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BOUNDEDNESS OF SUBLINEAR OPERATORS
IN HERZ-TYPE HARDY SPACES

Yuan Zhou

Abstract. Let p € (0,1], ¢ € (1,00), a € [n(1 —1/q),00) and wy, wy €
A;. The author proves that the norms in weighted Herz-type Hardy spaces
Hngf’(wl, wo) and H K (w1, w2) can be achieved by finite central atomic
decompositions in some dense subspaces of them. As an application, the author
proves that if T" is a sublinear operator and maps all central (o, ¢, s; w1, w2 )o-
atoms (resp. central («, g, s; wy, we)-atoms of restrict type) into uniformly
bounded elements of certain quasi-Banach space B for certain nonnegative
integer s no less than the integer part of « — n(1 — 1/q), then T uniquely
extends to a bounded operator from HKg’p(wl, wa) (resp. HKg P (w1, wa))
to B.

1. INTRODUCTION

The theory of Hardy spaces associated to Herz spaces obtained a great devel-
opment in the past few years and played important roles in Harmonic analysis; see
[4, 1, 14, 15, 16, 17, 7, 8, 11].

To establish the boundedness of operators in Hardy type spaces on R", one
usually appeals to the atomic decomposition characterization (see [5, 13, 14]) of
these spaces, which means that a function or distribution in Hardy type spaces can
be represented as a linear combination of atoms. Then, the boundedness of linear
operators in Hardy type spaces can be deduced from their behavior on atoms in
principle.

However, Meyer [20, p.513] (see also [6, 3]) gave an example of f € H'(R")
whose norm cannot be achieved by its finite atomic decompositions via (1, oo, 0)-
atoms. Based on this fact, Bownik [3, Theorem 2] constructed a surprising example
of a linear functional defined on a dense subspace of H'(R"), which maps all
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(1, oo, 0)-atoms into bounded scalars, but yet cannot extend to a bounded linear
functional on the whole H!(R™). This implies that it cannot guarantee the bounded-
ness of linear operator 7" from HP(R™) with p € (0, 1] to some quasi-Banach space
B only proving that 7" maps all (p, oo, s)-atoms into uniformly bounded elements
of B for some s > |n(1/p —1)|. Here and in what follows |¢| means the integer
part of real t. We should point out that this phenomenon has essentially already
been observed by Y. Meyer in [19, p.19]. Moreover, motivated by this, Yabuta
[23] gave some very general sufficient conditions for the boundedness of a linear
operator T' from HP(R™) with p € (0, 1] to L4(R™) with ¢ > 1 or H%(R™) with
q € [p, 1]. In [12], Yabuta’s results were generalized to the setting of spaces of
homogeneous type, and moreover, a sufficient condition for the boundedness of T
from HP with p € (0, 1) to L? with ¢ € [p, 1) is also provided. However, these
conditions are not necessary.

Recently, in [24], a boundedness criterion was established via Lusin function
characterizations of Hardy spaces on R™ as follows: a sublinear operator 7' extends
to a bounded sublinear operator from Hardy spaces HP(R™) with p € (0, 1] to
some quasi-Banach space B if and only if 7" maps all (p, 2, s)-atoms into uniformly
bounded elements of B for some s > |n(1/p — 1)|, which was also generalized
to Hardy spaces H? with p close to 1 from below on spaces of homogeneous type
having the reverse doubling property in [25]. This result shows the structural differ-
ence between atomic characterization of H?(R"™) via (p, 2, s)-atoms and (p, co, s)-
atoms. On the other hand, Meda, Sjogren and Vallarino [18] independently obtained
some similar results by grand maximal function characterizations of Hardy spaces
on R™. In fact, letp € (0, 1], p < ¢ € [1, 0] and integer s > |n(1/p—1)], and let
HE ®*(R™) be the set of all finite linear combinations of (p, ¢, s)-atoms. Denote
by C(IR™) the set of all continuous functions. For any f € HE'**(R™) when ¢ < oo
or f € HY**(R™)NC(R™) when ¢ = oo, Meda, Sjogren and Vallarino [18] proved
that || f|| zz»(mny Can be achieved by a finite atomic decomposition via (p, ¢, s)-atom
when ¢ < oo or continuous (p, ¢, s)-atom when ¢ = oo; from this, they further
deduced that if 7" is a linear operator and maps all (1, ¢, 0)-atoms with ¢ € (1, co)
or all continuous (1, ¢, 0)-atoms with ¢ = oo into uniformly bounded elements of
some Banach space B, then T' uniquely extends to a bounded linear operator from
H'(R™) to B which coincides with 7" on these (1, g, 0)-atoms. Grafokos, Liu and
Yang [9] generalize these results to Hardy spaces H? with p close to 1 from below
on spaces of homogeneous type having the reverse doubling property.

