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RANDOMIZED SERIES AND GEOMETRY OF BANACH SPACES

Han Ju Lee

Abstract. We study some properties of the randomized series and their applica-
tions to the geometric structure of Banach spaces. Forn > 2 and 1 < p < oo,
it is shown that ¢7 is representable in a Banach space X if and only if it
is representable in the Lebesgue-Bochner L,(X). New criteria for various
convexity properties in Banach spaces are also studied. It is proved that a Ba-
nach lattice E is uniformly monotone if and only if its p-convexification E(®)
is uniformly convex and that a Kothe function space F is upper locally uni-
formly monotone if and only if its p-convexification £ is midpoint locally
uniformly convex.

1. RANDOMIZED SERIES

Let {r,} >, be a sequence of mutually independent, symmetric and integrable
random variables on a probability space (€2, F, P) and {z,}5°, an arbitrary se-
quence in a Banach space X. A randomized series S,, is a vector-valued random
variable defined by

Sp=mzg+rix1+ - +rpr,, (m=0,1,...)

Let Fy be the trivial o-algebra {0, Q} and F, (k > 1) the o-algebra generated
by random variables {n}f:l. It is easy to see that the sequence of randomized
series {5, }22 , is a martingale with respect to the filtration {F,,}2° . In this paper,
[E stands for the expectation with respect to the probability P.

We begin with the basic properties of the randomized series. For more properties
of random series, see [8]. The following lemma is well-known and the proof is
omitted.
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Lemma 1.1. Let ¢ be a convex function on R. Then {¢(||Sy|)}2, is a
submartingale with respect to {F,,}2°,. In particular,

E[o([150lD] < Elp(511D] < Ele([1S2/)] < --- -

Proposition 1.2. Let ¢ be a convex increasing function on [0, o) and z, y € X.
Then the function v» on R defined by

(N = Elp(lz + Aryl)]

is an increasing convex function on [0, co) with ¢ (\) = ¢ (|A|) for every A € R.

Proof. By the convexity of ¢, we get ¥(\) = S[w(A\) + ¥ (=\)] > (0)
for every real A, which implies that A\ — ()) is increasing on [0, c0). Clearly
A — () is an even function on R since ry is symmetric. |

Since random variables {r;}; are independent, Proposition 1.2 shows that for
any two real sequences {\;} , and {;}7, satisfying |\;| < |&| fori=1,---,n,
and for any xg, z1, ..., 2, in X, we get

Elellzo + Airizr + - - -+ Aprpanl] < Elpllxo + &1z + -+ - + Enrnznll]-
A convex function ¢ : [0,00) — R is said to be strictly convex if

REDPEOELT0

holds for all distinct positive numbers s, ¢t. Notice that if ¢ is strictly convex and
increasing on [0, co) and a, b are real numbers with b # 0, then

(la +r2bl) + @(la = r2b])
2

Now we state our main theorem concerning the randomized series.

E[o(|a + rab])] = E[Z 1> ¢(|al).

Theorem 1.3. Let {z;}? ; be afinite sequence in a Banach space X, ¢ a strictly
convex, increasing function with ¢(0) = 0 and {r;}?°, symmetric independent
random variables with ||7;]|c =1, (i =1,2,---).

Suppose that there is a constant p > 0 such that the following holds:

sup ey + -+ enznll = [|21]] + p-
e1==*1,...,en==%1

Then there is a constant § = 6(p) > 0 such that

Elp(lz1 + rawy + - -+ maza|)] = @([[21]]) + 0.
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In particular, if we take p; = min{p, 1/2}, then
i o T ) AV
5—mm{wQQIlPWz 1 < &3, min B[ (la] + ;57 ) | wwmm}.

Proof. ~ We adapt the argument in the proof of Proposition 2.2 in [3]. We
assume that there exist 0 < p < 1/2 and signs eo, . . ., €, such that

|21+ €222 + - -+ enznl| > |21 + p.

