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TWO EXTRAGRADIENT APPROXIMATION METHODS FOR
VARIATIONAL INEQUALITIES AND FIXED POINT
PROBLEMS OF STRICT PSEUDO-CONTRACTIONS

L. C. Ceng', A. Petrusel, C. Lee? and M. M. Wong?*

Abstract. Let {S;}¥, be N strict pseudo-contractions defined on a nonempty
closed convex subset C' of a real Hilbert space H. Consider the problem of
finding a common element of the set of common fixed points of these mappings
{S;}¥, and the set of solutions of the variational inequality for a mono-
tone Lipschitz continuous mapping of C into H, and consider the parallel-
extragradient and cyclic-extragradient algorithms for solving this problem. We
will derive the weak convergence of these algorithms. Moreover, these weak
convergence results will be applied to finding a common zero point of a finite
family of maximal monotone mappings. Further we prove that these algorithms
can be modified to have strong convergence by virtue of additional projections.
Our results represent the improvement, generalization and development of the
previously known results in the literature.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -} and norm || -||, respectively.
Let C be a nonempty closed convex subset of H, and let A : C — H be a mapping
of C'into H. The variational inequality problem (VI(A, C)) is formulated as finding
an element € C' such that

(Au,v —u) >0, VYveC.
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Let Po be the metric projection of H onto C. It is known that the VI(A, C) is
equivalent to the fixed-point equation

u = Po(u— \Au),

where A\ > 0 is an arbitrary fixed constant. The set of solutions of the VI(A,C) is
denoted by Q2. Variational inequalities were initially studied by Stampacchia [1] and
ever since have been widely studied and generalized in various directions, because
they cover as diverse disciplines as partial differential equations, optimal control,
optimization, mathematical programming, mechanics and finance; see, e.g., [1-5].
Existence and uniqueness of solutions are important problems in the study of the
variational inequality theory. At the same time, an equally important problem is how
to develop efficient and implementable algorithms for solving variational inequality
and its generalizations if any. A great deal of effort has gone into this problem; see,
e.g., [2,8,10-15,20,25].

Definition 1.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. A mapping A: C — H is called

(i) monotone if

(ii) a-inverse-strongly monotone (see, e.g., [10]) if there exists a constant o > 0
such that

(Az — Ay, x —y) > aof| Az — Ay|]®, Va,y € C;
(iii) p-strongly monotone if there exists a constant 5 > 0 such that
(Az — Ay,x —y) > Bllz —y|?, Vo,yeC;
(iv) k-Lipschitz continuous if there exists a constant £ > 0 such that

[Az — Ay|| < kllz =y, Vve,yeC.

It is clear that every a-inverse-strongly monotone mapping A is monotone and
Lipschitz continuous.

Definition 1.2. Let C be a nonempty closed convex subset of a real Hilbert
space H. A self-mapping S : C — C is called a strict pseudo-contraction [6] if
there exists a constant 0 < x < 1 such that

1Sz = Syll* < l|lz =yl + KII(I = S)z — (I = S)yl*, Va,y € C.
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(If the last inequality holds, we also say that S is a -strict pseudo-contraction.)
These mappings are extensions of nonexpansive mappings which satisfy the last
inequality with x = 0.

Iterative methods for nonexpansive mappings have been extensively investigated,;
see [9,18,20-22,24,26,27] and the references therein. However iterative methods
for strict pseudo-contractions are far less developed than those for nonexpansive
mappings though Browder and Petryshyn [6] initiated their work in 1967. Here the
reason is probably that the second term appearing in the right-hand side of the last
inequality impedes the convergence analysis for iterative algorithms used to find a
fixed point of the strict pseudo-contraction S. However, we remind the reader of
an important fact that strict pseudo-contractions have more powerful applications
than nonexpansive mappings do in solving inverse problems (see Scherzer [23]).
Therefore it is interesting to develop the theory of iterative methods for strict pseudo-
contractions.

Quite recently, motivated by Browder and Petryshyn [6] Marino and Xu [17]
defined the following Mann’s algorithm (see [7])

Tpgl = ATy + (1 — o) Sy,

and proved that the sequence {z,,} generated by the algorithm converges weakly to
a fixed point of .S, provided the control sequence {«,, }22, satisfies the conditions
that K < a,, < 1 for all n and >">° ((a, — k)(1 — ay,) = oo. Such a result
can also be viewed as the Hilbert space version for strict pseudo-contractions of
Reich’s Banach space result [26] for nonexpansive mappings which states that if
S is a nonexpansive self-mappings, with a fixed point, of a closed convex subset
C of a uniformly convex Banach space with a Fréchet differentiable norm, then
the sequence {z,} generated by the above Mann’s algorithm converges weakly
to a fixed point of S provided the sequence {o,}>2, of parameters satisfies the
conditions that 0 < a,, < 1 for all n and that "> /o, (1 — @) = co. We remark
that if .S is nonexpansive, then S is k-strict pseudo-contraction with x = 0. In this
case, the condition >~ >°  (ay, —k) (1 —a,) = oo reduces to >~ 7 an (1 —ary,) = o0.

