FN| — EX Iy X

Let Vy = o —2I'y. Whittle [23] proves that |Vy ()| — 1 as N — oo and, thus,
Ly(0,0?%) can be approximated by —NTZ Log 2ol — #X’Vil(Q)X when N is
large. Fox and Taqqu ([11], page 518) use Parseval’s identity to show that F;,l
can be approximated by the more tractable Toeplitz matrix By = (bxgmn), Where
biemn = [12 ei[(k_m)x+(€_”)y]f_1(x, v, 0)dxdy, and this leads to the Whittle es-
timator given in (1.7).

The primary results of this work are given below and proved in Sections 2—4.
The many details and statements whose proofs are not given here are all available
on request from the authors. Our first result establishes strong consistency of the
estimator éN.

THEOREM 1.1. Assume that {X;:s,t € Z} is a stationary Gaussian process
having the spectral density function listed in (1.6), where |a| < 1, |B] < 1 and
0<d;,dr < % Then Oy — 6y almost surely as N — o0.



2556 BOISSY, BHATTACHARY YA, LI AND RICHARDSON

The rate at which {Oy} converges in probability is given in the next theorem.
The notation %‘71%/ (6p) is defined to be the partial derivative of O’]%, evaluated at 6.

THEOREM 1.2. Let {Xy :s,t € Z} be a stationary Gaussian process hav-
ing the spectral density function listed in (1.6), where |a| < 1, |B] < 1 and
0<d,dr < % Then:

(@) Ny —60)+NAY E(L02(60) > N (0, 128755 7)), where T and Ay
are defined in (3.1), (3.2) and (3.5);

() N(LogN) @y — bo) - 64”321((5136110, 824420, 833d10, 84ad20), where K
and §;; are defined in (3.3).

Observe that Ay in Theorem 1.2(a) depends on the abstract point Ay defined
in (3.4). It follows that Theorem 1.2(a) cannot be used for construction of a con-
fidence set about 6. It only shows that when éN — 6 is normalized by N, the
second term in (a) provides just enough cancellation to produce a nondegenerate
limit distribution.

REMARK 1.3. Many of the results given here are natural extensions of those
given in the time series context by Fox and Taqqu [11]. However, a significant
departure occurs with the bias term used in Theorem 1.2(a). According to (4.3),
the normalized convergence of the sequence ;- y (1 — |k|/N)akick1 is required.
The proof given by Fox and Taqqu ([11], page 529) shows that (in our notation)
N? Z|k|<N(1 — |k|/N)akxicxk1 — 0 and N — oo, for p < 1. (They only used the
case p = 1/2.) In the spatial case one has to deal with the asymptotic behavior
of NE (%a,%, (6p)), which amounts to considering what happens to N Z| k<~ (1 —
|k|/N)arick1 as N — oo. Unlike in the time series setting [where the bias term
\/NZ|I<|<N(1 — |k|/N)ag1ck1 — 0], this sequence goes to infinity. It is shown in
this paper that (N / Log3 N) Z|k|<N(1 — |k|/N)akick1 converges to a nonzero real
number as N — oo. The point here is that the bias term, N AX,IE [%01%, (6p)], in
the spatial context is of order Log® N as N — oo.

2. Proof of Theorem 1.1: Outline. A sequence of lemmas needed to establish
the strong consistency of estimators of model parameters is stated and the reader
is referred to Boissy [6] for detailed proofs. The first lemma gives a convenient
method (in our setting) for finding the Fourier series representation of a spectral
density function in terms of the orthogonal set {¢! **+%) : k, ¢ € Z} with respect to
the product Lebesgue measure A = A1 X Ay on [ 2 LetLP I 2) denote the set of all
complex-valued functions for which [} | f|” dA < 0o, where p > 0.

LEMMA 2.1. Let g be a complex-valued function defined on the closed unit
polydisc A1(0) x A(0) in C x C for which g(e™™*, e~y € L2(I?). Suppose that g
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is an analytic function defined on A1(0) x A1(0) with power series representation
g(z1,22) = Z(?E:O Ckgz]fzg, and assume that.)\{(x, y) € I*: g is discontinuous at
(z1,z2) = (e7,e7™)} = 0. Then g(e™*, ™) has the Fourier series expansion
Z/??g:() Cree ™ ®T0) if and only ile(?ezo |Crel* < c0.

