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WEAK AND STRONG CONVERGENCE THEOREMS OF A MANN-TYPE
ITERATIVE ALGORITHM FOR k-STRICT PSEUDO-CONTRACTIONS

Yeol Je Cho, Jung Im Kang*, Xiaolong Qin* and Meijuan Shang

Abstract. In this paper, we consider a Mann-type iterative algorithm for
nonself strict pseudo-contractions. Weak and strong convergence theorems are
established in the framework of Hilbert spaces. The results presented in this
paper improve and extend the results announced by many others.

1. INTRODUCTION AND PRELIMINARIES

Let K be a nonempty subset of a Hilbert space H and T be a nonlinear mapping
from K into H . Let F (T ) denote the set of fixed points of T , that is, F (T ) =
{x ∈ K : Tx = x}. Recall that the mapping T : K → H is said to be k-strictly
pseudo-contractive if there exists a constant k ∈ [0, 1) such that

(1.1) ‖Tx− Ty‖2 ≤ ‖x − y‖2 + k‖(I − T )x− (I − T )y‖2, ∀x, y ∈ K.

The class of k-strictly pseudo-contractive mappings includes the class of nonexpan-
sive mappings T on K, that is,

(1.2) ‖Tx− Ty‖ ≤ ‖x − y‖, ∀x, y ∈ K.

Note that T is nonexpansive if and only if T is 0-strictly pseudo-contractive.
The mapping T : K → H is also said to be pseudo-contractive if the coefficient
k = 1. T is said to be strongly pseudo-contractive if there exists a positive constant
λ ∈ (0, 1) such that T + λI is pseudo-contractive. We also remark that the class
of strongly pseudo-contractive mappings is independent of the class of k-strictly
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pseudo-contractive mappings (see [1, 4, 21]). Clearly, the class of k-strictly pseudo-
contractive mappings falls into the one between classes of nonexpansive mappings
and pseudo-contractive mappings.

The class of strict pseudo-contractions is one of the most important classes of
mappings among nonlinear mappings. Within the past several decades, many authors
have been devoting to the studies on the existence and convergence of fixed points
for pseudo-contractions (see [1, 4, 6, 7, 9, 10, 13, 14, 19-22] and the references
therein).

Recall that the normal Mann’s iterative process was introduced by Mann [12]
in 1953. Since then, construction of fixed points for nonexpansive mappings and
k-strict pseudo-contractions via Mann’s iterative process has been extensively inves-
tigated by many authors. The normal Mann’s iterative process generates a sequence
{xn} in the following manner:

(1.3)

{
x1 = x ∈ K arbitrarily chosen,

xn+1 = (1 − αn)xn + αnTxn, ∀n ≥ 1,

where {αn} is a sequence in (0, 1).
If T is a nonexpansive mapping with a fixed point and the control sequence

{αn} is chosen so that
∑∞

n=0 αn(1−αn) = ∞, then the sequence {xn} generated
by the normal Mann’s iterative process (1.3) converges weakly to a fixed point of T
(this is also valid in a uniformly convex Banach space with a Fréchet differentiable
norm [16]).

In 1967, Browder and Petryshyn [2] established the first convergence result for
k-strictly pseudo-contractive self-mappings in real Hilbert spaces. They proved weak
and strong convergence theorems by using the algorithm (1.3) with a constant control
sequence {αn} = α for all n ≥ 1. Afterward, Rhoades [15] generalized in part
the corresponding results in [2] in the sense that a variable control sequence {αn}
was taken into consideration. Under the assumption that the domain of mapping
T is compact convex, he established a strong convergence theorem by using the
algorithm (1.3) with a control sequence {αn} satisfying the conditions α1 = 1,
0 < αn < 1,

∑∞
n=1 αn = ∞ and lim supn→∞ αn = α < 1 − k. However, without

the compact assumption on the domain of mapping T , in general, one cannot expect
to infer any weak convergence results from Rhoades’ convergence theorem.

Recently, Marino and Xu [10] obtained a weak convergence theorem by using
the normal Mann iterative algorithm (1.3) with a control sequence {αn} satisfying
the conditions 0 < αn < 1−k and

∑∞
n=1(1−αn−k)αn = ∞. Very recently, Zhou

[21] further improved the results of Marino and Xu [10] from the self-mappings to
the non-self mappings and also relaxed the restriction on parameters.