Very recently, Acedo and Xu [19] introduced and considered the problem of
finding a point = such that

N
z e[ F(Si), (1.1)
=1

where N > 1 is a positive integer and {S;}&, are N strict pseudo-contractions
defined on a nonempty closed convex subset C' of a Hilbert space H. Here F'(S;) =
{z € C: S;z = z} is the set of fixed points of S;, 1 <i < N. Let S be defined

by

N

S=> NS

=1
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where \; > 0 for all 4 such that >~ A, = 1. We will see that S is a strict
pseudo-contraction on C' and F(S) = N, F(S;). Marino and Xu’s result [17]
applies to S and hence the sequence {z,} generated by the algorithm

N
Tptl = Qplp + (1 - an) Z )‘zszxn (12)
i=1

converge weakly to a solution to the problem (1.1). Moreover, they considered a
more general situation by allowing the weights {)\;})¥ in (1.2) to depend on n,
the number of steps of the iteration. That is, they considered the algorithm which
generates a sequence {x,} in the following way

N
Tnt1 = 0Ty + (1 — ) Z )\E”)Sixn. (1.3)
i=1

Under appropriate assumptions on the sequences of the weights {/\E”)}ZN they also
proved the weak convergence, to a solution of the problem (1.1), of the algorithm
(1.3).

Another approach to the problem (1.1) is the cyclic algorithm. (For convenience,
the mappings {S;}¥, are relabeled as {S;}* ;') This means that beginning with
an xz¢ in C, the sequence {z,,} is defined cyclically by

z1 = apxo + (1 — o) Sozo,

x9 = oqzy + (1 —aq)Si2y,

N =an-_1ZN-1+ (1 —an_1)SN_1ZN-_1,
IN+1 = ONIN + (1 — (XN)S()(I,'N,

In a more compact form, x,,.1 can be written as
Tpt1 = AT + (1 — ) Spp T, (1.4)

where Sp,; = S, with i = n(modN), 0 <4 < N —1. They proved that this cyclic
algorithm (1.4) is also weakly convergent if the sequence {c,} of parameters is
appropriately chosen.

Furthermore, Acedo and Xu [19] proposed the modification for the algorithm
(1.3) as follows

Tn4+1 = PCann(IIQ, (15)
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where C,, and Q,, are given by
Crn={2€C:|yn— ZHQ <@, — ZHQ — (1= an)(an — &)|lzn — AnanQ}
where A,, = sz\il )\gn)Si and y, = apx, + (1 — o) Apxy, and

Qn=12€C:{(xry,—z20— ) >0} (1.6)

As for the algorithm (1.4), they proposed the following modification that produces
the sequence {z,,} given by the same formula (1.5) with C,, given by

Cn={2 € Ct|lyn — 2l* < llon — 2 = (1 = an) (o = &) |0 = Spajanl|*}

where y, = apr, + (1 — ay)Sp)ze, and with @, given by the same formula
(1.6). They proved the strong convergence of the algorithm (1.5) for strict pseudo-
contractions.

On the other hand, recently, by combining Korpelevich’s extragradient method
[8] with Takahashi and Toyoda’s iterative algorithm [10], Nadezhkina and Takahashi
[11] introduced the following iterative scheme for finding an element of F'(S) N Q2
and proved its weak convergence.

Theorem 1.1. [11, Theorem 3.1]. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let A: C' — H be a monotone and k-Lipschitz-continuous
mapping and S : C' — C be a nonexpansive mapping such that 7'(S)NQ # 0. Let
{zn}, {yn} be the sequences generated by any given = € C' and

Yn = PC(xn - )‘nAxn)v
Tpt1 = QnZp + (1 — ) SPo(zn — M Ayy)

for all n > 0, where {\,,} C [a, ] for some a,b € (0,1/k) and {a,} C [c,d] for
some ¢,d € (0,1). Then the sequences {x,}, {y,} converge weakly to the same
point z € F(S) N Q where z = lim, oo Pr(s)naZn-

(1.7)

Very recently, inspired by Nadezhkina and Takahashi [11, Theorem 3.1], Zeng
and Yao [13] introduced the following iterative process for finding an element of
F(S) N and established the following strong convergence theorem.