Select a unit element z* in X* such that z*(z1) = ||z1] and let \; = z*(x;) for
1 < i < n. Now we shall consider two cases according to the size of |\;|. In the
first case we suppose that maxo<i<p A < 4= If [, — ;| < £, (2 < i < n), then

2
o+ -+ | 2 (o1 + €32 ezl = & 2 ] + 2L,

Since [A1 +m2Xa + - - + M An| < |Ai] + 5 = [|z1]| + £, we get
|1 4+ noxo + -+ uan || > (A1 +nm2X2 + - An| + g,
if | — | < £, (2<i<n). Let
F = jQ{wGQ Irj(w )—ej\<%}
and take T}, = x1 + roxo + - - - + rpx,. Then we have
Elp(ITul)] = Ele(I1TalDxrF] + Elo (1Tl xFe]-
Since p(a+ b) > ¢(a) + ¢(b), (a,b>0),
Elp([|Tnl)xr] = E[p(|A1 + r2da + - +1ndn| + p/3)xF]
E[o(|A\1 + m2Ae + - - -+ ruAn|)xF] + ©(p/3) P(F).
Hence
Ele(ITalD] = Ele([Ar +r2do + -+ - 4+ mnAn|)] 4+ ©(p/3) P(F)
> @(A1) +@(p/3)P(F) = o(|lz1ll) + ¢(p/3)P(F).

Notice that P(F') = [[;_, P{w € Q : |r;(w) — 1| < 4~} > 0 for r;’s are indepen-
dent symmetric random variables with ||7;|lcc = 1, (¢ = 1,2,---). In the second
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case we suppose that there exists ig (2 < g < n) such that |A\;,| > £-. It follows
from Lemma 1.1, 1.2 and strict convexity of ¢ that

Ele(ITalD)] = Ele([Ar + r2Ao + -+ - 4 70 An)]
> E[‘P(‘)‘l + rio)‘io‘)]

SR
> (A1) = p([|z1]]).

The proof is complete. ]

2. REPRESENTABILITY OF /7

A Banach space Y is said to be representable in X if, for each \ > 1, there
is a bounded linear map 7" : Y — X such that ||z|| < ||Tz| < A|jz| for every
x €Y. A Banach space Y is said to be finitely representable in X if every finite
dimensional subspace of Y is representable in X.

It is well-known due to the work of B. Maurey and G. Pisier [12] that cq is
finitely representable in X if and only if ¢ is finitely representable in L, (X) for all
1 < p < . S. J. Dilworth considered the quantitative version of this theorem in
[3], where he showed that if X is a complex Banach space, n > 2 and 0 < p < oo,
then ¢ (C) is representable in X if and only if it is representable in L,(X). As
we see in the next example it is not true for real Banach spaces.

Example 2.1. Let X be a nontrivial real Banach space. Then ¢2 is repre-
sentable in L;([0,1]; X). Indeed, if we choose the Rademacher sequence {r, =
sign(sin2"7t)}22, in L;[0,1] and z¢ € Sx, then x = rzo and y = rqx( are the
elements of unit sphere of L;(X) and they satisfy

12+ yllz,x) = 1z =yl = 1,

which means that ¢2_ is representable in L (X).

The subharmonicity of absolute value of holomorphic functions on C plays the
crucial role in the proof in [3]. In this paper, the strict convexity of ¢(¢) = |¢|P
(1 < p < o0) on R plays the analogous role, and thus it is shown here that ¢7 is
representable in X if and only if it is representable in L, (X) for every 1 < p < oo.

The following proposition is a real version of Proposition 2.2 in [3].
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Proposition 2.2. Let {r;}>°, be symmetric independent random variables with
|Irilloc = 1, (¢ =1,2,---). Suppose that X is a real Banach space and that n > 2.
The following properties are equivalent:

(1) €% is not representable in X.

(2) There exists p > 0 such that whenever z1, ..., x,, are unit vectors in X, then
there exist signs €1, . . ., €, such that

llerzr + -+ epanl > 14 p.

(3) There exist strictly convex, increasing function ¢ on [0, co) with ¢(0) = 0
and p > 0 such that whenever z1, ..., x, are unit vectors in X then

Elp(z1 +rawy -+ rnaal))] = ¢(1) + p.

(4) For each strictly convex, increasing function ¢ on [0, co0) with ¢(0) = 0,
there is p > 0 such that whenever x4, ..., z, are unit vectors in X then

Elp(z1 +rawy - -+ rnaal))] 2 ¢(1) + p.

