TAIWANESE JOURNAL OF MATHEMATICS
Vol. 16, No. 6, pp. 2187-2196, December 2012
This paper is available online at http://journal.taiwanmathsoc.org.tw

A (R™) WEIGHTS AND THE LOCAL MAXIMAL OPERATOR
Guoen Hu and Wentan Yi

Abstract. Let s € (0, 1/2), My s be the local maximal operator of John and
Stromberg, and M, ; the multi(sub)linear local maximal operator. In this paper,
the authors give some characterizations of the weights w, ..., wy for which the
operator My is bounded from LP* (R™, wq) X ... x LP¢(R™, wy) to LP(R™, vz)

. ¢ p/ DK
with vg = ], _, wﬁ/"’“,pl, s pe € (0, 00) and 1/p =37, oy 1/pr- A new
characterization of A, (R™) weights and a characterization of weights w which
satisfies w? € A (R™) for some 6§ € (0, 00), are also obtained.

1. INTRODUCTION AND STATEMENTS OF RESULTS

The class of A,(R™) weights was introduced by Muckenhoupt [5], in order to
characterize the weight w for which the Hardy-Littlewood maximal operator M is
bounded on LP(R™, w). Let w be a weight, that is, w is a non-negative and locally
integrable function. For p € [1, c0), a weight w is said to be a A,(R™) weight if

1 /p/ 1 1/
sup (— | w(x)dz — [ w VD (2) da < 00,
Qcﬁn(@\/@ () ) (\Q\/Q () )

1 I .
where and in the following, (ﬁ fQ w~7-1)1/P" in the case of p = 1 is understood

as (infzegwy) ™! As it is well known, the operator M is bounded on LP(R", w)
when p € (1, c0) if and only if w € A,(R"), and is bounded from L!(R", w) to
LY°°(R", w) if and only if w € A;(R™). In the last forty years there has been
significant progress in the study of A,(R™) weights and the behavior of classical
operators on various weighted spaces with A, weights, see [1, Chap. 9].

Fairly recently, to study weighted estimates for the multilinear Calder6n-Zygmund
operators, Lerner et al. [4] introduced the multi(sub)linear Hardy-Littlewood maximal
operator M defined by
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M(fr, —supH ‘Q‘/\fk )l dy),

Bxk 1

and proved that for py, ..., ps € [1, 00), the operator M is bounded from LP* (R", wy) X
.. x LP{(R™) to LP*°(R", vz) if and only if w € Az(R™), namely,

L ”p - V@1 ()P
s (g f e ) \@\/ (@) " <o

Moreover, in the setting of maxi<p<¢pr > 1, W € Aj (R") is also the sufficient
condition such that M is bounded from L (R” wi) X ... X LP¢(R™) to LP(R"™, vz),
where and in the sequel, for P= (p1, vy pe) and W = (wl, oy wy), wesetp € (0, 00)

such that 1/p =3 1<, 1/pr and vz = [[1 <1<, wk/ *. This result is very interesting
and leads to the right class of multiple weights for the multilinear Calderén-Zygmund
operators.

Now we consider the analogy of the operator M in the setting of local maximal
operator. Let s € (0, 1) and f be a measurable function in R". Set

mo,s;Q(f) = mf{A > 0: [{z e Q: |f(z)| > A} < s|Q[},

and define the local maximal operator My s by

Mo, s f(z) = CSQUBP mo,s;Q(f)-

This operator is useful in the study of boundedness of some class operators (see [2]
and [3]). The multi(sub)linear version of My  is defined by

¢
Mo, s(f1, -y fo)(x) = sup H mo,s;Q([fx)-

Q32 =1

The purpose of this paper is to consider the weighted norm inequalities with multi-
weight for the operator M ;. We will give some characterizations of the weights
wi, ..., we for which My s is bounded from LP!(R", wy) x ... x LP¢(R™, wy) to

LP(R™, vg) with p1, ..., pr € (0, 0], 1/p = 37 pcp 1/pe, and vg Hk 1wp/p’“.
As usual, set A (R") = Up>14,(R™) (see [1] for the characterizations of A (R"™)

weights). For P = (pi, ..., p¢) with p1, ..., pg € (0, 00] and r € (0, minj<p<qe D),
set P/r = (p1/7, ..., p¢/7) and
Ap (R™) = U Ap/,(R™).

r: 0<r<mini<g<¢ Pk

It is obvious that when £ = 1, Az _ (R™) is just the classical A (R™). Our main
result can be stated as follows.
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Theorem 1.1. Let s € (0, 1/(2¢)), wy, ..., we be weights, pi, ..., pe € (0, 00)
with 1/p = Zi:l 1/pg. Then the following conditions are equivalent

