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ON GENERALIZED FRACTIONAL INTEGRALS
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Abstract. It is known that the fractional integral Iα (0 < α < n) is bounded
from Lp(Rn) to Lq(Rn) when p > 1 and n/p− α = n/q > 0, from Lp(Rn)
to BMO(Rn) when p > 1 and n/p−α = 0, from Lp(Rn) to Lipβ(Rn) when
p > 1 and −1 < n/p − α = −β < 0, from BMO(Rn) to Lipα(Rn) when
0 < α < 1, and from Lipβ(Rn) to Lipγ (Rn) when 0 < α + β = γ < 1. We
introduce generalized fractional integrals and extend the above boundedness

to the Orlicz spaces and BMOφ.

1. INTRODUCTION

The fractional integral Iα (0 < α < n) is defined by

Iαf(x) =
∫

Rn

f(y)
|x− y|n−α dy.

It is known that Iα is bounded from Lp(Rn) to Lq(Rn) when p > 1 and n/p−α =
n/q > 0 as the Hardy-Littlewood-Sobolev theorem. The fractional integral was
studied by many authors (see, for example, Rubin [5] or Chapter 5 in Stein [6]). The

Hardy-Littlewood-Sobolev theorem is an important result in the fractional integral

theory and the potential theory. We introduce generalized fractional integrals and

extend the Hardy-Littlewood-Sobolev theorem to the Orlicz spaces. We show that,

for example, a generalized fractional integral is bounded from expLp to expLq.
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Let B(a, r) be the ball {x ∈ Rn : |x − a| < r} with center a and of radius
r > 0, and B0 = B(O, 1) with center the origin and of radius 1. The modified
fractional integral Ĩα (0 < α < n+ 1) is defined by

Ĩαf(x) =
∫

Rn
f(y)

(
1

|x− y|n−α − 1 − χB0(y)
|y|n−α

)
dy,

where χB0 is the characteristic function of B0. It is also known that the modified

fractional integral Ĩα is bounded from Lp(Rn) to BMO(Rn) when p > 1 and
n/p − α = 0, from Lp(Rn) to Lipβ(Rn) when p > 1 and −1 < n/p − α =
−β < 0, from BMO(Rn) to Lipα(Rn) when 0 < α < 1, and from Lipβ(Rn) to
Lipγ(Rn) when 0 < α + β = γ < 1. We also investigate the boundedness of
generalized fractional integrals from the Orlicz space LΦ(Rn) to BMOφ(Rn) and
from BMOφ(Rn) to BMOψ(Rn), where BMOφ(Rn) is the function space defined
by using the mean oscillation and a weight function φ : (0,+∞) → (0,+∞).
If φ(r) ≡ 1, then BMOφ(Rn) = BMO(Rn). If φ(r) = rα (0 < α ≤ 1), then
BMOφ(Rn) = Lipα(Rn).

Though we state our results on the Euclidean space Rn, these hold on spaces of

homogeneous type with appropriate conditions.

2. NOTATIONS AND DEFINITIONS

For a function ρ : (0,+∞) → (0,+∞), let

Iρf(x) =
∫

Rn
f(y)

ρ(|x− y|)
|x− y|n dy.

We consider the following conditions on ρ:

∫ 1

0

ρ(t)
t
dt < +∞,(2.1)

1
A1

≤ ρ(s)
ρ(r)

≤ A1 for
1
2
≤ s

r
≤ 2,(2.2)

ρ(r)
rn

≤ A2
ρ(s)
sn

for s ≤ r,(2.3)

where A1, A2 > 0 are independent of r, s > 0. If ρ(r) = rα, 0 < α < n, then Iρ
is the fractional integral or the Riesz potential denoted by Iα.

