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RANDOMIZED SERIES AND GEOMETRY OF BANACH SPACES

Han Ju Lee

Abstract. We study some properties of the randomized series and their applica-
tions to the geometric structure of Banach spaces. For n ≥ 2 and 1 < p <∞,
it is shown that �n∞ is representable in a Banach space X if and only if it
is representable in the Lebesgue-Bochner Lp(X). New criteria for various
convexity properties in Banach spaces are also studied. It is proved that a Ba-
nach lattice E is uniformly monotone if and only if its p-convexification E(p)

is uniformly convex and that a Köthe function space E is upper locally uni-
formly monotone if and only if its p-convexification E(p) is midpoint locally
uniformly convex.

1. RANDOMIZED SERIES

Let {rn}∞n=1 be a sequence of mutually independent, symmetric and integrable
random variables on a probability space (Ω,F , P ) and {xn}∞n=0 an arbitrary se-
quence in a Banach space X . A randomized series Sn is a vector-valued random
variable defined by

Sn = x0 + r1x1 + · · ·+ rnxn, (n = 0, 1, . . .)

Let F0 be the trivial σ-algebra {∅,Ω} and Fk, (k ≥ 1) the σ-algebra generated
by random variables {ri}k

i=1. It is easy to see that the sequence of randomized
series {Sn}∞n=0 is a martingale with respect to the filtration {Fn}∞n=0. In this paper,
E stands for the expectation with respect to the probability P .

We begin with the basic properties of the randomized series. For more properties
of random series, see [8]. The following lemma is well-known and the proof is
omitted.
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Lemma 1.1. Let ϕ be a convex function on R. Then {ϕ(‖Sn‖)}∞n=0 is a
submartingale with respect to {Fn}∞n=0. In particular,

E[ϕ(‖S0‖)] ≤ E[ϕ(‖S1‖)] ≤ E[ϕ(‖S2‖)] ≤ · · · .

Proposition 1.2. Let ϕ be a convex increasing function on [0,∞) and x, y ∈ X .
Then the function ψ on R defined by

ψ(λ) = E[ϕ(‖x+ λr1y‖)]
is an increasing convex function on [0,∞) with ψ(λ) = ψ(|λ|) for every λ ∈ R.

Proof. By the convexity of ϕ, we get ψ(λ) = 1
2 [ψ(λ) + ψ(−λ)] ≥ ψ(0)

for every real λ, which implies that λ �→ ψ(λ) is increasing on [0,∞). Clearly
λ �→ ψ(λ) is an even function on R since r1 is symmetric.

Since random variables {ri}i are independent, Proposition 1.2 shows that for
any two real sequences {λi}n

i=1 and {ξi}n
i=1 satisfying |λi| ≤ |ξi| for i = 1, · · · , n,

and for any x0, x1, . . . , xn in X , we get

E[ϕ‖x0 + λ1r1x1 + · · ·+ λnrnxn‖] ≤ E[ϕ‖x0 + ξ1r1x1 + · · ·+ ξnrnxn‖].
A convex function ϕ : [0,∞) → R is said to be strictly convex if

ϕ(
s+ t

2
) <

ϕ(s) + ϕ(t)
2

holds for all distinct positive numbers s, t. Notice that if ϕ is strictly convex and
increasing on [0,∞) and a, b are real numbers with b 	= 0, then

E[ϕ(|a+ r2b|)] = E[
ϕ(|a+ r2b|) + ϕ(|a− r2b|)

2
] > ϕ(|a|).

Now we state our main theorem concerning the randomized series.

Theorem 1.3. Let {xi}n
i=1 be a finite sequence in a Banach spaceX , ϕ a strictly

convex, increasing function with ϕ(0) = 0 and {r i}∞i=1 symmetric independent
random variables with ‖r i‖∞ = 1, (i = 1, 2, · · ·).

Suppose that there is a constant ρ > 0 such that the following holds:

sup
ε1=±1,...,εn=±1

‖ε1x1 + · · ·+ εnxn‖ ≥ ‖x1‖ + ρ.

Then there is a constant δ = δ(ρ) > 0 such that

E[ϕ(‖x1 + r2x2 + · · ·+ rnxn‖)] ≥ ϕ(‖x1‖) + δ.
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In particular, if we take ρ1 = min{ρ, 1/2}, then

δ = min

{
ϕ(
ρ1

3
)

n∏
i=2

P{|ri − 1| < ρ1

3n
}, min

2≤j≤n
E

[
ϕ
(
‖x1‖ + rj

ρ1

3n

)]
− ϕ(‖x1‖)

}
.