(i) the operator My, s is bounded from LP*(R", wy) x ... x LPt(R™, wy) to LP
(Rnu Vu_)’);

(if) the operator My, s is bounded from LP'(R™, wy) x ... x LP{(R", wy) to LP>°
(Rn, Vu‘)’)f

(iii) there exists a constant T € (0, 1/(2()) such that for any cube Q and measur-
able sets E, ..., E; C Q, if |Ex| > 7|Q| for any k with 1 < k < {, then
[Ty {wn(ER) Y7 2 va(Q);

(iv) there exists a constant T € (0, 1/(2()), such that

(1.2) sup (ﬁa/Qyu;(a:) dx>1/pkf[1{m0,7;62(wlzl>}l/pk < oo;

QcRn
(v) vy € Aoo(R™) and there exists a constant v € (0, 0o) such that for each k with
1< k<l w € Ay (RY),
(vi) W e Ag (R™).
Remark 1.1. For the case of ¢ = 1, Theorem 1.1 tells us that w € A (R") if and
only if for some s € (0, 1/2),

1
sup (—/ w(x) dx>m07s;Q(w_1) < 00.
ocrr \Q Jg

This is a new characterization of A (R™) weights. Also, Theorem 1.1 implies a

characterization of A, (R"™) weights in terms of the local maximal operator M ,.

Remark 1.2. For the case of s € (0, 1), the condition (vi) also implies (i) in
Theorem 1.1. However, we do not know if (vi) is a necessary condition such that Mg
is bounded from LP*(R", wy) x...x LP¢(R™, wy) to LP(R™, vz) when s € (1/(2¢), 1).

To prove Theorem 1.1, we will use the following result, which is new and of
independent interest.

Theorem 1.2. Let w be a weight, s1, so € (0, 1/2) with s1 + sy < 1/2. The
following three conditions are equivalent:

(a) There exists a constant 0 € (0, 0o) such that w® € Ay(R™);
(b) There exists a constant v € (0, 00) such that w" € Ax(R"™);

()

(1.3) Sup 10,513 Q(W)mo, sy;0(w™") < 00.
QCR"



2190 Guoen Hu and Wentan Yi

We now make some conventions. Throughout this paper, we always denote by
C a positive constant which is independent of the main parameters, but it may vary
from line to line. Constant with subscript such as C;, does not change in different
occurrences. The symbol A < B means that there exists a positive constant C' such
that A < CB. Given A > 0 and a cube @, A\(Q) denotes the cube with the same center
as @ and whose side length is A\ times that of Q).

2. PrROOF OF THEOREMS

We begin with some preliminary lemmas.

Lemma 2.1. Let sy, ..., s¢, s € (0, 1), fi, ..., fo be measurable functions. Then
for any cube Q,

(2.1) MO, s1+s0:Q(f1 + f2) < Mo, s1:0(f1) + Mo;s0:0(f2),

and
¢

(2.2) M0,5,cpep sz @1 00) < T mo, s @(f):
k=1

Proof. The proofs for these two inequalities are similar and we only consider (2.2).
Without loss of generality, we may assume that

mo, s;;Q(f1) = ... = mo s, (fr) = 1.
Then for any € > 0 and k with 1 < k </,
Hz € Q: [fi(z)] > 1+ e} < silQ

This in turn implies that

l
{z € Q: |fi(@)..fu(2)| > L+ <D silQl,
k=1

and so ,
mO,ZlngZSk;Q(fL“fZ) S (1 +€> .

Our desired conclusion then follows directly.
Lemma 2.2. Let w be a weight. Then w € Ao (R™) if and only if for some
se (0, 1)

(2.3) sup m078;Q(w_1)(ﬁ/cgw(x) da:) < 00;

QcRn

Proof. At first, we claim that if (2.3) is true, then w is doubling. In fact, by the
inequality (2.2), we know that for any 7 € (s, 1) and any p € (0, o),
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mo,-Q(f) < {mo . Q(fpw>}1/p{m0 - 1/p

p /p —1/p
24 \Q\/‘f o)Pw(z)da) \Q\/ ’

where the second inequality follows from the fact that, for any cube @) and any r €
(0, 00),

(2.5) o0 0(w) Sa_l/r(ﬁ/cgw_r(a:) da:)l/r.