In this paper, letp € (0,1], ¢ € (1,00), a € [n(1—1/q),00) and wy, we € A;.
We prove that the norms in weighted Herz-type Hardy spaces Hkg’p(wl, w9) and
HKg P (w1, wy) can be achieved by finite central atomic decompositions in some
dense subspaces of them. As an application, we prove that if 7" is a sublinear opera-
tor and maps all central («, g, s; wy, wa)g-atoms (resp. central (o, g, s; wi, we)-
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atoms of restrict type) into uniformly bounded elements of certain quasi-Banach
space B for certain nonnegative integer s > [« —n(1—1/q)], then T uniquely ex-
tends to a bounded sublinear operator from Hkg’p(wl, wa) (resp. HKG P (w1, ws))
to B.

This paper is organized as follows. In Section 2, we recall notations of weighted
Herz-type Hardy spaces, and their central atomic decomposition characterizations
in [14] via central («, ¢, s; w1, we)-atoms or central («, ¢, s; wy, wy)-atoms of
restrict type. Moreover, we introduce central («, ¢, s; wy, wa)g-atoms. In Section
3, we prove that the norms of weighted Herz-type Hardy spaces in some dense sub-
spaces can be achieved by finite atomic decompositions via central («, ¢, s; wy, ws)o-
atoms and central («, ¢, s; wy, wy)-atoms of restrict type; see Theorem 1 below.
Then as an application, we establish some criteria to obtain the boundedness of
sublinear operators in weighted Herz-type Hardy spaces (see Theorem 2 below).

Finally, we make some conventions. Throughout this paper, let N be the set all
positive integer and Z, = NU{0}. We always use C' to denote a positive constant
that is independent of main parameters involved but whose value may differ from
line to line. We use f < g to denote f < Cy.

2. PRELIMINARIES

We begin with recalling definitions of weight Herz spaces; see [4, 14]. In what
follows, we always let B(z, r) = {y € R* : |z —y| < r} for any » > 0 and
z e€R" By = B(O, Qk), Cy = By, \ Bir_1, R, = (Ck UC}H_l) and X, = Xck for
all k € Z.

Definition 1. Let p € (0,00), ¢ € (1,00) and « € R. Let wy and wy be
nonnegative weight functions.

(i) The homogeneous weighted Herz space Kg°P (w1, wo) is defined to be the
setofall f e L]  (R™\ {0}; we) such that

1/p
1l gy = {Z[memw/numqu(w;wﬂ} < .

kEZ

(ii) The non-homogeneous weighted Herz space K3 (wy, wo) is defined to be
the set of all f € L9 . (R™; wy) such that

”f”K(?’p(wl,wg)

o 1/p
= {HfXBO|]]£,1(Rn;w2 + Z w1 (Br) pOé/n”ka‘”Lq(Rn w2)} < 0.
k=1
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If w; = we =1, then K;“’p(wl, wo) and Kg"P(wy, we) are the standard Herz
spaces in [4] and also [14].

To define the corresponding Hardy spaces, we first recall some notation. Let
Z4+ = NU {0} and S(R™) be the space of Schwartz functions endowed with the
semi-norms {|| - [m, g }mew, gz, Where [[@llm, 5 = sup,egn (1 + |2™) [ DPe(x)],
B = (B, Bn) and D¢ = (52-)%---(32-)"¢. Denote by S'(R") the dual
space of S(R™).

Let N € Nand Sy(R") = {¢ € S(R") : ||¢]lm,sg <1, m <n+ N, |f] <
N}. For f € S'(R™), in [10], the grand maximum function of f is defined by
G (f)(@) = supyes,y Mo(f)(x), Where My(f)(x) = supj,_uj< |66 * f(y)] and
¢¢(x) =t "p(t"1x) for all t > 0 and = € R™.