Proof. We adapt the argument in the proof of Proposition 2.2 in [3]. We
assume that there exist 0 < ρ < 1/2 and signs ε2, . . . , εn such that

‖x1 + ε2x2 + · · ·+ εnxn‖ ≥ ‖x1‖ + ρ.

Select a unit element x∗ in X∗ such that x∗(x1) = ‖x1‖ and let λi = x∗(xi) for
1 ≤ i ≤ n. Now we shall consider two cases according to the size of |λi|. In the
first case we suppose that max2≤i≤n |λi| ≤ ρ

3n . If |ηi− εi| ≤ ρ
3n , (2 ≤ i ≤ n), then

‖x1 + η2x2 + · · ·+ ηnxn‖ ≥ ‖x1 + ε2x2 + · · · εnxn‖ − ρ

3
≥ ‖x1‖ +

2ρ
3
.

Since |λ1 + η2λ2 + · · ·+ ηnλn| ≤ |λ1| + ρ
3 = ‖x1‖ + ρ

3 , we get

‖x1 + η2x2 + · · ·+ ηnxn‖ ≥ |λ1 + η2λ2 + · · ·ηnλn| + ρ

3
,

if |ηi − εi| ≤ ρ
3n , (2 ≤ i ≤ n). Let

F =
n⋂

j=2

{
w ∈ Ω : |rj(w)− εj| < ρ

3n

}

and take Tn = x1 + r2x2 + · · ·+ rnxn. Then we have

E[ϕ(‖Tn‖)] = E[ϕ(‖Tn‖)χF ] + E[ϕ(‖Tn‖)χF c ].

Since ϕ(a+ b) ≥ ϕ(a) + ϕ(b), (a, b ≥ 0),

E[ϕ(‖Tn‖)χF ] ≥ E[ϕ(|λ1 + r2λ2 + · · ·+ rnλn| + ρ/3)χF ]

≥ E[ϕ(|λ1 + r2λ2 + · · ·+ rnλn|)χF ] + ϕ(ρ/3)P (F ).

Hence

E[ϕ(‖Tn‖)] ≥ E[ϕ(|λ1 + r2λ2 + · · ·+ rnλn|)] + ϕ(ρ/3)P (F )

≥ ϕ(λ1) + ϕ(ρ/3)P (F ) = ϕ(‖x1‖) + ϕ(ρ/3)P (F ).

Notice that P (F ) =
∏n

i=2 P{w ∈ Ω : |ri(w)− 1| < ρ
3n} > 0 for ri’s are indepen-

dent symmetric random variables with ‖ri‖∞ = 1, (i = 1, 2, · · ·). In the second



1840 Han Ju Lee

case we suppose that there exists i0 (2 ≤ i0 ≤ n) such that |λi0| ≥ ρ
3n . It follows

from Lemma 1.1, 1.2 and strict convexity of ϕ that

E[ϕ(‖Tn‖)] ≥ E[ϕ(|λ1 + r2λ2 + · · ·+ rnλn|)]
≥ E[ϕ(|λ1 + ri0λi0|)]

≥ E

[
ϕ
(∣∣∣λ1 + ri0

ρ

3n

∣∣∣)]
> ϕ(λ1) = ϕ(‖x1‖).

The proof is complete.

2. REPRESENTABILITY OF �n∞

A Banach space Y is said to be representable in X if, for each λ > 1, there
is a bounded linear map T : Y → X such that ‖x‖ ≤ ‖Tx‖ ≤ λ‖x‖ for every
x ∈ Y . A Banach space Y is said to be finitely representable in X if every finite
dimensional subspace of Y is representable in X .

It is well-known due to the work of B. Maurey and G. Pisier [12] that c0 is
finitely representable in X if and only if c0 is finitely representable in Lp(X) for all
1 ≤ p < ∞. S. J. Dilworth considered the quantitative version of this theorem in
[3], where he showed that if X is a complex Banach space, n ≥ 2 and 0 < p <∞,
then �n∞(C) is representable in X if and only if it is representable in Lp(X). As
we see in the next example it is not true for real Banach spaces.

Example 2.1. Let X be a nontrivial real Banach space. Then �2∞ is repre-
sentable in L1([0, 1];X). Indeed, if we choose the Rademacher sequence {rn =
sign(sin 2nπt)}∞n=1 in L1[0, 1] and x0 ∈ SX , then x = r1x0 and y = r2x0 are the
elements of unit sphere of L1(X) and they satisfy

‖x+ y‖L1(X) = ‖x− y‖L1(X) = 1,

which means that �2∞ is representable in L1(X).