We define the modified version of Iρ as follows:

Ĩρf(x) =
∫

Rn
f(y)

(
ρ(|x− y|)
|x− y|n − ρ(|y|)(1− χB0(y))

|y|n

)
dy.
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We consider the following conditions on ρ: (2.1), (2.2) and

ρ(r)
rn+1

≤ A′
2

ρ(s)
sn+1

for s ≤ r,(2.4)

∫ +∞

r

ρ(t)
t2

dt ≤ A′′
2

ρ(r)
r
,(2.5)

∣∣∣∣
ρ(r)
rn

− ρ(s)
sn

∣∣∣∣ ≤ A3|r− s| ρ(r)
rn+1

for
1
2
≤ s

r
≤ 2,(2.6)

where A′
2, A

′′
2, A3 > 0 are independent of r, s > 0. If ρ(r)rα is increasing for some

α ≥ 0 and ρ(r)/rβ is decreasing for some β ≥ 0, then ρ satisfies (2.2) and (2.6).
If ρ(r) = rα, 0 < α < n + 1, then Ĩρ = Ĩα. If Ĩρf and Iρf are well-defined, then

Ĩρf − Iρf is a constant.
A function Φ : [0,+∞) → [0,+∞] is called a Young function if Φ is convex,

limr→+0 Φ(r) = Φ(0) = 0 and limr→+∞ Φ(r) = +∞. Any Young function is
increasing. For a Young function Φ, the complementary function is defined by

Φ̃(r) = sup{rs− Φ(s) : s ≥ 0}, r ≥ 0.

For example, if Φ(r) = rp/p, 1 < p <∞, then Φ̃(r) = rp
′
/p′, 1/p+ 1/p′ = 1. If

Φ(r) = r, then Φ̃(r) = 0 (0 ≤ r ≤ 1), and = +∞ (r > 1).
For a Young function Φ, let

LΦ(Rn) =
{
f ∈ L1

loc(Rn) :
∫

Rn
Φ(ε|f(x)|) dx < +∞ for some ε > 0

}
,

‖f‖Φ = inf
{
λ > 0 :

∫

Rn
Φ
(
|f(x)|
λ

)
dx ≤ 1

}
,

LΦ
weak

(Rn) =
{
f ∈ L1

loc(R
n) : sup

r>0
Φ(r) m(r, εf) < +∞ for some ε > 0

}
,

‖f‖Φ,weak = inf
{
λ > 0 : sup

r>0
Φ(r)m

(
r,
f

λ

)
≤ 1
}
,

where m(r, f) = |{x ∈ Rn : |f(x)| > r}|.

If a Young function Φ satisfies

0 < Φ(r) < +∞ for 0 < r < +∞,(2.7)

then Φ is continuous and bijective from [0,+∞) to itself. The inverse function Φ−1

is also increasing and continuous.

A function Φ is said to satisfy the ∇2-condition, denoted Φ ∈ ∇2, if

Φ(r) ≤ 1
2k

Φ(kr), r ≥ 0,
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for some k > 1.
Let Mf(x) be the maximal function, i.e.,

Mf(x) = sup
B3x

1
|B|

∫

B
|f(y)| dy,

where the supremum is taken over all balls B containing x.

We assume thatΦ satisfies (2.7). ThenM is bounded from LΦ(Rn) to LΦ
weak

(Rn)
and

‖Mf‖Φ,weak ≤ C0‖f‖Φ.(2.8)

If Φ ∈ ∇2, then M is bounded on LΦ(Rn) and

‖Mf‖Φ ≤ C0‖f‖Φ.(2.9)

For a function φ : (0,+∞) → (0,+∞), let

BMOφ(Rn) =

{
f ∈ L1

loc(Rn) : sup
B=B(a,r)

1
φ(r)

1
|B|

∫

B

|f(x)− fB| dx < +∞
}
,

‖f‖BMOφ = sup
B=B(a,r)

1
φ(r)

1
|B|

∫

B
|f(x) − fB | dx,

where fB =
1
|B|

∫

B
f(x) dx.

If φ(r) ≡ 1, then BMOφ(Rn) = BMO(Rn). If φ(r) = rα, 0 < α ≤ 1, then it is
known that BMOφ(Rn) = Lipα(Rn).

For functions θ, κ : (0,+∞) → (0,+∞), we denote θ(r) ∼ κ(r) if there exists
a constant C > 0 such that

C−1θ(r) ≤ κ(r) ≤ Cθ(r), r > 0.