Recall in [6] that a function w is said to be in the Muckenhoupt class A if
there exists a constant C' > 0 such that Mw(z) < Cw(x) for almost everywhere
x € R™, where M is the Hardy-Littlewood maximal operator.

The Hardy spaces associated to the weighted Herz spaces in [14] are defined as
below.

Definition 2. Let p € (0, o), ¢ € (1, ), a € (0, c0) and N = max{|a —
n(l — 1/q)J + 1, 1}. Let wy, we € Aj.

(i) The homogeneous Hardy space HK P (w1, wo) associated to K" (wy, wy)
is defined to be the set of all f € S’(R™) such that

F N e (ay, ) = GNP a2 oy gy < 00

(ii) The non-homogeneous Hardy space H K" ? (w1, wy) associated to K" ¥ (w1, ws)
is defined to be the set of all f € S’(R™) such that

”f”HKa’p(’wL’wg) = ”GN(f)”K,?’p(’wh’wg) < 0.
q

Letp € (0,00), g € (1,00) and wy, we € A;y. Noticethatif o € (0,n(1—-1/q)),
then (HKg’p(wl, ’U)Q)ﬂLq(Rn\{O}; ’U)Q)) = Kg’p(wl, ’U)Q) and (HKa p(wl, ’U)Q)ﬂ
LI(R™; wq)) = K$P (w1, we); and if a € [n(1—1/q), 00), then (H K (w1, wa)N
Lq(Rn\{O} ’U)Q)) g; Ka p(wl, ’U)Q) and (HKa p(wl, ’U)Q)ﬂLq(Rn ’U)Q)) g; Ka P
(wl, wo); see [14, 15]. Thus in what follows, we always assume that p € (0, oo)

€ (1,00)and a € [n(1 — 1/q), ).

Now we state the definition of central atoms. Lu and Yang [14] introduced
central («, ¢, s; w1, wy)-atoms and central («, g, s; w1, wa)-atoms of restrict type,
and use them to characterize the spaces Hkg’p(wl, we) and H K P (wy, ws).

Definition 3. Letg € (1,0), a € [n(1—1/q),), s > |a—n(1—1/q)] and
w1, wWg € Al.
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(i) A function a on R™ is called a central («a, ¢, s; w1, we)-atom if it satisfies
that

(A1) suppa C B(0, r) for some r > 0;
(A2) [lall pagrn;ay) < [wi(B(O, 7)) 7™,

(A3) [pn a(z)zP dz =0 for all |3] < s.
(ii) A function a on R™ is called a central (¢, g, s; w1, wa)p-atom if it satisfies
(A1) through (A3), and a(z) = 0 on some neighborhood of 0.

(iif) A function @ on R™ is called a central («, ¢, s; w1, ws)-atom of restrict type
if it satisfies (A1) with » > 1, (A2) and (A3).

Theorem A . Let p € (0,00), ¢ € (1,00), o € [n(1 —1/q),c0) and nonnegative
integer s > | —n(1—1/q)].

(i) Then f € HKGP(wy, we) ifandonlyif f = 3", ., Apar, in S’ (R™), where ay,
is a central (o, g, s; w1, wo)-atom supported in By, and Y, _, | AP < oo.
Moreover, HfHHK;M,p(wLwQ) ~ inf{(34ez |\k[P)Y/P}, where the infimum is
taken over all the above decompositions of f.

(i) Then f € HEKg"(wi, wo) if and only if f = 37,7 Agax in S'(R?),
where ay, is a central («, ¢, s; w1, we)-atom of restrict type supported in
By for k € Zy and 3 oy AP < oo. Moreover, || f|l e, wy) ~
inf{(> kez, |Ak|P)!/P}, where the infimum is taken over all the above de-
compositions of f.

3. MAIN RESULTS AND THEIR PROOFS

In this section, we first prove that the norms in Hkg’p(wl, wo) and HKG"P
(w1, we) can be achieved by finite central atomic decomposition in some dense
subspaces of them.

To thisend, let p € (0,0), g € (1,00), a € [n(1—1/q),0), s > |[a —n(1 —
1/q)] and wy, wq € A;. Denote by Fy»®*(w;, w) the collection of all finite lin-
ear combinations of central («, g, s; wy, wo)-atoms, and for f € F,° "% (wy, wa),
define

m / m
11 g0,y = 0 { (3 \Aj\p>1 imeN f=3 N,
j=1

J=1

(3.1)

{a;}7L, are central (o, g, s; w1, w2)o—at0ms}.