The subharmonicity of absolute value of holomorphic functions on C plays the
crucial role in the proof in [3]. In this paper, the strict convexity of ϕ(t) = |t|p
(1 < p < ∞) on R plays the analogous role, and thus it is shown here that �n∞ is
representable in X if and only if it is representable in Lp(X) for every 1 < p <∞.

The following proposition is a real version of Proposition 2.2 in [3].



Randomized Series and Geometry of Banach Spaces 1841

Proposition 2.2. Let {ri}∞i=1 be symmetric independent random variables with
‖ri‖∞ = 1, (i = 1, 2, · · ·). Suppose that X is a real Banach space and that n ≥ 2.
The following properties are equivalent:

(1) �n∞ is not representable in X .
(2) There exists ρ > 0 such that whenever x1, . . . , xn are unit vectors in X , then

there exist signs ε1, . . . , εn such that

‖ε1x1 + · · ·+ εnxn‖ ≥ 1 + ρ.

(3) There exist strictly convex, increasing function ϕ on [0,∞) with ϕ(0) = 0
and ρ > 0 such that whenever x1, . . . , xn are unit vectors in X then

E[ϕ(‖x1 + r2x2 · · ·+ rnxn‖)] ≥ ϕ(1) + ρ.

(4) For each strictly convex, increasing function ϕ on [0,∞) with ϕ(0) = 0,
there is ρ > 0 such that whenever x1, . . . , xn are unit vectors in X then

E[ϕ(‖x1 + r2x2 · · ·+ rnxn‖)] ≥ ϕ(1) + ρ.

Proof. The implications (4) ⇒ (3) ⇒ (2) ⇒ (1) are clear. To show (1) ⇒ (2),
suppose that (2) fails, so for any ρ > 0 there exist unit vectors x1, . . . , xn in X
such that for all signs ε1, . . . , εn, we have

‖ε1x1 + · · ·+ εnxn‖ < 1 + ρ.

It follows that for all λ1, . . . , λn with 1 = |λi0| = max1≤i≤n |λi|, we have

‖λ1x1 + · · ·+ λnxn‖ < 1 + ρ.

Hence

1 = ‖λi0xi0‖ ≤ 1
2
‖λ1x1 + · · ·+ λnxn‖ +

1
2
‖λ1x1 + · · ·+ λnxn − 2λi0xi0‖

≤ 1
2
‖λ1x1 + · · ·+ λnxn‖ +

1
2
(1 + ρ).

Thus, ‖λ1x1 + · · · + λnxn‖ ≥ 1 − ρ. Since ρ is arbitrary, it follows that �n∞ is
representable in X . Now we have only to show that (2) ⇒ (4). Suppose that (2)
holds and that ϕ is a strictly convex, increasing function on [0,∞) with ϕ(0) = 0.
There is 0 < ρ < 1/2 such that whenever x1, . . . , xn are unit vectors in X , there
exist signs ε2, . . . , εn such that

‖x1 + ε2x2 + · · · εnxn‖ ≥ 1 + ρ.
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Then Theorem 1.3 shows that (2) implies (4).

Notice that in the case of the Rademacher sequence {rn}, for every x1, . . . , xn

in X ,

E[ϕ(‖r1x1 + · · ·+ rnxn‖)] = E[ϕ(‖x1 + r2x2 + · · ·+ rnxn‖)].
The following theorem shows the lifting property of representability of �n∞.

Theorem 2.3. Suppose X is a Banach space, (M,M, µ) is a measure space
with a measurable subset A satisfying 0 < µ(A) < ∞, and 1 < p < ∞, n ≥ 2.
Then �n∞ is representable in X if and only if it is representable in L p(M,M, µ;X).

Proof. One implication is clear. To prove the other implication, suppose
that �n∞ is not representable in X and let {rn} be the Rademacher sequence. By
Proposition 2.2, there exits 0 < ρ < 1/2 such that whenever x1, . . . , xn are unit
vectors in X , we have

E‖r1x+ r2x2 + · · ·+ rnxn‖p ≥ (1 + ρ)p.

Suppose that f1, . . . , fn are unit vectors in Lp(X). We define the following func-
tions on M . For w ∈M , let

q(w)p = E‖r1f1(w) + · · ·+ rnfn(w)‖p,

M(w) = max{‖fi(w)‖ : 1 ≤ i ≤ n},
m(w) = min{‖fi(w)‖ : 1 ≤ i ≤ n}.