Theorem 1.2. [13, Theorem 3.1]. Let C be a nonempty closed convex subset
of a real Hilbert space H. Let A: C — H be a monotone, k-Lipschitz-continuous
mapping and let S : C'— C be a nonexpansive mapping such that F'(S) N # 0.
Let {x,}, {yn} be sequences generated by any given = € C and

Yn = PC(xn - )\nAxn)v
Tl = QpTo + (1 - O‘n)SPC(xTL - )‘nAyn)v

for every n > 0, where {\,} and {«,,} satisfy the conditions:
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(a) {\k} C (0,1—9) for some § € (0, 1);
(b) {Oén} C (07 1)7 Z;ozo Opn = 00, hmn—>oo Qp = 0.

Then the sequences {z,}, {y»} converge strongly to the same element P p(g)noo
provided lim,, .« ||Zn, — Zp41]| = 0.

On the other hand, motivated by Nadezhkina and Takahashi [11, Theorem
3.1], Ceng and Yao [14] introduced the following extragradient-like approxima-
tion method for finding an element of F'(S) N2 and established the following weak
convergence theorem.

Theorem 1.3. [14, Theorem 3.1]. Let C be a nonempty closed convex subset of
a real Hilbertspace H. Let f : C — C' be a contractive mapping with a contractive
constant o € (0,1), A: C — H be a monotone, k-Lipschitz-continuous mapping
and S : C — C be a nonexpansive mapping such that F'(S) N Q # 0. Let
{zn},{yn} be sequences generated by any given xz, € C and

Yn = (1 = Yn)n + mPo(zn — AnAzy),
Tnt1 = (1= an — Br)xn + anf(Yn) + BuSPo(n — MAyn),

for every n > 0, where {),} is a sequence in (0,1) with >_>° /A, < oo, and
{an}, {Bn}, {7n} are three sequences in [0, 1] satisfying the conditions:

(i) ap+ B <1foralln>0;
(i) limp oo ap =0, 07§ @y = 00;

(iif) 0 < liminf,, o By < liminf, . G, < 1.

Then the sequences {x,}, {y.} converge strongly to the same point ¢ = Pr(g)nq
f(q) if and only if {Az,} is bounded and lim inf,, . (Az,,y — x,) > 0 for all
y e C.

Let {S;}, be NV strict pseudo-contractions defined on a nonempty closed con-
vex subset C' of a real Hilbert space H. In this paper, consider the problem of finding
a common element of the set of common fixed points of these mappings {S;},
and the set of solutions of the variational inequality VI(A, C') for a monotone Lip-
schitz continuous mapping A of C into H, and consider the parallel-extragradient
and cyclic-extragradient algorithms for solving this problem. We will derive the
weak convergence of these algorithms. Moreover, these weak convergence results
will be applied to finding a common zero point of a finite family of maximal mono-
tone mappings. Further we prove that these algorithms can be modified to have
strong convergence by virtue of additional projections. Our results represent the
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improvement, generalization and development of the previously known results in
the literature.

Notation:

1. — stands for weak convergence and — for strong convergence.
2. wy(wy) = {x: Jz,; — x} denotes the weak w-limit set of {z,,}.

2. PRELIMINARIES

We need some facts and tools in a real Hilbert space H which are listed as
lemmas below (see [18] for necessary proofs of Lemmas 2.2 and 2.4).

Lemma 2.1. Let H be a real Hilbert space. There hold the following identities
(i) llz —yll> = llz* = ly|* — 2(z — y,y), Yo,y € H;
(i) [[ta+(1 = t)yl?=tllz|>+QA-t)ly|>~t(1=t)[la—yl|*, Vt€[0,1], Yo,y € H;
(iii) If {z,,} is a sequence in H weakly convergent to z, then

limsup ||z, — y||* = limsup ||z, — 2|* + |z — y|?, ¥y € H.
n—oo

n—oo

Lemma 2.2. Let H be a real Hilbert space. Given a nonempty closed convex
subset C ¢ H and points x,y,z € H and given also a real number a € R =
(—o0, 00), the set

{veCily—vl® <llz—v|*+ (z,v) + a}
is convex (and closed).

Recall that given a nonempty closed convex subset K of a real Hilbert space H,
the nearest point projection Px from H onto K assigns to each = € H its nearest
point denoted as Pxz in K from z to K; that is, Pxx is the unique point in K
with the property

o — Pl <l —yl, Vye K.

Lemma 2.3. Let K be a nonempty closed convex subset of a real Hilbert
space H. Given z € H and z € K, then z = P if and only if there holds the
relation:

(x —2z,y—2) <0, VyeK.

Remark 2.1. It is easy to see that the last inequality is equivalent to

lz = yl* > |lo — Pral® + |y — Prz|? (2.1)
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for all z € H and all y € K; see [9] for more derails.

