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ON THE SMOOTHNESS OF THE SOLUTION FOR THE
INITTAL-NEUMANN PROBLEM FOR THE HYPERBOLIC SYSTEMS IN
LIPSCHITZ CYLINDERS

Nguyen Manh Hung and Phung Kim Chuc

Abstract. In this paper, we study the second initial boundary value problem for
strongly hyperbolic systems in cylinders with Lipschitz base. We investigate the
unique solvability of the problem and the smoothness with respect to time of the
generanized solution.

1. INTRODUCTION

We are concerned with initial boundary value problems for non-stationary systems
in cylinders with non-smooth base. These problems with Dirichlet boundary condition
in the cylinders with base containing conical points have been investigated in [5,7,9],
where some important results on the unique existence, smoothess and asymptotical
representation of the solution for the problems in Sobolev spaces were given. The
initial-Neumann problem for hyperbolic equations and systems in the cylinders with
base containing conical points was described in [2,8]. In [2] coefficients of the systems
are indepedent of the time variable and in [8] the problem has been dealt with for the
second order equations. The initial boundary value problems for parabolic equations
in the cylinders with base containing conical points were established in [6,10]. Such
problems for Schrodinger systems have been studied in Sobolev spaces with weights
[3,4]. In the present paper, we consider the second initial problem for the hyperbolic
systems with coefficients depending on both spatial and time variables in the Lipschitz
cylinders. We study the existence, uniqueness and smoothness with respect to time of
the generanized solution for these problems.

The paper is organized as follows. In the second section we define the initial-
Neumann problem for the hyperbolic systems in Lipschitz cylinders. In third section
we study the solvability of the problem. In the fourth setion we consider regularity with
respect to time of the generanized solution. The last section is intended to a problem
of mathematical physics.
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2. FORMULATION OF THE PROBLEM

Let ) be a bounded domain in R™, n > 2, with the Lischitz boundary 0€2. Denote
Qr=Qx(0,T), S =00 x (0,T) foreachT: 0 < T < o0.

For each multi-index o = (a1,...,ap) € N, |a| = a1 + - - + o, the symbol
D = 9lel /95,028 denotes the generalized derivative of order a with respect to
x = (x1,...,1,); OF/Ot* is the generalized derivative of order k with respect to ¢. Let
u = (uy, ..., us) be a complex-valued vector function defined on 2. We use notation:
D% = (D%, ..., D%uy); uy = 0%u/otF = (uy /O, .., DIu, /O).

Throughout the paper we need the following functional spaces (see [1]):

H™(Q) is the space consisting of all vector functions u(x) defined on €2 such that

2

lullgm@y = Y. [ [DPufdz| < +oo.
0<|p|[<m @

H™F(Qr) is the space consisting of all vector functions u(z,t) defined on Qr
such that

k
HUH%—IWJC(QT) - / Z ‘Dpu‘2 + Z ‘ut]"2 dfl:dt < +OO
Gp \0<|p|<m j=1

Let v be a positive number. We denote the following spaces:
H™F(~,Qr) is the space consisting of all vector functions u(z, t) defined on Qr
such that

k
[T > DPul + Y fuy? | e dwdt < 4o
G \0<[pI<m j=1

Ly(~y, Qr) is the space of vector functions u(z, t) defined on Qp with the normal
Jullcarnry = ( [ JufPe*dat
Qp

Now we introduce the differential operator
L(z,t,D)= > DPapD",
Ipl,lql<m

where apq = apq(x,t) are the s x s matrices with the bounded complex-valued com-
ponents azy(z,t) in Qp. Assume that ayg = (—1)IPI1la? - (|p], |g| < m) and there
exists a positive constant oy such that

(2'1> Z ApqMgTp = Qo Z ‘np‘2

|p|=lg|l=m [p[=m
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for all vectors with complex components 7, € C* and (x,t) € Q7.
Denote

Bl = Y (—1)""/apq(.,t)un(.,t)D—pv(.,t)da:.

|pl;lg|<m Q

Lemma 2.1. Let ) be a bounded domain with Lipschitz boundary 0X) and assume
that the condition (2.1) is fulfilled. Then there exist two constants jg > 0 and Ao > 0
such that the following inequality

