TAIWANESE JOURNAL OF MATHEMATICS
Vol. 16, No. 5, pp. 1601-1612, October 2012
This paper is available online at http://journal.taiwanmathsoc.org.tw

EXISTENCE OF A KIND OF BEST SIMULTANEOUS APPROXIMATIONS
IN L,(2,%, X)

X. F. Luo* and L. H. Peng

Abstract. Let X be a Banach space, Y a nonempty locally weakly compact closed
convex subset of X, (€2, 3, ) a complete positive o-finite measure space and X
a sub-c-algebra of ¥. This paper gives existence results of best simultaneous
approximations to two functions in L, (2, X, X) from L,(Q,2,Y)/L,(22,%0,Y)
if span Y/and spanY  has/have the Radon-Nikodym property.

1. INTRODUCTION

Throughout this paper, X is a Banach space with norm || - ||, (€2, X, 1) is a complete
positive o-finite measure space, p € [1,+00), and L,(Q2, X, X) denotes the Banach
space of all Bochner p-integrable (essentially bounded for p = oo) functions defined on
2 with values in X endowed with the usual norm || - ||,. Let G be a nonempty subset
of L,(Q,%, X)and let f € L,(2, %, X). Then go € G is called a best approximation
to f from G if

If = gollp = mf{[|f —gllp - g € G}

The set of all best approximations to f from G is denoted by Ps(f). G is called
proximinal in L, (Q, ¥, X) if Pg(f) # 0 for each f € L,(Q, %, X).

For a given closed subspace Y of X, many papers have been devoted to studying
when the space L, (2, ¥,Y) is proximinal in L, (€2, £, X) (see the references cited in
[3, 7, 8]), and the main problem that these papers address is that if Y is proximinal
in X, is L,(Q, %, X) proximinal L,(£2,3,Y)? Until to 1998, Mendoza [7] solved
this problem. He shown that if Y is separable then L,(Q2,%,Y") is proximinal in
L,(Q, %, X) if and only if Y is proximinal in X, and provided an example to shows
that the condition that Y is separable can not be dropped.
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In the present paper, we shall study the problem of best simultaneous approximations
in L,(Q, X, X). The setting is as follows. Let
(1.1) U:={aeR™: |a|g <1},

where m € N and || - || is a given norm on R™. Let G C L,(f2, %, X). For any
F=(f1,,fm) € (Lp(Q, X, X))™, define the norm

m
> aif;
i=1

Then go € G is called a best simultaneous approximation to F' from G if

| F'|| := max
acU

p

I1E' = goll = d(F, G) := inf{||FF —g[| : g€},

here and in the sequel, we adopt the convention that ' — g = (f1 — g, -+, fm — 9)-
The set of all best simultaneous approximations to F' from G is denoted by Pg(F).
G is called simultaneously proximinal in L,(Q, ¥, X) if Pg(F) # 0 for each F €
(Lp(£2,%, X))™ When m = 2 (an extension to any positive integer being straightfor-
ward) and Y is a locally weakly compact closed convex subset of X, we shall show in
this paper that L, (€, £0,Y") (here, ¥ being a sub-c-algebra of ) is simultaneously
proximinal in L, (2,3, X) for each 1 < p < +o0 (with the additional assumption that
(2,3, 1) be finite for the case of p = 1) if spanY and spanY have the Radon-
Nikodym property. While for the case when ¥y = ¥, we shall show that L,,(2,%,Y)
is simultaneous proximinal in L, (€2, X, X) for each 1 < p < oo if spanY has the
Radon-Nikodym property.

We note that the results of the present paper are corresponding to those given in
[3], in which another kind of best simultaneous approximation problem in L, (2, ¥, X)
based to a so-called monotonic norm in R™ is considered. Also, it should be pointed
that the study of this paper is motivated by works in [4, 5, 6], in which the problems
of best simultaneous approximation in normed spaces under a monotonic norm in R™
are investigated.

2. AUXILIARY LEMMAS

Let (X, [ 1), (€, %, ), p and L,(2, X, X) be explained as in the beginning of
Section 1. Let Y be a subset of X and 3 be a sub-o-algebra of ¥. By L, (2, £, Y)
we mean the subset of L, (S, X, X) defined by

Ly(9,%0,Y) :={g9 € Lp(Q, X0, X): g(s) €Y forae. sec}.