Lemma 2.4. Let K be a nonempty closed convex subset of H. Let {x,} be a
sequence in H and u € H. Let ¢ = Pxu. Suppose {x,} is such that w,,(z,) C K
and satisfies the condition

[2n —ull <flu—ql, Vn.
Then z,, — q.

Lemma 2.5. [19, Lemma 2.5]. Let K be a nonempty closed convex subset
of H. Let {x,} be a bounded sequence in H. Assume that the weak w-limit set
wy(2,,) C K and for each z € K, lim,,_, ||z, — z|| exists. Then {z,} is weakly
convergent to a point in K.

The following proposition lists some useful properties for strict pseudo-contractions;
see also [6,23].

Proposition 2.6. [19, Proposition 2.6]. Assume C'is a nonempty closed convex
subset of a real Hilbert space H.

(i) If S: C — C is a k-strict pseudo-contraction, then S satisfies the Lipschitz
condition

1+ k
|z —yll, Vz,yeC. (2.2)

- <
|$z - Syl < T

(i) If S: C — C'is a k-strict pseudo-contraction, then the mapping I — S is
demiclosed (at 0). That is, if {x,,} is a sequence in C such that z,, — Z and
(I —S)x, — 0, then (I —S)z=0.

(iii) If S: C — C'is a k-strict pseudo-contraction, then the fixed point set F'(.S)
of S is closed and convex so that the projection P (s is well defined.

(iv) Given an integer N > 1, assume, foreach 1 < i < N, S; : C — C'is
a r;-strict pseudo-contraction for some 0 < x; < 1. Assume {\;}Y, is
a positive sequence such that I \; = 1. Then IV \;S; is a r-strict
pseudo-contraction, with kK = max{r;: 1 <i < N}.

(v) Let {S;}¥, and {\;}}, be given as in (iv) above. Suppose that {S;}# ; has
a common fixed point. Then

N

N
F(Z AiSi) = ﬂ F(S;).
i—1

=1
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A set-valued mapping 7 : H — 2 is called monotone if for all z,y € H, f ¢
Tz and g € Ty imply (z — vy, f — g) > 0. A monotone mapping 7 : H — 21
is maximal if its graph G(T') is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping 7" is maximal if and only
if for (x,f) € Hx H, (x —y,f—g) >0 forall (y,9) € G(T), then f € Tx.
Let A: C — H be a monotone, k-Lipschitz continuous mapping and Ncwv be the
normal cone to C at v € C, i.e,, Nov ={w € H : (v—y,w) > 0, Vy € C}.
Define

Av + Ngw, if veCC,
Tv =
0, if vegC.

Then T is maximal monotone and 0 € Twv if and only if v € Q; see [16].

3. PARALLEL-EXTRAGRADIENT ALGORITHM

Mann’s algorithm has been extensively investigated for nonexpansive mappings.
One of the fundamental convergence results is proved by Reich [26] in a uniformly
convex Banach space with a Fréchet differentiable norm. Recently Marino and Xu
[17, Theorem 3.1] extended Reich’s result to strict pseudo-contractions in the Hilbert
space setting. Very recently, Acedo and Xu [19, Theorem 3.3] also extended Marino
and Xu’s result to a finite family of strict pseudo-contractions. In this section, by
combining the iterative scheme in [19, Theorem 3.3] with the iterative one in [11,
Theorem 3.1], we propose a parallel-extragradient algorithm for finding an element
of NI, F(S;) N where for each 1 <i < N, S; : C — C'is a w;-strict pseudo-
contraction for some 0 < k; < 1.

Lemma 3.1. (see [10]). Let H be a real Hilbert space and let D be a
nonempty closed convex subset of H. Let {x,,} be a sequence in H. Suppose that,
for all u € D,

[#n1 —ull < llzg —ull, Vn =0.

Then the sequence { Ppz,} converges strongly to some z € D.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H and A : C' — H be a monotone, k-Lipschitz continuous mapping. Let
N > 1 be an integer. Let, foreach 1 < i < N, S; : C — C be a x;-strict
pseudo-contraction for some 0 < ; < 1 such that (X, F(S;) N Q # 0. Let
k =max{r; : 1 <i < N}. Assume that for each n, {)\E”)}f\il is a finite sequence
of positive numbers such that -7 | )\E”) = 1 for each n > 0 where )\E”) > 0 for all
n>0and 1 <i<N. Givenany xg € C, let {z,}>°, {yn}>, be the sequences
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generated by

Yn = PC(xn - )\nAxn)v

t, = Pc(xn — )\nAyn), (3 1)

N
Tpt1 = Qptp + (1 - Oén) Z)\En)sztnv n >0,
i=1
where there hold the following conditions
(i) {\n} C [a,b] for some a,b € (0,1/k);
(i) {an} C [a, ] for some o, 5 € (K, 1).

