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We investigate the limit behavior of the L-distance between a decreas-
ing density f and its nonparametric maximum likelihood estimator fn for
k > 1. Due to the inconsistency of fn at zero, the case k = 2.5 turns out to be
a kind of transition point. We extend asymptotic normality of the L {-distance
to the Lj-distance for 1 < k < 2.5, and obtain the analogous limiting result
for a modification of the L-distance for k > 2.5. Since the L1-distance is
the area between f and fn, which is also the area between the inverse g
of f and the more tractable inverse U, of fn the problem can be reduced
immediately to deriving asymptotic normality of the L{-distance between
U, and g. Although we lose this easy correspondence for k > 1, we show
that the Lj-distance between f and fn is asymptotically equivalent to the
L-distance between U, and g.

1. Introduction. Let f be a nonincreasing density with compact support.
Without loss of generality, assume this to be the interval [0, 1]. The nonparamet-
ric maximum likelihood estimator fn of f was discovered by Grenander [2]. It is
defined as the left derivative of the least concave majorant (LCM) of the empirical
distribution function F, constructed from a sample X1, ..., X, from f. Prakasa
Rao [11] obtained the earliest result on the asymptotic pointwise behavior of the
Grenander estimator. One immediately striking feature of this result is that the rate
of convergence is of the same order as the rate of convergence of histogram es-
timators, and that the asymptotic distribution is not normal. It took much longer
to develop distributional theory for global measures of performance for this es-
timator. The first distributional result for a global measure of deviation was the
convergence to a normal distribution of the L-error mentioned in [3] (see [4] for
a rigorous proof). A similar result in the regression setting has been obtained by
Durot [1].

In this paper we extend the result for the L{-error to the Lg-error, for k > 1.
We will follow the same approach as in [4], which, instead of comparing f,, to f,
compared both inverses. The corresponding L-errors are the same, since they
represent the area between the graphs of fn and f and the area between the graphs
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of the inverses. Clearly, for £ > 1 we no longer have such an easy correspondence
between the two Lj-errors. Nevertheless, we will show that the Lj-error between
fn and f can still be approximated by a scaled version of the Li-error between the
two inverses and that this scaled version is asymptotically normal.

The main reason to do a preliminary inversion step is that we use results from [4]
on the inverse process. But apart from this, we believe that working with fn di-
rectly will not make life easier. For a € [ (1), f(0)], the (left continuous) inverse
of fn is Up(a) = sup{x € [0, 1]: fn(x) > a}. Since fn(x) is the left continuous
slope of the LCM of F;, at the point x, a simple picture shows that it has the more
useful representation

(1.1) U,(a) = argmax{F,(x) — ax}.
x€[0,1]

Here the arg max function is the supremum of the times at which the maximum is
attained. Since U, (a) can be seen as the x-coordinate of the point that is touched
first when dropping a line with slope a on F;,, with probability one f,,(x) <aif
and only if U, (a) < x. Asymptotic normality of the L-error relies on embedding
the process Fj(x) — ax into a Brownian motion with drift. The fact that the dif-
ference between F,(x) — ax and the limit process is small directly implies that
the difference of the locations of their maxima is small. However, it does not nec-
essarily imply that the difference of the slopes of the LCMs of both processes is
small. Similarly, convergence in distribution of suitably scaled finite-dimensional
projections of U,, follows immediately from distributional convergence of F;,, af-
ter suitable scaling, and an argmax type of continuous mapping theorem (see,
e.g., [6]). When working with fn directly, similar to Lemma 4.1 in [11], one needs
to bound the probability that the LCM of a Gaussian approximation of F;, on [0, 1]
differs from the one restricted to a shrinking interval, which is somewhat technical
and tedious.

Another important difference between the case k > 1 and the case k =1 is the
fact that, for large &, the inconsistency of fn at zero, as shown by Woodroofe and
Sun [13], starts to dominate the behavior of the L-error. By using results from [9]
on the behavior of fn near the boundaries of the support of f, we will show that,
for 1 <k < 2.5, the Ly-error between fn and f is asymptotically normal. This
result can be formulated as follows. Define, for ¢ € R,

(1.2) V(c) = argmax{W () — (t — ¢)?},
teR
(1.3) §(c)=V(c)—c,

where {W(t): —o0o < t < oo} denotes standard two-sided Brownian motion on R
originating from zero [i.e., W(0) = 0].
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THEOREM 1.1 (Main theorem). Let f be a decreasing density on [0, 1] satis-

fying:

AD O<fM=f=fx)=f0) <oo,for0<x=<y=<l;
(A2) f is twice continuously differentiable;

(A3) infyeqo,1y | f/(x)] > 0.
Then for 1 <k < 2.5, with g = {E|V (O)|* Jo (4 ()| £ ))/3 dx}'/*, the ran-

dom variable

n1/6{n1/3</01 | f(x) — f(X)Ikdx>l/k —Mk}

converges in distribution to a normal random variable with zero mean and vari-
ance

fol £ ) @D f(3)| k=213 g
K2EIVO)F [ (f )1f/(x) /3 dix) @k=2/k

. 8/000 cov(|£0) ¥, |E()|F) dc.

Note that the theorem holds under the same conditions as in [4]. For k > 2.5,
Theorem 1.1 is no longer true. However, the results from [9] enable us to show that
an analogous limiting result still holds for a modification of the L-error.

In Section 2 we introduce a Brownian approximation of U, and derive asymp-
totic normality of a scaled version of the Lj-distance between U, and the inverse
g of f.In Section 3 we show that on segments [s, t] where the graph of fn does
not cross the graph of f, the difference

O — k
/ Un(a) = g(@

o 18 @]k !

t A
/ o) — fo)Fdx —

is of negligible order. Together with the behavior near the boundaries of the sup-
port of f, for 1 <k < 2.5 we establish asymptotic normality of the Lg-distance
between fn and f in Section 4. In Section 5 we investigate the case k > 2.5 and
prove a result analogous to Theorem 1.1 for a modified Lg-error.

REMARK 1.1. With almost no additional effort, one can establish asymp-
totic normality of a weighted Lj-error nk/3 fol |fn (1) — f(t)lkw(t) dt, where w is
continuously differentiable on [0, 1]. This may be of interest when one wants to
use weights proportional to negative powers of the limiting standard deviation
(% FOIF @©ODY3 of fn (t). Moreover, when w is estimated at a sufficiently fast
rate, one may also replace w by its estimate in the above integral. Similar results
are in [8] for a weighted Ly-error.
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2. Brownian approximation. In this section we will derive asymptotic nor-
mality of the Lg-error of the inverse process of the Grenander estimator. For this
we follow the same line of reasoning as in Sections 3 and 4 in [4]. Therefore, we
only mention the main steps and transfer all proofs to the Appendix.