Attempts to modify the normal Mann’s iteration method for nonexpansive map-
pings and k-strict pseudo-contractive mappings so that strong convergence is guar-
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anteed have recently been obtained (see [1, 3-5, 8-10, 19, 21] and the references
therein).

Kim and Xu [8] introduced the following iteration process:

(1.4)




x0 = x ∈ K arbitrarily chosen,

yn = βnxn + (1− βn)Txn,

xn+1 = αnu + (1− αn)yn, ∀n ≥ 0,

where T is a nonexpansive mapping of K into itself, u ∈ K is a given point.
They proved that the sequence {xn} defined by (1.4) converges strongly to a fixed
point of T provided that the control sequences {αn} and {βn} satisfy appropriate
conditions.

Recently, Marino and Xu [11] introduced the following general iterative algo-
rithm:

(1.5)

{
x0 ∈ H arbitrarily chosen,

xn+1 = αnγf(xn) + (I − αnA)Txn, ∀n ≥ 0,

where T is a self-nonexpansive mapping on H , A is a strongly positive bounded
linear operator on H . They prove that the sequence {xn} defined by above iterative
process converges strongly to a fixed point of T which solves uniquely the following
variation inequality

(1.6) 〈(A − γf)x∗, x− x∗〉 ≤ 0, ∀x ∈ H,

and is also the optimality condition for some minimization problems.
Very recently, Zhou [21] modified the normal Mann’s iterative process (1.3) for

non-self k-strict pseudo-contractions to have strong convergence in Hilbert spaces.
To be more precise, he proved the following result:

Theorem Z. Let C be a closed convex subset of a real Hilbert space H and
T : C → H be a k-strictly pseudo-contractive non-self mapping such that F (T ) 
=
∅. For any u ∈ C and sequences {αn} and {βn} in (0, 1), the following control
conditions are satisfied:

(i) βn → 0,
∑∞

n=1 βn = ∞;

(ii) k ≤ αn ≤ b < 1 for all n ≥ 1;

(iii)
∑∞

n=1 |αn+1 −αn| < ∞,
∑∞

n=1 |βn+1 − βn| < ∞ or βn

βn+1
→ 1 as n → ∞.

Let a sequence {xn} in C be generated in the following manner:


x1 = x ∈ C arbitrarily chosen,

yn = PC(αnxn + (1 − βn)Txn),

xn+1 = βnu + (1− βn)yn, ∀n ≥ 1,
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where PC is a projection from H onto C. Then {xn} converges strongly to a fixed
point z of T , where z = PF (T )u.

In this paper, motivated by Cho, Kang and Qin [4], Kim and Xu [8], Marino
and Xu [10, 11], Yao, Chen and Yao [19], Yao, Chen and Zhou [20] and Zhou
[21], we prove weak and strong convergence theorems for a finite family of non-
self k-strict pseudo-contractions in Hilbert spaces. Our results improve and extend
the corresponding ones announced by many others.

In order to prove our main results, we need the following definitions and lemmas:
Throughout this paper, we use PK to denote the metric projection of H onto its

closed convex subset K. Recall that a self mapping f : K → K is contractive on
K if there exists a constant α ∈ (0, 1) such that

(1.7) ‖f(x) − f(y)‖ ≤ α‖x − y‖, ∀x, y ∈ K.

We use ΠK to denote the collection of all contractive mappings on K, that is,
ΠK = {f |f : K → K a contractive mapping}.

Recall that an operator A is strongly positive if there exists a constant γ̄ > 0
such that

(1.8) 〈Ax, x〉 ≥ γ̄‖x‖2, ∀x ∈ H.

Lemma 1.1. ([21]). Let K be a nonempty closed convex subset of a Hilbert
space H and T : K → H a k-strict pseudo-contraction. Then we have the
following:

(1) The set F (T ) of fixed points of T is closed convex so that the projection
PF (T ) is well defined.

(2) If F (T ) 
= ∅, then F (PKT ) = F (T ).
(3) Define a mapping S : K → H by Sx = λx + (1 − λ)Tx for each x ∈ K.

Then, as λ ∈ [k, 1), S is a nonexpansive mapping such that F (S) = F (T ).