Then, the sequences {z,, }, {y, } converge weakly to the same point z € ﬂf\il F(S;)Nn

Q, where 2 = limy, oo Py~ pg,)n0%n-

Proof. We divide the proof into several steps.

Step 1. We claim that the following hold:
() |1Zni1 — ul| < ||lzn — ul forall w e Y, F(S;)NQ and all n > 0;
(i) limy, o0 ||z, — ul| exists for each u € N, F(S;) N Q.
Indeed, put t, = Pc(x, — A\, Ay,) for each n > 0. Letu € (v, F(S;) N Q
be an arbitrary element. Then, from (2.1), monotonicity of A, and u € §2, we have
[tn —ull® < llzn — AnAyn —ull® = [lzn — Ao Ayn — ta]?
= ||zn — uH2 — |lzn — th2 + 22X (AYn, u — ty)
= J|zn — ul® = [z — ta|?
+2X0, ((Ayp — Au,u — yp) + (Au,u — yn) + (AYn, Yn — tn))
<@, — uH2 — |lzn — th2 + 220 AYn, Yn — tn)
= lzn — ull® = llzn = yaull? = 202 = Y, Yo — tn) = llyn — tall?
+20, (AYn, Yn — tn)
= [l — ull® = l|lzn = ynll* = llyn — tal?
+2(xn — AAYn — Yn, tn — Yn)-
Further, since y,, = Po(z, — A\ Ax,,) and A is k-Lipschitz continuous, we have

<xn - )\nAyn — Yn, tn - yn>
= <xn — Az, — Yny by — yn> + )‘n<Axn - Aym ty — yn>
)\n<Axn - Aym ty — yn>

<
< Ankllzn = ynlllltn = ynll-
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So, we have

ltn =l < llzn —ull® = l2n = yoll* = lyn — tal®
+2Ankl[ 20 = ynllltn — yall
< llen = ull® = 2n = yal® = llyn — tal®
K |zn = ynl® + Iy — tal®
= llon —ull® + (AZE? = D)ll2n — ynll?

< [l — ull®.

Write, for each n > 1,

N
T, =S A5,
=1

By Proposition 2.6 (iv), each T,, is a x-strict pseudo-contraction on C, and from

the algorithm (3.1) we obtain
Tng1 = Qnty + (1 — ap) Tty
Hence from (3.2), u = S;u (1 <i < N), and {ay,} C (k, 1), we have

lzn1 —ull®
= [l (tn —u) + (1= an) (Tntn —u)]|?
= anltn—ull? + (1—an) | Tatn —ul|* = an (1 — o) [[tn — Tutn |
< anlltn —ull? + (1— ) (I[tn —ul)?
[ty = Ttnl|*) — (1 = ) [t = Tt ||
= [[tn —ull* + (1 —an) (k—an) [t —Tatnl?
< llen—ul? + AR =1)llzn —yal? + (1= an) (k—an) [ tn = Tntn |
< llzn—ull® + (AR = 1)llzn—ynll?
<y —ulf.
Therefore, there exists
c= lim ||z, — u|
n—oo

and the sequences {x,}, {t,,} are bounded.

Step 2. We claim that the following hold:
(i) lim [z, —ynll = 0;
n—oo
(i) lim |ly, — tp]| = 0;
n—oo
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(i) lm |@, —t,] = 0.
n—oo
Indeed, from (3.4), we get
(1 =22k 20 = yal® < llzn — ul? = [l2nsr —ull®.
So we have

lzn = ynl® < (lzn = ull® = llzns — ul®)

< 1
=102k

1— A2k2

(lzn = ull® = znra — ull?).
Hence lim,, .~ ||z — yn|| = 0. Further, it follows that
[t — ynll = 1Po(@n — AnAyn) — Po(@n — A Azy) || < Ankllzn — ynll-

This implies that lim,, .o |y —ts | = 0. From ||z, —tu|| < |20 —yn ||+ |y —tall,
we also have lim,,_. ||z, — t, || = 0. Since A is k-Lipschitz continuous, we have
limy, o0 || Ay, — Aty|| = 0.

Step 3. We claim that the following hold:
(i) lim |[t, — Thtnl = 0;
n—oo
(i) lim ||z, — Thay| = 0.
n—oo
Indeed, since k < a < a,, < B < 1 for all n > 0, from (3.4) it follows that
(a@—=r)(1=PB)tn — Tnth2 < (an — k) (1 — )|ty — Tnth2
< lwn = ull® = |z —ul®.