A function θ : (0,+∞) → (0,+∞) is said to be almost increasing (almost
decreasing) if there exists a constant C > 0 such that θ(r) ≤ Cθ(s) (θ(r) ≥ Cθ(s))
for r ≤ s.

The letter C shall always denote a constant, not necessarily the same one.

3. MAIN RESULTS

Our main results are as follows:

Theorem 3.1. Let ρ satisfy (2.1)∼(2.3). Let Φ and Ψ be Young functions with

(2.7). Assume that there exist constants A,A′, A′′ > 0 such that, for all r > 0,
∫ +∞

r
Φ̃
(

ρ(t)
A
∫ r
0 (ρ(s)/s) ds Φ−1(1/rn)tn

)
tn−1 dt ≤ A′,(3.1)
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∫ r

0

ρ(t)
t
dt Φ−1

(
1
rn

)
≤ A′′ Ψ−1

(
1
rn

)
,(3.2)

where Φ̃ is the complementary function with respect to Φ. Then, for any C0 > 0,
there exists a constant C1 > 0 such that, for f ∈ LΦ(Rn),

Ψ
(
|Iρf(x)|
C1‖f‖Φ

)
≤ Φ

(
Mf(x)
C0‖f‖Φ

)
.(3.3)

Therefore Iρ is bounded from LΦ(Rn) to LΨ
weak

(Rn). Moreover, if Φ ∈ ∇2, then

Iρ is bounded from LΦ(Rn) to LΨ(Rn).

Remark 3.1. From (2.2), it follows that

ρ(r) ≤ C

∫ r

0

ρ(t)
t
dt.(3.4)

If ρ(r)/rε is almost increasing for some ε > 0 and ρ(t)/tn is almost decreas-
ing, then ρ satisfies (2.1)∼(2.3) and

∫ r
0 (ρ(t)/t) dt ∼ ρ(r). Let, for example,

ρ(r) = rα(log(1/r))−β for small r. If α = 0 and β > 1, then
∫ r
0 (ρ(t)/t) dt ∼

(log(1/r))−β+1. If α > 0 and −∞ < β < +∞, then
∫ r
0 (ρ(t)/t) dt ∼ ρ(r).

Remark 3.2. In the case Φ(r) = r, (3.1) is equivalent to

ρ(t)
tn

≤
A
∫ r
0 (ρ(s)/s) ds

rn
, 0 < r ≤ t.

This inequality follows from (2.3) and (3.4).

The following corollary is stated without the complementary function.

Corollary 3.2. Let ρ satisfy (2.1)∼(2.3). Let Φ and Ψ be Young functions with

(2.7). Assume that ∫ r

0

ρ(t)
t
dt Φ−1

(
1
rn

)

is almost decreasing and that there exist constants A,A′ > 0 such that, for all
r > 0,

∫ +∞

r

ρ(t)
t

Φ−1

(
1
tn

)
dt ≤ A

∫ r

0

ρ(t)
t
dt Φ−1

(
1
rn

)
,(3.5)

∫ r

0

ρ(t)
t
dt Φ−1

(
1
rn

)
≤ A′ Ψ−1

(
1
rn

)
.(3.6)
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Then (3.3) holds. Therefore Iρ is bounded from LΦ(Rn) to LΨ
weak

(Rn). Moreover,
if Φ ∈ ∇2, then Iρ is bounded from LΦ(Rn) to LΨ(Rn).

Remark 3.3. If rερ(r)Φ−1(1/rn) is almost decreasing for some ε > 0, then
∫ +∞

r

ρ(t)
t

Φ−1

(
1
tn

)
dt ≤ Cρ(r) Φ−1

(
1
rn

)
.

This inequality and (3.4) yield (3.5).

Remark 3.4. We cannot replace (3.2) or (3.6) by

ρ(r) Φ−1

(
1
rn

)
≤ A Ψ−1

(
1
rn

)
for all r > 0.

