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PERSISTENCE OF UNIFORMLY HYPERBOLIC
LOWER DIMENSIONAL INVARIANT TORI
OF HAMILTONIAN SYSTEMS

Lei Jiao

Abstract. In this paper, we prove that the normally uniform-hyperbolic lower
dimensional invariant tori of the un-perturbed system will persist under small
perturbations. The proof is based on the theory of exponentially dichotomous
linear systems and an improved KAM machinery adapted for the perturbations
of angle dependent unperturbed parts.

1. INTRODUCTION

In recent decades, persistence of invariant tori has been extensively studied by
many authors (see, e.g., [5, 6, 9, 8, 13, 15, 20, 21, 25, 27, 28]). The first persistence
result of the hyperbolic lower dimensional tori, given by Moser in [18], was for the
following Hamiltonian system:

H=e+ (w,y)+ %(y, Ay) + %(z, Mz)+ P(z,y,2)
where (z,y,2) € T x R" x R?™, w € R" is a fixed Diophantine toral frequency,
A, M are n x n,2m x 2m non-singular constant matrices respectively, JM (J is
the standard symplectic matrix in the normal phase space) is hyperbolic with all
eigenvalues being real and distinct, and P is a small perturbation. In [10], Graff
generalized Moser’s result under the hyperbolic condition that the eigenvalues of
JM have nonzero real part. For the Lindstedt series approach to the persistence
of hyperbolic tori in Hamiltonian systems, we refer the reader to [7, 12]. In the
papers mentioned above, M is often taken to be a constant matrix. In [29], under
the positive condition
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Re(Q(x)¢,&) > plél*, £€eC™ pu>0,

Zehnder proved the persistence of lower dimensional invariant tori of the Hamilto-
nian system

h(fI,',y, 2ty Z_) =e+ <w7y> + <Q(II))Z+, Z_> + 03(‘2/‘ + ‘Z+‘ + ‘Z_D,

by implicit function theorem, where (z,y,z) € T x R® x C?>™, z = (z,,z_).
In [3] ([4]), under the similar positive condition as that in [29], the persistence
of the lower dimensional hyperbolic invariant tori of the Hamiltonian system (with
degeneracy)

H((L‘, Y, Z) = h(y) + <Z_, Q((L‘, y)2+> + R((L‘, Y, Z)

is achieved by KAM theory. Here the coefficients matrix €2 could depend on the
action variable y, but it’s not essential. In the above three cases, the coefficients
matrix M in the normal direction z = (z,z_) may be far from z-independent
matrices, but M has the special form

0 Q
In 2005, Li and Yi [16] further generalized the Graff-Zehnder result to the following
more general Hamiltonian systems

H = (V) + (V). y) + 3 < (Z) , M(z, A)<Z>> + (@, 2, A\ + P, y, 2, )

where (z,y,2) € T" x R™ x R*™, \ is a parameter, the matrix

Mz 3y = A(z,\) B(z,\)
- )‘<B<x,w M(M))

is symmetric and the matrix B and M are close to some constant matrix (i.e., close
to matrices independent on ), h(x,y, 2z, \) = O(|(y, 2)|?) and P is a small pertur-
bation. The lower dimensional tori considered by Li and Yi in [16] is hyperbolic.
The main innovation of their paper is to define the hyperbolicity by the average of
Mz, \) instead of M (x, \) which applies to more general situations.

In this paper, we give a persistence result of lower dimensional invariant tori
of Hamiltonian systems with more general form of M by assuming that the un-
perturbed tori are uniformly hyperbolic (or exponentially dichotomous in the other
terminology). For simplicity, we consider the real analytic Hamiltonian systems of
the form
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(1.1) H=¢e(A)+ (w(N),y)+ %(z, M(z,N)z) + P(x,y, 2, \),

where (z,y,2) € T" x R" x R?™, )\ is a parameter in a bounded closed connected
domain © c RF. The functions e, w, M and P are real analytic on O. The
matrix function M is symmetric, real analytic in z € D(s) = {x € C"/(27Z") :
[Imz| < s} and the perturbation P is real analytic in a complex neighborhood
D(s,r) = {(z,y,2): [Imz| < s,|y| <% |z < r}of T x {0} x {0}. we remark
that (1.1) can not be reduced to the special case considered by Zehnder in [29], and
the proof in this paper is valid for a more general case as that considered by Li and
Yi.