From Step 1 (ii) we deduce that lim,, o ||tn, — Thtn|| = 0. Furthermore, utilizing
the Lipschitz continuity of 7,,, we have

|z — Thanll < ||zn — toll + [tn — Tntnll + | Tntn — Tnxnl|
14+ k
< lzn — tall + tn — Tutnll + ﬁ”tn — Zn |

2
= th - Tnth + 1 Kth - xn”v
which hence implies that lim,,—, ||z, — T2, || = 0.

Step 4. We claim that w,,(z,) C N, F(S;) N <.
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Indeed, first, let us show that

N

wwln) € () F(S). (3.5)

i=1
To see this, we take z € w,,(x,,) arbitrarily and assume that x,, — z as [ — oo for
some subsequence {z,, } of {x,}. Without loss of generality, we may assume that
A N (asl—0), 1<i<N. (3.6)
It is readily seen that each A; > 0 and Zf\il A; = 1. We also have
Tnx — Tz (asl — oo) for all z € C,

where T' = Zi]\il A:S;. Note that by Proposition 2.6, T' is a x-strict pseudo-
contraction and F(T') = N\, F(S;). Since

Hxnl - Fxan S Hxnl - Tnlw‘an + Hmenl - Fxan
N
< Ntn, — T || + > A = Ail||Si .
=1

Since lim, . ||z, — Thay| = 0, from (3.6) we conclude that limy_. ||zn, —
I'zy, || = 0. So by the demiclosedness principle (Proposition 2.6 (ii)), it follows that
z € F(I) =X, F(S;) and hence (3.5) holds.

Second, let us show that w,,(z,) C Q. Indeed, take z € wy,(x,,) arbitrarily and
assume still that z,, — z as [ — oo for some subsequence {z,,} of {z,}. Since
Ty —tp, — 0 and y,, — t, — 0, we have t,, — z and y,, — z. Let

Av + Ngw, if v e C,
Tv =
0, if v & C.
Then, T is maximal monotone and 0 € Tw if and only if v € Q; see [16]. Let
(v,w) € G(T). Then, we have w € Tv = Av + N¢gv and hence w — Av € N¢w.

So, we have
(v—u,w—Av) >0, YueC.

On the other hand, from
tn = Po(xn — MAy,) and v € C,

we have
<xn - )‘nAyn - tnv tn - 'U> Z 07
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and hence
(v —tn, (tn — xn)/A\n + Ayn) > 0.

Therefore from
w—Av € Nov and t, €C,

we have
(Vv —tp,, w) > (v—ty,, Av)
> (v —tp,, Av) — (U — tp,, (tn, — Tny) [ An, + AUn,)
(v —tp,, Av — Aty,) + (v — ty,, Atn, — Ayn,)
— (v =ty (bny = Tn) [ Amy)
> (v —tn,, Atn, — Ayn,) — (V= tn,, (tn, — Tny) [ Any)-

Hence we obtain
(v—2z,w)y >0, asl— oo.

Since 7' is maximal monotone, we have z € T-10 and hence z € . Thus, we
conclude that w,, (2,,) C Q. Therefore, w,(z,) C N, F(S:) N Q.

Step 5. We claim that {z,}, {y,} converge weakly to the same point z €
N .
Nty F(S:) NQ, where z = lim, Pﬂf\; F(si)natn:
Indeed, we first show that w,, (x,,) is a single-point set. We take z1, zo € wy, ()
arbitrarily and let {xy, } and {x.,, } be subsequences of {x,,} such that 2, — 2; and

Ty, — 22, respectively. Since lim,, oo ||, —u/| exists for each u € MY, F(8)NQ
and since 21, 22 € (v, F(S;) N, by Lemma 2.1 (iii) we obtain
lim ||z, — 21H2 = lim me]. — 21H2
n—00 j—00
= lim ||z, — 2| + |22 — 21|
J—00
= lim [|zg, — 2o|* + [|l22 — 21 |?
1—00
= lim ||z, —21[* +2[[z2 — 2|
1—00
= lim |z, — 21]|* + 2|22 — 21||%.
n—oo
Hence z; = z. This shows that w,,(z,) is a single-point set. Without loss of
generality, we may write w,(z,) = {z}. This implies that z,, = z € N, F(S;)N

Q. Since z, —y, — 0 as n — oo, we also have y, — z € ﬂi]\il F(S;) N,
Now, put u, = Pﬂﬁil F(s)natn. LELUS show that lim,, ., ||u, — z|| = 0.

Since uy, = Py prgyno®n and 2 € (L, F(S;) N Q, we have

(z = Up, up — Tp) > 0.
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By Lemma 3.2, {w,} converges strongly to some z € ﬂi]\il F(S;) N Q. Then we
have (z — zp, 29 — z) > 0 and hence z = z,. This completes the proof. ]

Utilizing Theorem 3.1, we derive two corollaries in a real Hilbert space.