The representation described in Lemma 2.1 can be used to verify Lemma 2.2(a).
LEMMA 2.2. Let f(x,y, 0) denote the spectral density function listed in (1.6).
Then:

@) feL'(I? and [;Log % f(x,y.0)dxdy =0,

(b) f2 $E52G8 dx dy > 47> when 6) # 0.

LEMMA 2.3. Assume that {Xs;:s,t € Z} is a stationary process defined
on the underlying probability space (2,35, P) and having mean [, autoco-
variance y and spectral density function h(x,y,6y). Suppose that Xy — 1
and ﬁZQIZI(XHk,,M — W X5t — n) > y(k,£) almost surely, and that
g: (RPF2, By2) — (R,B) is bounded, Borel measurable and periodic with
g(x + 2wk) = g(x) for each x € RP*? and k € ZPT2. If I?> x K is a com-
pact subset of I1PY? which is contained in the set of all continuity points of
g and Iy is the periodogram of the process, then [;2 g(x,y,0)Iy(x,y)dxdy —
[128(x,y,0)h(x,y,00)dxdy uniformly in 0 € K, almost surely [ P].

The omitted proof uses the technique of Hannan ([13], Lemma 1) in the
time series case by uniformly approximating g(x, y,6) over I? x K with an
Nth order Cesaro sum (see [26], page 304, Theorem 1.20). Since a station-
ary Gaussian process is strictly stationary, it can be shown that Xy — x and
ﬁ Z?,’,:NXerk,tM — ) (X5t — pu) = v (k, £) almost surely and, thus, Lemma 2.3
is applicable in our context.

PROOF OF THEOREM 1.1. Combining Lemmas 2.2-2.3 above with the ar-
gument given by Hannan ([13], Theorem 1) for the time series case shows that
On — 6o almost surely (see [6]). [

Next, a sequence of estimators of 6 that is more suited for computational pur-
poses than (1.7) is given. Following Hannan ([13], page 133), define 6y to be the
argument making

1 Z In(wg, wy)

,.,2 _—
(2.1) onNO) =33 (4r2/02) f (ws, wy, 0)

—N/2<s,t<N/2
a minimum, where wy = 27s/N. Under the hypothesis of Theorem 1.1 above,
it can be shown that éN — 6o almost surely. Once 51\/ has been found, 61%, (éN)
in (2.1) can be used as a strongly consistent estimator of o2
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3. Proof of Theorem 1.2(a). In the time series context, Fox and Taqqu [12]
used a combinatorial method in order to establish convergence to normality of cer-
tain sequences of quadratic forms determined by Toeplitz matrices. Lemma 3.2
below allows one to extend the above result to the spatial context when the coeffi-
cient matrix can be expressed as a finite sum of Kronecker products. This lemma
is used to prove Theorem 1.2(a).

Given h € LY(I?), agomn = [12 €1*=m>+E=m¥p(x vy dx dy is a Fourier co-
efficient of 7 and Tn(h) = (agemn) denotes the corresponding N 2 x NZ (block)
Toeplitz matrix. Elements in (agsn,) are arranged lexicographically beginning
with row 1, followed by row 2, and so on. In particular, element aggm, ap-
pears in row (kK — 1)N + £ and column (m — 1)N + n of Ty (h). Recall that the
Kronecker product of matrices A and B is defined by A ® B = (ax¢B), and the
following properties are needed: ]_[];:1(Aj ® Bj) = (H];'=1 Aj)® (]_[I;:1 Bj) and
Tr(A ® B) =Tr(A) - Tr(B), when the matrices are compatible and Tr denotes the
trace.

DEFINITION 3.1. A function & : 1 — R is called admissible provided the fol-
lowing conditions are fulfilled:

(A.1) his symmetric and integrable;

(A.2) the set of discontinuities of 4 has Lebesgue measure zero;
(A.3) for each fixed § > 0, & is bounded on [§, 7 ];

(A.4) there exists o < 1 such that 2(x) = O(|x|™%) as x — O.

Given h, k:1 — R, the product of h and k is defined to be the function (h ®
k)(x,y)=h(x)-k(y) foreach x,y e I.