Choose f(z) = xrq(x). Note that mg_r,o(f) = 1. The estimate (2.4) leads to that

w(Q) S w(rQ),
and w is doubling. Also, (2.4) implies that for any p € (0, o),

Mo, f(a) S {MG(|f17) ()} /.
where M, is the weighted centered maximal operator with weight w. Since w is
doubling, M¢ is bounded from L'(R", w) to L'»*°(R™, w). Thus by a simple inter-
polation argument, we know (2.3) implies that My  is bounded on LP(R", w).
We can now conclude the proof of Lemma 2.2. It is easy to see that w € A (R™)
implies (2.3). On the other hand, if (2.3) is true, as we have pointed out, for 7 € (s, 1)
and p € (0, 00),

(2.6) 1Mo, = fll e @n, w) S [l o &, w)-

For each cube ) and measurable set E C @, if |E| > 7|Q|, choosing f(z) = xg(z)
in the inequality (2.6) then yields

w(Q) S w(E).

This via the characterization of the A, (R"™) weights tells us that w € A, (R"), see
[1, Chap. 9].
The following lemma is a combine of Theorem 3.6 and Theorem 3.7 in [4].

Lemma 2.3. Let wy, ..., wy, be weights, p1, ..., pm, p € (0, 00) with 1/p =
Y opey 1/pr, v € (0, miny<p<¢ pi). Then the following three conditions are equivalent

(¢) The operator M, defined by
1 / 1/r
sup — | |fu(x)|" dzx
Q3 ]}_[1 ‘Q‘ Q >

is bounded from LP*(R™, wy) X ... x LPt(R™, wy) to LP(R™, vg);
(i) @ € Ag), (R");



2192 Guoen Hu and Wentan Yi

1
P
T

(iii) for any k with 1 <k < {, w, € Ay, (R"), and vg € Ay (R™).

PR —T

To prove Theorem 1.2, we will employ the characterization of BMO(R™) space
in terms of John-Stromberg sharp maximal operator, see [7]. Let f be a real-valued
measurable function in R™. For a fixed cube @, m¢(Q), the median value of f on @,
is defined to be any number such that

{reQ: fo)>my@) < 31QL [{r € @ () < my(Q)] < 2@l

If f is complex-valued, the median value of f on Q is defined by m(Q) = mpe(p)(Q)+
iMim(r)(Q), where i* = —1.
The following characterization of BMO(R") can be found in Stromberg [7].

Lemma 24. Let s € (0, 1/2) and f be a measurable function. Then

[ fllBmon) < 11fllBMO,, . (R7)

where
1 f1IBMO,. o (Rr) = SUp mo, s, (f —my(Q)).
QcRn

Proof of Theorem 1.2. The implicity (a)=-(b) and (b)=-(c) are obvious. To prove
that (c) implies (a), we first claim that if w satisfies the estimate (1.3), then there exists
a constant C' such that for any € > 0,

(2.7) Sup 0.5 + Imo.s;ol(w + ) <C.
CR"L

In fact, for each fixed cube Q C R™, a straightforward computation gives that

mo,s;Q(w + €) = mo s, @(w) + ¢,

and
mo sl +0)™) 1
s; €
0,5@Q sup{A>0: {z€Q: w+e< A} <s|Q|}
1
osup{A>0: {zeQ:w< A} <s|Q|} +e
1
~ {mose(wTH} €
Therefore,

sup mo, s; @(w + €)mo, s, @((w+ €)™ <1+ sup mo, s q(w)mo, s o(w™"),
QCR" QCRn

and (2.7) follows directly.
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We now invoke the idea in [1, p. 300] to prove that (c) implies (a). For each
positive integer k, set wy(z) = w(z) 4+ 1/k and let wi(x) = exp ¢ (z). Then ¢y (z)
is finite a. e. x € R™. It then follows from (2.7) that for any cube Q C R",

(2.8)  mo,s1:0(exD(0r(2) — 5, (Q)) )10, 050 (xD(— (5 — 4, (Q)))) S 1.

Noticing that

{2 € @ exp(dn —mg, (@) > 51 > [{r € Q: dule) > my, (Q}] > 31,
we then know that
1m0, @ (exp(0r — 1, (@) 2 1.
and similarly,

0,210 (exp(— (0 — M, (@)))) 2 1.
This, along with (2.8) and the estimate (2.1), leads to that

Mo, v (10— e @) S 0,150 (exp(6k — Mo, (@)
1m0, 52: (XD (= (6 — M, (Q))) )

< 1.

~

Lemma 2.4, via the the John-Nirenberg inequality now states that for some positive
constants C; independent of &,

N \¢k z) —mq(dr)|
sup ‘Q‘/ep )da:<oo.

CR" Cl

Therefore, for any cube Q C R",

(ﬁ/@w,i/cl(x) da:) (ﬁ/@wlzl/c&(m) da:) <1

Taking k — oo in the last inequality then yields w!/C1 € Ay(R™).