By Lemma 1.1, q(w) ≥ M(w) for all w ∈ M . Now the argument divides into
two cases according to the relative sizes of M(w) and m(w). In the first case we
suppose that (1− ρ/3)M(w) ≥ m(w). Then

1
n

n∑
i=1

‖fi(w)‖p ≤ n − 1
n

M(w)p +
1
n
m(w)p

≤
(
1 − ρ

3n

)
M(w)p

≤ q(w)p − ρ

3n

(
1
n

n∑
i=1

‖fi(w)‖p

)

and so

q(w)p ≥
(
1 +

ρ

3n

) 1
n

n∑
i=1

‖fi(w)‖p.
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In the second case, we suppose that (1 − ρ/3)M(w) < m(w). Then

q(w)p ≥ (1 + ρ)pmp(w)

≥ (1 + ρ)p
(
1 − ρ

3

)p 1
n

n∑
i=1

‖fi(w)‖p

≥
(
1 +

ρ

2

)p 1
n

n∑
i=1

‖fi(w)‖p.

Hence by the Fubini theorem,

E‖rf1 + · · ·+ rnfn‖p
LP (X)

=
∫

M
q(w)p dµ ≥ min

{(
1 +

ρ

2

)p
,
(
1 +

ρ

3n

)}
,

which shows that �n∞ is not representable in Lp(X) by Proposition 2.2. The proof
is completed.

3. APPLICATIONS TO THE CONVEXITY OF BANACH SPACES

Recall that a point x in SX is an extreme point of BX if max{‖x+y‖, ‖x−y‖} =
1 for some y ∈ X implies y = 0. A point x ∈ SX is called a strongly extreme
point of BX if, given ε > 0, there is a δ = δ(x, ε) > 0 such that

inf{max{‖x+ y‖, ‖x− y‖} : ‖y‖ ≥ ε} ≥ 1 + δ.

A Banach space is said to be strictly convex (resp. midpoint locally uniformly
convex) if every point of SX is (resp. strongly) extreme point of BX . A Banach
space is called uniformly convex if, given ε > 0, there is a δ = δ(ε) > 0 such that

inf{max{‖x+ y‖, ‖x− y‖} : ‖y‖ ≥ ε, ‖x‖ = 1} ≥ 1 + δ.

Theorem 1.3 gives the following criteria for the various convexity properties.

Theorem 3.1. LetX be a real Banach space and ϕ, a strictly convex increasing
function on [0,∞) with ϕ(0) = 0 and r, a symmetric random variable with ‖r‖∞ =
1. Then

(1) A point x in SX is an extreme point of BX if and only if E[ϕ(‖x+ ry‖)] =
ϕ(1) for y ∈ X implies y = 0.

(2) A point x in SX is a strongly extreme point of BX if and only if for every
ε > 0 there is a δ > 0 such that whenever ‖y‖ ≥ ε, we get

E[ϕ(‖x+ ry‖)] ≥ ϕ(1) + δ.
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(3) X is uniformly convex if and only if the modulus δ ϕ(ε) > 0 for every ε > 0,
where δϕ(ε) = inf{E[ϕ(‖x+ ry‖)]− ϕ(1) : x ∈ SX , ‖y‖ ≥ ε}.

Proof. We prove only (3) because the proofs of the others are similar. Suppose
that X is uniformly convex. Given ε > 0, there is a ρ > 0 such that for any x ∈ SX

and y ∈ X with ‖y‖ ≥ ε, we have

max{‖x+ y‖, ‖x− y‖} ≥ 1 + ρ.

Then Theorem 1.3 shows that there is δ > 0 such that for any x ∈ SX and y with
‖y‖ ≥ ε,

E[ϕ(‖x+ ry‖)] ≥ ϕ(1) + δ.

Conversely, suppose that δϕ(ε) > 0 for every ε > 0. Then given ε > 0 for any
x ∈ SX and y ∈ X with ‖y‖ ≥ ε, we have

max{ϕ(‖x+ y‖), ϕ(‖x− y‖)} ≥ max
−1≤t≤1

{ϕ(‖x+ ty‖)} ≥ E[ϕ(‖x+ ry‖)].

Since ϕ is strictly increasing we get, for any x ∈ SX and y ∈ X with ‖y‖ ≥ ε,

max{‖x+ y‖, ‖x− y‖} ≥ ϕ−1(1 + δϕ(ε)) > 1.