Proof. The implications (4) = (3) = (2) = (1) are clear. To show (1) = (2),
suppose that (2) fails, so for any p > 0 there exist unit vectors x1,...,z, in X
such that for all signs €1, ..., ¢,, we have

llerzr + - -+ enanl < 14 p.
It follows that for all A\q,..., A\, with 1 = |\;,| = max;<i<y, |Ai], We have
H)\lxl + -+ )\nan <1+4+p.
Hence
1 1
L= [Nigioll < Gl1A @1 4= 4 Al + G [ Az - 4 Anen = 2Xig i |

1 1

Thus, ||A1z1 + -+ Apzpl| > 1 — p. Since p is arbitrary, it follows that ¢ is
representable in X. Now we have only to show that (2) = (4). Suppose that (2)
holds and that ¢ is a strictly convex, increasing function on [0, co) with ¢(0) = 0.
There is 0 < p < 1/2 such that whenever x4, ..., x,, are unit vectors in X, there
exist signs e,, . . ., €, such that

|x1 + €ama + - - - €nxy|| > 1+ p.
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Then Theorem 1.3 shows that (2) implies (4). |
Notice that in the case of the Rademacher sequence {r,,}, for every xi,..., x,
in X,

Elp(llrizy + - -+ rnaal))] = Elp(]l21 + roza + - - 4 roznl])].
The following theorem shows the lifting property of representability of /2.
Theorem 2.3. Suppose X is a Banach space, (M, 90, 1) is a measure space

with a measurable subset A satisfying 0 < p(A) < oo, and 1 < p < oo, n > 2.
Then (7, is representable in X if and only if it is representable in L ,(M, 9, u; X).

Proof. ~ One implication is clear. To prove the other implication, suppose
that ¢ is not representable in X and let {r,} be the Rademacher sequence. By
Proposition 2.2, there exits 0 < p < 1/2 such that whenever x1, ..., x, are unit
vectors in X, we have

Ellriz 4+ roxe + - - + rpwy||P > (14 p)P.

Suppose that fi, ..., f, are unit vectors in L,(X). We define the following func-
tions on M. For w € M, let

q(,w)p = EHrlfl(w) T+t rnfn(w)Hpv
M (w) = max{[[fi(w)[| : 1 <7 < n},
m(w) = min{[| f(w)|[ : 1 < i < n}.

By Lemma 1.1, ¢(w) > M(w) for all w € M. Now the argument divides into
two cases according to the relative sizes of M (w) and m(w). In the first case we
suppose that (1 — p/3)M (w) > m(w). Then

LS P < =Ly + gy
=1

(g

< qlwy - 2 (; ED Hp>

and so

n

atwr > (14 2) LIl
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In the second case, we suppose that (1 — p/3)M (w) < m(w). Then
q(w)” = (1 4 p)Pm?(w)

> e (1-8) T I

> (1+2)"2 >l

Hence by the Fubini theorem,

Bl fi 4t = [ atwl duzmin{(142)", (14 2)}.

which shows that ¢ is not representable in L,(X) by Proposition 2.2. The proof
is completed. ]

3. APPLICATIONS TO THE CONVEXITY OF BANACH SPACES

Recall that a point = in Sy is an extreme point of By if max{||z+y||, |[x—y|} =
1 for some y € X implies y = 0. A point z € Sy is called a strongly extreme
point of By if, given ¢ > 0, there is a 6 = §(z, €) > 0 such that

inf{max{[lz + yll, |l yll} : lyll > &} > 145,

A Banach space is said to be strictly convex (resp. midpoint locally uniformly
convex) if every point of Sx is (resp. strongly) extreme point of Bx. A Banach
space is called uniformly convex if, given € > 0, there is a 6 = d(e) > 0 such that

inf{max{[lz +yl, [z = yll} : lyll > & [z =1} = 1 + 4.

Theorem 1.3 gives the following criteria for the various convexity properties.

Theorem 3.1. Let X be a real Banach space and ¢, a strictly convex increasing
function on [0, co) with ¢(0) = 0 and r, a symmetric random variable with ||7|| . =
1. Then

(1) A point z in Sx is an extreme point of By if and only if E[¢(|lz + ry||)] =
(1) for y € X impliesy = 0.