(=)™ B(u, u)(t) 2 pollullFrm gy — MollullZ,
holds for all function v € H™ (v, Q7), v > 0.
Proof. We begin by condition (2.1) with 1, = u € H™1! (v, Q7). We have
apq(., t)Du(., t) DPu(., t)dz > « | DPu(., t)||2
pg\ - ) ) = &0 ) L2(Q)
Ipl=lgl=m & Ipl=m
From this and Cauchy inequality its follows that

ao Y [IDPu(., )|,

[p[=m

< (=D)"B(u,u)(t) +€ Y [DPul )17, + C@ [l 1)l Fm-10;
[p[=m

where 0 < € < ap, and C(e) = const > 0 depend on e. Therefore, we obtain
e ) By < Cr (17" Bt w) (1) + 16320 ) Cr = const > 0.

Applying interpolation inequality for the domain 2 with Lipschitz boundary 02 (see
[11]), we get

et ) 3y < Co (=) Blu, ) (8) + [l DI g ) Co = const > 0.

Lemma is completely proved.
Denote by N;(z,t.D), j =0,1,...,m— 1, the boundary operators:

Nj(x,tD)= > bja(z,t)D%
la|<2m—1—j

where bjq (x,t), j = 0,1, ...m, are the s x s matrices with the bounded complex-valued
components on S7. Moreover, suppose N;(z,t,D), j = 0,1,...,m — 1, satisfy the
formula:
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/(tD)uvda:— u,v) —i—Z/N tDu—ds

Q =050

with all u,v € C°°() and almost all ¢ € (0, T), where v is the unit exterior normal
to St.
We consider the following problem in the cylinder Q7:

(2.2) (=)™ L(x,t, D)u— uy = f(x,1t),
(2.3) ult=0 = utlt=0 = 0,
(2.4) Nj(z,t,D)uls, =0, j=0,...,m—1.

The function u(z, t) is called the generalized solution in the space H™!(~y, Qr) of
problem (2.2)-(2.4) iff u(z,t) € H™(vy,Qr), u(x,0) = 0 and for each 7, 0 < 7 < T,
the equality

(2.5) (—1)mt /OT B(u, n)(t)dt—l—/utﬁtda:dt:/fﬁda:dt
Qr Qr

holds for all n(z,t) € H™(y, Qr) satisfying n(x,t) = 0 with ¢ € [1,T).
3. THE UNIQUE SOLVABILITY

In this section we study the uniqueness and existence theorems of the generalized
solution of problem (2.2)-(2.4) in the space H™ (v, Q7).

Donote a,,,+ = 0Fape/0t" and putting

Bu(wo)t)= 3 (—1)|p|/apqtk(.,t)un(.,t)D—pv(.,t)da:,
Ipl,lg|<m Q

we have B(u,v)(t) = Byo(u,v)(t). Using integrating by parts and hypothesis ap, =
(— )|p|+|q|a (Ipl, |g]) € m) in Q1 we have the following formula.

(3.1) 2Re/0 By (v, v¢)(t)dt = Byx (v, v)(T) — By (v, v) / Bk (v,v)(t)dt

for all 7€ (0,T).
Donote by m* the number of multiindexes which have order not excceding m.
Using Cauchy inequality we have the following lemma.

Lemma 3.1. If |a? .| < p with (z,1) € Qp, 1 <i,j <5, < |pl[g] < m
p = const > 0, then

| By (v, 0) ()] < m* o, ) [ Fpm g -
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Theorem 3.2. Suppose that coefficients of the operator L(x,t,D) satisfy condition
(2.1) and \a;]qtk(x,t)\ < powith (z,t) € Qp, 1 <i,j <s, <|pl,lg/ <m, k<1,
w = const > 0. Then for every v > 0 problem (2.2)-(2.4) has at most generalized
solution in H™(y, ;).