For a set E € ¥, xp denotes the characteristic function of E, i.e., xg(s) =1ifs € F
and xg(s) = 0 otherwise. Recall that Y C X is called locally weakly compact if
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for each point y € Y there exists 6 > 0 such that B(y,d) N Y is weakly compact,
where B(y, d) stands for the closed ball with center § and radius r. In what follows,
we always assume that m = 2 and the closed unit ball of R? is defined by (1.1).
Furthermore, we assume that Y is a locally weakly compact closed convex subset of
X such that L,(£2, ¥¢,Y) is nonempty. Without loss of generality, we may assume
that 0 € Y as pointed in [3].

The following Lemmas 1, 2 and Lemma 3, which will be used in the next section,
are corresponding to [8, Lemma 1 and 2] and [3, Lemma 2.2], respectively,

Lemma 1. Let G C X be a weakly closed subset of X and F = (x1,22) € X2
If {gn} C G is a minimizing sequence for best simultaneous approximation to F' from
G and {gn} converges weakly to go, then gy € Pg(F).

Proof.  Let (a1, az) €U. Then, since lim,, .~ g, =go € G weakly, one has that

lim (a1 (21 —gn) +a2(xa—gn)) =a1(x1—go) +az(va—go) weakly.

n—oo

By the weak lower semicontinuity of the norm, we obtain that

lar(z1 = go) + aa(z2 — go) || < liminf a1 (21 — gn) + az(z2 = gn)|
< liminf||F — g,|| = d(F, G)
n—oo

because {g,} C G is a minimizing sequence for best simultaneous approximation to
F form G. Consequently, ||F' — go|| < d(F, G) because (a1, a) € U is arbitrary and
go € Pg(F), which completes the proof. ]

Lemma 2. Let f1, 2 € L,(Q,%, X) and let {g,} C L,(Q,X0,Y) be a minimizing
sequence for best simultaneous approximation to f1, f? from L, (2,30, Y). If {A,} C
Yo satisfies that lim, .o (Ay) = 0, then {gnXxac } is a minimizing sequence for best
simultaneous approximation to f', f? from L,(Q, X0, Y).

Proof. Let (a1,as) € U. It then follows from Minkowski Inequality that

la1(f1 = gnxag) + a2(fa — gnxag)llp
= |fa1(f1 = gn) + a2(f2 — gn)lxag + (a1f1 + a2 f2)xa, p
< llai(fi = gn) + a2(f2 — gn)llp + laalll fixa, lIp + lazlll foxa, llp
<|NF = gall + M ([ fixa, llp + I foxa, llp)

where M := maxacp(|a1]| + |az|) is some positive number. This implies that

d(F, Lp(, %0, Y)) < [F = gnxag [| < 1F = gnll + M ([ fixanllp + [ f2xa.lp) -
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By the absolute continuity of a calculus, one has that lim,, .o || fixa, ||, = limy o
| faxa,llp = 0 as limy, o p(A;) = 0. Thus, letting n — oo in above inequality yields

i |F — g || = d(F, Ly(2, 5o, Y)).

This means that {g,,x a¢ } is a minimizing sequence for best simultaneous approximation
to f1, f2 from L,(£2, X0, Y). The proof is complete. n

Lemma 3. Let ', f? € L,(Q2,%, X) be a pair of countable valued functions.
Then (f1, f?) admits a best simultaneous approximation from L,(Q, X,Y).

Proof. Let k = 1,2 and assume that f* = 3°°°, 2%y, for some sequence {A;}
of disjoint measurable sets in 2 and some sequence {z¥} C X. Then u(A;) < oo
whenever 2 # 0 because

IFEIE =D lafIPu(Ad) < oo
i=1

Thus, we may assume that 0 < p(A4;) < oo for each i € N. Set

G = {g = ZinAi tge LP(Q7 27Y>}
i=1
and
o(f', f%9) == |F —g|| foreachgeG.

We first show that there exists gg € G such that

2.1) O(f1, % 90) = o(f', £%) = inf{o(f, f%9): g€ G}

To this end, let {g"} C G be a sequence such that ¢(f!, f2;g") — &(f*, f2). Then
there exists some positive number M; such that ¢(f!, f%;g™) < M for all n. Let
n € N and assume that ¢" = > >°, y"x4,. Then

