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ON PERIODIC CONTINUED FRACTIONS OVER F,((X 1))

H. Ben Amar and M. Mkaouar*

Abstract. Let F, be a field with ¢ elements of characteristic p and F,((X 1))
be the field of formal power series over F,. Let f be a quadratic formal power
series of continued fraction expansion [by; b1, ..., bs, a1, - - -, az], We denote
by ¢t = Per (f) the period length of the partial quotients of f. The aim of
this paper is to study the continued fraction expansion of Af where A is a
polynomial € F,[X]. In particular we study the asymptotic behavior of the
functions
S(N,n)

S(N,n) = sup sup Per(Af) and R(N) = sup .
deg A=N fEA, n>1 n

where A,, is the set of quadratic formal power series of period n in F, ((X~1)).

1. INTRODUCTION

In 1974, Cohen [1] studied the function S(N,n) = sup Per (Nz) where
Per (z)=n

N is a positive integer, x is a quadratic irrational and Per (Nx) is the length of the

period of the continued fraction expansion of Nz. He made use of an algorithm for

computing the continued fraction expansion of Nz and defined a projective space
. . . S(N
which permits to evaluate S(N, n) and to study the function R(N) = sup M
n>1
Later, Cusick [2] studied the length of the period of the product of a positive integer
with a quadratic irrational by using Raney’s algorithm (see [5]). The aim of this
paper is to give a similar result to the one of Cohen in the case of formal power
series over a finite fields I, by using Cohen’s [1] and Mendés France’s [3, 4]

methods.
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Let p be a prime, and let F, be a field with ¢ elements of characteristic p.
Moreover, let F,[X] be the ring of polynomials over [, and [ (X) its field of
fractions. The field F,((X 1)) of formal power series over F, is defined by

FQ((X_I)) - { Z X" fn € Fq, ng € Z}.

n>ng

Let f = Z fnX "™ where ng € Z. We denote by [f] the polynomial part of f and
n>ng

{f} its fractional part. We define a non archimedean absolute value on F,((X 1))

by | f |= e, forany f € F,((X1)). It is clear that, for any P € F,[X],

P
| P |=ede8 P and, for any Q € F,[X], such that @ # 0, | 0 |= edeg P — degQ

We can write the continued fraction expansion of an irrational f € F,((X 1))

in the form .
f=ao+ ———— =lap;a1,a2,.. ],
aj

1
az + —

where a; is a polynomial of degree > 1 for each i > 1 and ay € F,[X]. The
sequence (a;);- is called the sequence of partial quotients of f.

We say that the formal power series f has a ¢-periodic continued fraction ex-
pansion or the continued fraction expansion of f is ultimately periodic of period ¢
if the sequence (a;),~ is ultimately periodic of period ¢. We denote by Per (f) =t
and write f = [ag;a1,. .., as, Gsy1,. .., Gsgg) TOr the continued fraction expansion
of f. We say that the formal power series f has a pure periodic continued fraction
expansion of period ¢ if the sequence (a;),~, is purely periodic of period ¢ and write
f=la;- @l Let feF,((X1)), then f is quadratic if and only if the con-
tinued fraction expansion of f is periodic. We define the sequence of polynomials
(Pn)neN and (Qn)neN by :

Pi1=1, Ph=aoand P,y = a1 P+ Po1,

and
Q—l =0, QO =1and Qn—l—l = an—l—lQn + Qn—l-

. P, . . P,
The fraction = is called n-th convergent of f. Itis clear that Q—” = [ag; a1, ..., an).

n n
Let (P}),cn and (Qr,),cn be the sequences associated to the periodic part of
/

. P P . .
f — = [Gg11, .-, Gs1¢), We call M = ( Qt’ Q’ﬁ—l ) the matrix associated
t t—1

ie.
@

to the quadratic formal power series f.
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Let J, H be two polynomials in F;[X| and [bo; b1 , . . ., bs] the continued fraction

. J J J
expansion of I we denote by [E] =bg, b1 ,...,bsand ¢ (ﬁ) = s the length

of continued fraction expansion of T and

|:C();...,CZ‘ y [%] 7Ci+17---:| = [CQ;...,CZ‘ ,bo,bl ,...,bs 7Ci+17---]7
J J J
and [6] the empty word. Note that w( [ﬁ] ) = w( [E] ) + 1.

The paper is organized as follows. In section 2, we give the continued fraction
expansion of Af where f € F,((X~1)) and A is a nonconstant polynomial in
[F,[X]. Section 3 is devoted to the study of the length of the period of the continued
fraction expansion of Af given in section 2 where f is quadratic. In section 4, we
will construct a new space noted P4 in order to study the functions S(N,n) and
R(N) in section 5.