Proof.  Assume problem (2.2)-(2.4) has two generalized U, uy € H ml(y, Qr)
for a vy > 0. Put u = u; — ug and define the function 7(z,t) fb x,T)dT with
0 <t <band n(z,t) =0 with ¢t > b. Substituting u = 7, into (2.5) and adding
obtained equality to its complex conjugate, we obtain

b
(—1)m_12Re/ B(nt,n)(t)dt—i—QRe/ numdzdt = 0.
0 o

From formula (3.1) with v = 7, k£ = 1 and integrating by parts the second term of this
equality it follows that

b
emmmmmw»u—mmAszmaMmeuwﬁﬂn=o
From this equality and Lemmas 2.1, 3.1 we have

e D)1 () + ol Ol
(3:2) * 2 2
<m u/o 1€ Ol dt + Aolln (- 0)l17,q)

Putting v, (z,t) = fto DPu(x, s)ds, we have

DPy(a, 1) :/ DPu(z, s)ds = vy(w, b) — v(a, 1),

(3.3) 2
I Oy = D Tl Dl
lp|=0
and
EXTR N TITESTEEYS S TRMOT R oy oo s
p[=0 p[=0

On the other hand,

O —_—
Aolln( 0)[2 () = 2AoRe /b / o (s Oy, Ddadt
(3.5) Q

b b
S/o Hnt(wt)H%Q(Q)dt+2/\(2)bHUO(~ub>H%2(Q)+2/\(2)/0 [vo (s D117 50t
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By Cauchy inequality from (3.2),(3.3),(3.4) and (3.5) we obtain

H’?t(wb)H%Q NO_bCl E va HL2
()
Ipl =0

b
<Ca [ (im0l o £ 3yl o )

Ip|=0
where C} 2 = const > 0. Putting J(b) = Hnt(a:,t)H%2 + 2= lvp(z, )HL2 @)

we obtain J(b) < C’fob J(t)dt (C = const > 0) for almost b € [0,5%]. Hence,

from Growall-Bellman inequality we must have J(b) = 0 for almost b € [0, £2].
Consequently, u(x,b) = 0 for almost b € [0, £&]. Using the similar argument as the
above, we can prove that u(z,b) = 0 for a.e b € [0, T]. Since T is arbitrary, we obtain
uy(z,t) = ug(z, t). The theorem is proved.

Denote

_ pm* + \/(Mm + 4/\0M0
240

Theorem 3.3. Suppose coefficients of the operator L(x,t, D) satisty hypotheses
of the Theorem 3.2 and f € La(vo,2r). Then for each ~y > ~yy problem (2.2)-(2.4)
has the generalized solution in H™(~, Qr) and the inequality

2 2
[l zmi 00 < CUFIL (0.00)

holds, where C = const > 0 is independent of u and f.

Proof.  We will prove the existence of the generalized solution by Galerkin ap-
proximating method. Suppose {yx(z)}72 is the system of functions in H™(£2) such
that its linear closure is just Hm(Q) and it is orthonormal in L(Q2). Put u®¥ (x,t) =
S N (t)pr(x), where ¢l (t), k = 1,..., N, are the solution of the system of the
ordinary differential equations of second order:

(3.6) (=)™ 'B(u", ¢)(t) —/uﬁ(~,t)@dx=/f(-,t>@dx, l=1,..,N,
Q Q
with the initial conditions

(3.7) e (0) =0, 0)=0k=1,...,N.

C
dt "

Assume that 7 is a positive number: 7 < T'. Let us multiply (3.6) by dcfY ( )/dt and
take the sum with respect to [ from 1 to N. Then we integrate the equality obtained
with respect to ¢ from O to 7 and add this equality to its complex conjugate. We obtain

1)m_12Re/ B(u, u) dt_/@ ul uN dxdt—QRe/fuina:dt
0
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From this equality and integrating by parts with condition (3.7) we obtain

(38)  (—1)"2Re / B(u, ) (t)dt + lu (.72, ) = —2Re / ful dudt,

Applying formula (3.1) with condition (3.7) and noting that
Aol (-, 7)17 ) = 2AoRe / ulNuN dzdt,
Qr
we can rewrite (3.8) as follows
g (7 ) + (1™ B, a™) (1) + Aollu™ (-, )17 40
= (=1)™Re / By(u, uN)(t)dt + 2\ oRe / uNuNdzdt — 2Re / fuNdzdt.
0
Qr

Using Lemmas 2.1, 3.1 and Cauchy inequality, from this equality we have

" (T ) + prollu™ (7 )HHm(

(um* +€/ ™ ( HHm )dt-i- / [re HL2 dt

39 / LGOI 0

pum* +¢€)e
- (24a) [ (uut M+ g Dl

+5 [ 10l

where £, & = const > 0 arbitrary. Consider the following equation:

(um* +¢)e

3.10
(3.10) A2+ 0

:/’LO'

From this equation we obtain

(pm* +e)e — Ao

3.11 0=
(3.11) o
Denote
—pm* + /(pm*)? + 4\3 o
g — B = > 0.