Corollary 3.1. Let H be a real Hilbert space and A : H — H be a monotone,
k-Lipschitz continuous mapping. Let N > 1 be an integer. Let, for each 1 < i <
N, S; : H — H be a x;-strict pseudo-contraction for some 0 < x; < 1 such that
ﬂfL F(S;)NA7'0 # (. Let k = max{x; : 1 <i < N}. Assume that for each
n, {\™1 is a finite sequence of positive numbers such that " A = 1 for
each n > 0 where )\E”) >0foralln>0and1 <i< N. Given any z¢ € H, let
{2n}22 0, {un 22, be the sequences generated by

Yn = Tn — )‘nAxnv
tn = Tn — )\nAynv

N
Tpt1 = Aty + (1 — ay) Z )\gn)Sitn, n >0,
i=1
where there hold the following conditions
(i) {\n} C [a,b] for some a,b € (0,1/k);
(i) {an} C [a, B] for some a, B € (K, 1).
Then, the sequences {z,,}, {y»} converge weakly to the same point z € (Y., F(S;)N
A~10, where z = lim,,_.o Pﬂﬁil F(S)nA-10%n-

Proof. We have C = H, A~'0 = Q and Py = I. By Theorem 3.1 we obtain
the desired result. |

Corollary 3.2. Let H be a real Hilbert space and A : H — H be a monotone,
k-Lipschitz continuous mapping. Let N > 1 be an integer. Let, for each 1 <
i < N, B; : H— 2" be a maximal monotone mapping such that ﬂi]\il B7'on
A710 # 0. Let JPi be the resolvent of B, for each r > 0. Assume that for each
n, {\™}¥ s a finite sequence of positive numbers such that S A" =1 for
each n > 0 where )\E”) >0foralln>0and1 <i< N. Given any z¢ € H, let
{xn 100, {un 22, be the sequences generated by

Yn = Tp — )‘nAxnv
ty =oTn — )‘nAynv
N
Tpg1 = Qulp + (1 — ap) ZAgn)intm n>0,
i=1
where there hold the following conditions
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(i) {\n} C [a,b] for some a,b € (0,1/k);
(i) {an} C [a, ] for some o, 5 € (0,1).

Then, the sequences {z,,}, {y»} converge weakly to the same point z € Y., B; 10N
A~10, where z = lim,,_.o Pﬂﬁil B lona-10%n-

Proof. We have C = H, A~'0 = Q, F(JP) = B;'0 and x = 0. Putting
Py = I, by Theorem 3.1 we obtain the desired result. |

4. CYCLIC-EXTRAGRADIENT ALGORITHM

Let C' be a nonempty closed convex subset of a real Hilbert space H and let
{S:}N! be N k-strict pseudo-contractions on C' such that the intersection set
ﬂf\igl F(S;) N # (. In this section, we propose a cyclic-extragradient algorithm
for finding an element of N,' F(S;) N Q.

Algorithm4.1. Let{«a,}>2 , beasequencein (x,1)and {\,}>2, be a sequence
in (0,1/k). Given any zp € C, let {x,}°°,, {yn}r>, be the sequences generated
via the iterative scheme

Yn = PC(xn - )‘nAxn)v
tn = Po(tn — AnAyn), (4.1)

Tp+l = Qply + (1 - an)s[n]tnv n >0,

where S,,) = S;, with i = n(modN), 0 <i < N —1, e, if n = jN + i for
some integers j > 0and 0 < i < N — 1, then S[n] = Syifi=0and S[n] =5; if
0<i<N-—-1.

We are now in a position to discuss the convergence analysis for Algorithm 4.1.

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert
space H and A : C — H be a monotone, k-Lipschitz continuous mapping. Let
N > 1 be an integer. Let, foreach 0 <i < N —1, S;: C — C be a x;-strict
pseudo-contraction for some 0 < «; < 1 such that N'y' F(S;) N Q # 0. Let
k =max{r; : 0 <i < N —1}. Givenany zg € C, let {x,}7°, {yn}r, be the
sequences generated by the cyclic-extragradient algorithm (4.1). Assume that the
sequences {a,} C (k,1) and {\,} C (0,1/k) satisfy the following conditions

(i) {\n} C [a,b] for some a,b € (0,1/k);
(i) {an} C [a, ] for some o, 5 € (K, 1).
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Then the sequences {x,, }, {y,} converge weakly to the same point z € ﬂf\il F(S;)N
Q, where z = lim,,_. Pﬂ]-L F(s)na¥n:

Proof. We divide the proof into several steps.