Let E,, denote the empirical process «/n(F, — F). For n > 1, let B,, be versions
of the Brownian bridge constructed on the same probability space as the uniform
empirical process E, o F~! via the Hungarian embedding, and define versions W,
of Brownian motion by

2.1 Wi (1) = Bu (1) + &nt, 1 €0, 1],

where &, is a standard normal random variable, independent of B,,. For fixed a
(f(1), f(0)) and J = E, B, W, define
an(a) = argmax{X,{(a, 1)+ n2/3[F(g(a) + n_l/3t)
t

2.2) 3
— F(g(a)) —n"Pat]},

where
X5 (a,t)=n"""{E,(g(a)+n"'t) — E,(g(a))},

(2.3) XB(a,1) =n"%(B,(F(g(a) +n~' 1)) — B,(F(g(a)))},
XV (a,t) =n"{W,(F(g(@) +n"'31)) — W, (F(g(a)))).

One can easily check that VnE (a) =n'*{U,(a) — g(a)}. A graphical interpretation
and basic properties of V,/ are provided in [4]. For n tending to infinity, properly
scaled versions of an will behave as &(c) defined in (1.3).

As a first step, we prove asymptotic normality for a Brownian version of the
Ly-distance between U, and g. This is an extension of Theorem 4.1 in [4].

THEOREM 2.1. Let VnW be defined as in (2.2) and & by (1.3). Then for k > 1,
n1/6/f<°> V' @I — Ev,Y @)
r g’ (@) /<!

converges in distribution to a normal random variable with zero mean and vari-
ance

da

or=2 [ 4 () D) 73 R3¢ / T cov(EO), [E©)[F) de.
0 0

The next lemma shows that the limiting expectation in Theorem 2.1 is equal to

1/k

1
2.4) i = {EIV(O)I" fo @ @I @) dx}
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LEMMA 2.1. Let VnW be defined by (2.2) and let uy be defined by (2.4). Then
fork>1,

O EVY ()

. 1/6 k

nhﬁéo”/{/. ﬁd“—“k}zo-
ray gl

The next step is to transfer the result of Theorem 2.1 to the Ly-error of V.E. This
can be done by means of the following lemma.

LEMMA 2.2. ForJ=E,B,W,let anbe defined as in (2.2). Then for k > 1,
we have

f©O)
”1/6/ (IVE@F -1V (@) da=o0,(1)
S
and

£
/f(l) WVE@ — VE@)¥|da=0,(n~3logn)+?).

From Theorem 2.1 and Lemmas 2.1 and 2.2, we immediately have the following
corollary.

COROLLARY 2.1. Let U, be defined by (1.1) and let i be defined by (2.4).
Then for k > 1,

0
g @k k

converges in distribution to a normal random variable with zero mean and vari-
ance o? defined in Theorem 2.1.

15 /f<0> Un(@) —g@l* )

3. Relating both L-errors. When k = 1, the Lg-error has an easy interpre-
tation as the area between two graphs. In that case [ |U,(a) — g(a)|da is the same
as [ | fn (x) — f(x)|dx, up to some boundary effects. This is precisely Corol-
lary 2.1 in [4]. In this section we show that a similar approximation holds for
f_f | fn (x) — f(x)|*dx on segments [s, ] where the graphs of fn and f do not in-
tersect. In order to avoid boundary problems, we will apply this approximation in
subsequent sections to a suitable cut-off version f, of f,,

LEMMA 3.1. Let f~n be a piecewise constant left-continuous nonincreasing
function on [0, 1] with a finite number of jumps. Suppose that f(1) < f, < f(0),
and define its inverse function by

Uy (a) = sup{x € [0, 1]: f»(x) > a},
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for a € [ f(1), f(0)]. Suppose that [s,t] C [0, 1], such that one of the following
situations applies:

1. fo(x) > f(x), for x € (s, 1), such that f,(s) = f(s) and f,(t+) < f(t).
2. fu(x) < f(x), for x € (s, 1), such that f,(t) = f(t) and f,(s) > f(s).
If

~ (infyefo.17 1 f(x])?
31 n - [l
(3.1) le[lsl?t] [fn(x) — f(0)] < 25Dy 1)

then for k > 1,

f&) | — k
/ |Un(a) — g(a)l da

o lg@)k!
c / F6) T, (a) — gla) |+

/ k a,
0] 18’ ()]
where C > 0 depends only on f and k.

ro_
/ 1) — fo)Fdx —

PROOF. Let us first consider case 1. Let f, have m points of jump on (s, ¢).
Denote them in increasing order by & < --- < &, and write s =&p and &y, 4| =1.
Denote by o1 > - - - > a, the points of jump of U,, on the interval (f(¢), f(s)) in
decreasing order, and write f(s) = g and oy, 11 = f(¢) (see Figure 1). We then
have

o m . &y L
f |fn<x>—f(x)|kalx=23/s | fu(Eiv1) — F0)Fdx.
$ j=0"5

Apply a Taylor expansion to f in the point g(«;) for each term, and note that

/ density f

f(s) = a0

FIG. 1. Segment [s,t] where fy > f.
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Nn i+1) = «;. Then, if we abbreviate g; = g(«;) fori =0, 1, ..., m, we can write
&it1) Then, if bb (o) £ 0,1
the right-hand side as

Mg "(6;) g

> [ el e - gt 1+ 20 g da

s 21'(8i)

for some 6; between x and g;, also using the fact that g; <& <x <§;41. Due to
condition (3.1) and the fact that f,(§;4+1) = fu(x), for x € (&, & +1], we have that

£ supl I ) — gl
7 (x =8| == Rz of |
o) 7'(g) inflf inflf]
< S ey Fol<
(inf /)2 >

Hence, for x € (&;, &11]
frO)(x —gi)
14— o
‘ 2f'(gi)

Therefore, we obtain the inequality

k k—1 /"
5
—1‘5k(—) sup ./ |(x—gi)-

4)  2inflf/|

o m . e&
[ 170 = el ax - Z/g ek — g dx
§ i=0"5i

moeEig
sclzfs (x — gt dx,
i=0

i

where C; = ksup | f/[¥(5/4)=Y(sup | f”|)/(2inf| f'|), or after integration,

ro_
/ 1fa) — fo)Fdx

(3.3) - me’(gmk{(sm — g — (& — gt
i=0

C k+2 k+2

— g{@m — @) T — (& — g

=

k

Next consider the corresponding integral for the inverse U,,. Since g; < x < gi+1 <
&i+1, we can write

FO N @) — g@)|* & &1 —g@)]
e da= ket da
fo 18 @)l o dein 18'(a)]

=/ e — L o d.
i=0"8i
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Apply a Taylor expansion to f’ at the point g;. Using (3.2), by means of the same
arguments as above, we get