2. CONTINUED FRACTION OF THE PRODUCT OF A POLYNOMIAL WITH A
FormAL Power SERIES

We describe an algorithm which gives the continued fraction expansion of Af
where f € F, (X 1)) and A € F,[X]\F, in the following theorem.

Theorem 2.1. Let f € F,((X 1)) and A € F,[X]\F,, we write the continued
fraction expansion of f in the following form

(2.1) f=[Aby+ ho ; Aby + by ..o, AV, + by, )

with o}, h; € Fy[X] and deg (h;) < deg(A) for each ¢ > 0. Define the se-

quences (Hi)i>—1, (b])iz0, (ji)iz0: (QW)i>—1, (ti)iz—1, (ui)i>—1 and (6;)i>—1
by: QY =Q® =0,t_; =u_, =0,6_; =1, § = A and for each i > 0

A
H’i =
° 3,
i —1)%i=16;h; — 6;— (i-1)
o b+ I]{_ ) i 1¢ , where b, j; € F[X], deg (ji) <
deg (H;), for all : > 1 and jo, = 0,

o t;+1=1 <']—Z> and u; = u;_1 + t;,

H;
o QU isthe denominator of the last but one convergent of the continued fraction
f Ij{—z foreach i > 1,

(2

expansion o



1938 H. Ben Amar and M. Mkaouar

 6iy1 = ged(gi, H).
Then,
H H;
Af = [ (c1yrae 1ot [—0] () b [_] ] |
Jo i
Remark 2.2. We consider the expansion provided by Theorem 2.1 as a gen-
eralized continued fraction expansion of Af. However, we note that this algo-
rithm does not give the usual continued fraction expansion of Af. In fact, the term
A = (—1)“-162b; + b/ may be in F, for some index i > 1. However, the usual
continued fraction expansion of Af can be deduced from \;. We deduce the usual
continued fraction expansion of Af as follows:
If \; =0 then [CQ,...,CZ‘_l ,0 7Ci+17---] = [607---7Ci—1 +Ci+17---]-
If \; € F then

1 Ci12
[COs -+ Cim1 s Ai  Cit1y -] = [607"'7C’i—1+)\_i = ACi1 — Ai - ;\+2 yoe]
]
because
1 1 1
Ci—1+ ——— =¢j—1 + — — —5——— where G;+1 = [¢i+1, . - |-
Z )\i+i Z Ai AEBi N 1 =le,
Bi+1

We notice that the length of usual continued fraction expansion of Af is less or equal
to the length of the generalized continued fraction expansion given by Theorem 2.1.

We need the following lemma in order to prove Theorem 2.1.

Lemma 2.3. Let J and H be two polynomials in IF ,[X] such that deg (J) <
J
deg (H), § = ged(J, H) and 7= [0;¢1,...,c5), then for all Z € F (X 1)) we

have 50
= [O; 1. .., s (—1)%6%Z — Ts_l]

[} e

where ;1 is the denominator of the last but one convergent of the continued

J+ 1
H H?*Z

. . J
fraction expansion of T

Proof. Let P, be the numerator of the last convergent of the continued fraction

J
expansion of —. then
p 7R



On Periodic Continued Fraction 1939

H
P, = % and Q, = 5 Lety = (—1)%5%Z —

5@8—1
T then

[0,¢1,...,¢5,7] = M
Q87 +Qs—1

_ Ps (_1)8

T Q. T Q@)
J 1

~H T HZ

Proof of Theorem 2.1. We first prove by induction that H; € F,[X]. We have
Hy = 1, then the claim is true for i = 0. Suppose that H; € F,[X], then H; | A.
Since ;41 | H;, thus ;11 | A, which implies H;, € F,[X]. Secondly, we prove
by induction that for ¢ > 2

QU1
H; 1

Hy

H;_
(—=1)"-163b0 + by [—. ] [ -
Jo

Ji—1

Af = ] s (—1)ui_151~21‘i — 52

Let x; be the continued fraction defined for all i > 0 by
(2.2) sz‘:[Ab;—f—hz‘,...,Ab;—l—hs,...].
The first step of the algorithm is to combine the equations (2.1) and (2.2) for i = 1.