(2) A point z in Sx is a strongly extreme point of Bx if and only if for every
e > 0 there is a § > 0 such that whenever ||y|| > ¢, we get

Elp(llz +rylD] = (1) + 0.
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(3) X is uniformly convex if and only if the modulus 6 ,(e) > 0 for every e > 0,
where d,(e) = inf{E[p(||z + ry[])] — (1) : = € Sx, [ly]| = €}

Proof. We prove only (3) because the proofs of the others are similar. Suppose
that X is uniformly convex. Given e > 0, there is a p > 0 such that for any = € Sx
and y € X with |ly|| > ¢, we have

max{|[z +yl, [l = yll} = 1+ p.

Then Theorem 1.3 shows that there is 6 > 0 such that for any = € Sx and y with
lyll = e,
Ele(llz +ryl)] = (1) +6.

Conversely, suppose that é,(e) > 0 for every e > 0. Then given € > 0 for any
x € Sx and y € X with ||y|| > €, we have

max{e(lz+yl), ¢(lz —yl} = max {o(lle+ty[)} = Elo(fz+ry|)]

Since ¢ is strictly increasing we get, for any = € Sx and y € X with ||y|| > e,

max{[lz +yl, |z —yll} = ¢ (1 +0,(e) > 1.

Therefore X is uniformly convex and this completes the proof. |

It is worthwhile to notice that Theorem 3.1 does not hold if we consider the
general increasing convex function ¢ with ¢(0) = 0. Indeed, it is easily checked
that if ¢(¢) = |¢| and {r,}, is the Rademacher sequence then for any nontrivial
Banach space X,

Ellz +rz| =1 (z € Sx).

Consequently, we cannot characterize the extreme point of Bx with o(t) = t.

We shall discuss the uniform convexity of p-convexification E®) for uniformly
monotone Banach lattice . For more details on Banach lattices, order continuity
and Kothe function spaces, see [11]. For the definition of p-convexification E(®)
of E and the addition @ and multiplication © there, see [9, 11]. A Banach lattice
is said to be uniformly monotone (resp. upper locally uniformly monotone) if given
e>0

Mp(e) = imf{||(j=” + [y") /[ = 1: ly| > ¢ |lz] =1} >0

(resp. Ny(e z) = inf{|[(|z[" +[y[")' "] = 1: [|y]l = €} > 0)

for some 1 < p < oo. Itis shown in [9, 10] that, givene > 0 and 1 < p < oo there
is a C}, > 0 such that for every € > 0,

(3.1) C;lMl(Cglep) < M,(€) < My (e).
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In the case when E' is an order continuous Banach lattice or a Kothe function
space, we also get the following relations by Lemma 2.3 in [10]: Thereisa C, > 0
such that every x € Sx and € > 0,

(3.2) CglNl(Cglep;x) < Np(ex) < Ni(e ).

Notice that relations (3.1), (3.2) show that if a Banach lattice £ is uniformly
monotone then E(1/P) is uniformly monotone quasi-Banach lattice for 1 < p < oo.
Similarly, if £ is upper locally uniformly monotone order continuous Banach lattice
or Kothe function space, then E(1/P) is also upper locally uniformly monotone quasi-
Banach lattice for 1 < p < oo (cf. [9]). The characterizations of local uniform
monotonicity of various function spaces have been discussed in [6].

In [7], H. Hudzik, A. Kaminska and M. Mastyto showed that if a Kothe function
space E is uniformly monotone then its p-convexification E() is uniformly convex
for 1 < p < oco. A partial generalization of this result has been studied by the
author in [9], where it was shown that if a Banach lattice is uniformly monotone
then E®) is uniformly convex for all 2 < p < co. In the next theorem, the gap is
completed.

Theorem 3.2. Let E be a Banach lattice. The following statements are equiv-
alent.

(1) E is uniformly monotone.
(2) E® is uniformly convex for all 1 < p < oc.

(3) E® is uniformly convex for some 1 < p < oc.

Proof.  Proposition 4.4 in [9] shows that uniformly convex Banach lattice is
uniformly monotone. So if we assume (3), then E(®) is uniformly monotone and F
is uniformly monotone. Hence (3) = (1) is proved. The implication (2) = (3) is
clear. So we have only to show that (1) implies (2).