/f@) |Un(a) — g(a) ¥
— " da
f

o g (@)1
k+ P Df @I {GEi1 — 8" = Gigr — giv )™
(3.4 < / M 0k - g da

8i+1 X

<CiGiy1— &) Eiv1 —x)"dx
8i

C
< ﬁ{@,ﬂ g2 — (i1 — g )

For the third integral in the statement of the lemma, similarly as before, again
using (3.2), we can write

ff<s> |Un(a) — g(a)|F+!
da
110 g’ (a) |
3.5) = i f P e G — R 1 /76 (x — &) o
. pard ,‘ i i+ f/(gi) i

— (Eir1 — gi+D) T,

_k+ 0

where C, = (inf| f'|/2)%*1.
Now let us define A as the difference between the first two integrals,

def 1 = ' F&) U, (a) — gla)|f
A= n — dx — =7 °r7 d
fs a0 = FO0IF dx /f it da

By (3.3) and (3.4) and the fact that £y = go and &,,,+-1 = gm+1, we find that

m
Al < DY (it — g ) I @0 = 1 (gD ]

i=0

(3.6) "
+ D ((Eiv1 — &) — Eipr — gD ),
i=0

where D is a positive constant that depends only on the function f and k. By
a Taylor expansion, the first term on the right-hand side of (3.6) can be bounded
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f"0)(giv1 — &)
1 (&)

|

DZ(&'H - gi+1)k+1|f/(g,-)|k‘l - ‘1 +
i=0

m
<C3 Y (Eir1 — gieD T (gig1 — 8)
i=0

m
<C3 ) ((Eir1 — g — (Eip1 — gieD) T,
i=0
with C3 depending only on f and k, where we also use (3.2), the fact that
gi < gi+1 < &i4+1, and that according to (3.1), we have that (g;+1 — &) X
sup|f”|/inf| f'| < % Putting things together and using (3.5), we find that

Al < Ca Y {Gig1 — 8" — Gig1 — gir 1))

i=0
cs /f<s> Uy (a) — g(a)F+! i
10 lg’(a)|¥ ’

where C5 depends only on f and k. This proves the lemma for case 1. For case 2
the proof is similar. [

4. Asymptotic normality of the Lj-error of fn. We will apply Lemma 3.1
to the following cut-off version of f,:
) FO). i fulx) = £(0).
.1 fn@) =1 futx), if f(1) < fulx) < £(0),
f, if f(x) < f(D).

The next lemma shows that f, satisfies condition (3.1) with probability tending to
one.

LEMMA 4.1. Define the event

x infyepo, 17| £/ (x)[?
An={ sup o) — £ ()] < Ambeelo 170 }
x€[0,1] 2sup;eqo, 17 1/ (0]

Then P{Aj} — 0.
PROOF. It is sufficient to show that sup| fn(x) — f(x)| tends to zero. For

this we can follow the line of reasoning in Section 5.4 of [5]. Similar to their
Lemma 5.9, we derive from our Lemma A.1 that, for each a € (f (1), £(0)),

P{|Uy(a) — g(@)| > n~"}logn} < C exp{—Ca(logn)?}.
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By monotonicity of U, and the conditions of f, this means that there exists a
constant C3 > 0 such that

P{ sup  |Un(a) — g(a)| = C3n~'/3 logn} < Crexp{—1Ca(logn)*}.
ac(f (1) £(0))

This implies that the maximum distance between successive points of jump of fn
is of the order ©@(n~'/31logn). Since both f, and f are monotone and bounded
by f(0), this also means that the maximum distance between fn and f is of the
order O (n~1/3 logn). 0O

The difference between the Lj-errors for fn and fn 1s bounded as

1, L.
‘/ a0 = footax = [ 10 - oot ax
0 0

4.2)

U, (£(0)) 1 n
< f (o) — FOOF dx + / 1200 — FOOIF .
0 Un(f(1)

The next lemma shows that the integrals on the right-hand side are of negligible
order.

LEMMA 4.2.  Let U, be defined in (1.1). Then [{"" ™| f,(x) — f(0)[* dx =
Op(n_(2k+1)/6), and flljn(f(l)) |fn(x) - f(X)Ikdx = Op(n_(Zk'H)/é),

PROOF. Consider the first integral, which can be bounded by

) L
If(x) = fO)" dx
k

k+1

Define the event B, = {U,(f(0)) < n~'3logn}. Then U,(f(0)f+'1p, =
op(n_(2k+1)/ 6). Moreover, according to Theorem 2.1 in [4], it follows that
P{B;} — 0. Since for any n > 0,

X Un(f(0) r K U, (f(O
2 fo 100 — FOFdx+2 fo
(4.3)

Un(f0)
<2k /0 | fn ) = f O dx + ——sup | f'[*U(f (O .

P00, (£ 1 > n) < P{BS) — 0,

this implies that the second term in (4.3) is of the order o), (n~@+D/6) The first
term in (4.3) can be written as

Un(f(0)
ok ( fo o) — f(O)I"dx)lan

“4 o [V FO) '
42 (fo o) = £O)) dx)]lBg,
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where the second integral is of the order o), (n—k+1)/6) by the same reasoning as
before. To bound the first integral in (4.4), we will construct a suitable sequence
(a;)?’,such that the intervals (0, n~“ ] and (n~%, n~%+],fori =1,2,...,m—1,
cover the interval (0, U, (f(0))], and such that the integrals over these intervals can
be bounded appropriately. First of all let

4.5) l>a1>a>-->a,-1>1/3>ap,

and let zp=0and z; =n"%, i=1,...,m,sothat 0 < z; < -+ < Zp_1 <
n~13 < z,,. On the event B,, for n sufficiently large, the intervals (0, n~%]
and (n~%,n~%+1] cover (0,U,(f(0))]. Hence, when we denote J; = [z; A
U,(f(0)), zi+1 A Un(f(0))], the first integral in (4.4) can be bounded by

m—1 m—1

3 (f (fox) — f(O))kdx)lan < Giv1 - )l ha) — FOI,
i i=0

i=0 Vi

using thaAt fn is decreasing and the fact that J; C (0, U, (f(0))], so that fn (zi) —
f(0) > fa(x) — f(0) >0, for x € J;. It remains to show that

m—1
(46) > @it — 2 fu (@) = fO)F = 0, (17D,
i=0

From [13] we have that

@.7) f1@— f© sup L

l=j<oo 1

in distribution, where I'; are partial sums of standard exponential random vari-
ables. Therefore,

(4.8) 21 fa(0) = £FO)F = 0, ().
According to Theorem 3.1 in [9], for 1/3 <« < 1
(4.9) nI=O2(f,(n7) = f(n™%) > Z

in distribution, where Z is a nondegenerate random variable. Since for any
i=1,...,m—1wehavethat 1/3 <qa; < 1, it follows that

/@) = FO < 1 /i) = £ @] +sup | f|z
= Qp(n_(l—ai)/Z) + Op(n—a,') — (gp(n—(l—ai)ﬂ)'

This implies that, fori =1,...,m — 1,

(4.10) @iv1 = 2D @) = O = 0 (neri—HI=a/2),
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Therefore, if we can construct a sequence (a;) satisfying (4.5), as well as

2k +1
4.11) ap > i )
6
k(1 —a; 2k + 1
4.12) aj+1 + ( 2al)> 6+ foralli=1,...,m—1,
then (4.6) follows from (4.8) and (4.10). One may take
2k +77
al = —~——>
12
k(a; — 1 2k +3
Qi1 = (“’2 ) 4 ; fori=1,...,m— 1.