Theorem 3.3. Let ρ satisfy (2.1), (2.2), (2.4) and (2.6). Let Φ be Young

function with (2.7), φ be almost increasing and φ(r) ∼ φ(2r). Assume that there
exist constants A,A′, A′′ > 0 such that, for all r > 0,

∫ +∞

r
Φ̃
(

rρ(t)
A
∫ r
0 (ρ(s)/s) ds Φ−1(1/rn)tn+1

)
tn−1 dt ≤ A′,(3.7)

∫ r

0

ρ(t)
t
dt Φ−1

(
1
rn

)
≤ A′′φ(r),(3.8)

where Φ̃ is the complementary function with respect to Φ. Then Ĩρ is bounded from
LΦ(Rn) to BMOφ(Rn).

Theorem 3.4. Let ρ satisfy (2.1), (2.2), (2.5) and (2.6). Let φ and ψ be almost

increasing, φ(r) ∼ φ(2r) and ψ(r) ∼ ψ(2r). Assume that there exist constants
A,A′ > 0 such that, for all r > 0,

∫ +∞

r

ρ(t)φ(t)
t2

dt ≤ A
ρ(r)φ(r)

r
,(3.9)

∫ r

0

ρ(t)
t
dt φ(r) ≤ A′ψ(r).(3.10)

Then Ĩρ is bounded from BMOφ(Rn) to BMOψ(Rn).

Remark 3.5. From Lemma 4.2, it follows that Ĩρ1 is a constant. Hence Ĩρ is
well-defined as an operator from BMOφ(Rn) to BMOψ(Rn).

The results in Figure 1 are known. Our results contain these. Moreover, we

have the results in Figure 2.



On Generalized Fractional Integrals 593

(1 < p < q <∞) (0 < β < γ < 1)
Lp Lq BMO Lipβ Lipγ

-Iα
−n/p + α = −n/q

-Ĩα

−n/p + α = 0

-Ĩα
−n/p + α = β

-Ĩα
α = β

-Ĩα

β + α = γ

Figure 1: Boundedness of fractional integrals

ρ(r) = (log(1/r))−(α+1) for small r > 0 (α > 0)
(0 < p < q <∞) (0 < β < γ <∞)
expLp expLq BMO BMO(log(1/r))−βBMO(log(1/r))−γ

-Iρ

−1/p+ α = −1/q

-Ĩρ
−1/p+ α = 0

-Ĩρ

−1/p+ α = β

-Ĩρ

α = β

-Ĩρ
β + α = γ

Figure 2: Boundedness of generalized fractional integrals

4. PROOFS

Let Φ be a Young function. By the convexity and Φ(0) = 0, we have

Φ(r) ≤ r

s
Φ(s) for r ≤ s.(4.1)

Let Φ̃ be the complementary function with respect to Φ. Then

Φ̃
(

Φ(r)
r

)
≤ Φ(r), r > 0.(4.2)
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Actually,

Φ(r)
r

s− Φ(s) ≤ Φ(r) for s < r

and
Φ(r)
r

s− Φ(s) ≤ 0 for s ≥ r.

We note that

∫

Rn
|f(x)g(x)| dx≤ 2‖f‖Φ‖g‖Φ̃(4.3)

(see for example [4]).

Proof of Theorem 3.1. Let

J1 =
∫

|x−y|<r
f(y)

ρ(|x− y|)
|x− y|n dy and

J2 =
∫

|x−y|≥r
f(y)

ρ(|x− y|)
|x− y|n

dy.

Let

h(r) = inf
{
ρ(s)
sn

: s ≤ r

}
, r > 0.

Then h is nonincreasing. It follows that

∫

|x−y|<r
|f(y)|h(|x− y|) dy ≤Mf(x)

∫

|x−y|<r
h(|x− y|) dy

(see Stein [7, p.57])). Since h(r) ∼ ρ(r)/rn,

|J1| ≤ CMf(x)
∫

|x−y|<r

ρ(|x− y|)
|x− y|n dy ≤ CMf(x)

∫ r

0

ρ(t)
t
dt.(4.4)

Next we estimate J2. By (4.3) we have

|J2| ≤ 2
∥∥∥∥
ρ(|x− ·|)
|x− ·|n

χ
B(x,r)C(·)