We obtain

1 1
Af=A (Ab’0+h0+ A—) = A%b) + Ahg + —.
1 x1

Using the induction formula, for b; given in the statement of Theorem 2.1, we
obtain by = Ahg. This implies that

1 H
Af = gty o L= o o, [ 2],
1 0

H 1] .
recall that []—0] = [6] is the empty set. Moreover,
0
//+ .7_1 _ (_1)u051h1 - 50Q(0) _ ﬁ
Yl H, A’

because Q(©) =0, H; = A, and ¢y = ug = 0, which yields

1= (—1)0820, + v+ IL o :
1 ( ) 11 1 Hl H12$2
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Applying Lemma 2.3 to the polynomials j; and H;, we obtain
j_l 1 = j_l UL§200 — § Q(l)
H " T “Hl] (Z1)"05w2 = 0o

. H
Since — = [b1;...,by], we have
J

H H (1)
Af= <—1>“-1536'0+b'0',[.—0] (—1)%0820, +1, H( 1) 62y — 0y L ]
Jo 7 Hy

then the claim is true for ¢ = 2. Suppose that

Hy Hi—1:| ) 9 Q(i_l)
Af = 1)“-1620] +b - R , _1ul_15ixi_5i ,
r= a2 | 22 e o
, : hi 1 Ji 02hi  6;1QUY
. J— / 1! — _1 Ui—1 1
fori > 2. Since z; = b +A +A2xz+1 and b+ Hz (-1) I o
it is easy to verify that
Qi (~1)

— Uj— 152b/ b// Jr )
— =(-1) + +H+7sz+1

Now, applying Lemma 2.3, we obtain

i _])ui-1 i (@)
j——i—L = “I]{Z] (-n* 5z+1$z+1 dit1 , ] .

Hi H?xz‘—f—l
Finally, we state that
H H; Q)
Af = =14 b’ 0 = 62w 0
f ( ) 0 |:j0:|7 ’|:.]z:| ( ) i+1Li+1 — Oi+1 1,

This process has to be stopped in the case where f is rational, in other words
the algorithm stops in the step s if f = [Ab{ + ho , Ab] + hy ..., AV, + hg].
Consequently,

H, H, 4 QL1
Af = U162 + bl [ ][ S ] —1)%s-1622, — 4,
f (=1) 0 0 Js—1 (=1) H, 4
h
Asz, =V + =
S st =80

—1)t03b, +

Hs
. Js
_ ( ])u5_152b/ b// .
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Finally,
Hs—l

js—l

S

H,
Af= [(—1)“-1636'0 L, [j—“] [ ] (—1)% 1828, 4 [f—“ .
0

In the case where the continued fraction expansion of f is infinite i.e. f & F,(X),
the algorithm never stops and

Af= [(—1)“-15319’0 + by, [j—o] - [j 1]  (=1)%“1520, + b [—] .. ] .
0 i—1 [

3. LENGTH OF THE PERIOD OF THE CONTINUED FRACTION OF A f

Let f be a quadratic formal power series. We prove that the continued fraction
expansion of Af given by Theorem 2.1 is periodic and we study the properties of
the period of the continued fraction expansion of Af.

Notation. Let f be a quadratic formal power series and A be a polynomial in
[F,[X]. We denote by P'(Af) the period of the continued fraction expansion of A f
given by Theorem 2.1.

Proposition 3.1. Let f be a quadratic formal power series, then the series Af
is periodic and the continued fraction expansion of Af given by Theorem 2.1 is
also periodic. We have

P'(Af) > Per(Af).

Proof. Throughout the proof, we will use the notations of Theorem 2.1. Since
f is quadratic, it follows that the continued fraction expansion of f is periodic.

Let [ag; a1, . .., Gm, Gm+1, - - -, Gmtn) De the continued fraction expansion of f. Let
k be an integer greater than m and d = sup dega,,+;. We have deg H, =
1<i<n

deg A — deg 0y, < deg A = N, deg ji, < deg Hy < N and deg ((—1)"“-152b}) =
(k=1)

2deg 0y, + deg b}, < 2N + d. Moreover, as deg (%) <0,
k

Sh 52h
deg (by) < deg (%) = deg (%) < deg (67) < 2N.
k

Since there are only n different values of £ (mod n), we conclude that the number
of possible values of Ay, = ((—1)“-152b}, b}, jk, Hg, k(mod n)) is finite. Thus
there exist two integers [ and s such that A; = A,. Using the induction given in
Theorem 2.1, we obtain that

Appi = Agyiy, Vi> 1
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Therefore the continued fraction expansion of A f given by Theorem 2.1 is periodic.
We can write Af in the form :

T / 7 7
Af = [ag, .. ey Uyt Qs g5 e .,am/_m/],

where dega) > 0 for all : € N and n’ = P'(Af). According to Remark 2.2,
[aby -y apyyal g, al, ] €an be transformedto [af; . . ., al),., ajj_b,, IETTR q;;,, ]
where n” < n/, m"” <m' and deg (a!) > 0 for all i € N*. We notice that this last
continued fraction expansion is the usual one and n” = Per(Af). Consequently

P'(Af) > Per(Af).

