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STRONG CONVERGENCE THEOREM BY AN EXTRAGRADIENT
METHOD FOR FIXED POINT PROBLEMS AND
VARIATIONAL INEQUALITY PROBLEMS

Lu-Chuan Zeng and Jen-Chih Yao

Abstract. In this paper we introduce an iterative process for finding a common
element of the set of fixed points of a nonexpansive mapping and the set
of solutions of a variational inequality problem for a monotone, Lipschitz
continuous mapping. The iterative process is based on so-called extragradient
method. We obtain a strong convergence theorem for two sequences generated
by this process.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and norm || -||, respectively.
Let C' be a nonempty closed convex subset of H and let P~ : H — C be the metric
projection of H onto C.

Definition 1.1. Let A : C' — H be a mapping of C into H.
(i) A is called monotone if

(Au— Av,u—v) >0 VYu,v e C;

(if) A is called a-inverse-strongly-monotone (see [1], [3]) if there exists a positive
real number « such that

(Au— Av,u —v) > o||Au — Av|*> Vu,v € C.

Received November 5, 2004; accepted February 3, 2005.

Communicated by Wen-Wei Lin.

2000 Mathematics Subject Classification: 49J30, 47H09, 47J20.

Key words and phrases: Extragradient method, Fixed point, Monotone mapping, Nonexpansive map-
ping, Variational inequality.

1 This research was partially supported by a grant from the National Science Council.

2This research was partially supported by the Teaching and Research Award Fund for Outstanding

Young Teachers in Higher Education Institutions of MOE, China and the Dawn Program Foundation
in Shanghai.

1293



1294 Lu-Chuan Zeng and Jen-Chih Yao

It is easy to see that an «-inverse-strongly-monotone mapping A is monotone
and Lipschitz continuous. We consider the following variational inequality problem
(VI(A, O)): find a u € C such that

(Au,v —u) >0 YveC.

The set of solutions of the variational inequality problem is denoted by 2. A mapping
S : C — C is called nonexpansive (see [7]) if

|Su — Sv|| < |lu—v| VYu,veC.

We denote by F'(S) the set of fixed points of S.

For finding an element of F'(S) N £ under the assumption that a set C' ¢ H
is nonempty, closed and convex, a mapping S : C — C is nonexpansive and a
mapping A : C — H is a-inverse-strongly-monotone, Takahashi and Toyoda [8]
introduced the following iterative scheme:

Tpt1 = ATy + (1 — ap)SPo(xy, — ApAz,) Vn >0, (1.1)

where 2o =z € C, {a,} isasequencein (0,1)and {\,} is a sequence in (0, 2«).
They proved that if F'(S) N Q is nonempty, then the sequence {x,} generated by
(1.1) converges weakly to some z € F'(S) N €. On the other hand for solving the
variational inequality problem in a finite-dimensional Euclidean space R"™ under the
assumption that a set C' C R™ is nonempty, closed and convex, a mapping A : C —
R™ is monotone and k-Lipschitz continuous and 2 is nonempty, Korpelevich [2]
introduced the following so-called extragradient method:

g =x € R,
(1.2) Tn = Po(zn, — Mxy,),
Tny1 = Po(zn, — ANAZy,) Yn >0

where A € (0,1/k). He showed that the sequences {z,} and {z,} generated by
(1.2) converge to the same point z € .

Further motivated by the idea of Korpelevich’s extragradient method, Nadezhk-
ina and Takahashi [10] introduced an iterative process for finding a common element
of the set of fixed points of a nonexpansive mapping and the set of solutions of
a variational inequality problem. They proved the following weak convergence
theorem for two sequences generated by this process.

Theorem 1.1 [10, Theorem 3.1]. Let C' be a nonempty closed convex subset of
a real Hilbert space H. Let A : C — H be a monotone, k-Lipschitz continuous
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mapping and S : C — C' be a nonexpansive mapping such that F'(S)NQ # (. Let
{zn}, {yn} be the sequences generated by
ro=x € H,
(1.3) yn = Po(zn, — MAxy),
Tpt1 = ATy + (1 — ) SPo(xy — ApAyy,) Yn > 0
where {\,} C [a,b] for some a,b € (0,1/k) and {«,,} C [c,d] for some ¢,d €

(0,1). Then the sequences {z,}, {y,} converge weakly to the same point z €
F(S) N Q where

z = lim Pps)noen-
n—oo

In this paper inspired by Nadezhkina and Takahashi’s iterative process (1.3), we
introduce the following iterative process

ro=2x € H,

(*) Yn = PC(xn - )\nAxn)v
Tp+l = QpTo + (1 - O‘n)SPC(xn — A Ayn) V0 >0

where {)\,,} and {«,,} satisfy the conditions:
(@ {A\nk} C (0,1 —20) for some ¢ € (0,1);
(b) {an} C(0,1), >0 an = 00, limy o 0y = 0.