Lemma 1.2. ([17]). Let {xn} and {yn} be bounded sequences in a Banach
space X and {βn} be a sequence in [0, 1] with

0 < lim inf
n→∞ βn ≤ lim sup

n→∞
βn < 1.

Suppose that xn+1 = (1− βn)yn + βnxn for all integers n ≥ 0 and

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

Then limn→∞ ‖yn − xn‖ = 0.



k-Strict Pseudo-contraction 1443

Lemma 1.3. ([18]). Assume that {αn} is a sequence of nonnegative real num-
bers such that

αn+1 ≤ (1− γn)αn + δn, ∀n ≥ 1,

where γn is a sequence in (0, 1) and {δn} is a sequence such that
(i)

∑∞
n=1 γn = ∞;

(ii) lim supn→∞
δn
γn

≤ 0 or
∑∞

n=1 |δn| < ∞.

Then limn→∞ αn = 0.

Lemma 1.4. ([11]). Assume that A is a strongly positive linear bounded op-
erator on a Hilbert space H with coefficient γ̄ > 0 and 0 < ρ ≤ ‖A‖−1. Then
‖I − ρA‖ ≤ 1 − ργ̄.

Lemma 1.5. ([11]). Let H be a Hilbert space and A be a strongly positive
linear bounded self-adjoint operator on H with coefficient γ̄ > 0. Assume that
0 < γ < γ̄

α . Let T : H → H be a nonexpansive mapping with a fixed point x t of
the contractive mapping x �→ tγf(x)+ (1− tA)Tx. Then {x t} converges strongly
as t → 0 to a fixed point x̄ of T which solves the variational inequality:

〈(A − γf)x̄, z − x̄〉 ≤ 0, ∀z ∈ F (T ).

Lemma 1.6. ([10]). Let H be a real Hilbert space. Then the following equations
hold:

(1) ‖x ± y‖2 = ‖x‖2 ± 〈x, y〉+ ‖y‖2 for all x, y ∈ H.

(2) ‖tx + (1− t)y‖2 = t‖x‖2 + (1− t)‖y‖2 − t(1− t)‖x− y‖2 for all t ∈ [0, 1]
and x, y ∈ H.

Lemma 1.7. In a Hilbert space H , the inequality holds:

‖x + y‖2 ≤ ‖x‖2 + 2〈y, (x + y)〉, ∀x, y ∈ H.

The following lemmas can be easily obtained from Proposition 2.6 of Acedo
and Xu [1].

Lemma 1.8. For any integer N ≥ 1, assume that, for each 1 ≤ i ≤ N ,
Ti : K → H is a ki-strictly pseudo-contractive mapping for some 0 ≤ k i < 1.

Assume that {ηi}N
i=1 is a sequence of positive numbers such that

∑N
i=1 ηi = 1. Then∑N

i=1 ηiTi is a non-self k-strictly pseudo-contractive mapping with k = max{k i :
1 ≤ i ≤ N}.

Lemma 1.9. Let {Ti}N
i=1 and {ηi}N

i=1 be given as in Lemma 1.8. Suppose that
{Ti}N

i=1 has a common fixed point. Then F (
∑N

i=1 ηiTi) = ∩N
i=1F (Ti).
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2. MAIN RESULTS

Now, we are ready to give our main results in this paper.

Theorem 2.1. Let K be a nonempty closed convex subset of a real Hilbert
space H and Ti : K → H a ki-strict pseudo-contraction for some 0 ≤ k i < 1
(i = 1, 2, · · · , N ). Assume that ∩∞

i=1F (Ti) 
= ∅. Let {xn} be a sequence in K
generated via the following manner:{

x1 ∈ K arbitrarily chosen,

xn+1 = αnxn + (1 − αn)PKSxn, ∀n ≥ 1,

where S : K → H is defined by Sx = kx + (1 − k)
∑N

i=1 ηiTix,
∑N

i=1 ηi = 1
and αn = βn−k

1−k for all n ≥ 1. If {αn} is chosen such that {αn} ∈ [k, 1) and∑∞
n=1(βn − k)(1 − βn) = ∞, where k = max{ki : 1 ≤ i ≤ N}, then {xn}

converges weakly to a common fixed point of {T i}N
i=1.