Let CF]?’ %% (wy, we) be the collection of all finite linear combinations of C>(R™)
central (cv, g, s; w1, wa)o-atoms, and for f € CF, " (w1, w,), define || £ o poas

(wi,we)
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as in (3.1) just replacing central («a, ¢, s; w1, wa)p-atoms by C>*(R™) central
(a, q, s; w1, wa)p-atoms.

We also denote by F,"%° (w1, wa) (resp. CFy°?*(wy, wy)) the collection of
all finite linear combinations of central (v, ¢, s; w1, wy)-atoms of restrict type (resp.
C>(R™) central (c, ¢, s; w1, wy)-atoms of restrict type) and for f € F," %" (w1, wo)
(resp. f € CF %% (wy, ws)), define || fll gy, wy) (18P 1 fllcre @ wy, ws))
as (3.1) just replacing central (o, g, s; w1, we)o-atom by central («, g, s; wy, wa)-
atom of restrict type (resp. C*°(R™) central (o, q, s; w1, w)-atom of restrict type).

For s € Z, let Ds(R™) be the collection of all functions f € C°(R™) satisfying
Jen f(x)zBdz = 0 for all [8] < s, and let Ds(R™) be the set of all functions
f € Ds(R™) with 0 ¢ supp f.

One of our main results is as follows.

Theorem 1. Letp € (0,00), g € (1,0), a € [n(1—1/q), o) and nonnegative
integer s > | —n(1—1/q)].

() Then [l kg 2wy, w0) A9 1 025wy, wg) (8P ez o0y ) BFE
equivalent on £ %% (wq, wy) (resp. CER" T % (wy, wo)).

(") Then || ! ||HK,?’p(w1,w2) and || ' ||Fz?’q’s(w1,w2) (resp H ! HCFI?’{Z’Q('LU17'LU2)) are
equivalent on Fp" %% (wq, wy) (resp. CFy" % (wy, wo)).

Proof . Since the proof of (ii) is similar to that of (i), we only prove (i) here. More-
over, we only prove the equivalence between ||- HHK;W(wl wy) &N |- HCF,?’ 5 (a0r. )

on CE5°%°(wy, wy) since the equivalence between || - and | -

. HHK,?’p(wh’wg)
) on F" %% (wy, we) can be obtained by a slight modification.

|’F,?’q’s(w1,w2

It is easy to see that for any f € CEp"?%(wy, wy), HfHCF,?"Z’S(wl,wQ) <
”f”Hk;“’(wl,wg)- To prove the converse, we use some ideas in [14].

Let ¢ € S(R™) such that 0 < ¢(x) < 1 for all z € R", ¢(z) = 1 if |z| <
1/2+1/10 and ¢(x) = 0 if |z] > 1 —1/10. Let p(z) = ¢ (z/2) — ¢(x) for all
x € R™ Then suppp C {xr € R": 1/2 < |z| < 2} = Ry. Let &p(z) = p(27F2)
for x € R™. Then ), , ®x(x) =1 for z € R™ \ {0} and supp & C Ry.

Let {Jg . 18| < s} € S(R™) being a dual basis of {z? : |3| < s} with respect
to the weight |Ro| =1, namely,

— [ T ()elw) du = 55,

| Ro| Jrn
where dg, = 0 if 3 # v and 63, = 1 if 3 = ~. By changing of the variable, we
have

gy 1 . .
ok +|ﬁ|)w/w 2P0 (27%2)p(27F2) dx = 85,
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Forall z € R, k € Z and || < s, set
U, p() = 27 MOV Ro| (2R Bi(a).

Then @/}k”g S S(Rn), supp @/Jk”g C R,

(3.2) [k, 8| Lo (mn) S 9—k(n+|8])
and
(3.3) /}R e () d = 5.