Applied with some conditions on the partial quotients of f, the algorithm given
by Theorem 2.1 provides the usual continued fraction expansion of Af.

Proposition 3.2. Let f € F,((X 1)) and let [ag; ay, . . ., as, . . ] be its continued
fraction expansion. If agp # 0 and deg(a;) > deg(A), for all ¢ > 1, then the
continued fraction expansion of Af given by Theorem 2.1 is the usual one.

Proof. It is sufficient to prove that deg ((—1)“i-162} + b!/) > 0, for all i >0
in order to show that the continued fraction expansion of Af given by Theorem 2.1
is usual. For i = 0, we have (—1)“-183b) + by = A%b{, + bf. It is clear that if
deg (ag) = 0, then deg ((—1)“-162b), + b)) > 0. Otherwise, deg (apA) > 0 and
the result follows by distinguishing two cases:

Case 1. deg(ap) < deg(A). It follows that hg = ao and by = 0. Since

by + I]{_O = Ahy, we have deg (by) = deg (Aag) > 0 and thus
0

deg ((—1)“~163b) + by) = deg (b)) > 0.
Case 2. deg (ap) > deg (A). We observe that deg (b)) > 0 which yields
deg (b)) = deg (Ahg) < deg (A%b)) and deg ((—1)%-162b) + bf)) = deg (A%b}) > 0.

We remark that in all cases deg ((—1)4“-162bf, + b)) > 0.
Let i > 1. It is clear that deg (b;) > 0. According to Proposition 3.1, we have

(2

dog (1) < deg (%) < e (57) < d (575).

Consequently,
deg ((—1)%=1620; + b)) = deg (62b}) > 0.

Next we prove the following result.
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Proposition 3.3. Let N, n € N, if S(IV, n) exists then

S(N,n)= sup sup Per(Af)= sup sup P'(Af).
deg A=N feA, deg A=N feA,

Proof. Let A be a polynomial of degree N, f € A, and [ao(f);a1(f),...,as
(f)yas+1(f), .-, astn(f)] its continued fraction expansion. Proposition 3.1 implies
that Af is periodic and Per (Af) < P'(Af), therefore

sup Per (Af) < sup P'(Af).

feAn fEAn
On the other hand, suppose that deg (ax(f)) > N forall £ > 1 and ao(f) # 0 then
Proposition 3.2 shows that for all k € N

deg ((—1)"~167b}, + by) > 0,

and we state that the continued fraction expansion of Af given by Theorem 2.1 is
usual, therefore
Per (Af) = P'(Af).
Hence,
sup Per(Af) > sup Per (Af)
J €Ay feAn,

(VE)(degar > N)
= sup P'(Af)
feh,

(VEk)(degar > N)
= sup P'(Af),
feh,

because the length of the period of the continued fraction expansion of Af given by
Theorem 2.1 depends only on the sequence (ax) having degree < N. Summarizing
up, we get

S(N,n)= sup sup P'(Af).
degA:N feAn

Remark 3.4. For N,n € N, the calculation of S(N,n) is finite because the
period of the continued fraction expansion given by the Theorem 2.1 depends only
on the coefficients taken (mod A). But, for great values of N and n, the calculation
becomes difficult.

Example 3.5. In Fy, for every value of S(N,n), we denote by (A, f) pairs
such that S(N,n) = Per (Af), A € Fy[X] with deg A = N and f € A,, given by
its continued fraction expansion.
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Now, we use the Cohen [1] method’s, we construct a new space noted P4. We
prove some properties of the space P4 which permits to evaluate S(NV,n) in the
next section.

Let £ = {(a,b) € F,[X] x F4[X] such that (a,b) = 1} and R4 be an equiva-

H. Ben Amar and M. Mkaouar

Table 1.
S (N,n) (Af)
2 (X +1,[X])
4 (X,[X, X +1])
6 (X +1,[X, X, X +1))
(X, [X, X+ 1,X])
A (X2+ X +1,[X?)
(X?+ X, [X?])
(X2 + X +1,[X2,X2+1))
4 (X2,[X2, X +1])
(X2 + X +1,[X2+1,X))
(X2 [X, X+ 1))
(X3, [X3, X3+ X2 +1])
6 (X341,[X3, X3+ X2 +1))
(X3 + X2 [X3, X3+ X2+1))
(X3 4+ X2+ X,[X3, X3+ X2+ 1))
(X? + X2, [X])
6 (X3+1 [Y])
(X% [X +1])

4. PROPERTIES OF AN EQUIVALENCE RELATION

lence relation over E x E defined for all (a,b) € E and (¢/,V’) € E by

and

(a,b)Ra(d,b') < ab' = a’b(mod A),

Py =E/Ry.