Proof. Define Tx =
∑N

i=1 ηiTix. By Lemma 1.8 and Lemma 1.9, we conclude
that T : K → H is a k-strict pseudo-contraction with k = max{ki : 1 ≤ i ≤
N} and F (T ) = F (

∑N
i=1 ηiTi) = ∩∞

i=1F (Ti). It follows that Sx = kx + (1 −
k)

∑N
i=1 ηiTix reduces to Sx = kx + (1 − k)Tx. From Lemma 1.1, we see that

S : K → H is a nonexpansive mapping and F (S) = F (T ). Also, we have
∩N

i=1F (Ti) 
= ∅, that is, F (S) 
= ∅. Since PK : H → K is nonexpansive, we see
that PKS : K → K is also nonexpansive.

On the other hand, we see that

∞∑
n=1

αn(1 − αn) =
1

(1− k)2

∞∑
n=1

(βn − k)(1− βn) = ∞.

At this point, we utilize Theorem 2 given by Reich [16] to conclude that {xn}
converges weakly to a fixed point of PKS. Observing that

F (PKS) = F (S) = F (T ) = F (
N∑

i=1

ηiTi) = ∩∞
i=1F (Ti),

we can obtain the desired conclusion. This completes the proof.

Remark 2.1. Theorem 2.1 improves and extends Theorem 3.1 of Marino and
Xu [10] in the following sense:

(1) from k-strictly pseudo-contractive self-mappings to k-strictly pseudo-contractive
nonself-mappings;
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(2) the proof method is simpler than the one used in Marino and Xu [10];
(3) relaxing the restrictions on parameters.

Remark 2.2. Theorem 2.1 also improves and extends the results of Zhou [21].
To be more precisely, Theorem 2.1 improves Theorem 3.1 of Zhou [21] from a
single mapping to a finite family of mappings.

Next, we modify the normal Mann’s iterative process for a finite family of
k-strict pseudo-contractions to have strong convergence.

In order to prove our strong convergence theorems, we need the following
lemma:

Lemma 2.1. Let K be a nonempty closed convex subset of a Hilbert space H

such that K ± K ⊂ K. Let A be a strongly positive linear bounded self-adjoint
operator with the coefficient γ̄ > 0 such that 0 < γ < γ̄

α and T : K → H

a k-strictly pseudo-contractive non-self mapping with a fixed point. For a fixed
f ∈ ΠK with the coefficient (0 < α < 1) and sequences {αn}, {βn} and {γn} in
(0, 1), assume that the following control conditions are satisfied:

(i)
∑∞

n=0 αn = ∞, limn→∞ αn = 0;
(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

(iii) k ≤ γn ≤ λ < 1 for all n ≥ 1;
(iv)

∑∞
n=1 |γn+1 − γn| < ∞.

Let {xn} be a sequence defined by

(Υ)




x1 = x ∈ K arbitrarily chosen,

yn = PC(γnxn + (1− γn)Txn),

xn+1 = αnγf(xn) + βnxn + ((1− βn)I − αnA)yn, ∀n ≥ 1.

Then {xn} converges strongly to some q ∈ F (T ), which also solves the following
variational inequality:

(2.1) 〈γf(q)− Aq, p− q〉 ≤ 0, ∀p ∈ F (T ).

Proof. Note that, from the conditions (i) and (ii), we may assume, without loss
of generality, that αn ≤ (1 − βn)‖A‖−1. Since A is a strongly positive bounded
linear self-adjoint operator on C, we have

‖A‖ = sup{|〈Ax, x〉| : x ∈ H, ‖x‖ = 1}.
Observe that



1446 Yeol Je Cho, Jung Im Kang, Xiaolong Qin and Meijuan Shang

〈((1− βn)I − αnA)x, x〉 = 1 − βn − αn〈Ax, x〉
≥ 1 − βn − αn‖A‖
≥ 0,

that is, (1 − βn)I − αnA is positive. It follows that

‖(1− βn)I − αnA‖ = sup{〈((1− βn)I − αnA)x, x〉 : x ∈ H, ‖x‖ = 1}
= sup{1 − βn − αn〈Ax, x〉 : x ∈ H, ‖x‖ = 1}
≤ 1− βn − αnγ̄.