Let f € Ds(R™). For k € Z, put fi, = P4 and
Pe= > wk,,@/ fe(w)y’ dy.
1BI<s R

It is easy to see that fi — P. € D,(R") and supp (fx — P) C Ry for k € Z. Now
we decompose f as follows,

f(@) =) [ful@) = Pu(z)]+ ) Pi(e)

keZ keZ
k
=S @) - P+ S [ p(2) s ()] / S ol dy,
keZ kEZ|B|<s R oo

where the equality holds for = € R™ \ {0}.
Notice that |f(z)| < Gn(f)(z) for all x € R™ Then by (3.2), the Holder
inequality and the property of the A; weight (see [6]), we have

1/q
1Pellzom < 3 2—'m{ / w2<x>wx} [ Gx @, @) ds
k+1 n

|8]<s y
q
1
< Z ”GN(f)XRk”L‘Z(R";wg) {7 [wQ(x)]qu}
1B1<s ‘Bki‘/ Byt
—1/q
1 _
X = [wa ()] @D day S IXR G N () La@n; ws)-
|Bi+1| /By

This implies that

1k = Prll Lagn; wo) S 1Xr, GN ()| La®n;5)-
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Let A, = [wi(Br+1)]* "X, GN ()| Lo@n;wy) @nd ar, = (\x) 7' (fie — Pr)- Then
there exists a constant C' > 0 such that Cay, is a central («, ¢, s; wi, we)-atom
supported in B41 \ Bx—1. Notice that w; € A; implies that there exist constant
C > 0 and § > 0 such that wy(B(z, \r)) < C\owy(B(z, r)) for all 2 € R,
r>0and A > 1; see [6]. We then have

1p 1/p
{Z\mp} < {Z[w1<3k+1>1p’”/ "X, GN UM o o) } (3.4)

k€EZ k€EZ
SJ ”f”HI.((?’p(whwg)'

To estimate the second summation, for |3| < s, we set ¢(%)(y) = 22:_00 @
(2=4y)yP? for y # 0, and oD (0) = 0 if |3 > 0, (P (0) = 1 if | 3] = 0. Then there
exists a constant C' > 0 such that C¢(®) € Sy (R") for all |3] < s. Moreover, it is
easy to see that

/nz Felw)y” dy

l=—00

— ok(n+[5]) ‘(b(ﬂ (0)‘§2k(n+|ﬁ|)XBk+1 (2)Gn(f)(x). (3.5)

Notice that (3.2) and (3.3) imply that 1% s — 1x41, 5 € Ds(R™) and
[$r,5 = Yrer, 6l S 27O (3.6)

Let i = Clwi(Brs2))* "X, GN ()| a(rr; ) and

b= (k)™ D (ks — Vit / Z fe(y)y’ dy.

181<s t=—oc0

Then by (3.5) and (3.6), we have that b, € D,(R™) supported in Bjio \ Bi_1
and [|bg | Laqmn; wy) S [w(Bri2)]~*/™, which implies that there exists a constant
C > 0 such that Cby, € DS(R”) is a central («, g, s : wy, we)-atom supported in
Byyo \ By forall k € Z. By (3.5) again, we have

1/p 1/p
{Z \Mk\p} S {Z[wl(BkH)]pka/”HXRkURk+1GN(f) Hi(z(ﬂ%n;wﬁ} (3.7)

k€EZ k€EZ
SJ ”f”HI.((?’p(whwg)'

Notice that if |k — ¢| > 2, then supp a; N supp a; = 0 and supp by, N supp by = 0.
Then we have f(z) =) ez Mar(2) + Y pcz 1rbr(x) pointwise for all 2 € R™\
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{0} and in §’(R™), which together with (3.4), (3.7) and the facts that { Cay,, Cby }rez
are central (p, ¢, s; wy, wa)p-atoms gives the central atomic decomposition of f.

Moreover, for f € D (R™), assume supp f C By,—1 \ Biy 1. If k > ko or
k < k1, then f =0 and

: 8 8
/n > fly)y dy—/Rnf(y)y dy =0,

{=—00

which implies ax, = 0 and b = 0. We have a finite atomic decomposition of f, i.e.,

Fl@) = Y8, (wan(@) + pbi(x)), and by (3.4) and (B.7), [ £lcpo o« ) <
HfHHKg,p(wLmy which is desired and thus completes the proof of Theorem 1.

Remark 1. For any f € Ds(R"), in the proof of Theorem 1 (i), we in fact
prove that f(x) = > ..y Awax(z) pointwise for all z € R™\ {0} and in S’(R"™),
where {ay}rez are central (o, ¢, s; wi, we)g-atoms with supp ay, C Byyo \ Br—1

in Dy(R™) and {Xycp Pt} " S 11F 1 i11co- oy, ) MoTEOVET, i SUPD f C
Biy—1 \ Bk, +1 for some k; € Z, then A\, =0 for k > ko and k < k.