We shall use Theorem 3.1 (3) with the Rademacher function || = 1. Lete > 0
and let £, g € E®) with ||| g = || £I{* =1 and |lg]| s = [lg]1{” > e. Recall
the following well-known inequality (cf. Lemma 4.1 [9]) : forany 1 < p < ~©
there is C' = C(p) such that for any reals s, ,

(=) = (5

Then applying the Krivine functional calculus to the inequality above, we get

2

S =

s+t
2

s—t

C
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E[Ilf ® (r© 9)llh,| = EII 1£Y7 + rg 7)) 5]

_ B IfYP 4 g PPl s + Bl P~ g PPl s

o)

fl/p + rgl/p‘p + ‘fl/p _ rgl/p‘p
2

p/2
mZ/p + w
C2/p

p/2
‘f‘2/p A ‘29‘2
C2/p

(3.3) - [

E

E

By (3.3),if 1 <p <2 thenE [Hf o (r @g)H%m} > 1+ My, (2¢/C). In the
case of 2 < p < o0, (3.3) shows that

p/2
mZ/p + w
C2/p

o

E[Hf @ (7" © g)”%(p)] Z 1 + Mmax{l,Q/p}(Qﬁp/C)
completes the proof. [ |

A\

E [Hf ® (r@g)H’;(m}

E

A\

>1+4+ M1(2€p/C).
E

Hence

Now we discuss the the local version of Theorem 3.2. A point x € Sx in a
complex Banach space X is said to be a complex strongly extreme point if there is
0 < p < oo such that given € > 0,

1 [2m A 1/p
H,(€;x) = inf <%/ |z + e“y||P d@) —1:]jy]|>ep>0.
0

It is known in [4] that x € Sx is a complex strongly extreme point if and only
if for every € > 0,

Hao(;2) = inf{ mas o+ ey =1y > ¢} > 0.

For more details about these moduli, see [2, 3, 4]. A complex Banach space X
is said to be locally uniformly complex convex if every point of Sy is a complex
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strongly extreme point. The complexification EC of a real Banach lattice E consists
. 1

of all elements = +iy for =,y € E with norm ||z +idy|| = || (Jz|*>+|y|*)2||g. Then

EC is a complex Banach space (see [11]).

Theorem 3.3. Let E be an order continuous Banach lattice or a K othe function
space. Then the following are equivalent:
(1) E is upper locally uniformly monotone.
(2) EC is locally uniformly complex convex.
(3) E® is midpoint locally uniformly convex for all 1 < p < oo.
(4) E® is midpoint locally uniformly convex for some 1 < p < oo.

Proof.  First we prove the equivalence of (1) and (2). We shall use a similar
argument as in the proof of [1, Proposition 3.7] in the sequence space. Suppose that
E is locally uniformly complex convex. Then for each = € Sg and € > 0 there is
d = d(x,€) > 0 such that for all y € X with |ly|| > e

1 [?7 A
el 1ol 12 5= [ lle+ el do > 145
So X is upper locally uniformly monotone.

For the converse, suppose that E' is upper locally uniformly monotone. Now, if
we use Theorem 7.1 in [2], then we have for every pair z,y in EC,

1 1/2
(1P + 312) "

1 27 )
= / o+ eyl dB > 1+ No(e/v/2; ).
0

1 2T )
o [ o+ eylao>
0

Hence for every x € Sx and € > 0, we get

Therefore, the upper local uniform monotonicity of E implies the local uniform
complex convexity of E.

For (1)=(3), fix f with || f||ze = [ f]"/? = 1 and for any g € E® with
9]l z» = llgll'/? > ¢, (3.3) holds. Hence

E[Hf D (’I" © g)”%(p)] Z 1 + Nmax{l,Q/p}(er/C; f)7

which shows that (1)=-(3) holds.

The implication (3)=-(4) is clear. Finally assume that (4) holds. Note that
every midpoint locally uniformly convex Banach lattice is upper locally uniformly
monotone. Indeed, if x € Sy and € > 0, there is § > 0 such that

146 < max{[le +yll, [l = yll} < || =+ |y| ||
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Since the midpoint local uniform convexity of E®) implies the upper local uniform
monotonicity of E®), E is upper locally uniformly monotone. This completes the
proof. |
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