For any p ∈ F (T ), from (1.1) and Lemma 1.6, we see

‖yn − p‖2 = ‖PC [γnxn + (1− γn)Txn]− p‖2

≤ ‖γn(xn − p) + (1 − γn)(Txn − p)‖2

= γn‖xn − p‖2 + (1 − γn)‖Txn − p‖2 − γn(1 − γn)‖Txn − xn‖2

≤ ‖xn − p‖2 − (1 − γn)(γn − k)‖xn − Txn‖2

≤ ‖xn − p‖2.

It follows that

‖xn+1 − p‖
= ‖αn(γf(xn) − Ap) + βn(xn − p) + ((1− βn)I − αnA)(yn − p)‖
≤ (1 − βn − αnγ̄)‖xn − p‖ + βn‖xn − p‖ + αn‖γf(xn) − Ap‖
≤ (1 − αnγ̄)‖xn − p‖ + αnαγ‖xn − p‖ + αn‖γf(p)− Ap‖
= [1 − (γ̄ − γα)αn]‖xn − p‖+ αn‖γf(p)− Ap‖.

By simple inductions, we have

‖xn − p‖ ≤ max{‖x0 − p‖, ‖Ap − γf(p)‖
γ̄ − γα

}, ∀n ≥ 1,

which yields that the sequence {xn} is bounded, so is {yn}. Define a mapping
Tnx := PK(γnx + (1− γn)Tx) for all x ∈ K. Then Tn : K → K is nonexpansive
for each n ≥ 1. Indeed, by using (1.1) and Lemma 1.6, we have, for all x, y ∈ K,

‖Tnx − Tny‖2 = ‖PC [γnI + (1− γn)T ]x− PC [γnI + (1− γn)T ]y‖2

≤ ‖[γnI + (1− γn)T ]x− [γnI + (1 − γn)T ]y‖2

= γn‖x − y‖2 + (1− γn)‖Tx − Ty‖2
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− αn(1 − γn)‖(I − T )x − (I − T )y‖2

≤ γn‖x − y‖2 + (1− γn)[‖x− y‖2 + k‖(I − T )x− (I − T )y‖2]

− γn(1− γn)‖(I − T )x − (I − T )y‖2

≤ ‖x − y‖2,

which implies that Tn is nonexpansive. It follows that the iterative process (Υ)
reduces to

(2.2) xn+1 = αnγf(xn) + βnxn + [(1− βn)I − αnA]Tnxn, ∀n ≥ 1.

Define ln = xn+1−βnxn

1−βn
, that is, xn+1 = (1−βn)ln +βnxn for all n ≥ 1. It follows

that

ln+1 − ln =
xn+2 − βn+1xn+1

1 − βn+1
− xn+1 − βnxn

1 − βn

=
αn+1γf(xn+1) + [(1− βn+1)I − αn+1A]Tn+1xn+1

1 − βn+1

− αnγf(xn) + [(1− βn)I − αnA]Tnxn

1 − βn

=
αn+1

1 − βn+1
γf(xn+1)− αn

1 − βn
γf(xn) + Tn+1xn+1 − Tnxn

+
αn

1 − βn
ATnxn − αn+1

1 − βn+1
ATn+1xn+1

=
αn+1

1 − βn+1
(γf(xn+1) − ATn+1xn+1) + Tn+1xn+1 − Tn+1xn

+ Tn+1xn − Tnxn +
αn

1 − βn
(ATnxn − γf(xn)),

which implies that

(2.3)

‖ln+1 − ln‖ − ‖xn+1 − xn‖
≤ αn+1

1− βn+1
‖γf(xn+1) − ATn+1xn+1‖ + ‖Tn+1xn − Tnxn‖

+
αn

1 − βn
‖ATnxn − γf(xn)‖.

Next, we estimate ‖Tn+1xn − Tnxn‖. In fact, we have

(2.4)

‖Tn+1xn − Tnxn‖
= ‖PC [γn+1xn + (1− γn+1)Txn]− PC [γnxn + (1 − γn)Txn]‖
≤ ‖[γn+1xn + (1− γn+1)Txn] − [γnxn + (1− γn)Txn]‖
≤ ‖xn − Txn‖|γn+1 − γn|.
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Substituting (2.4) into (2.3), we have

‖ln+1 − ln‖ − ‖xn+1 − xn‖
≤ αn+1

1− βn+1
‖γf(xn+1) − ATn+1xn+1‖ + ‖xn − Txn‖|γn+1 − γn|

+
αn

1 − βn
‖ATnxn − γf(xn)‖.