It is shown that the sequences {z,}, {y.} generated by (x) converge strongly to
the same point Pp(g)nq(zo) provided limy, e [|[2n — Zp41]| = 0.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-, -} and norm || -||, respectively.
Let C' be a nonempty closed convex subset of H. We write x,, — «x to indicate
that the sequence {z,} converges weakly to = and z,, — z to indicate that {x,,}
converges strongly to x. For every point « € H, there exists a unique nearest point
in C, denoted by Pcz, such that ||z — Peoz|| < ||z —y|| Vy € C. Po is called the
metric projection of H onto C. It is known that P is a nonexpansive mapping of
H onto C. It is also known that Pc is characterized by the following properties
(see [7] for more details); Pox € C and for all x € H, y € C,

(2.1) (x — Pox, Pox —y) > 0,
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(2.2) lz = ylI* > llz — Peal® + [ly — Pox||*.

Let A : C — H be a mapping. It is easy to see from (2.2) that the following
implications hold:

(2.3) u€Q < u=Po(u— AAu) VA > 0.

A set-valued mapping T : H — 2% is called monotone if for all z,y € H, f €
Tx and g € Ty, we have (z —y, f — g) > 0. A monotone mapping 7 : H — 2/
is maximal if its graph G(T') is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping 7" is maximal if and only
if for (z,f) e Hx H, (x —y,f—g) > 0forall (y,g) € G(T), then f € Tx.
Let A : C — H be a monotone, k-Lipschitz continuous mapping and Ncv be the
normal cone to C at v € C, i.e,, Nov = {w € H : (v —u,w) > 0, Yu € C}.
Define

Av + New, if v € C,
Tv =
{ 0, if v ¢ C.
Then T is maximal monotone and 0 € T'v if and only if v € Q; see [5].

In order to prove the main result in Section 3, we shall use the following lemmas

in the sequel.

Lemma 2.1 [6, Lemma 2.1]. Let {s,} be a sequence of nonnegative numbers
satisfying the conditions: s,+1 < (1 — ay)sn + @nfn, ¥ n > 0 where {a,,} and
{6, } are sequences of real numbers such that

(1) {am} C[0,1] and 3272 o = oo, OF equivalently,
120 (1 — ) o= limy, oo [[Fg(1 — ) = 0;
(i1) limsup,, o3, < 0, Or
(i) 32, nf3y is convergent.

Then lim,,_,o s, = 0.

Lemma 2.2 [4]. Demiclosedness Principle. Assume that S is a nonexpansive
self-mapping of a nonempty closed convex subset C' of a real Hilbert space H. If
F(S) # 0, then I — S is demiclosed; that is, whenever {z,} is a sequence in C
weakly converging to some x € C' and the sequence {(/—.S)z,} strongly converges
to some y, it follows that (I — .S)z = y. Here I is the identity operator of H.

The following lemma is an immediate consequence of an inner product.

Lemma 2.3. In a real Hilbert space H, there holds the inequality:

lz +yl* < ll2* +2{(y, 2 +y) Va,y € H.
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3. STRONG CONVERGENCE THEOREM

Now we can state and prove the main result in this paper.

Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let A : C — H be a monotone, k-Lipschitz continuous mapping and
S : C — C be a nonexpansive mapping such that F(S) N Q # 0. Let {z,,}, {yn}
be the sequences generated by

o=z € H,
(*) Yn = Po(n — AndAzy),
Tnt1 = @pxo + (1 — o) SPo(zn — AMAyn) Vn >0
where {),,} and {«,,} satisfy the conditions:
(a) {\uk} C (0,1—0) for some ¢ € (0,1);
(0) {an} C (0,1), >0 ) ap = 00, limy o0 oy = 0.

Then the sequences {x,, }, {yx } converge strongly to the same point Pr(s)~q (o)
provided

lim ||z, — zpy1]|| = 0.
n—oo

Proof. We divide the proof into several steps.