From (3.11) it follows that 4 > 0 with £ > g and

Y * * 4+ m* + m*)2 + 422

Ay 5 m +5>um fo _ p vV (pm) 0“0:70

Lo Lo 210
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Therefore, can rewrite (3.9) as follows

Huiv(7 T)H%Q(Q) + MOHuN(u T)H%;[m(g)
pm* + €

T N 2 N 2
gy < (GO ol O i )

o) /0 IR, gyt

with € > g¢, where C(¢) = const > 0 depends on ¢.
Put
Jév(t) = Huiv(wT)H%Q(Q) + MUHuN(wT)H%{m(Q)'

Then for all v > 7, there exists € > ¢, such that

m*+¢
v > 0(e) = s > 70-
Ho
From this fact and (3.12) we obtain
B13) A <) [ B @) [0 e

Applying Gronwall-Bellman inequality to (3.13), we obtain
Jo(r) < Cle)en@r / e F(L 0|2, ot
0
< C(e)en®r / (DI g
0

Hence, we have

' (-, 7)117 0y + solld™ (g < CEE DTN, 00,000

where Cy(g) = const > 0 depends on e. From this inequality we have
(3.14) g (P17 ) + 167 G miay < Co(@)* TN 11Z, 03000

Multiplying both sides of (3.14) by e™?" and integrating with respect to 7 from 0 to
T, we arrive at

T
/() <Hu7{V(7 T)H%Q(Q) + MOHUN(y T)H%{m(g)>€_77d7

(3.15) T
< o)1 F12, 00001 /0 07
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Because yp(¢) — v < 0, so the integral fOT e0E)=N7dr is converged. Moreover, &
depends on . Therefore, from (3.15) we obtain

"uN"?;[77L71('y7QT) S C(’Y)Hf”%g(’}@,ﬂqﬂ)’

where C(y) = const > 0 depends on . From this, we have the existence of a
subsequence of {uN'} weakly converging to u € H™! (v, Q7) and u(x,0) = 0in Q. It
is easy to verify that u is a generalized solution of the problem (2.2)-(2.4). Moreover,
we have

2 2
lellzrm:s o, 00) = CUNE 0,07
where C' = const > 0 is independent of u and f. The theorem is proved.

Remark. If \g = 0, then we do not need to estimate the term Ao |u’ (., 7')“%2(9)

pm’*

in the proof of Theorem 3.3. Then €9 = 0 and vy = .
Ho

4. THE SMOOTHNESS WITH RESPEST TO THE TIME VARIABLE

In this section we will derive the smoothness with respect to the time of the gener-
alized solution of problem (2.2)-(2.4). We prove that the smoothness in the time of the
generalized solution depends on only the coefficients and the right side of the systems.
For simplicity of presentation, we only consider the case Ay = 0. The case A\g > 0 is
considered similarly.

Put (2h + 1)m*pu

Ho
for all nonnegative integers h. We have the following theorem.

Y =

Theorem 4.1. Let u(x, t) be the generalized solution of problem (2.2)-(2.4) in The-
orem 3.3. Moreover, assume that coefficients of the operator L(x,t,D) satisfy condition
(2.1) and hypotheses of the Lemma 3.1 with all k < h+1 and fu € Lo(vg, Qr) (k <
h); fu(x,0) = 0, (k < h —1). Then for every v > ~y, the function u(x,t) has
generalized derivatives with respect to t up to order h in the space H™(y, Qr) and
the following estimate holds

h

gl .00y < C D it Ta 000
k=0

where C' = const > 0 independent of v and f.

Proof.  We use notations in the proof of Theorem 3.3. Since (3.6) is a linear
ordinary differential system with initial condition (3.7), applying hypothesis of the
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Theorem we have d"1cl (t)/dtht1 € L%(0,7) for 0 < 7 < T. Let us differentiate

(3.6) h times with respect to ¢. Then multiply it by d"+1¢N (1) /dth*! and take the sum
with respect to [ from 1 to /N. Next integrate the obtalned equality with respect to ¢
from 0 to 7 and add this equality to its complex conjugate. We have

m

(—)™"2Re Y (-7 / (apgDIu™) o DPU, dadt
(4.1) Ipl;lq|=0 o
—2Re/u%+2u%+1da:dt: 2Re/fthu%+1da:dt.
Q.
Put
(I) =2Re Z (—1)|p|/(aququN)tthu%dedt and
pl,lq|=0 Q-
(I1) —2Re/ th+2uth+1da:dt
Q,