We give some notations and properties concerning the space Pj.
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e We note by (a, b) the value of (a,b) modulo R4.
. LetGL(2,Fq[X]):{M: < i ? ) ta, 3,7y, 0 €Fg[X] and ad — ﬁ’yz:l:l}.

The elements of GL(2,F,[X]) operate on P4 by quotient to R4 as follows : for
all M = ( ?; ? ) € GL(2,F,[X]) and (a,b) € P4 we have

MTa,B) = (‘;‘ ?) <Z>:(aa+ﬂb,fya+5b).

1
e Leta € Fy[X] and u € P4, we note by a + u~! or a + — the result of the
u

action of the matrix ( 61" (1) ) to u in Py.

o LetT'(A) = {(‘;‘ ?) € GL(2,F,[X]) B=y=a—6=0 (mod A)}.

The following result gives the elementary properties of Py.

Proposition 4.1. An element (a, c¢) of P4 verifies the following conditions :
e (a,c) € Fy[X] x Fy[X] such that gcd(a,c) =1,

o c| A4,

e ¢ take all values modulo é such that ged(a, ¢) = 1.

We will need the following lemma to prove the above proposition.

Lemma 4.2. Let a, b and ¢ € F,[X] such that (a,b) = 1, then there is a
A € Fy[X] such that
ged(a+ Ab, c) = 1.

Proof. We will treat two cases.

Case 1. All irreducible factors of ¢ are factors of a.
It is sufficient to take A = 1. In fact, if d = gcd(a + b, ¢) and p is an irreducible
factor of d, thenp | a+b and p | c. However p | cimplies p | a, hence, p | ged(a, b).

Case 2. There exists an irreducible factor of ¢ which is not a factor of a.
Let
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A= 11 P,

p irreducible
plcandpl/a

d = ged(a + Ab, ) and p is an irreducible factor of d thenp | a + Aband p | c. If
p|a,itgivesp | Aband as p |/A, so p | b and we are done. If p |/a, from p | ¢, we
deduce p | A which yields p | a, a contradiction.
Proof of Proposition 4.1. Let (a’,b’) be an element of P4 and d = ged(V', A),
. . A v A
then there exist two polynomials P and @ such that PE+QE =1.Asged (Q, i
N . . A
= 1, Lemma 4.2 implies that there exists a polynomial A such that gcd (Q + )\E’ A)
/

A . -
= 1. We can choose @ so that ged(Q, A) = 1 and Q% = 1(mod E)' Since it is
easy to verify that ged(d'Q, d) = 1, we get (a/, ') = (a/Q, d) and d | A.

For the second part of the proposition, let (a, c) and (a/, ¢) be two elements of
P, verifying

(a,c) = (a/,), c| Aand ¢ | A.

We see that L
(a,c¢) = (d/,) <= (a,c)Ra(d, )
<= ad =d'c (mod A)
= ac = d'c+ aA,

where « is a not zero polynomial. As ¢ | A and ged(a’,¢’) = 1, we get ¢/ | ¢ and

in the same way we see that ¢ | ¢. Hence, ¢ = ¢ and a = o’ <mod —
C

Next we prove that the space Py is finite.

Theorem 4.3. Let J = {P € F,[X]; P is monic and irreducible}. Then

1
card PA<(q—1) [ Al ]] (HW)'
P|A
PeJ

Proof. Let f :IF,[X]| — N be the map defined for all A € F,[X] by
Alc
7(4) = 3 ot 4/0)

where ¢ is the Euler’s function defined for all o € F,[X] by

p(a) = card {r € F,[X], monic : degr < dega and ged(r, o) = 1}.
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It is sufficient to prove that card P4 < (¢ — 1)f(A), f is multiplicative and
f(PYy=|P|"+|P|! forall P c Jand! an integer, in order to prove this
theorem.

A
We will prove that card P4 < (¢ —1)f(A). Let o = ged <c, ;) and

. A
Fc:{a € F,[X], monic : dega<deg = and gcd(a,c)zl}.