∥∥∥∥
Φ̃

‖f‖Φ,(4.5)

where χB(x,r)C is the characteristic function of the complement of B(x, r). Let

F (r) =
∫ r

0

ρ(s)
s

ds Φ−1

(
1
rn

)
.(4.6)



On Generalized Fractional Integrals 595

We show
∥∥∥∥
ρ(|x− ·|)
|x− ·|n

χ
B(x,r)C(·)

∥∥∥∥
Φ̃

≤ CF (r).(4.7)

From (2.2) and the increasingness of Φ̃ it follows that

∫

|x−y|≥r
Φ̃
(
ρ(|x− y|)
λ|x− y|n

)
dy ≤ C2

∫ +∞

r

Φ̃
(
ρ(t)
λtn

)
tn−1 dt,(4.8)

where C2 is independent of λ > 0 and x ∈ Rn. We may assume that C2A
′ ≥ 1.

By (4.1) and (3.1) we have

∫ +∞

r
Φ̃
(

ρ(t)
C2AA′F (r)tn

)
tn−1 dt

≤ 1
C2A′

∫ +∞

r
Φ̃
(

ρ(t)
AF (r)tn

)
tn−1 dt ≤ 1

C2
.

(4.9)

Let λ = C2AA
′F (r). Then, by (4.8) and (4.9) we have

∫

|x−y|≥r
Φ̃
(
ρ(|x− y|)
λ|x− y|n

)
dy ≤ 1,

and so (4.7) holds. By (4.4), (4.5) and (4.7), we have

|Iρf(x)| = |J1 + J2| ≤ C

(
Mf(x) + ‖f‖ΦΦ−1

(
1
rn

))∫ r

0

ρ(t)
t
dt.(4.10)

Choose r > 0 so that

Φ−1

(
1
rn

)
=
Mf(x)
C0‖f‖Φ

.(4.11)

Then

∫ r

0

ρ(t)
t
dt ≤ A′′Ψ

−1
(

1
rn

)

Φ−1
(

1
rn

) = A′′
Ψ−1 ◦Φ

(
Mf(x)
C0‖f‖Φ

)

Mf(x)
C0‖f‖Φ

.(4.12)

By (4.10), (4.11) and (4.12), we have

|Iρf(x)| ≤ C1‖f‖ΦΨ−1 ◦ Φ
(
Mf(x)
C0‖f‖Φ

)
.

Therefore we have (3.3).
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Let C0 be as in (2.8). Then

sup
r>0

Ψ(r) m
(
r,

|Iρf(x)|
C1‖f‖Φ

)
= sup

r>0
r m

(
r,Ψ

(
|Iρf(x)|
C1‖f‖Φ

))

≤ sup
r>0

r m
(
r,Φ

(
Mf(x)
C0‖f‖Φ

))
= sup

r>0
Φ(r)m

(
r,

Mf(x)
C0‖f‖Φ

)
≤ 1,

i.e.,

‖Iρf‖Ψ,weak ≤ C1‖f‖Φ.

Let C0 be as in (2.9). Then

∫

Rn
Ψ
(
|Iρf(x)|
C1‖f‖Φ

)
dx ≤

∫

Rn
Φ
(
Mf(x)
C0‖f‖Φ

)
dx ≤ 1,

i.e.,

‖Iρf‖Ψ ≤ C1‖f‖Φ.

Proof of Corollary 3.2. Let F (r) be as (4.6). By the almost decreasingness of
F (r), we have

F (t) ≤ CF (r) for 0 < r ≤ t < +∞.

By (3.4) we have

1
tn

≥ ρ(t)
C ′
∫ t
0(ρ(s)/s) ds tn

.

From (4.1) and (4.2), it follows that

Φ̃
(

ρ(t)
CC ′F (r)tn

)
≤ F (t)
CF (r)

Φ̃
(

ρ(t)
C ′F (t)tn

)

=
F (t)
CF (r)

Φ̃

(
ρ(t)

C ′
∫ t
0 (ρ(s)/s) ds Φ−1(1/tn) tn

)

≤ F (t)
CF (r)

Φ̃




ρ(t)

C ′
∫ t
0 (ρ(s)/s) ds tn

Φ−1

(
ρ(t)

C ′
∫ t
0 (ρ(s)/s) ds tn

)




≤ F (t)
CF (r)

ρ(t)

C ′
∫ t
0(ρ(s)/s) ds tn

=
1

CC ′F (r)
ρ(t)
tn

Φ−1

(
1
tn

)
.