9"l max la1 + az|

P

o
D Ny IPu(As) | max|a; + as
=1 acU

= max larg"™ + a29"lp

< max [la1(f! = g") + a2(f* = g")|lp + max |a1 f* + a2 2,
acU acU
< Ml +¢(f17f270>
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Noting that maxacy |a; + ag| > 0, we have that {¢"} is bounded. Furthermore, for
each i, {y"}°2, is also bounded in Y because ||y}|| < %ﬁfi;o) for each n € N.
Since Y is locally weakly compact, it follows that {y}'} has a weakly convergent
subsequence, say {y?’l}, with the weak limit y;. Then y; € Y because Y is a closed
convex subset of X. Similarly, noting that {y5"'} is a subsequence of {y}, there
exists a subsequence {y3>} of {y5"'} such that lim,, o0 y5"> = y» weakly for some
yo € Y. Keeping on going, one has that, for each i, there exists a subsequence {y;:ffL 1}
of {yfjjl} such that {yﬁ’f 1} weakly converges to some element y; 11 € Y. Since, for
each fixed natural number m and each ¢ = 1,---,m, {y;""'} is a subsequence of
{yf’i}, we have that lim,, y;""" = y; weakly. Let (a1,a2) € U. By the weak lower
semicontinuity of the norm in X, one has that

lax (zj — yi) + az(zf — yi)ll

< liminf ||ay (7 — y]"™) + ag(z? — y]"™)| foreach i = 1,--- ,m.
n
Thus

m
> llar(w! = ) + aa(a? — o) |PPn( As)
=1
m

< > liminf flar () - y™) + as(a? — y™)P(Ay)
=1

m
< lin%infz a1 (z} — yi"™) + ag(x? — y"™) |Pr(A;)
i=1

o
< lin%infz a1 (z} — yi"™) + ag(x? — y"™) |Pr(A;)
i=1

= timinf[|ay (f' = y™"™) + a2(F> = o) |?
< liminf[p(f', 1% g™ = [6(f*, )],

n

where the last equality holds because {¢g™"}5°, is a subsequence of {¢"}. Passing
onto limit and noting that (a;, as) € U is arbitrary, one has that

@) max (Z lar (e} = 33) + a2 e - yi>upu<Ai>> <O/ 1),

This implies that Y -2, [ly;]|P(A;) < oo. Define go = >, yixa,. Then gy € G and
(2.1) is seen to holds thanks to (2.2).
We then verify that

(2.3) o(f', %) < ||F —w| for each w € L,(Q,%,Y).
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Granting this, one has that g¢ is a best simultaneous approximation to (f1, f2) from
L,(Q,%,Y) and completes the proof.

To show (2.3), let w € L,(£2,%,Y) be a countably valued function that has the
expression w = 37, w;xp; for some sequence {B;} of disjoint measurable sets in
2 and some sequence {w;} C Y. Then f* and w can be respectively rewritten as

x x
k k
fr= E TiXAnB; and w = E Wij X A;NB;

= irj=1
where
a:f] :a:f and w;; =w,; foreachi, j=1,2,---.
We claim that
S 1
24) N (A 0 By)lwy ]| < wllp(p(A)7 for each i € N.

7=1
In fact, (2.4) is clear in the case of p = 1. While in the case of 1 < p < co, we obtain
from Holder Inequality that

S 1(As 0B ]| < Z<M> Zu g ?

< =
=1 =1\ u(Bj)r
1
>,/ u(A; N Bj) !
= Jhul, Z( ) u(B;)
7=1

x
MA ﬂB
< lwlly | D =—m=25n(By)
j=1 B;)

1
= llwllp(u(Ai))s.
Hence (2.4) holds and the claim is proved. Write
[0.9]
> u(Ai 0 Bj)w;
_ Jj=1 .
= for each ¢ € N.
4 p(A;)

Then g; € Y because Y72, [1u(A; N By)]/pu(A;) = 1 and Y is a closed convex set.
Define g = » %, %ix4,. Then g € G. Furthermore, let (a1, az) € U. Then

Hal(f1 —w) +az(f2 —w)|;

Z lar(z); — wij) + as(x3; — wij)||Pu(A; N Bj)
3,j=1
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> > w(A; N B;
=3 A S A OB )+ an(a? — )P
i=1 j=1

1(As)
> 3wt | 32 HEE P el - )+ aatat =)
2 3 pA et 0+ ol gl

= Hal(f = 9)+a(f* =95,

where we use the fact that the function ¢ — ¢ is convex on [0, +00) and the definition
of norm in X. Since (a1, as) € U is arbitrary and g € G, it follows from (2.1) that
|F —wl|| > ||F — gl > ¢(f', f?); hence (2.3) holds and the proof is complete. ~ m

Investigating the proof of Lemma 2.1, we obtain the following result.

Lemma 4. Let f!, f? € L,(Q2, %, X) be a pair of countable valued functions.
Then there exists a best simultaneous approximation go to (f', f?) from L,(Q,%,Y)
such that for each E € %, so is golg to (fY| g, f*|g) from L,(E,%|g,Y).