Step 1. {x,} is bounded and so is {¢,,} where ¢, = Po(x,, — A\, Ay,) Y > 0.
Indeed let uw € F'(S) N Q. From (2.2) it follows that

tn —ull?® < llzn = AnAyn — ull® = |20 — AnAyn — ta?
= lzn — ull? = llzn — tall® + 220 (Ayn, u — tn)
= ||z — ull® = llzn — tal®
+2X, ((Ayp, — Au,u — yp) + (Au,u — yn) + (AYn, Yn — tn))
< 2 —ull? = llon = tall? + 220 (Ayn, Yo — ta)
= ||z = ull® = llzn = yall® = 2(zn = Yn, Yo = tn) = lyn — tall?
+20, (AYn, Y — tn)
= [lzn = ull® = llzn = ynll* = lyn = tall* +2(2n = A Ayn =Y, ta—Yn)-
Further from (2.1) we obtain
(Tn — AnAYn = Yns tn — Yn)
= (Tn — MATy — Yn, tn — Yn) + (AnAzp — A\ AYn, tn — Yn)
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< <)\nAxn — MAyYn, tn — yn>
< Ankllzn = ynlllltn — ynll-

Hence we have

[tn—ull® < llzn —wll? =20 —ynll® = lyn—tn |2 +22nkll2n —ynllltn —yal
(3.1) < llzn—ull® = llzn —yn 1 = llyn —tulI*+ A2 %20 —yn >+ llyn —tall®
' < flen—ull+(O2k2 = 1) |&n —yn
< llzn—ul®.
Now by induction, we have
(3.2) |xn—ul < ||lxog —ul| ¥n>0.

Indeed when n = 0, it follows from (3.1) that

|21 — ul| = [laowo+(1 — ) Sto — ul|
= llao(zo — u) + (1 — ag)(Sto — u)||
< agllwo — ull + (1 — ao)[to — ull
< agllwo — ull + (1 = ao)[lwo — ull
= [lzo — ul
which implies that (3.2) holds for n = 0. Suppose that (3.2) holds for n > 1. Then
we have ||z, — u|| < ||zg — ul|. This together with (3.1) implies that
[2nt1 = ull = [lanzo + (1 — an) Sty — ull
= ||an(zo — u) + (1 — ap)(St, — u)||
< apllzo —ull + (1 — )| Sty — ul|
< anllzo — ull + (1 — an)ltn — ull

< agllwo — ul +

e N T

)
1 —ap)|jen — ull
< anllzo — ull + (1 = an)|[zo — uf

= [lzo — wl|.
This shows that (3.2) holds for n+ 1. Therefore (3.2) holds for all n > 0; i.e., {z,,}

is bounded. So it follows from (3.1) that ||¢, — u|| < |lzo —u| Vn >0, ie., {t,}
is also bounded.
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Step 2. limy,_.oo ||y, — yn|| = 0. Indeed from (x) and (3.1) we get

201 — ull® = lanzo + (1 — ay) Sty — ul)?
= |lan(zo — u) + (1 — ) (St — )|
< ap|lwo — u|? + (1 — ay)||St, — ul|?
< agllzo — ull? + (1 — an) Ity — ul?

< anllzo — ull* + (1 = o) (|l — ull? + (AZE? = Dlzn — yal?)
< anllzo — ul? + flon — ull* + (AZE? = 1)J2n — yn?

which implies that

Ollzn=ynl?* < A=AZE*)]|l2n—yn?
(3.3) < allo = ]2+ |~ |~ s —
< anflzo—ul+(|zn —ull = 2w —ul) (|20 —ull+[2m —ul)).
Since limy, o0 ||2r, — Zp41]| = 0, we have

llzn = ull = l[2n1 = ull| < fl#n = Zngall = 0 asn — oo

Thus combining with (3.3), the boundedness of {z,} and lim, o o, = 0, we
obtain

lim ||z, — yn| = 0.

n—oo

Step 3. lim, oo || Sz, — 2, || = 0. Indeed, observe that

[yn — tull = [[Po(2n — AnAzn) — Po(zn — AnAyn) ||
(3'4) S )\nHAxn - Ayn”

< Mkl Ty —ynll = 0 asn — oo,

1SYn — Zns1ll < 1Sy — Stall + 1Sty — Zns1 |
< lyn — tall + anllStn — zo||
(3.5) < lyn — tall + o[ Stn — ull + [lzo — ]
< lyn — tall + anllltn — ull + [[zo — ull]

< |lyn — tnl| + 2an||zo — u|| = 0 as n — oo,
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and
(3.6) |[Szy — Stull < llzn — tull < |20 — ynll + lyn —tall = 0 asn — oo.

Consequently, from (3.4)-(3.6), we can infer that

stn - xn” = stn - Stn + Stn - Syn + Syn — Tpy1 + Tl — xn”
< |[Szn = Stall + 1tn = ynll + 1SYn — Tl

+|Tpe1 —xn]] = 0 as n — oco.