Using integrating by parts, condition (3.7) and hypotheses fx(z,0) = 0,0 < k < h,
we obtain

(4.2) (11) = Jugnsr (-, 7150

h
Denote <k> = h!/k!(h — k)!. We have

h
I) = 2Rez (Z) / apgx DMy DPul)  dadt
h T
:2< )QRe/ By (el ) (8)dt.

k=

On the other hand, from hypothesis fux(z,0) = 0,0 < k < h, and condition (3.7) it
follows that Dpui\,ﬁ =0,0<k <s,1<|p| <m. Therefore, using formula (3.1) with
v= ui}f and integrating by parts we obtain
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(1) = B(ul, ul}) /Bt N ) ()dt
+Z< )QRe/ By (ub—, uin) (t)dt

:B( Uysh s th / Bt thu th )d
+Z
1

(i
Zh: <k>2Re / Byior (uph—re, uph ) ()dt
(i

)QReBtk th ks u%)(T)

k=
h

Z )2Re / By (ul 1, ull) (t)dt

= Bl ) (r) = 2h 1) [ Bl o)
h
+Z <Z>2ReBtk N ull)(r)

h

h
— Z < )QRe/ Btk+1 (u%_k, u%)(t)dt
k 0
k=1
hon .
_ Z <k> 2Re/ By (Ul i1, ul) (t)dt
k=2 0

From (4.2) and (4.3) we rewrite (4.1) as follows

letgnsn (s Ty + (=1 Blugy, ) (7)

= —(-1)"™"'(2h+1) /T By(upn, uf)(t)dt

- 12( )QReBtk gk, uph ) (7)

(4.4)

h
m— h T
DY <k) 2Re /O By (ub_i, ull) (t)dt

k=1

h
m 12( )QRG/ Btk th k+1) th>( )dt—QRe/fth

k=

1639

U h+1da:dt
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Applying Lemmas 2.1, 3.1 and Cauchy inequality to (4.4) we have
lugnss (s )0y + Hollugh (- D)o
T
< (2h + 1)pm* /O |2yt

+ellu™ (., T)thH%{m(Q) + Cha( Z gk (., HHm(Q)
¢ [ I Byt + Caate Z / ()
+6 [l it + 5 [ Ifuldade
where 0 < € < pi9, and C}, 1, Cp 2(¢) = const > 0 depend on €. From this we obtain
lugnss (s )7 y00) + (o = &) l[ufh (s 7))

< (2h+ D +2) [ eyt + /0 sy

+Ch,1(e ZHU% HHm(Q + Cha(e / lugi (., HHm(Q)dt
‘fh‘ dxdt
(4.5) 5/ '
((2h+ 1)pm* +¢)
=3 [ (Il o + ; Hu%\ﬁmg))dt
+Ch,1(e ZHU% T)|Frmq) + Cha(e / gk (o, 7) [ Frm ey dt

1
+g / ‘fth ‘2d$dt
Q-

((2h + 1)pm* +¢)
J

Putting

= Mo — €&,

we have
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5— ((2h+1)ﬁm* +¢) = ().
Mo — €

From this fact and (4.5) we obtain
g (7)1 0y + (10— s ) By
T N 2 N 12
<) [ (luifen ey + 0 =€) oy )

4.6
( ) + Ch 1 Z Hut’“ HHm(Q + Ch 2 Z/ Hutk HH"L(Q)dt

+Cha@) [ 1l it

0

We now use induction to prove:

(4.7) ff (-, 7) |3y < Ca(e)e? ZHftk T L atm20)

with for all v > ~,, 0 < € < pg. From (3.14) it follows that (4.7) holds for s = 0.
Assume that (4.7) holds for s — 1. From (4.6) with h = s, we have

lagss (- T 0 + (0 = &)l (5 T ey

< 74(e) / (¥ 1y + (110 — ) [ )
ZHutk HH"L(Q +082 Z/ Hutk HH"L(Q)dt

05,3(5>/Hft5H%2(Q)dt

0

with 0 < &€ < pg. Therefore, by the induction hypothesis and 75 < vs_1 (k < s — 1),
from this inequality we obtain
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g (P00 + (0 = E)lug (7 pm oy