LEMMA 3.2. Assume that f; = fo1 ® fs2, & = 811 ® &2, f = 2y fss
g=>"_, & and each fs;, g is admissible on I, j = 1,2. Moreover, suppose
that fsj(x) = O(|x]™%), gj(x) = 0(|x|_ﬁ) asx > 0anda + B < % Then:

@ 5 Tl Ty (N Tw ()T — @n)? [plfgl dx dy,
(b) ﬁ Tr[Tn () Ty (e)F — O when k=34, ....

PROOF. First, observe that if hy, = fi1 ® g2, then Ty (hg) = Tn(fs1) ®
Tn(g2) = (akeTn(gs2)). Indeed, a typical element in (ar¢Tn(gs2)) is of the form
agebpn = [T fa@)dx - [T g (y)dy = [ el ETOTHmmIL
hsi(x,y)dxdy. The latter quantity appears in row N(k — 1) + m and column
N —1)+n ofboth Ty (fs1) ® Tw (gr2) and T (hy), which establishes the equal-

ity.



FRACTIONAL SPATIAL PROCESSES 2559

(a) Employing Theorem 1(a) of [12] and properties of the Kronecker product,

1
~2 TN ()T (&)1

1
=7 2 THIN (D Ty (@) T (fu) T (g0)]

S,t,U,v
1

=7 2 Tl(On () @ Tn (i) (T (g:1) @ T (812))

S,t,U,v

X (TN(ful) ® TN(fuZ)) ® (TN(gvl) ® TN(gUZ))]

1
= Z v Te[Tn (fs )TN (&) TN (fu) T (gv1)]
s, t,u,v

1
X NTr[TN(fSZ)TN(gIZ)TN(fMZ)TN(gUZ)]

~ ¥ @ [1ngnfugalds - @0 [1fagafingaldy

S,t,u,v

— (4% f L/l dxdy.
[2

The above application of Theorem 1 of [12] is valid since each f;;(g;;) has the
same order as x — 0, respectively. It is not necessary that all f;;’s be equal in the
proof of Theorem 1 of [12].

(b) Suppose that k is an integer exceeding 2. First, assume that k(o + 8) < 1.
An extension of the argument used in part (a) shows that ﬁ Tr[Ty ()TN (g)]k —

(An?)%*=1 1,1 fglfdx dy, and since k > 2, ﬁTr[TN(f)TN(g)]k — 0. The case
when k(o 4+ B) > 1 is verified in a similar manner by employing Theorem 1(b)

of [12]. I

Given the process {X; :s,t € Z}, recall that Xy = # ZQ’IZI X, and define
Xy=&n —Xn. X2 = Xn, ... Xiv — XN, Xo1 — XN, ... Xoy — X, .,
Xn1— XN, ..., XyN — Xn). Verification of the following result is based on the

fact that the normal distribution is determined by its moments. The details of the
proof are given in [6].

LEMMA 3.3. Let {Xy :s5,t € Z} be a stationary Gaussian process having
mean p and spectral density function f, and let g:(I*,B7) — (R,B) be a
bounded measurable function obeying g(—x, —y) = g(x, y) for each (x, y) € I*.
Moreover, assume that f =30 fs (8§ =27 18 fs = fs1 ® f2 (& =
81 ® gr2) and each f;j(gj) is an admissible function with parameter o(B)
in Definition 3.1, where o + B < % If Ay = Tn(g), then %[)N(R,AN}N(N —
E(X\yAnXN)] B N(0,8%), where 82 = 12876 [, [f (x, ) - g(x, y) 2 dx dy.
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Recall that éN is a value of 6 = («, B8, d) = (, B, d1, d») making 0]%, (0) in (1.7)
a minimum relative to the spectral density function f(x, y,8) given in (1.6). For
simplicity we use 8 = (61, 6>, 63, 64) = (o, B, d1, d2). Define a symmetric matrix
% = (0ij)

3.1 mmwszfi;y@ 0f - ;y%)
! J

f2(x, y,600)dx dy.