We can write a in the form » + K« where degr < deg «. It is clear that a = r
(mod «), which implies that gcd(a, o) = ged(r, o) = 1. Therefore

F.= U {Katr, monic : degr<dega and ged(Ka+r,c)=1}.
deg K <d (é)
en= eg ac
K monic

. . L A
Let K be a monic polynomial satisfying deg K < deg <&> and

Gg ={Ka+r : degr < dega and gcd(Ka + r,c) = 1}.
card (Gg) = card {Ka+1 : degr < dega and ged(Ka +r, ) = 1}
< card {r € F4[X] : degr < dega and ged(r, ) = 1}

< (g - Dyp(a)
1
<@-Dlal J] (1—m)-
P«
As the sets G i form a partition of F., we have
A
card F, =| A |card Gxg < (¢—1) | — | p(a)
acC acC
and
card P4 = Z card F,
c|lA
A
<(¢g—1) d(c, A
< Z . Tadte A7 8 4/
<(q- 1)f(A)

We will now prove that f is a multiplicative map by using that

MN M N
ged <6162, ——) = ged <C17 ) ged <C27 —>
c1 Co C2
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and ¢ <gcd <6162, %ﬂ>) =y <gcd <cl, %>> %) <gcd <62, N)) .
C1 C2 C1 ()]

It is obvious that 5 € IF; and A € F,[X] implies f(8A) = f(A).
Let P € J and [ be an integer. Then

!
1P) = Y e e elaedd. P )
l )

o Pl 7| in(j,l—) !
— min(j,l—7
1+Z‘Pm1n(jl —7) (P )+‘P‘
=1+\PV+Z(\PV‘J—\PV‘J‘I)
j=1
=|P['+| P
Finally, if we write A in the form AP ... P& where P, € J foralli=1,...,s

and A € F,. We obtain

S

£ = (1P
i=1
= [Lrr
i=1

=[Tar+ip
i=1
= A| ﬁ (1 + L)
miN B
1

=lAal [ <1+—‘ ‘>.

\A

eJ
5. ON THE FuncTions S(N,n) AND R(N)

We give an upper bound of Per (Af), which leads it to prove the existence of
the functions S(N,n) and R(N).

Definition 5.1. Let o, 8 € F ((X71)), we write @ = 3 (mod F,[X]) if
a — [ € F[X]. Note that the relation = is an equivalence relation.
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Proposition 5.2. Consider the mapping

ba: PAHFq(X)\Fq[X]a

o

(a,0) — ¢a((a,0) = S (mod F,[X]),
this mapping is well-defined and
a
Im¢ps = {Z (mod F,[X]) : dega < deg A }

Proof. Let (a,c) and (a/, ) be two elements of P4 such that (a,c) = (a/, ),

then the proof of Proposition 4.1 implies that ¢ = ¢ and a = &’ (mod A/c), it
!/

% = %(mod [F,[X]) and the map ¢4 is well-defined. We write

Impa = {¢a((a,¢)) : (a,¢) € Pa}

= {% (mod F,[X]) : a takes all the values

A
<mod ;) such that ged(a, c¢) = 1} .

yields that

It is clear that {% (mod F,[X]) : dega < deg A} C Imoa.

Conversely, let ¢4((a,c)) = % (mod [F,[X]) be an element of Im¢4. Then
A . .
dega < deg (—) and deg (ac) < deg A. Now, if we take a’ = ac, we obtain
C
. !/
dal(a,c)) = az (mod F,[X]) and dega’ < deg A.
Finally, we conclude that

Impy = {% (mod Fy[X]) : dega < degA}.

Theorem 5.3. We use the same notations as in Theorem 2.1. Let (vg)ken be a
sequence of elements of P, defined by

(5.1) vo = (1, A4) and vgy1 = ag4+1 + ’Uk_l.

Then for all £ > 0 we have
e A where ged | e A 1, e = (—=1)"1Jx(mod Hy)
v prg B —— B —— prg = — -
k‘ kf? Hk. ) g kf? Hk. ) k' k‘ k‘
and

ba(vg) = <—1>“k—1§1'—’;<mod F,[X]).
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Remark 5.4. Using the inductions (5.1), we can write vy for all £ > 0 in the
following form

1
V= ai + 1 )
Ap—1 + ] 1
" ap(mod A)
in fact, we know that
n 1
Vg = Qg )
akg—1 + ) L i
T
a; + —

Vo

and a; + vi = (a1 + A,1) = (a1,1) (mod A) noted by a;(mod A).
0

Proof of Theorem 5.3. We prove this theorem by induction. We have Hy = 1
and jo = 0. If we take e = 1, we obtain

vo = (1,4) = <€07 I%)

and the claim holds for & = 0. Let k& be a positive integer and suppose that

A A )
v = <ek’Fk>’ ged <ek’Fk> = 1land e, = (—1)"*-1J; (mod Hy). This

implies that

Vg1 = Q41 + vk_l
_( a1 1 ek
1 0 A/H;

= | ak+1€k Hk7ek .