In the present paper, we shall use the symbol || - || to denote the Eulidean norm
of vectors and the operator norm of matrices, the symbol | - | to denote the standard
l-norm in the lattice Z" and the Lebesgue measure of some set in R¥ and [-] to
denote the average of a function on the torus. For any two complex vectors &, ¢ of
the same dimension, (&, ¢) is the standard inner product. Expand P as

p= Z Pk,p,q()‘)e\/__l%’m)ypzq-
k,p,q
Define:
|Plsr) = SUPy <r2 < | D | Prpa(M)['eFlyP21)
k.p,q

where | - |' denotes C! norm. The Hamiltonian vector field of P is Xp = (P,, — P,

JP,), where J is the 2m x 2m standard symplectic matrix. Define \PyVD(S n =

maxi <i<n| Py, ZD(M) and HPZHZD sr) (Z?ﬂ(‘Pz]- ZD(svr))Q)l/Z- ’Pm‘D(SJ’) IS sim-
ilarly defined. A weight norm o# Xp is defined by:

1Py = Pl + 231 Pelgory + 1Py
The equations of motion associated to (1.1) read
& =w(\)+0,P
(1.2) = _%am@, M (2, \)2) — 0, P
t2=JMz+ JO,P

Thus, the unperturbed system associated to (1.1) admits an invariant torus T™ x
{0} x {0} with toral frequencies w(\) for each A\ € O. The normal behavior of the
invariant torus is determined by the linear skew product systems
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(L.3) =

To consider the perturbation of this torus, we assume that

(H1) (Hyperbolicity): The invariant tori T" x {0} x {0} of the unperturbed system
is uniformly hyperbolic, i.e., (1.3) is uniformly hyperbolic for all A\ with
uniform constants K and 3 independent of \.

Precise definition will be given in the next section.

(H2) (Non-degeneracy): The frequency map w(\) satisfies the Russmann’s condi-

tion
maxyeo rank{o“w(\) : [a| <n —1} =n.

The Russmann condition is known to be the weakest non-degenerate condition
for the persistence of maximal dimensional invariant tori in nearly integrable analytic
Hamiltonian systems [1, 22, 23, 26].

The main result of this paper is the following

Theorem 1. Consider (1.1). Assume that the conditions (H1), (H2) hold, i >
max{m, 2} and there is a constant u = u(s,r,lo, M, w) sufficiently small such that

(1.4) IXPlpes,y <™ u, Il < lo.

Then there is a Cantor-like set 0., C O, with |0\ O,| = O(y'~1) for which
the following holds. There is a C'~! Whitney smooth family of real analytic,
symplectic transforms

° _)HD(S,T),)\EO,

T
@ =®y:D(5,

which are C% uniformly closed to the identity such that
1
Hod® =¢e, + (wi,y) + 5(2, M. (z,\)z) + Pi(x,y, 2, ),

where

n+1

‘e* - e‘l(’),y - 0(7 /M"2),

5
s,

wi — |, = O(y
1
1M = M5y 00, = O uir?)

for all |I| < y. Moreover,
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10502 Pl (3, 2)=(0,0) = 0, 12p] + |g| < 2.

Thus all unperturbed tori 7'y ({y = 0, z = 0} at given \) with A € O, will persist
and give rise to a C'o~1 Whitney smooth family of slightly deformed analytic, quasi-
periodic, exponentially dichotomous invariant n-tori of the perturbed system with
Diophantine toral frequency w. ().

Theorem 1 implies the following persistence result of uniformly hyperbolic lower
dimensional tori of the analytic Hamiltonian system

(15) H = Holy) + 5= M(2)2) + P(z,y,2)

where (z,y,2) € T" x & x R?™ c T" x R" x R?™,

Theorem 2. Assume that H, is Russmann degenerate, i.e.,
max,ecp rank{0*VHy(y) : |a| <n — 1} =n,

and the invariant cylinder z = 0 is uniformly hyperbolic when P = 0. Then most
of invariant tori of the unperturbed system persist under small perturbations P.