A calculation shows that 0;; = [z W f(x,y,60)dxdy and, moreover,
using the spectral density function listed in (1.6), it is straightforward to verify
o1 =87%/(1-ap),  o12=0,
o13 = —87°(Log(l — o)) /a0, 014 =0,
(3.2) on=81%/(1- ).  053=0,
24 = —87° (Log(1 — o))/ Po.
033 = 044 = 4714/3 and o34 =0.
The interpretation given when og = 0 (8o = 0) is that 013 (024) be replaced by its
limiting value 872. Moreover, denote
I 7* Log’(l—x)

C =
) 1—x2 6 x?2

and define
_ 1
 872C(0tp)C(Bo)’
2
b4
511=ZC(,30), 812 =0,

Log(1 — ag)
(33) b= —CC(By).  Bu=0,
oo
2
n Log(1 — Bo)
622 = —C(o), 823 =0, 24 = giﬁc(a())’
6 Bo
1
833 = 5C(Bo), 634=0 and dm= 5 C (o).
1 —ag =5

Then one can verify that 1=K, i)

PROOF OF THEOREM 1.2(a). Applying the mean value theorem,

9 92
— a0 (60) = 552

0
(3.4) O'N(QN) 39

59 GN(QN)(QN 60)
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for some 6y belonging to the line segment between 6 and 6. According to The-
orem 1.1, éN — 6y almost surely and, thus, in probability; hence, a%crj%, (éN) =0
since Oy becomes an interior point of the parameter space when N is sufficiently
large. It follows from Lemma 2.3, Theorem 1.1 and (3.1)—(3.2) that

2

d _
(3.5) Ay = WU}%{(QN) — X almost surely as N — oo.

The Cramér—Wold device can be used to show that, as N — oo,
3 5 3 5 D 6
(3.6) N @CTN(QO) —FE @CTN(QO) — N(0,1287°%).

1
Indeed, let ¢’ = (c1, ¢2, ¢3) € R? and define g(x, y,c) =’ - w; then

20
where By = Tn(g). According to Lemma 3.3,

ad 1 ~ ~
¢ NooR 00 =N [ gy, OlnG, v dxdy = Xy By X,
I

c’N[iaz (6o) — E(iaz (9@)]
a0 N a0 N
1 v/ v v/ v D 2
= N[XNBNXN — E(XyByXN)]— N(0,687),

where

52 = 128n6f2[f(x, v.600) - g(x. v, O dx dy
1

3 -1 -1
8f (X,y’eo) 8f (-x’yaeo) 2
= 1287° cc/ : x,y,00)dxd
HZ::l kee | 30 30, S (x,y,60) y

= 1287%¢'Se.
Therefore, (3.6) holds. From this, employing (3.4) and (3.5),
N@y —60) + NA;IE(ia,%,(eo)> = —NAy' [io'l%,(@o) -~ E(iol%,(eo))}
20 a0 20
2 N (0, 128795
as N - oo. O

4. Proof of Theorem 1.2(b). According to (3.5), A;,l — ©~! almost surely
and, thus, the proof of Theorem 1.2(b) involves determining the orders of
NE(Z02(6)). Define 0%*(0) as in (1.7) with Xy in Iy replaced by pu =
E(X11). The argument given by Fox and Taqqu ([12], Lemma 8.1) verifies that
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NE] a901\,(90) 390N *(9)] — 0 as N — oo; it is shown that the orders of
NE(aQ *(0p)) and NE(WO'N(Q())) coincide.
Assume that { X, : s, t € Z} is a process described in Theorem 1.2 with spectral

density function f (x, y, ) defined in (1.6) and having mean p and autocovariance
function y (k, £). Denote

N 2
N, y)=— Z R (X1 — )
k=1
and
% (x,
ofr o) = [, a2
2 f(x,y,0)

It follows from the stationarity of the X-process that

0 0
E 0 l[(k m)x+{—n)y] -1 .Y, 0
(89 (0)) NZ/ E aef (x,y,60)

X E(Xge — 1) (Xmn —pn)dxdy

1 N

= > ylk—m,t—n)
k,l,m,n=1
(4.1)
i[(k—m)x+(— n)y]
X/]Z el '(x.y.60) dxdy

1

=5 2 Nk =1ty k0

lk|<N,[|<N

: 0
i(kx+Ly) -1
X /Ize _89f (x,y,00)dxdy.

Recall that 96 = (o, Bo, d10, d2o) denotes the true parameters. The following
notation is used:
gx,a,d) =1 —e [N 1 —ae™™| 72,

h(y, B,dy) = |1 —e V|22 — ge=V| 72

a1 =/€ikxg(x,a0,d10)dx, a£2=/ei€yh()’»/30ad20)dy,
4.2)

bzz=/I€Myh_l(y,ﬂo,d20)dy, Ck1 _/ (x o, dio) dx,

(x,aq,dg)dx.