Therefore X is uniformly convex and this completes the proof.

It is worthwhile to notice that Theorem 3.1 does not hold if we consider the
general increasing convex function ϕ with ϕ(0) = 0. Indeed, it is easily checked
that if ϕ(t) = |t| and {rn}n is the Rademacher sequence then for any nontrivial
Banach space X ,

E‖x+ r1x‖ = 1 (x ∈ SX).

Consequently, we cannot characterize the extreme point of BX with ϕ(t) = t.
We shall discuss the uniform convexity of p-convexification E(p) for uniformly

monotone Banach lattice E . For more details on Banach lattices, order continuity
and Köthe function spaces, see [11]. For the definition of p-convexification E(p)

of E and the addition ⊕ and multiplication � there, see [9, 11]. A Banach lattice
is said to be uniformly monotone (resp. upper locally uniformly monotone) if given
ε > 0

Mp(ε) = inf{‖(|x|p + |y|p)1/p‖ − 1 : ‖y‖ ≥ ε, ‖x‖ = 1} > 0

(resp. Np(ε; x) = inf{‖(|x|p + |y|p)1/p‖ − 1 : ‖y‖ ≥ ε} > 0)

for some 1 ≤ p <∞. It is shown in [9, 10] that, given ε > 0 and 1 ≤ p <∞ there
is a Cp > 0 such that for every ε > 0,

(3.1) C−1
p M1(C−1

p εp) ≤Mp(ε) ≤M1(ε).
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In the case when E is an order continuous Banach lattice or a Köthe function
space, we also get the following relations by Lemma 2.3 in [10]: There is a Cp > 0
such that every x ∈ SX and ε > 0,

(3.2) C−1
p N1(C−1

p εp; x) ≤ Np(ε; x) ≤ N1(ε; x).

Notice that relations (3.1), (3.2) show that if a Banach lattice E is uniformly
monotone then E(1/p) is uniformly monotone quasi-Banach lattice for 1 < p <∞.
Similarly, if E is upper locally uniformly monotone order continuous Banach lattice
or Köthe function space, thenE (1/p) is also upper locally uniformly monotone quasi-
Banach lattice for 1 < p < ∞ (cf. [9]). The characterizations of local uniform
monotonicity of various function spaces have been discussed in [6].

In [7], H. Hudzik, A. Kamińska and M. Mastyl-o showed that if a Köthe function
space E is uniformly monotone then its p-convexification E(p) is uniformly convex
for 1 < p < ∞. A partial generalization of this result has been studied by the
author in [9], where it was shown that if a Banach lattice is uniformly monotone
then E (p) is uniformly convex for all 2 ≤ p < ∞. In the next theorem, the gap is
completed.

Theorem 3.2. Let E be a Banach lattice. The following statements are equiv-
alent.

(1) E is uniformly monotone.

(2) E(p) is uniformly convex for all 1 < p <∞.

(3) E(p) is uniformly convex for some 1 < p <∞.

Proof. Proposition 4.4 in [9] shows that uniformly convex Banach lattice is
uniformly monotone. So if we assume (3), then E(p) is uniformly monotone and E
is uniformly monotone. Hence (3) ⇒ (1) is proved. The implication (2) ⇒ (3) is
clear. So we have only to show that (1) implies (2).

We shall use Theorem 3.1 (3) with the Rademacher function |r| = 1. Let ε > 0
and let f, g ∈ E (p) with ‖f‖E(p) = ‖f‖1/p

E = 1 and ‖g‖E(p) = ‖g‖1/p
E ≥ ε. Recall

the following well-known inequality (cf. Lemma 4.1 [9]) : for any 1 < p < ∞
there is C = C(p) such that for any reals s, t,

(∣∣∣∣s− t

C

∣∣∣∣
2

+
∣∣∣∣s+ t

2

∣∣∣∣
2
) 1

2

≤
( |s|p + |t|p

2

)1
p

.

Then applying the Krivine functional calculus to the inequality above, we get
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(3.3)

E

[
‖f ⊕ (r � g)‖p

E(p)

]
= E[‖ |f1/p + rg1/p|p‖E ]

=
E‖ |f1/p + rg1/p|p‖E + E‖ |f1/p − rg1/p|p‖E

2

≥ E

[∥∥∥∥∥ |f
1/p + rg1/p|p + |f1/p − rg1/p|p

2

∥∥∥∥∥
E

]

≥ E

∥∥∥∥∥∥
(
|f |2/p +

|2g|2/p

C2/p

)p/2
∥∥∥∥∥∥

E

=

∥∥∥∥∥∥
(
|f |2/p +

|2g|2/p

C2/p

)p/2
∥∥∥∥∥∥

E

.