It follows from the conditions (i), (ii) and (iv) that

lim sup
n→∞

{‖ln+1 − ln‖ − ‖xn+1 − xn‖} ≤ 0.

From Lemma 1.2, we obtain

(2.5) lim
n→∞ ‖ln − xn‖ = 0.

On the other hand, we have

‖xn+1 − xn‖ = (1 − βn)‖xn − ln‖.
It follows from the condition (ii) and (2.5) that

(2.6) lim
n→∞ ‖xn+1 − xn‖ = 0.

Finally, we show that xn → q strongly. From (2.2), we can obtain

‖Tnxn − xn‖
= ‖xn − xn+1‖ + ‖xn+1 − Tnxn‖
≤ ‖xn − xn+1‖ + βn‖xn − Tnxn‖ + αn(‖ATnxn‖ + γ‖f(xn)‖),

which togethers with the conditions (i), (ii) and (2.6) implies that

(2.7) lim
n→∞ ‖Tnxn − xn‖ = 0.

On the other hand, by the conditions (iii) and (iv), we have γn → ρ as n → ∞,
where ρ ∈ [k, 1). Define a mapping W : K → H by Wx = ρx + (1 − ρ)Tx.
Then W is nonexpansive with F (W ) = F (T ) by Lemma 1.1. It also follows from
Lemma 1.1 that F (PKW ) = F (W ) = F (T ). Notice that

‖PKWxn − xn‖
≤ ‖xn − Tnxn‖ + ‖Tnxn − PKWxn‖
≤ ‖xn − Tnxn‖ + ‖γnxn + (1− γn)Txn − [ρxn + (1− ρ)Txn]‖
≤ ‖xn − Tnxn‖ + |γn − ρ|‖xn − Txn‖,
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which, combining with (2.7), yields that

(2.8) lim
n→∞ ‖PKWxn − xn‖ = 0.

Now, we claim that

(2.9) lim sup
n→∞

〈γf(q)− Aq, xn − q〉 ≤ 0,

where q = limt→0 xt with xt being the fixed point of the contractive mapping

x �→ tγf(x) + (I − tA)PKWx.

That is, xt = tγf(xt) + (I − tA)PKWxt. Thus we have

‖xt − xn‖ = ‖(I − tA)(PKWxt − xn) + t(γf(xt)− Axn)‖.

It follows from Lemma 1.7 that

(2.10)

‖xt − xn‖2 = ‖(I − tA)(PKWxt − xn) + t(γf(xt)− Axn)‖2

≤ (1− γ̄t)2‖PKWxt − xn‖2 + 2t〈γf(xt) − Axn, xt − xn〉
≤ (1− 2γ̄t + (γ̄t)2)‖xt − xn‖2 + fn(t)

+ 2t〈γf(xt) − Axt, xt − xn〉 + 2t〈Axt − Axn, xt − xn〉,
where

(2.11) fn(t) = (2‖xt − xn‖ + ‖xn − PKWxn‖)‖xn − PKWxn‖ → 0

as n → 0. Observing that A is linear strongly positive and using (1.8), we have

(2.12) 〈Axt − Axn, xt − xn〉 = 〈A(xt − xn), xt − xn〉 ≥ γ̄‖xt − xn‖2.

Thus, from (2.10) and (2.12), we have

2t〈Axt − γf(xt), xt − xn〉
≤ (γ̄2t2 − 2γ̄t)‖xt − xn‖2 + fn(t) + 2t〈Axt − Axn, xt − xn〉
≤ (γ̄t2 − 2t)〈A(xt − xn), xt − xn〉 + fn(t) + 2t〈Axt − Axn, xt − xn〉
≤ γ̄t2〈A(xt − xn), xt − xn〉 + fn(t)

and so

(2.13) 〈Axt − γf(xt), xt − xn〉 ≤ γ̄t

2
〈Axt − Axn, xt − xn〉 +

1
2t

fn(t).
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Letting n → ∞ in (2.13) and noting that (2.11), we arrive at

(2.14) lim sup
n→∞

〈Axt − γf(xt), xt − xn〉 ≤ t

2
M1,

where M1 > 0 is a constant such that M1 ≥ γ̄〈Axt−Axn, xt−xn〉 for all t ∈ (0, 1)
and n ≥ 1. Taking t → 0 from (2.14), we have

(2.15) lim sup
t→0

lim sup
n→∞

〈Axt − γf(xt), xt − xn〉 ≤ 0.