2. THE HomoLoaGIcAL EQUATION

The result will be proved by the KAM iteration. A key ingredient in each KAM
iteration step is to solve the homological equation

(2.1) O FO' + MJF = pOt,

where 9, = (w, d,) and P°! is the coefficient of = of the perturbation P. As M
may depend on the angular variable 2 and may not be close to a constant, it is
almost impossible to solve (2.1) by the Fourier series expansion method. We will
show that the equation (2.1) has a real analytic solution with some estimations under
the assumption (H1) in this sections.

Firstly, let’s state precisely the hypothesis (H1). Let A(xz,\) = M(z,A)J in
the following for simplicity. Consider a family of quasi-periodic linear systems
(parameterized by \)

2.2) % — A + w2,
associated to (1.3). Let W’ (z, \) be the fundamental matrix of (2.2), i.e.,

OVt (z,\)

) A+ w0, N, A), W, 0) = B
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Definition 2.1. (1.3) is uniformly hyperbolic if there are projections C(z, \) :
C?™ — C?*™ dependent continuously on = € D(s), A € O and positive constants
K and 3 independent of = € D(s), A € O, such that

|G (2)C ()W (z)|| < Ke P07 7 <t
[Wh(2) (Lom — C(2)) ¥ (2)|| < Ke P 751,
where I, is the 2m x 2m identity matrix.
Define

U0 (2, \)C(x + wT, \), T <0,

@3)  GolmzA)= { — 03 (@, A)(Iam = C(z +wr, A)), 7> 0.

Then,

@9 Gi(r,2,A) = ‘1’6(957 AN Go(T, z, A),
and

(2.5) |Gy (7, 2, \)|| < K e Pl

uniformly for = € D(s), A € O; t, 7 € R. Hence, Go(7, z, A) can be referred as
the Green’s function of the system (2.2). Moreover,

(2.6) / |Golr, 2, \)|| dr < % — K, < .
From [17], we know that the system (2.2) has an unique Green’s function G (7, z)
under the assumption (H1) and the matrix C(x) = lim;—o— G¢(7,z) = Go—_(1, z)
satisfies C2(x) = C(x) for any = € D(s), which is real for the real system (2.2).
As the fundamental matrix % (z, s, \) is also real for the real system (2.2), from
(2.3), the Green’s function G (7, z) and the projecting matrix C'(z) are real for real
x e T

Through out this section, (H1) is always assumed.
Lemma 2.1. Suppose that A and f are continuous in D(s) x O. Then the
quasi-pereiodic non-homogeneous linear equation

d
2.7) d—j = Az +wt, )z + f(x +wt, \),

has an unique solution continuously depending on x, A, and bounded by K ]| f||.
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Denote by C%(D(s)) the space of all those F' € C%(D(s), C*™), which admits
a continuous directional derivative in the direction w, and set | Fllo» = ||F|| +
| Do, F|. Although the function w« is in general not differentiable, it does admit a
directional derivative in the direction w, which we denote by D u. Consider the
following partial differential equations of the first order

(2.8) Dyu— Au— f =0,

where A and f are continuous functions on 7" x D(s) x O.
Lemma 2.1 implies that (2.8) has a solution in C°(D(s)). Similar to Lemma
2.3 and Corollary 2.4 in [19], we have the following regularity result:

Lemma 2.2. Suppose that A and f are analytic in D(s) x O. Then the equation
(2.8) has an unique solution

u(w) = / Go(r, 2) f (2 + wr) dr
which is real analytic in D(s), and [Jul| p(s) < K1l fllp(s)-

Proof. Denote the coordinate of the 2m x 2m dimensional matrix N by

N = (n117 Ty N12ms t , M2ml, 7n2m,2m)-

Consider the analytic map W from C9(D(s), C2m*2m)x CY(D(s), C*™)xC2 (D(s),
C?™) into C°(D(s),C?™) given by (N, g,v) — D,v— Nv — g, which vanishes at
(A, f). For any h € C%(D(s),C?™), the linear map taking F' € CY into

(2.9) D,F—AF =h

has a bounded inverse, since under the assumption (H1) the equation (2.9) has an
unique solution F € CY which can be written in the form

Fz) = Gah(z) = /_  Golr, o)z + wr) dr.