Since k < 2.5, it immediately follows that (4.11) and (4.12) are satisfied. To show
that (4.5) holds, first note that 1 > a; > 1/3, because k < 2.5. It remains to show
that the described sequence strictly decreases and reaches 1/3 in finitely many
steps. As long as a; > 1/3, it follows that
2—k 2k -3
ai —ajy1 = 2 a; + g

When k = 2, this equals 1/8. For 1 < k < 2, use a; > 1/3, to find that
aj —ajy1 > 1/24, and for 2 < k < 2.5, use a; < a; = 2k + 1)/7, to find that
ai —aj11 > (k+ 1)(2.5 — k)/12. This means that the sequence (a;) also satis-
fies (4.5), which proves (4.6). This completes the proof of the first integral in the
statement of the lemma. The proof for the second integral is similar. [

We are now able to prove our main result concerning the asymptotic normality
of the Lj-error, for 1 <k <2.5.

PROOF OF THEOREM 1.1. First consider the difference

ff(O) |Un(@) — g@)*

da
g @t

’

1 A
(4.13) M) | fn () = f ()" dx —

which can be bounded by

1 ) 1 )
(4.14) ‘fo 1) — £ dx—/o o) — £ dx| + R,

where
FO) Uy (@) — g(a)*
— dal.
o) 1§ ()]
Let A, be the event defined in Lemma 4.1, so that P{A;} — 0. As in the
proof of Lemma 4.2, this means that R,14c = o) (n~@+1/6) Note that on the

L k
Rn=\/ ) — £O0)Fdx —
0
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event A,, the function fn satisfies the conditions of Lemma 3.1, and that for any

ae[f), fO)],
Uy (a) = sup{r € [0, 1]: fo(t) > a} = sup{t € [0, 1]: f,(t) > a} = Uyn(a).

Moreover, we can construct a partition [0, s1], (s1, s2], ..., (s7, 1] of [0, 1] in such
a way that, on each element of the partition, f. satisfies either condition 1 or condi-
tion 2 of Lemma 3.1. This means that we can apply Lemma 3.1 to each element of
the partition. Putting things together, it follows that R, 1 4, is bounded from above

by

da.

/f(o) |Un(a) — g(a)|F+!
£ g’ (a) ¥

Corollary 2.1 implies that this integral is of the order (9p(n*(k+1)/ 3), so that
Ry1,4, = op(n_(Zk“)/ 6. Finally, the first difference in (4.14) can be bounded
as in (4.2), which means that, according to Lemma 4.2, it is of the order
op (n~k+D/6) Together with Corollary 2.1, this implies that

L
aVO(n (1) = FlF dx = ) > N0,
0

where o2 is defined in Theorem 2.1. An application of the §-method then yields

that
' 1/k
n”ﬁ(n”(fo Ifn(x)—f(X)IkdX> —uk)

converges to a normal random variable with mean zero and variance

1 _ 2 o?
{_(Mllg)l/k 1} ot=—2 ___g2

k CRu? O

5. Asymptotic normality of a modified Ly-error for large k. For large &,
the inconsistency of ﬁ, at zero starts to dominate the behavior of the Lg-error. The
following lemma indicates that, for k > 2.5, the result of Theorem 1.1 does not
hold. For k > 3, the Li-error tends to infinity, whereas for 2.5 < k < 3, we are
only able to prove that the variance of the integral near zero tends to infinity. In
the latter case, it is in principle possible that the behavior of the process f,, — f
on [0, z,] depends on the behavior of the process on [z,, 1] in such a way that the
variance of the whole integral stabilizes, but this seems unlikely. The proof of this
lemma is transferred to the Appendix.

LEMMA 5.1. Let z, =1/(2nf (0)). Then we have the following:

(i) Ifk > 3, then n*/E [y | fu(x) — f(x)[Fdx — 0.
(i) Ifk > 2.5, then var(n@*+D/0 [5n| £ (x) — f(x) [ dx) — o0.
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Although Lemma 5.1 indicates that, for k > 2.5, the result Theorem 1.1 will not
hold for the usual Lj-error, a similar result can be derived for a modified version.
For k > 2.5, we will consider a modified Lj-error of the form

l-n—¢ 1/k
5.1) VoLl B([7 1 - rwitar) -l

where g is the constant defined in Theorem 1.1. In this way, for suitable choices
of ¢ we avoid a region where the Grenander estimator is inconsistent in such a way
that we are still able to determine its global performance.

We first determine for what values of ¢ we cannot expect asymptotic normality
of (5.1). First of all, for ¢ > 1, similar to the proof of Lemma 5.1, it follows that

Z

var(n(2k+l)/6/n | f(x) — f(X)Ikdx> — 00.

For ¢ < 1/6, in view of Lemma 3.1 and the Brownian approximation discussed in
Section 2, we have that the expectation of

1-n=%
Vol [T - roltdx -
n &€
will behave as the expectation of

f—n=*%) uk/31 W _ k
n1/6{/ n| n (a)k_lg(a)l da —lei},
fn=®) 18’ (a)]

which, according to Lemmas 2.1 and A.5, is of the order O (n'/%=¢). Hence,
we also cannot expect asymptotic normality of (5.1) for ¢ < 1/6. Finally, for
(k—1)/(Bk — 6) < & < 1, amore tedious argument, in the same spirit as the proof
of Lemma 5.1, yields that

2n~¢
Var<n(2k+1)/6/_ | fn(x) — f(x)lkdx> — 00.

Hence, in order to obtain a proper limit distribution for (5.1) for k > 2.5, we will
choose ¢ between 1/6 and (k — 1)/(3k — 6).

To prove a result analogous to Theorem 1.1, we define another cut-off version
of the Grenander estimator,

), if fu(x) > f(n0),
@) =1 fulo), if f(1—n%) < fu(x) < f(1™°),
fA=n78), if f,(x) < f(1—n79),

and its inverse function
(5.2) Ut (a) =sup{x € [n~5, 1 —n"°]: f(x) > a},

fora e [f(1 —n™%), f(n™%)]. The next lemma is the analogue of Lemma 4.1.
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LEMMA 5.2. Define the event

infyco.17 | /() }

AS — & _
: {sup]|fn(x) rwisgose Lo

x€[0,1
Then P{A:} — 1.