Recall that a Banach space X is said to have the Radon-Nikodym property if, for
each finite measure space (2, ¥, 1) and each p-continuous vector measure G: ¥—X
of bounded variation, there exists g € L1(£, %, u) such that G(E) = [, gdu for all
Ecl.

The following lemma (see, [3, Lemma 3.1]), which is an extension of Dunford
Theorem ([2, Theorem IV.2.1])), plays an important role in establishing main results
of this paper.

Lemma 5. Let (2, X1, ) be a o-finite measure space with ¥, generated by a
countable field. Suppose that X has the Radon-Nikodym property. Let 1 < p < 00
and let {gn} be a sequence of L,(2, X1, X) satisfying the following conditions.

(i) {gn} is bounded in L,(§, %, X).

(ii) {gn} is uniformly integrable.

(iii) For each E €%y with i(E) <o, { [, gndp} is relatively weakly compact in X.
Then there exist a subsequence {gn, } of {gn} and gy € L,(Q, X1, X) such that for
each E € ¥y with u(E) < oo,

(2.5) lil£n<gnk —g0,h*xE) =0 for each h* € Ly(2,%, X™).
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3. MAIN RESULT

Theorem 1. Let Y be a locally weakly compact closed convex subset of X such
that spanY and spanY have the Radon-Nikodym property. Suppose that p > 1
orp=1and (Q,X, ) is finite. Then L,(S2,%0,Y) is simultaneously proximinal in
Ly(Q, %, X).

Proof.  Let f!, f2€ L,(, 3, X) and let {g,} C L,(Q, X0, Y) be a minimizing
sequence for best simultaneous approximation to f!, f? from L,(Q,o,Y). Then
{|[FF = gnl|} is bounded. Note that

gleag\al + az|l|gnllp
= max la1(f1 — gn) + a2(fa — gn) — a1 f1 — azfallp
< max la1(f1 — gn) +a2(f2 — gn)llp + max llarf1 + a2 follp

= |F — gnll + max |la1 f1 + a2 fo[p-
acelU

One has that {g,,} is bounded.

Let X1 C X be a o-algebra generated by a countable algebra such that each g,
is measurable with respect to (€2, X1, ). Then {g,} C L,(£2,%1,Y). By [1, Lemma
2.1.3], there exist a subsequence of {g,}, denoted by {g,,}, and a sequence {E,,} of
pairwise disjoint measurable sets in X; such that {g,xgc} is uniformly integrable in
L1(9, %1, spanY’). Define

) 9nxmg, =1,

A 1 <p<+o0.

Then, for each 1 < p < oo, it follows from Lemma 2 that {g,} is a minimizing
sequence for a best simultaneous approximation to f1, f? from L,(£2,%,Y). By the
same proof as that given to [3, Theorem 3.1], we result that there exist a subsequence
of {gn}, again denoted as {g,}, and go € L,(2,X¢,Y) such that {g,} converges
weakly to go in L,(€2, X, X). Therefore, go is a best simultaneous approximation to
fi, fo from L,(£2,3,Y) thanks to Lemma 1, which completes the proof. |

Theorem 2. Let 1 < p < oo and let Y be a locally weakly compact closed convex
subset of X. If spanY has the Radon-Nikodym property, then L,(Q,%,Y) is best
simultaneously proximinal in L,(§2, %, X).

Proof. Let F = (f!, f%) € (L,(, %, X))% We shall show that there exists
9o € Lp(Q2, X,Y) such that

3.1) IF — goll < |F—g|| for each g € L,(Q, 3, Y).
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For each k = 1,2, let { fff } be a sequence of countably valued measurable functions
in L, (€, X, X) such that

(3.2) lim||f* — %, =0 and lim|f*(s) — f¥(s)| =0 forae. se Q.
poy n p poy n

By Lemma 4, for each n, there exists a best simultaneous approximation g,, to (., f2)
from L, (S, %,Y) such that for each E € %, sois g,|g to f1|g, f?|g from L,(E, 3|z,
Y). Let ¥; be a o-algebra generated by a countable algebra such that each fff and g,
are measurable with respect to (€2, ¥1, u). Thus, f! and f? are measurable with respect
to (9,21, ). Consequently, {f1, 2}, {f*}, {gn} C Lp(Q, %1, X). We assert that
there exist a subsequence of {g,}, denoted by itself, and go € L, (2, X1, spanY’) such
that, for each E € 3, with u(F) < oo,

(3.3) lim (g, — go, h*xE) =0 for each h* € L (2, X1, X™).
n

By Lemma 3, it suffices to verify that {g,} satisfies the following conditions:
(i) {gn} is bounded in L,(Q2, X1, spanY);
(ii) {gn} is uniformly integrable in (2, X, spanY’);
(iii) for each E € ¥; with u(E) < oo, { [ gn(s)du} is relatively weakly compact
in spanY’.