By the implicit function theorem, there exists a neighborhood U (¢y) of (A, f) and
an unique analytic map

® : Uley) — C°(D(s),C*™), O(A, f) =u,

such that for all (N,h) € U(ep), v = ®(N,h) satisfies the equation D v —
Nv—h = 0. Write z = a + /—1b, where |b| < s and a, b € R™. Then
u(z) = ula + vV—1b) = ®(A(- + v—1b), f(- + vV—1b))(a). Denote by z =
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(@1, an) T u(@)=(u (@), uam(@)), (@) = (fu(@), - fam) ", Alz) =

(a11, T, A1 2ms t , A2m 1, " ,agm,gm), and ® = (‘I’l, SN ‘I’Qm)T. Let uz(x) =
(I)Z(Av f) = ¢i(a11(x)7 U 7a1,2m(x)7 T 7a2m,1(x)7 Ty agm’gm((ﬂ), fl(x)v Ty
fom(x)), @ = 1,---,2m. If A and f are real analytic in D(s), so are a;; and
fi» where k, 1 =1,---,2m, i=1,---,2m. Then w is continuously differentiable

in a; and b;, and

Ou;(x d0¢; day(x 0¢i Ofk _
ﬁxj Z Oay;  OT; Z O fi ﬁxj

where j = 1,--- ,n; ¢ = 1,---,2m. Hence u satisfies the Cauchy- Riemann
equations and is analytic in D(s). As the Green function G(r, x) is real for real
x, u(x) is real analytic in D(s) and

u@lpe = 1| [ Golroa)ftawr)dr]

< [ 1Gotmalar- 1o
< Kl fll ps)-
This completes the proof of the lemma.
Note that the hyperbolicity of (1.3) implies the hyperbolicity of
(2.10) % Mz N

For simplicity, we denote by Gy(7, z, A) the Green function of the system (2.10) in
the following.

Corollary 1. For all A € O the homological equation (2.1) has an unique real
analytic solution

(2.11) FOl(z,\) = — / JGo(7, 2, \)JP" dr

—00

inz € D(s).

Proof. Let’s first consider the linear equation

d
d—’; = —JM(z + w(\)t, \)z — JPL,

where x € D(s). From the above analysis, it has an unique real analytic solution

% z) / Go(r, z,\)JP" dr
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in x € D(s). Then, it is easy to verify that the real analytic function F°! = Jf0!
solves the homological equation (2.1). This completes the proof.

As the homological equations in each KAM step is a small perturbation of the
first step, we will point out that the hypotheses (H1) is kept if the initial perturbation
is sufficiently small and the related positive constants K, § of the Green function
Go(r,x, ) in the form of the inequality (2.5) at each step can be controlled. The
following two lemmas are deduced from [17].

Lemma 2.3. Assume (H1) and the matrix M is analytic in D(s). Then the
system

d ~ ~
(2.12) d_j = JM(x +&t)z

is also exponentially dichotomous on R, if |& — w|, M — Ml ps) < e1 = ea(M,w)
for some positive e; small enough.

Lemma 2.4. The assumption (H1) is equivalent to the following: there exists a
non-degenerate symmetric matrix S(z) € C'*(D(s)), for which the matrix S(z) =
0pS(x) + S(x)(JM(x)) + (JM(x))*S(x) is negative definite for all x € D(s),
where (JM)* is the conjugate transpose of JM. Moreover, if

(2.13) (S(x)z, 2) < —b|2|%,

where b is a constant > 0, then the positive constants K and 3 in the estimate (2.5)
can be represented by the inequality:

3
JM|| pes IS pesy \ 2 b
b 2151 ps)

With the above two IAemmas, we prove that the hyperbolic is preserved under
small perturbations. Let S(z) = 8,8(x) + S(x)(JM(x)) + (JM(z))*S(x), where
w=w+o, M =M+ M and ||w|, | M| p(s < e1. Then

~

(S(x)z, 2)
= (5(x)2, 2) + (055(x)z, 2) + <S(x)J]\7(x)z, 2y + (JM)*S(z)z, z)
—blz)|* + 2e1|[S (@) 1 - |12
—(b—2e1[|S(@)[10)=]I*,

where ||S(x)|1 — ||S(z)]| + H%ﬁ?”. As S(z) € C1(D(s)), there exists a constant
c1 > 0 such that ||.S(z)]|1 < ¢ forall z € D(s). If

IN

IN

b
2.1 < —
( 5) €1 > 4617
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~

then (S(z)z,z) < —1||2||%. So the constants K, 3 corresponding to the Green
function éo(t, x) of the system (2.12) have the following estimates:

2

— 3 3
~ JM S 2 2 ~
M| ps) 2

If
(2.16) e < (V2= 1)||M||ps),
then we have

~ ~ 1
(2.17) K <4K,  B=3B.