PROOF. It suffices to show that sup, (o 171f,; (x) — f(x)| — 0. Using the de-
finition of f,, we can bound

sup | f(x) — f(x)]

x€[0,1]

< sup |fE(x) = fulo)|+ sup]|fn(x>—f<x)|.

x€[0,1] x€[0,1

(5.3)

The first term on the right-hand side of (5.3) is smaller than sup | f'|n ¢, which, to-
gether with Lemma 4.1, implies that SUPye[0.1] | fi(x) — f(x)|=0p n=1%. O

Similar to (4.2), the difference between the modified Lj-errors for ﬁ, and f is
bounded as

& &

1—n—

l-n=%
fﬁg |fa ) = fO0)IFdx — / [f ) = fO0) dx

Ug(f(n™®)
(5:4) <[ R - f@id
1—-n—*% R
+f |fn(x)—f(x)|kdx.
Ui (f(1=n"*))

The next lemma is the analogue of Lemma 4.2 and shows that both integrals on
the right-hand side are of negligible order.

LEMMA 5.3. Fork>25and 1/6 <& < (k —1)/(3k —6), let U be defined
in (5.2). Then

Up(fm=®)
/ | fu(x) — f0)Fdx = gp(n—(2k+l)/6)
n—é‘

and

&€

1—n~— R
/ |fn(x) - f(X)IkdX = op(n_(2k+1)/6).
Ug (f(1—n=%))

PROOF. Consider the first integral. Then similar to (4.3), we have that

Ui (f(n%)
(5.5) 2k / | fu(x) — f(n™)|F dx



Li-ERROR OF THE GRENANDER ESTIMATOR 2243

Ui (f(n™*%))
42k / £ () — F)[Fdx

K Ui(fn=%) ek
§2f o) — Fn®)Fdx
n
k
k+1

If we define the event B = {U;(f(n™%)) —n=° < n~13logn}, then by similar
reasoning as in the proof of Lemma 4.2, it follows that (U} (f (n™%)) — n—e)ktl =
op (n—Z+1/6) The first integral on the right-hand side of (5.5) can be written as

US(F) .
([ 1A= reolax ),

Ui(f(n=%) .
+ ( / ) — f(n_g)lkdx>]13,g,

+ sup | f/[F(UE(f(n=®)) —n=®) .

where the second term is of the order o), (n—(k+1D/6) by the same reasoning as
before. To bound

USF) L
(5.6) (/ o) = F(n)] dx)ﬂgn,

we distinguish between two cases:

(i) 1/6 <e<1/3,
(i) 1/3<e<(k—1)/3k—6).

In case (i), the integral (5.6) can be bounded by |f,1 (n=%) — fm=®) | n=13logn.
According to Theorem 3.1 in [9], for 0 < o« < 1/3,

(5.7) n'3(fu(n™) = f(™*) = [4£0) f' O]V (0)

in distribution, where V (0) is defined in (1.2). It follows that | fn 8 —f(n =
O, (n~1/3) and, therefore, (5.6) is of the order o, (n~k+1)/6),

In case (ii), similar to Lemma 4.2, we will construct a suitable sequence (a;)/”;,
such that the intervals (n=% n~%+1], fori =1,2,...,m — 1, cover the interval
(n~%, U, (f (n™%))], and such that the integrals over these intervals can be bounded
appropriately. First of all let

(5.8) e=a1>ay>--->au—1=>1/3 > ay,

andletz;=n"%,i=1,...,m,sothat 0 <z; <--- < zm—1 <n /3 < z,. Then,
similar to the proof of Lemma 4.2, we can bound (5.6) as

US(f(n™8) . m—1 N
( f | fu(x) — f(n—€>|kdx)113n <Y @i — 2 fuz) = fFHE

i=1
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Since 1/3<a; <e<lfori=1,...,m—1, we can apply (4.9) and conclude that
each term is of the order @ p(n_“"“_k(l_‘” )/ 2). Therefore, it suffices to construct
a sequence (a;) satisfying (5.8), as well as

k(1 —a;) 2k+1

(5.9 ai+1+ 5 > G foralli=1,...,m —1.

One may take

a =ég,
k(ai—1) 2k+1 1( k—1
+ + = -
2 6 8\3(k—2)
Then (5.9) is satisfied and it remains to show that the described sequence strictly

decreases and reaches 1/3 in finitely many steps. This follows from the fact that
a; <& and k > 2.5, since in that case

k—2< k—1 ) 1< k—1 8)
a; —a; =—— N\ a )| — =\ 75— —
N 1) 8\3(k —2)

4k—9< k—1 )
> —&)>0.
8 3(k—2)

As in the proof of Lemma 4.2, the argument for the second integral is similar. Now
take B = {1 —n* —US(f(1 —n~®)) <n~'3logn}. The case 1/6 <& < 1/3
can be treated in the same way as before. For the case 1/3 <& < (k—1)/(3k —6),
we can use the same sequence (a;) as above, but now define z; =1 —n~%, i =
l,...,m,sothat | >z >+ >zm_1 >1—n"13 = z,. Then we are left with
considering

ait1 = 8) fori=1,...,m—1.

&

1—n~ n
( / F(—n~) - fn<x>|kdx)113n
Us(f(1—-n—%))
m—1

< D @ =zl f =07 = fuz)lh

i=1

As before, each term in the sum is of the order O, (n—r1—k(=a)/2y " for
i=1,...,m— 1. The sequence chosen above satisfies (5.9) and (5.8), which im-
plies that the sum above is of the order o0, (n~@k+D/6y O

Apart from (5.4), we also need to bound the difference between integrals for U,
and its cut-off version U}’

£ — k fn=®) () k
'f |Un(a) — g(a) J _/ U, (a) — g(a)|

da
1@t fa-n—s) g/ (@)1

(5.10) .
. k W(1—n—% — k
[0 gl R0 e o

B da.
fune) g/ (@)1 £ g’ (@)1
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The next lemma shows that both integrals on the right-hand side are of negligible
order.