By (3.5), we have (3.1). Therefore this corollary follows from Theorem 3.1.
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Lemma 4.1. Let Φ be a Young function with (2.7) and Φ̃ be the complementary
function with respect to Φ. Then there exists a constant C > 0 such that, for all
a ∈ Rn and r > 0,

‖χB(a,r)‖Φ̃ ≤ CΦ−1

(
1
rn

)
rn.

Proof. Let λ = Φ−1(1/|B(a, r)|)|B(a, r)|. Then we have, by (4.2),

∫

Rn
Φ̃
(χ

B(a,r)(x)

λ

)
dx=

∫

B(a,r)
Φ̃
(

1
λ

)
dx

= |B(a, r)|Φ̃




1
|B(a,r)|

Φ−1
(

1
|B(a,r)|

)


 ≤ 1.

Proof of Theorem 3.3. First we note that there exists a constant C > 0 such
that, for all a ∈ Rn and r > 0,

∥∥∥∥
ρ(|a− ·|)
|a− ·|n+1

χ
B(a,r)C(·)

∥∥∥∥
Φ̃

≤ C
1
r

∫ r

0

ρ(t)
t
dt Φ−1

(
1
rn

)
.(4.13)

We have this inequality (4.13) by (3.7) in a way similar to the proof of (4.7),

For any ball B = B(a, r), let B̃ = B(a, 2r) and

EB(x)=
∫

Rn
f(y)

(
ρ(|x− y|)
|x− y|n −

ρ(|a− y|)(1− χB̃(y))
|a− y|n

)
dy,

CB =
∫

Rn
f(y)

(
ρ(|a− y|)(1− χ

B̃(y))
|a− y|n

− ρ(|y|)(1− χB0(y))
|y|n

)
dy,

EB
1(x)=

∫

B̃
f(y)

ρ(|x− y|)
|x− y|n dy,

EB
2(x)=

∫

B̃C
f(y)

(
ρ(|x− y|)
|x− y|n − ρ(|a− y|)

|a− y|n

)
dy.

Then

Ĩρf(x)− CB = EB(x) = EB
1(x) + EB

2(x) for x ∈ B.

By (2.6) we have

∣∣∣∣
ρ(|a− y|)(1− χ

B̃(y))
|a− y|n − ρ(|y|)(1− χB0(y))

|y|n

∣∣∣∣ ≤
{
C, |y| ≤ 2|a|,
C|a| ρ(|y|)|y|n+1 , |y| ≥ 2|a|.
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From (4.3) and (4.13), it follows that CB is well-defined. By (4.3), Lemma 4.1 and

(3.8), we have

∫

B̃

(∫

B
|f(y)|ρ(|x− y|)

|x− y|n dx

)
dy≤

∫

B̃
|f(y)|

(∫

B(y,3r)

ρ(|x− y|)
|x− y|n dx

)
dy

≤
∫

B̃
|f(y)| dy

∫ 3r

0

ρ(t)
t
dt

≤ C‖f‖Φ‖χB̃‖Φ̃

∫ r

0

ρ(t)
t
dt

≤ C‖f‖ΦΦ−1

(
1
rn

)
rn
∫ r

0

ρ(t)
t
dt

≤ Cφ(r)rn‖f‖Φ.

From Fubini’s theorem, it follows that EB
1 is well-defined and that

∫

B
|EB1(x)| dx≤ Cφ(r)rn‖f‖Φ.(4.14)

By (2.6) we have

∣∣∣∣
ρ(|x− y|)
|x− y|n

− ρ(|a− y|)
|a− y|n

∣∣∣∣ ≤ C
|a− x|ρ(|a− y|)

|a− y|n+1
, x ∈ B and y ∈ B̃C .