At the end of this section we consider the continuity and differentiability of
the solution F%!(x, \) in the parameter A\ € O. From the expression of F! in
(2.11), the continuity and differentiability of F(z, \) in \ depends on that’s of
the perturbation P and the Green function G (7, z, A). And for the Green function
Go(r,z, \) we have the following result [17].

Lemma 2.5. Assume (H1) and that the matrix function M (x, \) is C'o differen-
tiable in the parameter A € O. Then the Green function G (7, z, A) of the equation
(2.1) is continuously differentiable in the parameter A up to order /. Moreover,
for any constant 0 < o < 47 such that 5 — |I|a > 4, the estimate

(2.18) IGo(r 2, Mllpyxo < e(K, lo)e™ P
is valid, where 1 <1 <, ¢(K,lp) is a constant independent of 7, z and A € O.
By (2.11) and (2.18), we have

17 (2, M psyxo

o !
<| / S 0 Golr, 2, A) 9 EPY (2 + wr) dr | pywo

% =0
o
(2.19) g/ Y 1108Go(m, 2, Ml pepo - 105 PP (@ +wr, N[ pis) o dr
T k=0
< / c(m, k, lp)e~ Bt g7 HPOIHZD(s)xO

S C(m7 K7 /87 ZO)HP01HZD(S)><O7

for any 1 < I < [y, where ¢(m, K, 3,1) are positive constants independent of
x € D(s)and X € O.



Invariant Tori of Hamiltonian Systems 1751

3. ProoF oF THEOREM 1

With the above preparation, the main results of this paper can be proved by
standard KAM iteration. Fix 7 > max{n(n — 1) — 1, 0}. For simplicity, we set
lo =n.

3.1. Outline of KAM steps

Below we give the ideas of one KAM step. In the following, all the quantities
represent the quantities in the vth KAM step. The quantities with subscript +
represent the quantities in the (v + 1)th KAM step.

At each KAM step, we will consider a Hamiltonian of the form:

H=N+P,

where .
N =e(A) + (w(N),y)+ 5(2, M?z),

P is a small perturbation.
Moreover, we assume that

(3.1) IXpPDw <" u I <0

Truncate P as P = R + ﬁ, where

R= Z kapvqe\/__uk’m)ypzq, P=P—R.
k,2|p[+]q|<2

It follows that || X rl|5 () < 7" 'r?u. We further write R as

1
(32) R= P+ (P y)+ (P", 2) + 5 (2, Mz),

where P19 is n-dimensional vector, P%! is 2m-dimensional vector, P%2 is 2m x 2m
matrix.

At each KAM step, we will construct a symplectic map & such that H, =
H o ® = Ny + P, with P, being much smaller.

3.2. The symplectic change of variables

As usual, we construct the desired symplectic map & by the time 1-map of the
flow X% of a Hamiltonian vector field Xp.
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Let

F = F(z) + (F%(x),y) + (F*(2), 2)

B3 = Y BV 3T (RO )T 1 (F (a), 2),
0£keZn 0£keZn

where F'% is a n-dimensional vector, F* is a 2m-dimensional vector.
It follows that

1
Ho® = N+R+{N,F}+/ (1—t){{N,F}+R,F}o Xkdt + Po X}
0
= N, +{N,F}+ R+ P,
where

(3.4 Ny = N+ [P+ ([P, 9) + 5z, P,
@) B = P* — [P+ (P~ [P y) + (P, 2) + 1 (= 0. M), F19),

1
~ 1
Py =/ {(1—t){N,F}+R,F}oXfpdt+Pox}p+§<<z,amMz>,F10>
0

(3.6) )

- 1
— / {Ry, F}o XhLdt+ Po X} + 5{(2, 0aM2), F1o)
0
where
Ri=R+ (1—t){N, F}.
We shall prove that
(3.7) {N,F}+R=0

is solvable and P, is much smaller. Taking F' as the solution of the above equation,
the time 1-map of the flow X7, is the desired map.