LEMMA 5.4. Fork>25,let 1/6 <& < (k — 1)/(3k — 6). Furthermore, let
U, be defined in (1.1) and let f,, be defined in (4.1). Then

/f(o) |Up(a) — g(a)|* da = 0, (n~CE+/6)
fun=e) g/ (@)1
and

/f"(l_”s) Un(a) — g(@)|* da = o (n~ /6
) g’ (@) k1

_PROOF. Consider the first integral and define the event A, = {f(0) —
fu(n™8) < n_1/6/logn}. For 1/6 < & <1/3, according to (5.7) we have

FO) = far™) < | fu(n™*) = £(O)]
< 1 fu@™) = f™)| +sup | f'|n~*
=0, ) +0omn™)
= op(n_l/(’/logn).
This means that, if 1/6 <& < 1/3, the probability P{A;} — 0. For 1/3 <¢e <1,
P{A;} < P{f(0) = fu(n™") >0}
< P{fu™) = f(™) <n"sup| ]} = O,
since according to (4.9), fn(n_g) — f(n~%) is of the order n=(1=8)/2_ Next write
the first integral as
1O Up(@) — g@]*
</f;<n-8> g/ (@)|*!
+ (/f@) Un(@) — g@*
fun) g (@1
Similar to the argument used in Lemma 4.2, the second integral in (5.11) is of the

da ]lAn
(5.11) )

da)]lAz.

order 0, (n—(k+1/6) The expectation of the first integral is bounded by

[ U _ k
E/ |Up(a) g(fl)l Ja
FO)—n=16/10gn 18" (@)[*~
k/3 fO E k
<n~ k3¢, E\VE@)|*da

FO)—n=1/6/logn

< Czn(2k+1)/6/logn,
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using Lemma A.1. The Markov inequality implies that the first term in (5.11) is of
the order o), (n—2k+D/6) For the second integral the proof is similar. []

THEOREM 5.1. Suppose conditions (A1)—(A3) of Theorem 1.1 are satisfied.
Then for k > 2.5 and for any € such that 1/6 < ¢ < (k —1)/(3k — 6),

e 1/k
n1/6{n”3(/i o = fltdr) - ]

converges in distribution to a normal random variable with zero mean and vari-
ance okz, where . and akz are defined in Theorem 1.1.

PROOF. As in the proof of Theorem 1.1, it suffices to show that the difference

&

ot FO U, (a) — g(@)[* ‘
_ kg Ynld) = 811
fn . [Jn ) = f I dx ff(l) g’ (@)|F—! da

is of the order o, (n—2k+1)/6) 'We can bound this difference by

1-n7% 1-n—¢

(5.12) o= fldx = [ 7 1f7 = feoltdx

FO) |Uy(a) — g(a) | Fo™ |UE (@) — g(@)|f ‘
5.13 da — ————d
19 V(l) Tg@rT /f(l—nS) g @i

tont 107 Ug @) — g(@)l*

€(x) — kdy — 77 SV

(5.14) + /r;_a | fn () — f(0)]" dx v/f(l—n_s) Ig/(a)lkfl da"

Differences (5.12) and (5.13) can be bounded as in (5.4) and (5.10), so that Lem-
mas 5.3 and 5.4 imply that these terms are of the order o), (n~CGk+1/6) Finally,
Lemma 3.1 implies that (5.14) is bounded by

F@™ U (a) — g(a)|FH!
/ - T da.
f(1—n=¢) F4@)
Write the integral as
FO U, (a) — g(a)|F+!
f / k da
) lg’'(a)]
FO U, (a) — g(a) <! F0™) UE (@) — g(a)FH!
— / p - da — f - T da.
) g’ (@)l f—n=¢) g’ (a)]

Then Corollary 2.1 and Lemma 5.4 imply that both terms are of the or-
der o, (n~@k+D/6) This proves the theorem. [
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APPENDIX

The proofs in Section 2 follow the same line of reasoning as in [4]. Since we
will frequently use results from this paper, we state them for easy reference. First,
the tail probabilities of an have a uniform exponential upper bound.

LEMMA A.l. For J =E,B, W, let V”J be defined by (2.2). Then there
exist constants Cy, Co > 0 depending only on f, such that for all n > 1,
a e (f(1), f(0) and x > 0, P{|V,] (a)| = x} < C1 exp(—Cax?).

Properly normalized versions of an (a) converge in distribution to &(c)
defined in (1.3). To be more precise, for a € (f(1), f(0)) define ¢i(a) =

|£/(2(@) PP (4a)™17, (@) = (4a)' | £/ (g(@)) ]/ and
A1) Vi@ =01 @V, (a— ga@en™'?),
for / = E, B, W. Then we have the following property.

LEMMA A.2. For J = E,B,W, integer d > 1, a € (f(1), f(0)) and
¢ € Ju(a)?, we have Jjoint distributional convergence of (an, o€y oin,y an, «(€a))
to the random vector (£(c1), ..., &(cq)).

Due to the fact that Brownian motion has independent increments, the
process VnW is mixing.

LEMMA A.3. The process {VnW(a) ca € (f(1), £(0))} is strong mixing with

mixing function oy, (d) = 12¢—Cand’

on f.

, Where the constant Cz > 0 depends only

As a direct consequence of Lemma A.3 we have the following lemma, which is
a slight extension of Lemma 4.1 in [4].

LEMMA A.4. Letl and m be fixed such that | +m > 0 and let h be a contin-
uous function. Define

1
ch=2 / (4 f (x)) D3| £ () G443 (£ (x))% dx.
0
Then

S
var<n‘/6 f VnW(a)lanW(a)lmh(a)da)
S

— Ch /OOO cov(£(0)' [£(0)[", £(c)' 5 (e)|") de

asn— Q.
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PROOF. The proof runs along the lines of the proof of Lemma 4.1 in [4].
We first have that

£(0)
var<n‘/6f VnW(a)llvnW(a)|mh(a)da>
f()

1/3 “1¢,_
_ _2/~f(0) /” $(a)" (a f(O))(461)(214_2’"4_1)/3
fa Jo

|g/(a)|(4(l+m)—1)/3

x h(a)h(a — ¢(@)n='3¢)
x cov(V, O VY ", V¥ |V (0)")deda.

n,a

According to Lemma A.1, for ¢ and c fixed, the sequence an}; (c)l|Vn‘}Ya )™ is
uniformly integrable. Hence, by Lemma A.2 the moments of (an,‘; 0| Vn"}; )™,
Vn‘f‘;(c)lan‘f‘;(c)lm) converge to the corresponding moments of (£(0)/|£(0)|™,
S(c)l |E(c)|™). Again, Lemma A.l1 and the fact that /[ + m > O yield that
E\VY (0)]3U+m) and E \A4 (©)]?*™ are bounded uniformly in n, a and ¢. To-
gether with Lemma A.3 and Lemma 3.2 in [4], this yields that

_ 3
[cov (V% )1V, )", V% ()1, ©)")| < D1e P,
where D1 and D> do not depend on n, a and c. The lemma now follows from
dominated convergence and stationarity of the process £. [J
PROOF OF THEOREM 2.1. Write
IV, @ = EIV,Y @
g (a)[<~! ’

and for d = f(0) — f(1), define L, = dn~'3(ogn)?, M, = dn="3logn and
N, =[d(L, + M)~ 1], where [x] denotes the integer part of x. We divide the
interval (f (1), f(0)) into 2N, 4 1 blocks of alternating length,