On the other hand, we have

〈γf(q)− Aq, xn − q〉
= 〈γf(q)− Aq, xn − q〉 − 〈γf(q)− Aq, xn − xt〉

+ 〈γf(q)− Aq, xn − xt〉 − 〈γf(q)− Axt, xn − xt〉
+ 〈γf(q)− Axt, xn − xt〉 − 〈γf(xt) − Axt, xn − xt〉
+ 〈γf(xt) − Axt, xn − xt〉.

It follows that

lim sup
n→∞

〈γf(q)− Aq, xn − q〉

≤ ‖γf(q)− Aq‖‖xt − q‖ + ‖A‖‖xt − q‖ lim
n→∞ ‖xn − xt‖

+ γα‖q − xt‖ lim
n→∞ ‖xn − xt‖ + lim sup

n→∞
〈γf(xt)− Axt, xn − xt〉.

Therefore, from (2.15), we have

lim sup
n→∞

〈γf(q)− Aq, xn − q〉

= lim sup
t→0

lim sup
n→∞

〈γf(q)− Aq, xn − q〉

≤ lim sup
t→0

‖γf(q)− Aq‖‖xt − q‖ + lim sup
t→0

‖A‖‖xt − q‖ lim
n→∞ ‖xn − xt‖

+ lim sup
t→0

γα‖q − xt‖ lim
n→∞ ‖xn − xt‖

+ lim sup
t→0

lim sup
n→∞

〈γf(xt)− Axt, xn − xt〉

≤ 0.
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Hence, (2.9) holds. Now, from Lemma 1.7, we have

(2.16)

‖xn+1 − q‖2

= ‖((1− βn)I − αnA)(Tnxn − q) + βn(xn − q) + αn(γf(xn)− Aq)‖2

≤ ‖((1− βn)I − αnA)(Tnxn − q) + βn(xn − q)‖2

+ 2αn〈γf(xn) − Aq, xn+1 − q〉
≤ [(1 − βn − αnγ̄)‖xn − q‖ + βn‖xn − q‖]2

+ αnγα(‖xn − q‖2 + ‖xn+1 − q‖2) + 2αn〈γf(q)− Aq, xn+1 − q〉
≤ (1 − αnγ̄)2‖xn − q‖2 + αnγα(‖xn − q‖2 + ‖xn+1 − q‖2)

+ 2αn〈γf(q)− Aq, xn+1 − q〉,
which implies that

(2.17)

‖xn+1 − q‖2

≤ (1− αnγ̄)2 + αnγα

1 − αnγα
‖xn − q‖2 +

2αn

1 − αnγα
〈γf(q)− Aq, xn+1 − q〉

≤ [1− 2αn(γ̄ − αγ)
1 − αnγα

]‖xn − q‖2

+
2αn(γ̄ − αγ)

1 − αnγα
[

1
γ̄ − αγ

〈γf(q)− Aq, xn+1 − q〉 +
αnγ̄2

2(γ̄ − αγ)
M2],

where M2 is an appropriate constant such that M2 ≥ supn≥1{‖xn − q‖2}. Put

jn =
2αn(γ̄ − αγ)
1 − αnαγ

and
tn =

1
γ̄ − αγ

〈γf(q)− Aq, xn+1 − q〉+
αnγ̄2

2(γ̄ − αγ)
M2.

Then, from (2.17), we have

(2.18) ‖xn+1 − q‖2 ≤ (1− jn)‖xn − q‖2 + jntn.

It follows from the condition (i) and (2.9) that

lim
n→∞ jn = 0,

∞∑
n=1

jn = ∞, lim sup
n→∞

tn ≤ 0.

Therefore, applying Lemma 1.3 to (2.18), we obtain xn → q as n → ∞. This
completes the proof.
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Taking γ = 1 and A = I (: the identity mapping) in Lemma 2.1, we have the
following result.