_{NvF}

38
(3.8) _ o

(3.9) +HOLF, y)
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(3.10) +(OwF + MJFO 2)
1
(3.11) —5 ({2, 0: M), ')

By (3.5) (3.7) and (3.8), we have:

(3.12) d,F° =P — [PY],
ie.,
1
FO = PP k+0
Vs TR a
If the small divisor conditions
(3.13) w, k)| > \/Z\T’ k#0
hold, by Lemma A.2. in [25], we have
‘k‘(l—l—l)’r—l—l
|FR)' < pvEn PRI,k #0
Thus we have
L op € 0l CH
(3.14) 2 p(s—p) = W\P ID(sy < o

witho > (I+1)7 +n+ 1.
Now we consider the terms of degree one with respect to z. By (3.5) (3.7) and
(3.10), we have:
9, F° + M JF = pot,

By Corollary 1, the above equation has an unique real analytic solution defined by
(2.11)

FOl(z) = — / JGo(r,z)JP dr,

—00

in D(s). Moreover, by (2.19) there exists a constant ¢ = ¢(m, K, 3, ly) such that
1
(315) ;HFOlHlD(s—p) < CHPOIHZD(S) < C’Yn—HMv

where the constants K and (3 is the same constants as in Definition 2.1.
By (3.5), (3.9), we have

awFIO — PlO _ [PIO]7
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i.e.,
1
F0= — _pl0 k+£o.
K =T #

If (3.13) holds, we have:

1 c cu
3.16 — || F1)! < —||IPYO)F < =,
(3.16) NPl < s 1P < 5

Combining (3.14)—(3.16), we find a function F' such that

{N,F}+R=0.
And
1 1
1 1 1 1
HXFHT,D(S—Z/)) = T_Q‘Fm‘D(s—Qp) + ‘Fy‘D(s—Qp) + ;HFZHD(S—Q/))
3.17
(347 Lo 10 Lpo1y < C
< C(W‘F [Ds—p) t 1F [Dis—py + ;HF ID(s—p)) < r

if A\ € O, satisfies (3.13).

Moreover,
(3.18) e —ef' = |[PY]' < ey,
(3.19) jwi =l = [P < ey,
(3.20) 1My = M| = P2l < ™

Remark 3.1. By the Whitney’s extension theorem in [24], a function defined
on O, can be extended to O such that all the estimates still hold on O. So we
always regard all functions of A in the KAM steps to be defined on O and ignore
the domain in the estimates, but it makes sense only for A € O,.

3.3. Estimates for the new perturbation

To complete the KAM step, we have to estimate the new perturbation P, .
For small constant § > 0,

(3.21) !!Xp!!i1+57D(872r1+5) < C'Yn+1/”"6-
If the inequality

(3.22) 1M (@) sy < 20Mo ()l



Invariant Tori of Hamiltonian Systems 1755

is satisfied, we have

|((z, 0. M (x)z), F01> ‘lD(s—Zp,QTH"S)
< er® N9, M (@) 5y - I s

cr2(1+49)

cpur
< 1Molps) -

pY

C/M“3+26

- pv—l—l

So
HX((Z,BQCM(J:)Z),FWH ”i’1+5;D(s—3p,r1+5)

= \5y<<z, aa:M(x)z>v F01>‘ZD(S_3P’T1+5)

1
(323) +r2(1+5) ‘am<<z7 amM(fI,')Z>7 F01>‘ZD(8_3P’7,1+§)

1
+’I“1+6 H82<<z7 ag;M(fI;)Z>, F01>HZD(3—3p,T’1+6)

C‘<<Z,8$M(IL')Z>,F01> ZD(S_QP’QTI‘HS) < cur

- pr2+25 - pv+2 '

To estimate P, in (3.6), we first estimate the symplectic map X.

Lemma 3.6. If Xp satisfies (3.17) and

2cur
(3.24) 2F = W <1,

then we have

1 ol !
;HX? —idl|ps-2pzys I1DXp = Idls 3,2y < cE <

)

DO | —

HD2X% - IdHT;T;D(s—le,g) < CE,

for [t| < 1, where D is the differential operator with respect to (x,y,z). c is
independent of KAM steps.