Since, for each n, g, is a best simultaneous approximation to f1, f2 from L,({, X,
Y)and 0 € L,(2, %,Y), we have that

I gnllp max la1 + az|

tma [[a1gn + axgall,

< max [la1(fy, — gn) + a2(f* = gn)llp + max|[las f,, + a2 f7
acU acU
1 2
< 2max|lauf} + axf3ly
< 2max(jaa| + |az) max{ || fallp, | f2llp}-

Thus g,, is bounded since {||f.||,} and ||f2||, are bounded by (3.2) and (i) is proved.
To prove (ii), we first consider the case of p = 1. Since lim, || f* — f*|| = 0 by (3.2),
{fk} is uniformly integrable for each & = 1,2. On the other hand, for each F € %,
since g,|g is best simultaneous approximation to (f}|g, f2|g) from L,(E,%|g,Y),
we have that

lgal 51l maps a1 + az| < 2max((ar] + laal) max{[L F31 s 172121}

Thus, {g,} is uniformly integrable. For the case of 1 < p < oo, let E € ¥ with
u(E) < co. Then, by Holder Inequality, we get that
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[ lans)ldn < ( / ugn<s>updu)% ( / du)% < My(u(E))i,

where My = sup,,>1 ||gnllp, Which implies that (ii) holds. Finally, let £ € ¥; with
0 < u(E) < co. Note that { [}, gn(s)du} is bounded by (ii), and

L
n(E)

thanks to [2, Corollary I1.2.8]. Hence (iii) follows and the assertion holds.

Next we assert that gy € L,(2,X,Y"), the proof of which can be completed by
same technique as that given in proving [3, Theorem 3.2].

Finally, we show that gy is a best simultaneous approximation to f!, f? from
Ly(Q,%,Y). To do this, let e > 0 and k£ = 1, 2. Then there exists fke Ly(2,%,X)
with countable values such that

Q=

/ gn(s)dp € co(gn(E)) CY foreachn € N
E

(3.4) 15— (f* = go)llp < e.

Let (a1, az) € U. Then, by (3.4), we have that

a1 (f* = go) + a2(f* — 90)lp
lar(f' = go = £1) + a2 (f* = 90 — fO)lp + llarf! + a2 f2
(las| + laz])e + llar f2 + az f2]lp.

(3.5) <
<

Since ay f1+as f? is countably valued, by [3, Lemma 2.3], there is b} € Ly(Q, X1, X*)
such that ||2}]|; < 1 and

(3.6) (arf + asf?, hY) = llarfr + az f2]lp.

It follows from (3.4) and (3.5) that

lar f2+asf2|lp < [ai(f! = (F' = 90)) + a2 (f2 = (f' = g0)), h¥)]
(3.7) +{ar(f' = go) + az(f' — go), ki)l
< (la1| + |az))e + [{ar(f' — go) + a2 (f' — go), h¥)]

On the other hand, there exists £ € 37 with u(F) < 400 such that || (fk_g()>XQ\EHp <
€ for each k =1, 2. Thus,

[(lar(f' = g0) + az(f" = go)], k)]
< [(lar(f" = go) + a2(f" — go)lxon &, hY)]
+{a1(f* = go) + a2(f* — g0), hixE)]
< (Jaa| + [az])e + [{ar(f* = go) + aa(f" = g0), hixe)l-

(3.8)
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Let us estimate |(a1(f! —go) +a2(f' —go), h*xe)|. By (3.2) and (3.3) , we have that
lim (f* — gn, h'xe) = (f* — go, hixg) for each k = 1,2.
n—oo

Thus,

{a1(f' = go) + az(f' — g0), hixE)]
lim [{a1(fy = gn) + a2( /5 = gn), hixE)|

IN

lim inf ||{a1(f; — gn) + a2(f = gn)

< liminfmax [[(a1(f — gn) + a2(fZ — gu)llp
n acU

< lim infmax [[(a1(fr — g) + a2(f2 — 9)llp
n acU

gleafwal(fl —g)+a(fP=9)l,=F gl

This together with (3.5), (3.7) and (3.8) implies that

lax(f' = go) + a2(f* = go)llp < 3(las| + [az|)e + || F — g

Since € > 0 and (a1, as) € U are arbitrary, we have that (3.1) holds. The proof is
complete. ]
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