From (4.3), (4.13) and (3.8), it follows that EB
2 is well-defined and

|EB2(x)| ≤ Cφ(r)‖f‖Φ.(4.15)

By (4.14) and (4.15), we have

1
|B|

∫

B
|Ĩρf(x)− CB| dx ≤ Cφ(r)‖f‖Φ,

and

‖Ĩρf‖BMOφ ≤ C‖f‖Φ.

Lemma 4.2. If ρ satisfies (2.1), (2.2), (2.5) and (2.6), then

ρ(|x1 − y|)
|x1 − y|n − ρ(|x2 − y|)

|x2 − y|n(4.16)

is integrable on Rn as a function of y and the value is equal to 0 for every choice
of x1 and x2.
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Proof. Let r = |x1 − x2|. For large R > 0, let

J1 =
∫

B(x1,R)

ρ(|x1 − y|)
|x1 − y|n dy −

∫

B(x2,R)

ρ(|x2 − y|)
|x2 − y|n dy,

J2 =
∫

B(x1,R+r)\B(x1,R)

ρ(|x1 − y|)
|x1 − y|n dy −

∫

B(x1,R+r)\B(x2,R)

ρ(|x2 − y|)
|x2 − y|n dy,

J3 =
∫

B(x1,R+r)C

(
ρ(|x1 − y|)
|x1 − y|n

− ρ(|x2 − y|)
|x2 − y|n

)
dy.

Then

J1 + J2 + J3 =
∫

Rn

(
ρ(|x1 − y|)
|x1 − y|n − ρ(|x2 − y|)

|x2 − y|n

)
dy.

From (2.1), it follows that
ρ(|xi−y|)
|xi−y|n (i = 1, 2) are in L1

loc(Rn) and that J1 = 0. By
(2.6) we have

∫

B(x1,R+r)C

∣∣∣∣
ρ(|x1 − y|)
|x1 − y|n − ρ(|x2 − y|)

|x2 − y|n

∣∣∣∣ dy

≤
∫

B(x1,R+r)C
A3r

ρ(|x1 − y|)
|x1 − y|n+1

dy = Cr

∫ +∞

R+r

ρ(t)
t2

dt.

From (2.5) it follows that (4.16) is integrable and that |J3| → 0 as R → +∞. By
(2.2) and (2.5), we have

|J2| ≤
∫

B(x1,R+r)\B(x1,R−r)

(
ρ(|x1 − y|)
|x1 − y|n +

ρ(|x2 − y|)
|x2 − y|n

)
dy

∼ ((R+ r)n − (R− r)n)
ρ(R)
Rn

≤ Cr
ρ(R)
R

→ 0 as R→ +∞.

Lemma 4.3. Under the assumption in Theorem 3.4, there exists a constant

C > 0 such that, for all a ∈ Rn and r > 0,
∫

B(a,r)C

ρ(|a− y|)
|a− y|n+1

∣∣f(y) − fB(a,r)

∣∣ dy ≤ C
ρ(r)φ(r)

r
‖f‖BMOφ .

Proof. By (2.2) we have

|fB(a,2kr) − fB(a,2k+1r)|≤
1

|B(a, 2kr)|

∫

B(a,2kr)
|f(y)− fB(a,2k+1r)| dy

≤ 1
|B(a, 2kr)|

∫

B(a,2k+1r)
|f(y)− fB(a,2k+1r)| dy

≤ 2nφ(2k+1r)‖f‖BMOφ

≤ C

∫ 2k+1r

2kr

φ(s)
s

ds‖f‖BMOφ ,
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for k = 0, 1, · · · , j − 1, and so

1
|B(a, 2jr)|

∫

B(a,2jr)
|f(y)− fB(a,r)| dy

≤ 1
|B(a, 2jr)|

∫

B(a,2jr)

|f(y)− fB(a,2jr)| dy + |fB(a,r) − fB(a,2jr)|

≤ C

∫ 2jr

r

φ(s)
s

ds‖f‖BMOφ .