The preceding estimates imply that for each A € O,

X5(,A) s D(s = 5p,r7%) — D(s —4p,2r1 %), Yt < 1.
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By (3.5) and (3.23), we have

l l l
”XR”r1+5;D(s—3p,r1+5) <c (HXPHT,D(s,r) + HX((Z,ach(a:)z),FmH”rlﬁ-é;D(s_gp’rl-»-é))

n Hr
< ce(y" M+ W)
So by (3.2) (3.7) and (3.5) we have
n Hr
(3.25) HXRtHil-&-é;D(S_gp’rH-é) <c(y"Mu+ W)

Similar to Lemma A.4 in [25], we have the following lemma:

Lemma 3.7. If a Hamiltonian vector field W (-, \) is analytic on V- = D(s —
2p, 3r179) depending on the parameter A with |[W||L.;, < 400, and ® = X}, : U —
V,where U = D(s—4p,r1%), V = D(s—3p, 2r'19), then ®*W = (D)~ Wod.
Moreover, if

1 .
;ch —id||Lr sy [D® = Td||Lsis115,y < B <

)

DO |

we have || @V < 4|t

ritd y = rl+s v
So if rg is sufficiently small, then
”XP+ ”i1+5;D(s—5p,r1+6)
1
< 4HXP”i’1+5;D(s—4p,2r1+5) +4/0 H[XR“XF]Hi1+a;p(s_4p,2r1+a)dt

!
X (2,00 M(2)2), 7o) 146, p(s—3p 0146

By Cauchy’s inequality and Lemma 3.6,

H[XRtv XF]

1
l l
H7’1‘*‘5;D(s—4p,2r1‘*"s) < TT(S HDXRtXF o DXFXRt Hr;D(s—4p,2r1+5)

c . .
S /r-2(5pHXRtHT’;D(S,T’)HXFHT;D(S_p’r)

Cu2r1—26

r
< pv+3

pv+2 )

(vt +

So

2,.1-26
cusr T cur
(326) HXP+H£,1+6;D(S_5P’T1+5) S C’Yn+1/ir1+6+W( n+1 )

The KAM step is now complete.
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3.4. Iteration Lemma and convergence

For given ~, u, s, r in the introduction, we set ey = ¢, w1 = w, M1 = M,
1
Ny =N,P =P, E = ;‘JE, O =0, M =7, 81 =8 11 = p%, g = pir?,
1

p1 = 55 initially.
Define some sequences inductively as follows:

11

Tv+1 = r?j Sy+1 = Sy — 5pV7 Pv+1 = %py
% Hy+1Tv+1 Y 1
poar = s Bupr = ===, = 5 (1+2777).
py+1

Then by (3.26)

11
IXplt <t (22) T
Py D(8+,T+) — 7+ Ht o

3.27
( ) < ~y >n+1 M%T% r >
3 +2 ]
o pv—l— pv+27_7’1_

. 1 n+1 i 3 g 31
[(36) (2 <20> re !
then by (3.27) we will have

l 1
”XP+”D(S+,T+) S 71+ Mg

Let
D, = D(sy,ry).

The proceeding analysis may be summarized as the following iteration lemma.

Lemma 3.8. If

8v+2 % 1 3 $v+2
3.29 <e=mind [ —> — 5
(329 p=se (20v+22cr2> "\ 20,3 » o0v+22e’ (-
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the following holds for all v > 1: Suppose H, = H o ®” = N, + P,,, where

1
N, =e, + (W, y) + §<Z, M,(x)z),

defined on D, x O, with

(3.30) levin — e < ey,
(3.31) lwyt1 — wy\l < c*yf“ru,,,
(3.32) M1 = My |I" < eyt .

O, is the set such that for A € @, the small divisor conditions

\<wy,k>\z‘;ﬂ%, Y0 # ke 2"

hold at the vth KAM iteration step.

Finally, we have that

1Xp, | Dy.0, < A" iy

Then there is a subset 0,1 C O,,
Opi1=0,\ U|k|22”RZ+1(7V)7

where Ry (,11) = {A € O, [(k,wy 1) > BLY, with w, 41 = w, + [P,
and a symplectic change of variables

(333) q)y : Dy+1 X Oy+1 — Dy,

suchthat H,,; = H,o0®,, definedon D, 1 x O, 1, satisfies the same assumptions
with v + 1 in place of v.