Theorem 2.2. Let K be a nonempty closed convex subset of a Hilbert space
H and T : K → H a k-strictly pseudo-contractive non-self mapping such that
F (T ) 
= ∅. For any fixed f ∈ ΠC with the coefficient (0 < α < 1) and sequences
{αn}∞n=0 and {βn} in (0, 1), assume that the following control conditions are
satisfied:

(i)
∑∞

n=0 αn = ∞, limn→∞ αn = 0;

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

(iii) k ≤ γn ≤ λ < 1 for all n ≥ 1;

(iv)
∑∞

n=1 |γn+1 − γn| < ∞.

Let {xn} be the composite process defined by

(2.19)




x1 = x ∈ C arbitrarily chosen,

yn = PC [γnxn + (1− γn)Txn],

xn+1 = αnf(xn) + βnxn + (1 − βn − αn)yn, ∀n ≥ 1.

Then {xn} converges strongly to some q ∈ F (T ), which also solves the following
variational inequality:

(2.20) 〈f(q) − q, p− q〉 ≤ 0, ∀p ∈ F (T ).

Remark 2.3. Theorem 2.2 improves Cho, Kang and Qin [5], Kim and Xu [8],
Yao, Chen and Yao [19], Yao, Chen and Zhou [20], respectively. To be more pre-
cise, we extend above results from nonexpansive self-mappings to k-strictly pseudo-
contractive non-self mappings.

If T : K → H is a nonexpansive mapping, that is, T is 0-strict pseudo-
contractive, we have the following theorem:

Theorem 2.3. Let K be a nonempty closed convex subset of a Hilbert space
H and T : K → H a nonexpansive non-self mapping such that F (T ) 
= ∅. For
any fixed f ∈ ΠC with coefficient (0 < α < 1) and sequences {αn}, {βn} in
(0, 1), assume that the following control conditions are satisfied:

(i)
∑∞

n=0 αn = ∞, limn→∞ αn = 0;

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
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(iii)
∑∞

n=1 |γn+1 − γn| < ∞.

Let {xn} be a sequence defined by (2.19). Then {xn} converges strongly to a point
q ∈ F (T ) which also solves the variational inequality (2.20).

Remark 2.4. Theorem 2.3 includes the result of Yao, Chen and Zhou [20] as
a special case. To be more precise, Theorem 2.3 reduces to Theorem 3.1 of Yao,
Chen and Zhou [20] when T is a self-mapping, {γn} = 0 for all n ≥ 1 and, for all
x ∈ K, f(x) = u ∈ K.

Now, we are in a position to prove a strong convergence theorem for a finite
family of k-strictly pseudo-contractive non-self mappings.

Theorem 2.4. Let K be a nonempty closed convex subset of a Hilbert space
H such that K ± K ⊂ K. Let A be a strongly positive linear bounded self-
adjoint operator with the coefficient γ̄ > 0 such that 0 < γ < γ̄

α and {T}N
i=1 :

K → H a finite family of k-strictly pseudo-contractive non-self mappings. Assume
∩N

i=1F (Ti) 
= ∅. Let {ηi} ⊂ (0, 1) be N real numbers with
∑N

i=1 ηi = 1. For any
fixed f ∈ ΠK with the coefficient (0 < α < 1) and sequences {αn}, {βn} and
{γn} in (0, 1), assume that the following control conditions are satisfied:

(i)
∑∞

n=0 αn = ∞, limn→∞ αn = 0;

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;

(iii) k ≤ γn ≤ λ < 1 for all n ≥ 1;

(iv)
∑∞

n=1 |γn+1 − γn| < ∞.

Let {xn} be the composite process defined by


x1 = x ∈ C arbitrarily chosen,

yn = PC [γnxn + (1 − γn)
∑N

i=1 ηiTixn],

xn+1 = αnγf(xn) + βnxn + [(1− βn)I − αnA]yn, ∀n ≥ 1.

Then {xn} converges strongly to somw q ∈ ∩N
i=1F (Ti), which also solves the

following variational inequality:

〈γf(q)− Aq, p− q〉 ≤ 0, ∀p ∈ ∩N
i=1F (Ti).

Proof. Define Tx =
∑N

i=1 ηiTix. By Lemma 1.8 and Lemma 1.9, we conclude
that T : K → H is a k-strictly pseudo-contractive mapping with k = max{ki : 1 ≤
i ≤ N} and F (T ) = F (

∑N
i=1 ηiTi) = ∩∞

i=1F (Ti). From Lemma 2.1, we can easily
obtain desired conclusion.
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