By (3.3), if 1 < p ≤ 2, then E

[
‖f ⊕ (r � g)‖p

E(p)

]
≥ 1+M2/p(2εp/C). In the

case of 2 < p <∞, (3.3) shows that

E

[
‖f ⊕ (r� g)‖p

E(p)

]
≥
∥∥∥∥∥∥
(
|f |2/p +

|2g|2/p

C2/p

)p/2
∥∥∥∥∥∥

E

≥
∥∥∥∥
(
|f |+ |2g|

C

)∥∥∥∥
E

≥ 1 +M1(2εp/C).

Hence
E[‖f ⊕ (r� g)‖p

E(p)] ≥ 1 +Mmax{1,2/p}(2εp/C)

completes the proof.

Now we discuss the the local version of Theorem 3.2. A point x ∈ SX in a
complex Banach space X is said to be a complex strongly extreme point if there is
0 < p <∞ such that given ε > 0,

Hp(ε; x) = inf

{(
1
2π

∫ 2π

0
‖x+ eiθy‖p dθ

)1/p

− 1 : ‖y‖ ≥ ε

}
> 0.

It is known in [4] that x ∈ SX is a complex strongly extreme point if and only
if for every ε > 0,

H∞(ε; x) = inf{ max
0≤θ≤2π

‖x+ eiθy‖ − 1 : ‖y‖ ≥ ε} > 0.

For more details about these moduli, see [2, 3, 4]. A complex Banach space X
is said to be locally uniformly complex convex if every point of SX is a complex
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strongly extreme point. The complexificationEC of a real Banach lattice E consists
of all elements x+ iy for x, y ∈ E with norm ‖x+ iy‖ = ‖ (|x|2 + |y|2) 1

2‖E. Then
EC is a complex Banach space (see [11]).

Theorem 3.3. Let E be an order continuous Banach lattice or a K öthe function
space. Then the following are equivalent:

(1) E is upper locally uniformly monotone.
(2) EC is locally uniformly complex convex.
(3) E(p) is midpoint locally uniformly convex for all 1 < p <∞.
(4) E(p) is midpoint locally uniformly convex for some 1 < p <∞.

Proof. First we prove the equivalence of (1) and (2). We shall use a similar
argument as in the proof of [1, Proposition 3.7] in the sequence space. Suppose that
E is locally uniformly complex convex. Then for each x ∈ SE and ε > 0 there is
δ = δ(x, ε) > 0 such that for all y ∈ X with ‖y‖ ≥ ε

‖ |x|+ |y| ‖ ≥ 1
2π

∫ 2π

0
‖x+ eiθy‖ dθ ≥ 1 + δ.

So X is upper locally uniformly monotone.
For the converse, suppose that E is upper locally uniformly monotone. Now, if

we use Theorem 7.1 in [2], then we have for every pair x, y in EC,

1
2π

∫ 2π

0

‖x+ eiθy‖ dθ ≥
∥∥∥∥∥
(
|x|2 +

1
2
|y|2
)1/2

∥∥∥∥∥ .
Hence for every x ∈ SX and ε > 0, we get

1
2π

∫ 2π

0
‖x+ eiθy‖ dθ ≥ 1 +N2(ε/

√
2; x).

Therefore, the upper local uniform monotonicity of E implies the local uniform
complex convexity of E .

For (1)⇒(3), fix f with ‖f‖E(p) = ‖f‖1/p = 1 and for any g ∈ E(p) with
‖g‖E(p) = ‖g‖1/p ≥ ε, (3.3) holds. Hence

E[‖f ⊕ (r� g)‖p

E(p)] ≥ 1 +Nmax{1,2/p}(2εp/C; f),

which shows that (1)⇒(3) holds.
The implication (3)⇒(4) is clear. Finally assume that (4) holds. Note that

every midpoint locally uniformly convex Banach lattice is upper locally uniformly
monotone. Indeed, if x ∈ SX and ε > 0, there is δ > 0 such that

1 + δ ≤ max{‖x+ y‖, ‖x− y‖} ≤ ‖ |x|+ |y| ‖.
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Since the midpoint local uniform convexity of E(p) implies the upper local uniform
monotonicity of E(p), E is upper locally uniformly monotone. This completes the
proof.

ACKNOWLEDGMENT

The author thanks A. Kamińska for useful comments.
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