Step 4. limsup,,_,(vo — u*, z, — u*) < 0 where u* = Pp(g)na(7o). Indeed
we pick a subsequence {z, } of {z,} so that

(3.7) lim sup(zxg — u*, 2, — u*) = lim (g — u*, x,, —u*).
n—00 1—00

Without loss of generality, we may further assume that {z,, } converges weakly to
u for some @ € H. Hence (3.7) reduces to

(3.8) limsup(zg — u*, x,, — u*) = (kg — u*, 0 — u™).
n—oo

In order to prove (xp —u*, & —u*) < 0, it suffices to show that @ € F'(S)N2. Note
that by Lemma 2.2 and Step 3, we have a € F(S). Now we show @ € 2. Since
from (3.4) and (3.6) we obtain z,, — ¢, — 0 and y,, — t,, — 0, we have t,, — @
and y,, — u. Let

Av + New, if v € C,
Tv =
0, if v ¢ C.

Then T' is maximal monotone and 0 € T'v if and only if v € ; see [5]. Let(v,w) €
G(T). Then we have w € Tv = Av + N¢v and hence w — Av € N¢gwv. Therefore
we have (v — u,w — Av) > 0 for all v € C. On the other hand, from ¢, =
Po(xy, — M\yAyy) and v € C' we have

<xn - )‘nAyn - tnvtn - 'U> Z 0

and hence
tn — Tn

- tnv
(v N

+ Ayy) > 0.
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Therefore according to the fact that w — Av € Neow and ¢, € C, we have

(Vv —=ty,, w) > (v—ty,, Av)

tn

— T,
> <v_tni7‘4v> - <v_tni72)\7nl +Ayni>
ng

= (v —ty,, Av — Aty,) + (v — ty,, Atp, — Ayp,)
S

Z <’U _tn“Atnz - Aynz> - <’U _tniv

tn, — Tps
_<v_tn“u
tn.

i _xni

o

Thus we get (v — a,w) > 0 as ¢ — oo. Since T' is maximal monotone, we have
@ € T7'0 and hence @ € €. This shows that @ € F(S) N Q. Therefore by the
property of the metric projection, we derive (zp — u*, @ — u*) < 0.

Step 5. =z, — u* and y, — u* where u* = Pp(s)nq(70). Indeed combining
Lemma 2.3 with (3.1), we get
(3.9)

|1 = w[I* = [[(1 = an) (St — u*) + an(z0 — u)|?
< (1 —ap)?||St, — u*||? + 20 (1 — an){wo — u*, Tpyq — u*)
< (1 —an)|tn — u*||* + 200 (20 — u*, 2py1 — u*)
< (1= an)llzn — w*[? + anfn,

where 3, = 2(z¢ — u*, x,,+1 — w*). Thus an application of Lemma 2.1 combined
with Step 4 yields that ||z, — u*|| — 0 as n — oo. Since z,, — y,, — 0, we have
Yn — u*. |

4. APPLICATIONS

As in Nadezhkina and Takahashi [10], we give two applications of Theorem
3.1.

Theorem 4.1. Let H be a real Hilbert space. Let A : H — H be a monotone,
k-Lipschitz continuous mapping and S : H — H be a nonexpansive mapping such
that F(S) N A=10 # (. Let {z,,} be a sequence generated by

ro=1x € H,
Yn = Tp — )‘nAxnv
Tpt1 = anxo + (1 — ) S(zy, — \pAy,) Yn >0

where {\,,} and {«,,} satisfy the conditions:
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(a) {\k} C (0,1—9) for some § € (0, 1);
(b) {Oén} C (07 1)7 Z:LOZQ Qpn = 00, hmn—>oo Qp = 0.

Then the sequence {z,,} converges strongly to Pp(gyna-19(70) provided

lim ||z, — zpy1] = 0.
n—oo

Proof. We have A='0 = Q and Py = I. By Theorem 3.1, we obtain the
desired result. ™

Remark 4.1. See Yamada [9] and Xu and Kim [6] for the case when A : H —
H is a strongly monotone and Lipschitz continuous mapping on a real Hilbert space
H and S : H — H is a nonexpansive mapping.

Theorem 4.2. Let H be a real Hilbert space. Let A : H — H be a monotone,
E-Lipschitz continuous mapping and B : H — 2 be a maximal monotone mapping
such that A=*0 N B~10 # . Let JZ be the resolvent of B for each » > 0. Let
{z,,} be a sequence generated by

ro=2x € H,
Yn = Tn — )‘nAxnv

Tpi1 = anxo + (1 — ) JB (2 — A\pAy,) Y0 >0

where {\,} and {«,,} satisfy the conditions:
(a) {\k} C (0,1—9) for some § € (0, 1);
(b) {Oén} - (07 1)7 Z’?LO:O Qp = 00, hmn—>oo Oy = 0.

Then the sequence {z,,} converges strongly to P4-19~p-19(xo) provided

lim ||z, — zpy1] = 0.
n—oo

Proof. We have A=10 = Q and F(JP) = B~10. Putting Py = I, by Theorem
3.1 we obtain the desired result. ]
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