_ dg”"
W(y)—flg(y—x,ao,dlo) .
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It remains to determine the limit of the sequence { N (Log N Yy3E (38—90]%,* (60))}. For
the sake of brevity, verification is presented here only for the dj-component of 6.
Employing the notation in (4.2), f~(x,y,0) = ‘Lifgfl(x, a,d) -h~ (v, B, do)
and, thus, (4.1) becomes

k €]

0
@3) E(a—dlafv*wo)) - > (1- %)aklckl- > (1= Jabea

|k|<N [¢]<N

Observe that the second summation converges to 877> as N — oo since the limit is
precisely 472 times the Cesaro sum of the convolution of & and 4 ~! evaluated at
ZEer10.

LEMMA 4.1. Suppose that the assumptions listed in Theorem 2.1 are satisfied.
Employing the notation of (4.2) gives the following:

(1) ¥ (y) = —8djpsin % Logj siny 4+ O(y|Logyl|) asy —>20+;

(i) E(LoR00) = 0(%™), E(foR (00) = 0(%%Y) and N

Log’ N
E(3gon @) > —Gnidio,i =12, as N — oo.

PROOF. Verification of (i) involves applications of Lemmas A.1 and A.2 in
the Appendix, together with several technical arguments of approximation and
expansion. The complete details of the proof are available on request from the
authors.

(i1). Proof of the third part for i = 1 is supplied here. According to (4.3),
it remains to determine the limit of sequence Logg NVN = LogL3NZ|k|<N(1 —

%)aklckl. Then Vy is the Nth Cesaro sum for ¢ evaluated at zero and thus has

the integral representation Vy = [; ¥ (y)Kn(y) dy, where
1 sin>Ny/2
sy PO
b4
(4.4) Kn(y) = sin”y/
N =0
2’ y==u
denotes the Fejér kernel (e.g., [7], page 71, or [26], page 88). Since ¥ is
an even function, 3V = [io. 1,5 Y OVKND Y + f1/y.0 VO KN () dy +
f[c’ﬂ]w(y)KN(y) dy := Jy1 + Jn2 + JIn3, where ¢ € (0, 1). Choosing ¢ suffi-
ciently small, according to Lemma A.2, ¥ (y) = O(y Log? y) as y — 0+ and, thus,
2
[In1| < K]Nf(o’l/N)yLogzydy = 0(%). Let ||v]l1 denote the L'-norm
of . Then |Jy3| < &1y |1 = 0().
It remains to estimate Jy;. Using the expansion for i in (i) when c is suffi-
ciently small and N sufficiently large,

Iny = / (—de sin 2 Log2siny + O(y| Logy|)>KN(y)dy.
[1/N.c) 2
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2
The integral of the second term is 0(%) and

sin®> Ny/2
/ Log? sin y————dy
[1/N.c) siny/2

L Log? N
:/ < og s1ny_2 o8 y)sm2 ydy
/N.o\ siny/2 y 2

)
Ny/2
+2/ Lo Zyud
[1/N.0)
, sin’Ny/2

=/ O(yLog y)sm —dy+2/ Log®y——d

[1/N.) 2 [1/N.e) y
=L+ 1.

The first integral /; is O(1) and [r = [}y, C) dy Juyw, C) =2 Y cos Nydy.

Integrating by parts, it is shown that the second integral is O (Log? N ) and, thus,
L= 1 Log3 N + O(Log2 N). Hence,

2 1
/ Log smyiy/dy:h+12=0(1)+—L0g3N+0(L0g2N)
1/N,¢) siny/2 3
1 3 2
= §L0g N + O(Log” N)
and, thus,
8d10 Ny/2 (Log2N>
JNy = ——— Log~ sin dy+ O
N2 = 2 N J{1/N,¢) g y ny/2 Y N
4dyoLog® N 0 <Log N)
37N N '

Combining the above results,

VN =2(In1 + In2 + IN3)

Log® N 8djoLog’ N (Log2 N)) ( 1 )
=0 - 0 o\ —
( N >+( 3N * N * N

8djoLog® N 0 (Log2 N)
3N N

Sd“) as N — oo. It follows from (4.3) that

N 9 8d 647%d
(ot ) Mg O
Log” N \dd; 3 3

N
and, thus, Loe'N Vy — —
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As mentioned earlier, N E ( 39 O'N (6p) — a 5 O’N (90)) — 0 and, hence,