Aj=(fM)+ G = D(Ln+ M), f(1)+ (= D(Ln + M) + Ly,

where j =1,..., N,. Now write T, x = S, , + S/, + Ry.k, Where

Wka) =

Ny N,
Su=n03 [ Wh@da,  sp=n"Y" [ Wi@aa
j=1"" j=1"PJ

£(0)
Rn’k:n]/ﬁ/ WX (a) da.
SN, (Ly+My)

From here on the proof is completely the same as the proof of Theorem 4.1 in [4].
Therefore, we omit all specific details and only give a brief outline of the argument.
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Lemmas A.1 and A.3 imply that all moments of W,’f (a) are bounded uniformly in a
and that EIW,’f(a)W,f(b)I < Diexp(—Dan|b — a|3). This is used to ensure that
ERZ — 0 and that the contribution of the small blocks is negligible: E(S), ,)* — 0.
We then only have to consider the contribution over the big blocks. When we
denote

Nn
sznl/ﬁ/A'W,f(a)da and o,%:var(Z Y'),
J

j=1
we find that
N)‘L

. Ny .
iu iu
Eexp{a—ZYj}— | | Eexp{g—Yj}
" j=1 j=1 n

where C3 > 0 depends only on f. This means that we can apply the central limit
theorem to independent copies of Y. Since the moments of |W,’f (a)| are uniformly
bounded, we have that, for each € > 0,

<4(N, — ) exp(—C3nM>) — 0,

N,
1 n 1 .

) > EY]-21{|Y,-|>w,,} < 80—3N" sup E|Y;]* =00, n" "% (logn)®).
noj=1 n 1<k<N,

By similar computations as in the proof of Theorem 4.1 in [4], we find that
o2 =var(T, ) + O(1), and application of Lemma A.4 yields that 0> — o2, This
implies that the Y;’s satisfy the Lindeberg condition, which proves the theorem.

O

In order to prove Lemma 2.1, we first prove the following lemma.

LEMMA A.5. Let VnW be defined by (2.2) and let V (0) be defined by (1.2).
Then for k > 1, and for all a such that

(A2) n'{F(g@) A (1 - F(g(a)))} = logn,
we have

a)k/3 N
| £/ (g(@))|*/3

where the term O (n~'/3 (log n)kt3) is uniform in all a satisfying (A.2).

E\VvYV (@ = ElV©O) O(n~ 13 (logn)k3),

PROOF. The proof relies on the proof of Corollary 3.2 in [4]. There it is shown
that, if we define H,(y) =n'/*{H(F(g(a)) +n~'3y) — g(a)}, with H being the
inverse of F', and

Vup =supfy € [—n1/3F(g(a)), nl3(1 - F(ga)))]: W) — by? is maximal},
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with b = |f/(g(a))|/(2a2), then for the event A, = {|VnW(a)| < logn,

|H, (V)| <logn}, one has that P{A¢} is of the order O(e_C(IOg”)3), which then
implies that

sup  E|VV(a) — H,(Vo.p)| = O(n~3logn)?).
ae(f(1),£(0)

Similarly, together with an application of the mean value theorem, this yields

(A.3) sup  E|[VV(@f = |H,(Vap) || = 0(n™13 (logn)>TF).
ac(f (1), £(0))

Note that, by definition, the argmax V,,, closely resembles the argmax V,(0),
where

(A.4) Vip(c) = argmax{W (1) — b(t — ¢)?}.
teR

Therefore, we write
(A5)  EH,(Vup)|* = EIHy(Ve(O)|* 4 E(1Hy (Vo) — | Hy (V5(0))[F).

Since by Brownian scaling Vj(c) has the same distribution as b2V (cb?*3),
where V is defined in (1.2), together with the conditions on f, we find that
E|H, (V0D =a *EV,0)F + 0 (n~"7?)
o a)k/3
1f(g@)3
As in the proof of Corollary 3.2 in [4], V5 can only be different from V,(0) with
probability of the order @ (e~?/ 3)(10’5")3). Hence, from (A.5), we conclude that

4 k/3
E|Hn(Vn,b)|k = m((g?WEl‘/(O)lk + (9(11_1/3),

Together with (A.3), this proves the lemma. [J

EIVO)*+0mn™13).

PROOF OF LEMMA 2.1. The result immediately follows from Lemma A.5.
The values of a for which condition (A.2) does not hold give a contribution of the
order @ (n~1/3 logn) to the integral [ E| VnW (a)|*da, and finally,

/f(O) (4a)k/3
ray 11 (g@)I?/3g’ (a)

1
|k—1 da =/0 (4f(x))k/3|f/(x)|k/3 dx. -

PROOF OF LEMMA 2.2. The proof of the first statement relies on the proof
of Corollary 3.3 in [4]. Here it is shown that, if for a belonging to the set J, =
{a:both a and a(l — &,n~ %) e (f(1), £(0))} we define

VEB(a, &) =VE(a(l —n7'28)) +n'*{g(al —n~'%,)) — g(a)},
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then for the event A, = {|&,| <n'/%, V¥ (a)| <logn,|VB(a,&,)| <logn}, one
has that P{A¢} is of the order O (e Clog ”)3). This implies that

/ E\VB(a, &) - VV(a)da=0n""31ogn)’).
acJ,
Hence, by using the same method as in proof of Lemma A.5, we obtain
[ EIVE@s) = v @ da =0~ Gogn)+).
acel,

From Lemma A.1, it also follows that E|VnB (@) =0(1) and E| VnW(a)lk =0(),
uniformly with respect to n and a € (f (1), f(0)). Hence, the contribution of the
integrals over [ f (1), f(0)]\ J, is negligible, and it remains to show that

(A.6) nl/éfej (IVE@, &)k = 1VE (@)Y da=0,().

For k = 1 this is shown in the proof of Corollary 3.3 in [4], so we may assume that
k > 1. Completely similar to the proof in the case k = 1, we first obtain

n”ﬁf (V@ &) — V@) da
acly

f(0)
—nl/6 ff ) V@ —ag @en™ O — v @l da+ 0,011

Let ¢ > 0 and write A, (a) =ag’ (a)snn_l/ 6. Then the first term on the right-hand
side equals

£
(A7) '/ /f o (IVE@) — an@IF = 1VE@) 10,6 (1V,E(@)]) da

1/6 O g k B, ik B
(A.3) +n /f(l) {1V, (@) — Ap(@)|" = |V,) (@) (e,00)(1V,) (@)]) da.