Hence, using (2.5) and (3.9), we have

∫

B(a,r)C

ρ(|a− y|)
|a− y|n+1

∣∣f(y)− fB(a,r)

∣∣ dy

=
+∞∑

j=1

∫

2j−1r≤|a−y|≤2j r

ρ(|a− y|)
|a− y|n+1

∣∣f(y) − fB(a,r)

∣∣ dy

≤ C

+∞∑

j=1

ρ(2jr)
(2jr)n+1

∫

B(a,2jr)

∣∣f(y)− fB(a,r)

∣∣ dy

≤ C
+∞∑

j=1

ρ(2jr)
2jr

∫ 2jr

r

φ(s)
s

ds ‖f‖BMOφ ∼
∫ +∞

r

ρ(t)
t2

(∫ 2t

r

φ(s)
s

ds

)
dt ‖f‖BMOφ

=
∫ +∞

r

(∫ +∞

s/2

ρ(t)
t2

dt

)
φ(s)
s

ds ‖f‖BMOφ

≤ C

∫ +∞

r

ρ(s)
s

φ(s)
s

ds ‖f‖BMOφ ≤ C
ρ(r)φ(r)

r
‖f‖BMOφ .

Proof of Theorem 3.4. For any ball B = B(a, r), let B̃ = B(a, 2r) and

EB(x)=
∫

Rn
(f(y) − fB̃)

(
ρ(|x− y|)
|x− y|n −

ρ(|a− y|)(1− χB̃(y))
|a− y|n

)
dy,

CB
1 =

∫

Rn

(
f(y)− fB̃

)(ρ(|a− y|)(1− χB̃(y))
|a− y|n − ρ(|y|)(1− χB0(y))

|y|n

)
dy,

CB
2 =

∫

Rn
fB̃

(
ρ(|x− y|)
|x− y|n − ρ(|y|)(1− χ

B0(y))
|y|n

)
dy,

EB
1(x)=

∫

B̃

(
f(y)− fB̃

) ρ(|x− y|)
|x− y|n dy,

EB
2(x)=

∫

B̃C

(
f(y)− fB̃

)(ρ(|x− y|)
|x− y|n − ρ(|a− y|)

|a− y|n

)
dy.
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Then

Ĩρf(x) − (CB1 + CB
2) = EB(x) = EB

1(x) +EB
2(x) for x ∈ B.

By (2.6) we have
∣∣∣∣
ρ(|a− y|)(1− χB̃(y))

|a− y|n
− ρ(|y|)(1− χB0(y))

|y|n

∣∣∣∣

≤

{
C, |a− y| ≤ max(2|a|, 2r),
C|a| ρ(|a−y|)|a−y|n+1 , |a− y| ≥ max(2|a|, 2r).

From Lemma 4.3, it follows that CB
1 is well-defined. By Lemma 4.2 and (2.1),

we have
∫

Rn

(
ρ(|x− y|)
|x− y|n − ρ(|y|)(1− χB0(y))

|y|n

)
dy

=
∫

Rn

(
ρ(|x− y|)
|x− y|n − ρ(|y|)

|y|n

)
dy +

∫

B0

ρ(|y|)
|y|n dy = C.

By (3.10) we have

∫

B̃

(∫

B
|f(y)− fB̃|

ρ(|x− y|)
|x− y|n dx

)
dy

≤
∫

B̃
|f(y) − fB̃ |

(∫

B(y,3r)

ρ(|x− y|)
|x− y|n dx

)
dy

≤
∫

B̃
|f(y) − fB̃ | dy

∫ 3r

0

ρ(t)
t
dt

≤ C‖f‖BMOφrnφ(r)
∫ r

0

ρ(t)
t
dt

≤ C‖f‖BMOφrnψ(r).

From Fubini’s theorem it follows that EB
1 is well-defined and that

∫

B
|EB1(x)| dx ≤ Cψ(r)rn‖f‖BMOφ .(4.17)

From (2.6), Lemma 4.3 and (3.10), it follows that EB
2 is well-defined and

|EB2(x)| ≤ Cψ(r)‖f‖BMOφ .(4.18)

By (4.17) and (4.18), we have

1
|B|

∫

B
|Ĩρf(x)− (CB1 + CB

2)| dx ≤ Cψ(r)‖f‖BMOφ ,
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and

‖Ĩρf‖BMOψ ≤ C‖f‖BMOφ .
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