N E( 0 (9 )) 647‘[2d10
o .
Log N \ad; 0 3 O

PROOF OF THEOREM 1.2(b).  Recall from (3.3) and (3.5) that A — =~ =
K - (8;;) almost surely. According to Theorem 1.2(a) and Lemma 4.1,

@n — 80) + — A_1E< 9 524 )) £o
— —0 —
Log* N N Log® N 99 N0

and N (Log® N)'E(L 02 (60)) £ & where &/ = —643—”2(0, 0, d1o, dao). It follows
that

A P _
On —60) —> —X7 &

Log3 N

In particular, N(Log3 N)Y"Nay — ap) £ —-K - 23‘2181/@ = —K§13&3 since
814 = 0. Likewise, N(Log® N)~'(Bx — Bo) > — K84t since 83 = 0. Further,

1.5 P 14 L
N(Log® N)~!(d) — dio) = —K 83383, N(Log® N)~ ! (ds — dao) — —K 8444 and,
hence, Theorem 1.2(b) follows. [

APPENDIX

The reader is referred to Boissy [6] for detailed proofs of the following lemmas.

LEMMA A.1. Assume that 0 < d < 1 is fixed. Then for y > 0 sufficiently
small,
(i) 0<d(cos3 2yl- dcot(x Y)sin§ < (751;(1;”/;)/2)‘1 —(cos %)d < d(cos %)d_l X
cot(*52)sin 5 when x € [—m, —7 + y];
(i) 0 < —dcot(5%)sin§ < (cos 2)d — (%)d < —2d cot(*5¥) sin &
when x € [—m +y, —Vy];

(iii) 0 < d2¢7 " cot(*52)sin} < (gmﬁ(‘;‘x/yz) )" — (cos )T < d(cos 7! x

cot(=5%) sin 5 when x € [2y, 7].

LEMMA A.2. Fix 0 <d < 1. Then there exist posmve constants C1,Cy
and 8§ such that, for 0 <y <8, Ciy(Logy)* < | [, [2sin*52|7|2sin§|? x

Log |2sin 7| dx| < Cry(Log y)>.

Acknowledgments. The authors express their indebtedness to the referee and
an Associate Editor for comments leading to significant improvements in the man-
uscript.



2566

(5]

(10]

(11]

[12]

[13]
(14]
[15]
[16]
[17]
[18]
[19]
(20]
(21]

(22]

BOISSY, BHATTACHARY YA, LI AND RICHARDSON

REFERENCES

BAsU, S. (1990). Analysis of first-order spatial bilateral ARMA models. Ph.D. dissertation,
Univ. Wisconsin-Madison.

BAsu, S. and REINSEL, G. C. (1994). Regression models with spatially correlated errors.
J. Amer. Statist. Assoc. 89 88-99.

BESAG, J. (1981). On a system of two-dimensional recurrence equations. J. Roy. Statist. Soc.
Ser. B. 43 302-309. MR0637942

BHATTACHARYYA, B. B., KHALIL, T. M. and RICHARDSON, G. D. (1996). Gauss—Newton
estimation of parameters for a spatial autoregression model. Statist. Probab. Lett. 28
173-179. MR1394671

BHATTACHARYYA, B. B., RICHARDSON, G. D. and FRANKLIN, L. A. (1997). Asymp-
totic inference for near unit roots in spatial autoregression. Ann. Statist. 25 1709-1724.
MR1463571

Boissy, Y. (2001). Parametric estimates for fractional autoregressive processes. Ph.D. disser-
tation, Univ. Central Florida.

BROCKWELL, P. J. and DAvIS, R. A. (1991). Time Series: Theory and Methods, 2nd ed.
Springer, New York. MR1093459.

CULLES, B. R. and GLEESON, A. C. (1991). Spatial analysis of field experiments—an exten-
sion to two dimensions. Biometrics 47 1449-1460.

DELFINER, P. and DELHOMME, J. P. (1975). Optimum interpolation by kriging. In NATO
Advanced Study Institute on Display and Analysis of Spatial Data (J. C. Davis and
M. J. McCullagh, eds.) 96-115. Wiley, New York.

FAIRFIELD SMITH, H. (1938). An empirical law describing heterogeneity in yields of agricul-
tural crops. J. Agricultural Science 28 1-23.