Based on Theorem 1 and Remark 1, we have the following conclusion.
Lemmal. Letp € (0,00), g € (1,00), a € [n(1 —1/q),o0) and nonnegative
integer s > | —n(1 —1/q)|. Then,

(i) CE5 "% (wy, we) and E5°%* (wy, wo) are both dense in H K¢ (wy, ws);
(i1) CFy" T % (w1, wa) and F," %% (wy, wo) are both dense in HK P (w1, ws).
Proof . Observing that CF]?’q’f(wl, way) C Fﬁ’q’s(wl, wy), to prove (i), we only

need to prove the density of CE," " (w1, wy) in HKG P (wy, ws).

To thisend, let f € HK P (w1, ws). By Theorem A (i), there exist {\}xez C
C and central («, g, s; wy, wo)-atoms {aj}rez With suppayr C By such that

= Sken Mar in S'(R) and {5 P H " S 1l price vy - LEE f1 =
ki< Akax for L € N. Then by Theorem A (i), fi € HKg"" (w1, w2) and

1/p

1 = Foll by pun, ) = || D Mear ST Py —o

|k|>L Hkg7p(w17w2) |k|>L

Notice that f;, € LI(R™) N HK$P(wy, wy) and supp f C Br_1. Let ¢ €
C°(R™) and [p. ¢(x)dx = 1. Then ¢, * fr, € Dg(R™). We further claim that
lloe * fr — fLHm(g,p(w1 wy) — 0@t — 0. To see this, since for any ¢ €

(0,27%) and [k| < L, l|agl| ;o < 1and [wa(Busr)) =09/ i, ¢ a —

Pwr,w2)
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ak”irzl(uwm)(‘ﬁt *ar — ay) 1S a central (a, ¢, s; wy, we)-atom supported in Bj41,
by Theorem A (i) and the property of {}:~0, We then have

e 1. = Sl o

P (wy, wp)
P
= D Meleor * ar — ax)
Ikl<L HKG P (wi,ws)
< 3 Pl B )P g x

|k|<L

which converges to 0 as ¢ — 0. This verifies the claim.

Moreover, for any f, € Ds(R™), by Remark 1, we have an atomic decompo-
sition fr = > ez AL, kar,x pointwise for all = € R™ \ {0} and in the sense of
S'(R™), where ar, 1, € C2°(R™) is supported in Bj,12\ Br—1 and {> \A'L,k\P}l/p <
”fL”HK{?’p(wl,wg)' Let fr.; = Z|k|§L)‘kaaka' Then fr.; € Dg(R™) and
\ fo, 7 — fL”'HI.({?’p(wl,wg) — 0 as J — oo. This implies that C' F," %% (wq, we) is
dense in H Ky (wy, wa).

Applying Theorem A (ii), Theorem 1 (ii) and an argument similar to (i), we can
also prove (ii). This completes the proof of Lemma 1.

As an corollary of Lemma 1, we have the following result.

Corollary 1. Letp € (0,00), q € (1,90), a € n(l-1/q), oo) and nonnegative
integer s > |a —n(1 —1/q)|. Then Ds(R™) is dense in H Ky (w1, ws) and
D, (R™) is dense in HK P (w1, ws).

As an application of Theorem 1, we give some criteria on the boundedness of
sublinear operators in HKg"? (w, wy) and HK$ P (wy, ws).

To this end, recall that a quasi-Banach space B is a vector space endowed
with a quasi-norm || - ||z which is nonnegative, non-degenerate (|| f||z = 0 if and
only if f = 0), homogeneous, and obeys the quasi-triangle inequality || f + ¢z <
K(||flls + llgllg) for certain constant K > 1 and any f, g € B. The notion of
p-quasi-Banach space is given in [24].

Definition 4. Let p € (0,1]. A quasi-Banach spaces 5, with a quasi-norm
|- |5, is said to be a p-quasi-Banach space if || f + g||i; < |||, + [lgll, for any

f, 9 € B,

Notice that all Banach spaces are 1-quasi-Banach spaces, and quasi-Banach
spaces LP(R™), HP(R™), Kg"P (w1, we), HKG P (w1, we), Kg'* (w1, we)and H K4
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(w1, we) with p € (0,1) are typically p-quasi-Banach spaces. Moreover, accord-
ing to the Aoki-Rolewicz theorem (see [2] or [21]), any quasi-Banach space is, in
essential, a p-quasi-Banach space, where p = [log,(2K)] ™.