<@ [ (Il +<uo—e>uu£¥u%mm)dt

»
|
—

+ Csa(e) p_Ci(e )eH (e Z 1 e (-, HLQ(%,QT)

k=0
s—1
+CS’2(€>Z/0 (C’k 6%(6tZHftJ HLQ(%,QT)>dt
k=0
(4.8) Cusle / e
0

<o) [ (\ruts+1\rL2m (0 — ) ey )

+ Cl( e% 1(e)T Z HftJ HLQ(%,QT)
7=0

~ae) [ (o 1<fftzufﬁ sy 200 )

05,3(5>/Hft5H%2(Q)dt
0

Ts(1) = llugssr (117 0 + (0 = &) [us (o )| Ty,
s—1

$(1) = Cr()e™ O I full? iy .00

J=0

T s—1 A
+C'2(€)/O (6%‘1(6)tzHftiH%Q(W,QTOdt+Cs,3(5>/Hft5(~7t>H%2(Q)dt
Jj=0 0

Denote

From this fact and (4.8) it follows that

IV < 7o) /0 "IN (0t + o),

From this relation and the Gronwal-Bellman inequality, we obtain

Ju(r) < en@r / 1Ot/ (1)t

0
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Therefore, we have

g (T gy + (0 = &)llugs (- 7)oy

r s—1
(49) < C’(g)e'Ys(é‘)’T/O e s (e)t (675—1(6) Z; Hft]-Hi(WQT) + [ fes (-, t)\]%2(g)>dt

< Cyo(e)er Z | fi HL2 (v;,Q1)"

From this we obtain (4.7).
Now we return to inequality (4.6). By inequality (4.7) for all s < h—1 and similar
arguments as proof inequality (4.9) we obtain

g (T gy + (10 = )l (- ) rm(y < Crole)e™ Z 1o 10

Hence,
(4.10)  fugnsr (- 17y + g T Frmey < Ch(e)e™ ZHftkHLWQT

Let v be a positive number: v > ;. Then there exists € : 0 < & < pg, such that
2h + Dum™* + ¢
v > m(e) = ( u > Vh-
Mo — €
Multiplying up e 27" to both sides of this inequality and integrating obtained inequality
with respect to ¢ from O to 7', we have the following result:

T
[ (1 iy + 1 iy )
5 T
<) S Wl [ MO,
k=0

Because v;,(g) — v < 0, so the integral fOT emE=17dr is converged. Moreover, &
depends on . Therefore, from (4.11) we obtain

(4.11)

HU%H%—IMJ(%QT) <CM) Z Hft’“Hiz(mQT)’

where C(v) = const > 0 depends on ~.

Since {u/}} is bounded in H"'(v,Qr), we can choose a subsequence which
converges weakly to a function w;» in H™!(y, Qr). It is easy to check that u,s is the
generalized derivative of order h with respect to ¢t of u. Moveover, we get

HuthHHml (7,Q7) = CZ HftkHLz (vk,821)
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where C' = const > 0 independent of v and f. The Theorem 4.1 is proved completely.

5. AN EXAMPLE

In this section we apply the previous results to the Cauchy-Neumann problem for
the wave equation. We consider the following problem:

(5.1) Au—uy = f(z,t), (x,t) € Qr,
(52) u‘t:() = ut‘t:() = 0, T € Q,
ou
. — =0
(5 3> 8V St

where A is the Laplace operator, v is the unit exterior normal to St.
For problem (5.1)-(5.3) we have \o =0, po =1, g = 1 and m* = 2. Therefor,
Yh = 2(2h + 1). From this fact and Theorem 4.1 we obtain the following result.

Theorem 5.1. Suppose that fu € La(2(2h +1),Q7)), 0 < k < h, fu(z,0) =
0, 0 <k < h—1Then for every v > 2(2h + 1) problem (5.1)-(5.3) has the
unique generalized solution u(x,t) € HY(y, Q7). Moreover, the function u(x,t) has
derivatives with respect to t up to order h belonging to the space HY'(~y,Qr) and

h

2
HuthH%{Ll(%QT) < CZ HftkHLg(’yk,QT)7
k=0

where C = const > 0 is independent of v and f.
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