Fox, R. and TAQQU, M. S. (1986). Large-sample properties of parameter estimates
for strongly dependent stationary Gaussian time series. Ann. Statist. 14 517-532.
MRO0840512

Fox, R. and TAQQU, M. S. (1987). Central limit theorems for quadratic forms in random
variables having long-range dependence. Probab. Theory Related Fields 74 213-240.
MRO0871252

HANNAN, E. J. (1973). The asymptotic theory of linear time-series models. J. Appl. Probability
10 130-145. MR0365960

JAIN, A. K. (1981). Advances in mathematical models for image processing. Proc. IEEE 69
502-528.

KHALIL, T. M. (1991). A study of the doubly geometric process, stationary cases and a non-
stationary case. Ph.D. dissertation, North Carolina State Univ.

KiMm, K.-Y. and KiMm, Y. Y. (2002). Mechanism of Kelvin and Rossby waves during ENSO
events. Meteorology and Atmospheric Physics 81 169-189.

LM, Y.-K., KM, K.-Y. and LEE, H.-S. (2002). Temporal and spatial evolution of the Asian
summer monsoon in the seasonal cycle of synoptic fields. J. Climate 15 3630-3644.
MARTIN, R. J. (1979). A subclass of lattice processes applied to a problem in planar sampling.

Biometrika 66 209-217. MR0548186

MARTIN, R. J. (1986). On the design of experiments under spatial correlation. Biometrika 73
247-277. MR0855887

PEARCE, S. C. (1976). An examination of Fairfield Smith’s law of environmental variation.
J. Agricultural Science 87 21-24.

TI@STHEIM, D. (1978). Statistical spatial series modeling. Adv. in Appl. Probability 10
130-154. MR0471224

TI@STHEIM, D. (1981). Autoregressive modeling and spectral analysis of array data in the
plane. IEEE Trans. Geoscience and Remote Sensing 19 15-24.


http://www.ams.org/mathscinet-getitem?mr=0637942
http://www.ams.org/mathscinet-getitem?mr=1394671
http://www.ams.org/mathscinet-getitem?mr=1463571
http://www.ams.org/mathscinet-getitem?mr=1093459
http://www.ams.org/mathscinet-getitem?mr=0840512
http://www.ams.org/mathscinet-getitem?mr=0871252
http://www.ams.org/mathscinet-getitem?mr=0365960
http://www.ams.org/mathscinet-getitem?mr=0548186
http://www.ams.org/mathscinet-getitem?mr=0855887
http://www.ams.org/mathscinet-getitem?mr=0471224

FRACTIONAL SPATIAL PROCESSES 2567

[23] WHITTLE, P. (1951). Hypothesis Testing in Time Series Analysis. Almqvist and Wiksell, Upp-
sala. MR0040634

[24] WHITTLE, P. (1956). On the variation of yield variance with plot size. Biometrika 43 337-343.
MRO0085658

[25] WHITTLE, P. (1962). Topographic correlation, power-law covariance functions, and diffusion.
Biometrika 49 305-314. MR0181076

[26] ZYGMUND, A. (1968). Trigonometric Series 1,2, 2nd ed. Cambridge Univ. Press. MR0236587

Y. Boissy B. B. BHATTACHARY YA

X. LI DEPARTMENT OF STATISTICS

G. D. RICHARDSON NORTH CAROLINA STATE UNIVERSITY
DEPARTMENT OF MATHEMATICS RALEIGH, NORTH CAROLINA 27695
UNIVERSITY OF CENTRAL FLORIDA USA

ORLANDO, FLORIDA 32816-1364 E-MAIL: bhattach@stat.ncsu.edu

USA

E-MAIL: xli@pegasus.cc.ucf.edu
garyr @pegasus.cc.ucf.edu


http://www.ams.org/mathscinet-getitem?mr=0040634
http://www.ams.org/mathscinet-getitem?mr=0085658
http://www.ams.org/mathscinet-getitem?mr=0181076
http://www.ams.org/mathscinet-getitem?mr=0236587
mailto:xli@pegasus.cc.ucf.edu
mailto:bhattach@stat.ncsu.edu
mailto:xli@pegasus.cc.ucf.edu

	Introduction and main results
	Proof of Theorem 1.1: Outline
	Proof of Theorem 1.2(a)
	Proof of Theorem 1.2(b)
	Appendix
	Acknowledgments
	References