Recall that for any given r-quasi-Banach space B, with » € (0, 1] and linear
space ), an operator T" from ) to 15, is called to be B,.-sublinear if forany f, g € Y
and A\, v € C, we have

ITOf +vg)ls, < (IATITHIE, + PIMIT9)1E) "

and [|[T'(f) = T(9)lls, < IT(f = 9)lls,- '

Observe that if 7' is linear, then T'is 13,.-sublinear. Moreover, if B, = K3"" (w1, w2),
Kg"" (w1, ws) or L"™(R™) and T is sublinear in the classical sense, then T is also
B,.-sublinear.

Another main result of this paper is as follows, which already has a lot of
applications; see [11].

Theorem 2. Let p € (0,1], 7 € [p,1], ¢ € (1,0), a € [n(1 — 1/q), 00) and
nonnegative integer s > |a — n(1 —1/q)]|.

(i) If T is a B,-sublinear operator defined on Fj*®*(w, wy) such that

S =sup{||Talg, : ais any central (o, ¢, s; wi, we)o—atom} < oo  (3.8)

or defined on C'Fj” % *(wy, wy) such that

S = sup{||Ta||g, :a isany C°(R") central (o, g, s; w1, wa)g—atom} <oo, (3.9)

then T' uniquely extends to be a bounded B..-sublinear operator from HKC?"p
(’U)l, ’U)Q) to Br.

(i) If T is a B,-sublinear operator defined on F,,”%* (w1, wy) such that

S =sup{||Talg,: ais any central («, q, s; w1, ws)

(3.10)
—atom of restrict type} < oo
or defined on C'Fj” % °(wy, wy) such that
S = sup{||Ta||g, : aisany C°(R") central (o, ¢, s; wi, wa) (3.11)

—atom of restrict type} < oo,

then T uniquely extends to be a bounded B,.-sublinear operator from H K ;"
(’U)l, ’U)Q) to Br.
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Proof . Assume that (3.9) holds, to prove (i), let f € CF3"%*(wy, ws). Then by
Theorem 1 (i), there exist numbers {\;};"; € C and central (o, g, s; wq, w2)o-
atoms {ax}7, C C(R™) such that f = > ", Agap and {> %, IAePYP <
HfHHKg,p(whwy Since T' is B,-sublinear, || Ta||s,. < 1 and r € [p, 1], we have

m 1/r m 1/p
ITfllB, < {Z \Ak\THTGkH%r} S {Z\)\k\p} S I ey, we)-

k=1 k=1

Then using density of CE5?®(wy, wo) in HK{ P (w1, wy) given in Lemma 1
(i), we extend the B,.-sublinear operator 7' uniquely to a bounded operator from
HKg’p(wl, ’U)Q) to Br.

If (3.8) holds, by a slight modification of the above procedure, we can also
uniquely and boundedly extend 7" to the whole HK°P (w1, wy).

The proof of (ii) is similar to that of (i). We leave the details to the reader. This
completes the proof of Theorem 2.

Remark 2.

(i) If T is B,-sublinear and (3.8) holds, then (3.9) also holds automatically and
thus we have two extensions of T' by Theorem 2 (i). Since both of the two
extensions are unique and coincide on F5" % *(wy, ws), by Lemma 1 (i), the
two extensions of 7" coincide on HK? (wy, ws). Similarly, if (3.10) holds,
then we have two extensions of 7" which coincide.

(ii) The conditions (3.8) or (3.9) and (3.10) or (3.11) are also necessary. Moreover,
even when B, = ngp(wl, wy) (resp. B = Kg'? (w1, we)), Theorem 2 also
makes an improvement of Theorem 2 with p € (0, 1] in [14] by removing
the L7(R™; wq)-boundedness of 7" and some size conditions therein. In fact,
in Theorem 2, we do not need the L9(R"; wq)-boundedness of 7' or the
continuity of 7" from S(R™) to S’(R™). This is convenient in applications of
Herz-type Hardy spaces to the boundedness of sublinear operators.

(iif) Theorem 2 with p € (1, co) in [14] still holds by using Lemma 1 and Theorem
1 to seal a gap in the proof in [14]. We leave the details to the reader.
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