Moreover, we notice that

A
ged(eg, A) = ged <ek, Fk) ged(eg, Hy) = ged(ex, Hi) = 041

. . A
Thus there exists a polynomial P’ such that P’ (56—’“) =1 <mod —) )
k+1

. i A . .
which gives ged (P’, 5—) = 1. Applying Lemma 4.2, we see that there exists
k+1
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) A .
a polynomial A\ such that gcd (P’ + A(S—,A> = 1. Therefore there exists a
k+1
polynomial P such that

ged(A,P)=1and P <5e—k> = <mod i) .

k+1

We remark that Pej, = i1 (mod A), which shows that

A j H
Vg1 = <P <ak+1ek+—> 75k+1> and (—1)“*-1P <]—k> =1 <mod —k> .
H;, Ok+1 Ok-+1

On the other hand,

Pt(]f)Q(k) _ lelj)P(k) _ (_1)tk—17

] H ] H
where Pt(:) — 7% and ng) =% then (=1)H1QM (j—k> =1 <mod —k> )
Ok+1 Ok41 Ok+1 Ok+1
Consequently
H
P = (—1)*"1Q® (mod —k)
Ok+1
; —1(k) Hy,
Thus there exists T € F,[X] such that P = (—1)"*— Q") + T(S— Now,
k+1
A H A
P (ak+1ek + —) = hg10p41 + ((—1)“’“_1Q(k) +T—k> —— (mod A)
Hy, Ok+1) Hy
= hk+15k+1 — (—1) kQ 5]<; +T— (mod A)
Ok+1
= hg+10k+1 — (1) Q"o | mod —
Ok+1
= (=1)" k1
= ep+1 (mod 5—)
k+1
and _
—_— A
Vkt1 = (€ky1, Ok y1) = <6k+1, i )
k+1
Next we prove the upper bound of Per (Af).
Theorem 5.5. Consider the quadratic formal power series f = [ag; a1, .. ., Gm,
Umt1,-- -, Gmin) and let M be the matrix associated to f. Let (vg)ren be the

sequence of elements of P4 associated to f as in Theorem 5.3 (wy)xen be the
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sequence of elements of P4 defined by wy = v,4 for all & > 0 and \o(M) =
Ao(A, M) the least positive integer satisfying M *(4.M) ¢ T(A). Then

P'(Af) | > (Y(Pa(wy)) + 1),
1<k<no(A,M)
particularly,

Per(Af)< S ($(@a(wn)+ D).

1<k<no(A,M)

a b

Proof. We first prove the existence of A\o(M). Let M = ( e d ) the matrix

associated to f and M = ( ¢ b ) where @ , b, ¢ and d are the values of

c d
a, b, c and d taken (mod A) respectively, M is an element of the finite group
GL(2,F,[X]/<a>), therefore the subgroup < M > generated by M is finite. Thus

there exists an integer A such that 37" = Td and M* € T'(A). We conclude that
there exists an integer \o(1/) which is the least integer verifying M*o(M) ¢ T'(A).

Remark 5.6. Refereing to the later result, we remark that que
Mo(A, M) <| GL(2,Fq[X]/<a>) |< (deg A)*.

We will need the following lemma in order to complete the proof of this theorem.

Lemma 5.7. The following assertions are equivalent.
(i) ko is the least positive integer satisfying w r, = wo and n | ko.
(i) forall p > 0, Hiyymip = Hmip aNd €4y 1mip = €myp (mod Hpppp).
(iif) The sequence (wyg)ken IS purely periodic with period k.

Proof. (i) = (ii) A simple induction on p gives the result.

(i))==(iii) Let p > 0 and a > 0, it is clear that w ok, = wo and (wg)ken IS
periodic of period k.

(iii)== (i) Suppose that (wy)ken is periodic with period ko. Thus wg, = wo
and it remains to verify that n | ko. If wy = wp and k& = k' (mod n) then
wi_| = wo. As | k — k' |= 0(mod n), let ko be the least integer satisfying
ko = 0(mod n) and as wy, = wy, it follows that n | k. ]

Now, we will prove that there exists an integer ko which is the least integer
satisfying wy, = wp and n | ko. Let k be a given integer and

I'={wy € Py : k=K (mod n)} C Pa.
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As T is finite, there exist two integers [ and & such that w; = wy, and [ = h(mod n),
it implies that w;_j,| = wo and | [ — h |= 0(mod n). Consequently, there exists an
integer ¢ such that w; = wo and n | t. Let ko be the least positive integer satisfying
wk, = wo and n | ko. By using Lemma 5.7, we conclude that ko is a period of the
sequences (wk)ken and (Hy,+1)ken such that n | ko. Therefore

(5.2) P'(Af) | ko.

Moreover, we can verify that wy, sy, = (tar) M) (wyp). In fact,

= (an) SN (al)wo,
a; 1
1 0
and the sequence (a,,)nen IS periodic of period n, we conclude that

where (a;) is the matrix ( foralli e {1,...,n}.Sincetyr = (ay)...(a1)

AO(M)(

Wxo(Myn = (an) -+ (a1) ... (an) ... (a1)wo = (tm) wp).