If 1» in Theorem 1 satisfies the condition (3.29), then p satisfies the conditions
in Lemma 3.6. So for VA € O,,, we have the map ¢, : D, 1 — D, satisfying

|D®, — Id||! < cE,.

Tusry; Dyt

1 .
(334) p_VH(I)V - Zd”i’u;D,,.H’

Let ¥ = Py ody0---0d,, thus H, = H o ®¥ = N, + P, where

1
Ny, =e+, +{wy,y) + §<Z,MZ>
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Let O, = N,>10,. By the inequalities (3.30), (3.19) and (3.20) in Lemma 3.8 we
have:

11\ (10
‘eV—I—l - eu‘l < C’Y{H—lrf( ) M(l 2)" s

. +1 (11)u (10)
‘wy—f—l _WV‘ < C’Yn Ml )

(
1My — M|, < eyHipls”

=

162 v+1 10 2
for A\ € O,. If u < <§> ® (1)®, then it follows that cy,° ERI (CM(1 0)" )
for all » > 1. It follows that

11 v 10
(3.35) levi1 —e| < Zc'y ( ( )y < 2ey"™ 2y,
v>1
11\v 10
(3.36) lwps1 — wl]' < Z:c’y”+1 () u(l 2)" < 267”“1“2“%7
v>1
(3.37) 1M1 — M5, < ey™ i, < 20y r2pt,
v>1

Since E,., < E%, we have E,.; < (1)(10/9)" under the condition (3.24). It
+ + 2
follows that

ZCEV S 26E1.
v>1

Now we prove {®”} is convergent on D, x Oy = (\,5; Dy x O, with D, =
D(3s) x {0} x {0}. From the proceeding analysis, ®, maps D, into D(s, —

10

4p,, 2rV ) C D(sy — 2py, %ry). Since the distance | - || from D(s, — 5p,, 21 )
to the boundary of D(s, — 4p,, %ry) is more than p,, if E; is sufficiently small,
we have

@01 0 @) —idlp,,, < [103(@y-1 —id)|p,.

Inductively it follows that for any » > 1 and v/ > 1,

[y 0 yiq 0 0By — idHlDVWH <@, —idlbp,,,-
Since V! = ®” o ®,, 1, we have
|9 — ¥, < DRI, ,, @01 —id], .,

v+2 v+1
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By the inequality of the operator norm || - ||, we have
1D, < D1, DP:|D, - |1D®|

3.38 v
(339 H(l—i—cE,,/) < +o0

/:1

v+1

IN

So

|t =@V, ,, < cll®yi1 —idlp,,, < cEy,

V42 V42
thus {®"} is convergent on D, x (’)7, say, to ®. Now we give the ideas of the proof
of the convergency of & on D(3s, 3r) x O,. We can use the estimates about D<I>
to prove that { D®"} are convergent on D, x O, as in [21]. It is clear that &,
affine in y and z, and so are their composition mappings ®”. Thus the fact that {<I>”}
and {DcI)”} are convergent on D, x O implies that {®"} is actually convergent on
D(3s,3r) x O,. Since | Xp, |}, ”+1 r2u and lim, . | Xp, — Xp. ||, =0,

2 ’2
it follows that P, = 0 on D, x O and gp:ff; = 0 for 2\p\ +q| < 2. So
Py =3 1czn olp|+1q/>3 Pekpg¥ zqu_ (k) Let lim, oo ®” = ®. Then H o ® =

N, + P, on D(}s,4r) x O,, where

1
N, = lim N, = e, + (ws,y) + 5(2, M,z)

V—00
and e, = limy, o €, wyx = liMy o0 Wy, My = lim, .o M,,. From (3.35)-(3.37),
it follows that
ex = elby, = O("*%),

we = wlb, = Ol 1r2d),

1
1M, = M5y v, = O r?ut)

for any |/| < lp. From the above iteration, it is easy to see that the map & is close

to the identity map with ||®—Id||' = (/wr s~ (v+2)). The measure estimates are
standard, see for example [26] (also [2, 14]). Thiscompletes the proof of Theorem 1.
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