Proof of Theorem 1.1. 1t suffices to prove that (i)=-(ii)=-(iv)=(v)=-(vi)=-(1), and
(i1)=-(ii1) and (iii)=(v).

(i)=-(i1). This is obvious. A

(ii)=>(iv). For each cube Q C R", set f,g = (wy} + 1/§)YPrxg with wy, ; =
wy +1/j and 1 < k < £. Also, set \) = 3 Hk 1m0 s Q(fk> It is obvious that
/\6 € (0, 00). The hypothesis tells us that

va(fo € R": Moo(f, . f)(@) >N} £ () pHkaHm W),
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which, via the fact that m078;Q(w,;1j +1/5) = m075;Q(w;1j) +1/34, in turn implies
that

¢ . / £ wi(z) P/Pk
vg(Q mo,s;Q(w, ) + 1/ PPk < </7.d$+kaj) )
Taking 7 — oo then leads to (iv).
(iv)=(v). Recall that 2/7 < 1, we can choose a constant § > 0 such that 2/7+¢§ <
1. It follows from the inequality (2.2) that

nggn (ﬁ/@yuj(a:) dx>m07gT;Q(y51) < 0.
This via Lemma 2.2 shows that 13 € Ay (R™). On the other hand, for each fixed &
with 1 < k </, again by (2.2),
Mo, (-1)r+:0 (W) ™) < mo,s ¢ (i) IT  {morquw;hyw/m.
1<j<t, j#k
Therefore,
Mo, (e-1)r+5:0(we)mo,r g (w) < 1,

which together with Theorem 1.2 implies that w)* € A (R™) for some 7 € (0, 00).
Taking v = minj<x<¢ 7, then leads to condition (v).

(v)=-(vi). The case £ = 1 is obvious. For the case of ¢ > 1, we know from Theorem
1.2 that there exists a constant § € (0, co) such that for each k& with 1 < k < /,
w{ € A(R™). Thus, we can take some 7 € (0, minj <<, p) which is small enough,
such that v € Ay, (R"), and for each k with 1 < k < £, w, /"1 ¢ a,(R") ¢
Agp, ) (pr—r) (R™). This, along with Lemma 2.3, tells us w € A];/T(R").

(vi)=>(1). This is an easy consequence of Lemma 2.3 and the fact that for any
s€(0,1) and r € (0, c0),

M078(f17 ceey fg)([l?) S MT(fh ceey fg([l?)

(i))=(iii)). Let @ be a cube and FEj, ..., £y C @) be measurable sets such that
|Ex| > s|@| for k with 1 < k < £. Since My, is bounded from LP*(R™, wq) X ... X
LPe(R™, wy) to LP*°(R™, vg), it follows that

¢
w({z e R": Mo s(xE,, - XE,)(x) >1/2}) S H{wk(Ek>}p/pk~
k=1

Note that for any z € Q, Mo s(XE,s ---» XE,)(x) > 1/2. We thus have that

L
va(Q) S T {wn(Bw)}P/Pe.
k=1
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(iii) implies (v). At first, we prove that for o € (7,1/(2¢)), My, is bounded from
LPY(R™, wy) X ... x LPE(R™, wy) to LP*°(R™, v). To see this, for each fixed A > 0,
set

Qg y = {2z €R" : M, (f1, s fo)(@) > A},

where
MG, (fr, s fo)(@) = sup H mo,0;Q(fx)-
Q9$7 |Q|<R" k=1
For each fixed x € Qf y» We can choose a cube Q. containing = and satisfies that
15— 70.0: . (f&) > A. Then there exist positive numbers Ay, ..., A such that
¢

T[T > moo0.(fi) > A L< k<

k=1
This in turn implies that

{y € Qa5 > Mt > 7(9)1/Qu .

The condition (iii) tells us that

yw((%)UnQI) < f[l{wk({y €Q:: |fe(y)] > /\k}>}p/pk

SAPH(/x () Pru(y) dy) "

By the covering lemma of Besicovitch type (see [6]), from the family of cubes
{Qm}IEQR , we can choose N (depending only on n, 7 and o) subfamilies D; = {Ql}

=1, Nsuchthat
R 1/n
Q] /\CUZ 1 Yj ( ) Q

and for each fixed [ with 1 < < N, any two cubes Qél and Qéé are disjoint. We
finally have that

R<“ZZHU“ FP ) dy) "

ll ] k=1 J'
<] (S [, 1rut )™
llkl j

S A H kauipk(w,wk)'
k=1

Taking R — oo then shows that M, ,, is bounded from LP* (R", wy) x...x LP¢(R™, wy)
to LP>>°(R", vz). This, as we have proved, certainly implies the condition (V).
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