As (M) is the least integer satisfying MA(M) e T(A), (tp)M) e T(A),
implies that wy,(ary, = wo and ko | Ao(M)n. Finally, by using (5.2), we conclude
that P'(Af) | A\o(M)n and we can write Af in the form

H, I,
Af = | (=1)51620) 1 bl [_0] e (1) BB [ , +1] ,
Jo Jm4+1
H
Um+n 1)—1 52 m—l—n)\O(M)
oy (S1)TrmRen 15m+nko(1\4)blm+mo(f\4) +b/r/n+nko(M) ’ [jm—f—n)\o(M) “ '

From the above, it is clear that for 1 < i < nX\g(M) the number of terms in

152 / " Huygi |
(_1)um+z 15m+i i bm+i , [jrzl_:} is equal to

2 (T =1 g (L) :¢([M—+])

Jm+i Hm—f—i Hm—f—i
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We conclude that

Punl > o[

H
1<k<mo (M) ek

Finally, as @ 4 (wy,) = (—1)%m++1 2R (1y0d (X)), forall k = 1, ..., nAe(M),

m—+k
we arrive at
PAN T > o([@alw)))
1<k<nXo(M)
Corollary 5.8.

S(Nom) = sup sup 3T (@),
MeMdeg (=N | < cnng(A,M)

where M is the family of the matrices associated to the formal power series be-
longing to A,,.

Proof. Let A be a polynomial of degree N and f € A,, then by applying
Theorem 5.5, we obtain

Per(Af)< > o([@a(w))).

1<k<no(A,M)

Therefore,
sup Per (Af) < sup Z Y([Pa(wr)]),
fehn MEMY g crng(A,M)
hence
S(N,n) < sup  sup S w([@alw)))
MeM deg(A):N 1§k§n>\0(A,M)
Remark 5.6 implies that if M € M, then  sup > w([@a(wr))) is
deg (A)=N 1 <pcrng (A, M)
an integer less than  sup Z Y([®a(wg)]), which gives that the set
deg (A)=N | <<yt
sup Z Y([Pa(wg)]), M € M 3 is a bounded subset of N. Thus

deg (D)=N 1 <p<nng(4,M)
there exists My € M and A € F,[X] of degree N such that

sup  sup > ([@a(wi) = > d([@alw))

MeMdeg (A)=N | cp<png(A,M) 1<k<nXo(A,Mo)
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where M is the matrix associated to the quadratic and periodic formal power series
fo of period n with continued fraction expansion [aq; . . ., Gm, Gmi1, - - -5 Gmtn) -
Let fo 4 be the formal power series defined by

foa=lagzar(A+1),....am(A+ 1), amp1(A+1),..., amyn(A +1)]

and let M, 4 be the matrix associated to fo 4. As deg (a;(A+ 1)) > deg A for
all ¢ > 1, Proposition 3.2 implies that the continued fraction expansion of Afy 4
given by Theorem 2.1 is the usual one. Therefore Per (Afy 4) = P'(Afo.4). On
the other hand, it is easy to see that M 4 = M. In fact,

MPAM) ¢ (A = TN = af = T = a1
and thus A\o(A, My) = Ao(A, My 4). Hence
Yoo w([@a(wh) = > Y([Palwr)])
1<k<no (A4, M) 1<k<nAo(A, My, 4)
= Per (Afo,4)
< S(N,n).

Theorem 5.9. let Q(N) = sup Y ¢([®4(w)]). The functions S(N, n)

deg (A)=N weP,

and R(NV) exist and satisfy
S(N,n) <nQ(N), R(N)<Q(N).

Proof. Corollary 5.8 implies that

S(N,n) = sup  sup Z Y ([P a(wy)])
MeMdeg (=N | < cnng(A,M)

= sup sup Y Yo w([@alwanir)))-

MeMdeg(A)=N 1 <p<n 0<A<ro(A,M)

If wy, = wiy and k = &' (mod n), then wy,_| = wo, which yields that for a given
integer k&, the w1 are a different elements of P4 for all 0 < A < A\g(N, M).
Therefore

S(N,n) < sup  sup Z Z D([@a(u)

MeMdeg (A)=N 1 <<y ucp,
< nQ(N).

Finally,
R(N) < Q(N).
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Example 5.10. Let now ¢ = 2, we give some values of Q(N).

Table 2.
N n S(N,n) Q(N)
1 1 2 2
1 2 4 2
1 3 6 2
2 1 4 10
2 2 4 10
2 3 6 10
3 1 6 29

We conclude from Table 2 and Theorem 5.9 that R(1) = 2.
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