First consider the term (A.7). When |VnB (a)| < 2|A,(a)|, we can write
V.2 (@) — An@* = V@] < 35| an@]* + 24 An (@)
< (3 +2Y]ag (@&, |'n 0.
When |V.B(a)| > 2|A,(a)|, we have
1V,2 (@) = An@* = [V,F @] = kl61 " ag' (@)&aln~ "/,
where 6 is between |VnB (a)| < e and |VnB (a) — Ay (a)] < %8. Using that &, and VnB

are independent, the expectation of (A.7) is bounded from above by

£
C1e" 1 Eg,| / lag' (@) | P{|VE(a)| < e}da + @, (n=* D/6),
£
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where C1 > 0 depends only on f and k. Hence, since k > 1, we find that

£
limsupn!/° / "UVE @) — agl @ VO — [VE @)y
n—o00 f()

(A9) 5
x Lp0.¢1(1V,” (@)]) da

is bounded from above by Cog%~!, where C> > 0 depends only on f and k. Letting
¢ |} 0 and using that k > 1 then yields that (A.7) tends to zero.
The term (A.8) is equal to

FO) —28,ag'(a) VB (a) + (ag' (a)&,)?n~ /0
/fu) [V.E(a) — Ap(@)| + VB (a)
X k0(@) .00 (V.2 (a)]) da,
where 0 (a) is between | V.2 (a) — A, (a)| and | V2 (a)|. Note that for |V.B(a)| > e,
’ 2,/ (a) Vi@ | _ lag'@n” V%%
|VE(a) — Ap(@)| + [VE@]  [VE@]l™
uniformly in a € (f (1), f(0)), so that (A.10) is equal to

(A.10)

=0,(n/%)

£
—ké, ff ) @V @IV @1 (V) @) da

o V@ g k=1 B
+ Ky ff o @V @F ! = 0@ ) e (V@) da
+ 0,010,
We have that
_ _ _ Ap(a) [F! _
Vi @F 0@ = viar 1 PR ~1=0,01),

where the (-term is uniform in a. This means that (A.10) is equal to

£
(A1) —kE, / ag @V, @V} @) da
FACY)
f(0)
+ k&, / ag'(a)sign(V,? (@) |V,} @) 10,6, IV, (@)]) da
F
(A.12)
+ 0,10,
The integral in (A.12) is of the order O (s*¥=1), whereas EE,% = 1. Since k > 1,
this means that, after letting ¢ | 0, (A.12) tends to zero. For (A.11), let Sf (a) =
ag'(@)VE(@)|VE(@)|=? and consider E(fSE(a)da)® = var(f SP(a)da) +
(E [ S,’f (a)da)?*. Then, since according to Lemma A.l all moments of |Sf (a)|
are bounded uniformly in a, we find by dominated convergence and Lemma A.2
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that
alg'(a)|
(¢1(a)k
because the distribution of £(0) is symmetric. Applying Lemma A.4 with [ =1,
m =k — 2 and h(a) = ag'(a), we obtain var(f SZ(a)da) = O(n='/3). We con-
clude that (A.10) tends to zero in probability. This proves the first statement of the
lemma.

The proof of the second statement relies on the proof of Corollary 3.1 in [4].
There it is shown that, for the event A, = {|VnB (a)| <logn, |VnE (a)] <logn} one

has that P{A},} is of the order O(e_c(log”)S). Furthermore, if K,, = {sup, |E,(t) —
B,(F(1))| <n~'2(logn)?}, then P{K,} — 1 and

(A.13) E[IVE@)| - VE(@)||1a,nk, = O(n~ 3 (logn)?)

uniformly in a € (f(1), £(0)). By the mean value theorem, together with (A.13),
we now have that

E|IVE@* - 1VE@) ¥k,
<k(ogn)*E||VE (@) — |VE@)||14,0k, + 215 P{AS)
=9 (n" 13 (logn)*?) + (9(nk/3e_c(1°g”)3).

This proves the lemma. [J

(E£(0)|£(0)[*?)da =0,

. B _
nll)n;oE/Sn (a)da =

This completes the proofs needed in Section 2 to obtain a central limit theorem
for the scaled L-distance between U, and g (Corollary 2.1). The remainder of
this appendix is devoted to the proof of Lemma 5.1, which indicates that a central
limit theorem for the Lj-distance between f,, and f is not possible when k > 2.5.
For this we need the following lemma.

LEMMA A.6. Let k> 2.5 and z, = 1/(2nf(0)). Then there exist 0 < a; <
by < ar < by < 00, such that, fori =1, 2,

Zn ~
timint P{n [ 17,0~ fe dx elai.bil] >0,
PROOF. Consider the event A, = {X; > z,, foralli =1,2,...,n}. TheAn it

follows that P{A,} — 1/4/e > 1/2. Since on the event A, the estimator f, is
constant on the interval [0, z,], for any a; > 0 we have

P{n/OZ" |ﬁl(x)—f(x)|kdxe[ai,bi]}

> P{(n [ 150 = pwlFdx )i, €la bi]}

P{(Ifn(O)—f(O)l"

27 0) +Rn>1An€[ai»bi]}a
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where
R, :n/o ' k0, X1 £u(0) = FO)] = | /u(0) — £(O)]) dx,

with 6, (x) between | f;,(0) — f(x)| and | £,(0) — £(0)|. Using (4.7), we obtain that
R,, is of the order O p(n_l) and, therefore,

An 0) — £ (0) [k 0)k—1
O = SOF O
21(0)
in distribution. Now choose 0 < a; < b; < ap < by < oo such that, fori =1, 2,

0)k-1 . k
P{ f( ; J 1‘

1<j<co L'
Then fori =1, 2 we find

P{n/OZ" | fa(x) — f0)|Fdx e [ai,bl-]}

LA
1<j<oo I'j

‘ k

€ [a,-,bi]} >1-— l/ﬁ

Ao k
zP{(lf"(O) SO
27(0)

which converges to a positive value. [l

+ Rn) € ar, bi]} ~ PAS),

PROOF OF LEMMA 5.1. Take 0 <aj < b <ap < by < oo asin Lemma A.6,
and let A,,; be the event

Ani = {n/ 1A = fFdx € [ai, b,-]}.
0
Then

1 ~ in A
WPE [0 = feoldx =t CE [T - f@ldra,
0 0

>ain® =B P{A,1).

Since according to Lemma A.6 P{A,} tends to a positive constant, this proves (i).
For (ii), write X,, = nf(f” | fn(x) — f(x)|kdx, and define B, = {EX, > (a» +
b1)/2}. Then

var(X,) = E(Xy — EXp)*1a,,08, + E(Xn — EX)*La,0n5;
> 1(a> — b1)*P{An}1p, + 3(a2 — b1)> P{An) 15
> Hax — b))’ min(P{An1}, P{An)).

Hence, according to Lemma A.6,

Zn A
1iminfvar(n<2k+”/6/0 | fn(x) — f(x)l"cbc)

n—oo

> liminfrn 53 1@y — b1)* min(P{An1}, P{An2)}) = c0. O
n—oo
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