Step 1. We claim that the following hold:
() |1Znt1 — ull < ||lzn — ul forall w e N, F(S;) N and all n > 0;
(ii) 1imy, oo ||, — ul| exists for each u € X, F(S;) N €.
Indeed, utilizing the same argument as in the proof of (3.2), we obtain
tn = ull? < llzn — l® + OGE = Dllzn = yall® < llon — uf*. (4.2)
From (4.2), u = Sju (0<i< N —1), and {a,} C (k, 1), it follows that
lons1 — ull?
= llom(tn — u) + (1 = an)(Spytn — w)|®
= anl[tn — ull* + (1 = an)[[Sppytn — ull® — an(1 = on)lltn — Spoytnl®
< o ltn = ull® + (1 = o) (ltn — ulf?
+4l[tn = Spytnll?) — an (1 — an)||tn — Spytall? (4.3)
= lltn — ull® + (1 = an)(k — an) [t = Spuytnll?
< llen—ull® + (\ZE? = Dllzn—yall? + (1—an) (5 —on) [tn = Spaytall?
< llan = ul]? + (AZK? = D)l|zn — yn?
< [lwn — ull.
Therefore, there exists
¢ = Tim |z, - u]
and the sequences {x,}, {t,,} are bounded.

Step 2. We claim that the following hold:
(i) lim 2, —ynll = 0;
n—oo
(i) lim |ly, — tp]| = 0;
n—oo
(i) lm ||z, —t,] = 0.
n—oo

Indeed, utilizing the same argument as in Step 2 of the proof of Theorem 3.1,
we can obtain the assertions.

Step 3. We claim that the following hold:
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(i) lim [ty = Spaytnll = 0;

Indeed, utilizing the same argument as in Step 3 of the proof of Theorem 3.1,
we can obtain the assertions, where T, is replaced by Sj;,).

Step 4. We claim that w,,(z,) C N, F(S;) N <.
Indeed, first, let us show that

wo () C ﬂ F(S;). (4.4)

To see this, we take z € wy,(x,,) arbitrarily and assume that x,, — z as | — oo for
some subsequence {x,, } of {x,}. We may further assume that n; = i(modNN) for
all . Observe that

|Znt1 — anQ = [lan(tn — 25) + (1 — an) (Spytn — xn)HZ
[n]
< apllt, — anQ +(1 - an)HS[n]tn - anQ
< anltn — anQ +(1— an)[”‘s[n]tn —toll + [Itn — xn”]Q

Thus we deduce that lim,, .« ||2r+1 — || = 0 and hence we also have z,,,;; — z
for all j > 0. Consequently, we conclude that

|Zni+5 = Spitg)Tri+ill = 1T +5 — S5 Ty 441l — 0.

Then the demiclosedness principle (Proposition 2.6 (ii)) implies that 2z € F/(S;4)
for all 5. This ensures that z € ;' F(S;). Therefore (4.4) holds. Second, let us
show that wy, (z,,) C 2. Indeed, the argument is the same as in Step 4 of the proof
of Theorem 3.1. Thus we omit it.

Step 5. We claim that {z,}, {y,} converge weakly to the same point z €
NN, F(S;) NQ, where z = lim,, o, PAN | p(spnatn:
Indeed, the argument is the same as in Step 5 of the proof of Theorem 3.1. Thus

we omit it. This completes the proof. ]
Utilizing Theorem 4.1, we derive two corollaries in a real Hilbert space.
Corollary 4.1. Let H be a real Hilbert space and A : H — H be a monotone,

k-Lipschitz continuous mapping. Let N > 1 be an integer. Let, for each 0 < i <
N —1, S;: H— H be a x;-strict pseudo-contraction for some 0 < x; < 1 such
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that NY," F(S;)) N A0 # 0. Let x = max{s; : 0 <i < N —1}. Given any
xo € H, let {x,}°°, {yn}> be the sequences generated by

Yn = Tp — )‘nAxnv
tn = Tn — MAYn,
Tpt1 = apty + (1 = an)Spitn, n >0,

where there hold the following conditions
(i) {\n} C [a,b] for some a,b € (0,1/k);
(i) {an} C [a, B] for some a, B € (K, 1).

Then, the sequences {x,,}, {y, } converge weakly to the same point z € ﬂf\igl F(S;)N

1 T
A70, where z = lim,,_,o0 Pﬂfi_ol F(s)nA-10%n-

Proof. We have C = H, A='0 = Q and Py = I. By Theorem 4.1 we obtain
the desired result. ]

Corollary 4.2. Let H be a real Hilbert space and A : H — H be a monotone,
k-Lipschitz continuous mapping. Let N > 1 be an integer. Let, for each 0 < i <
N —1, B; : H — 2" be a maximal monotone mapping such that (\Y,' B; 10N
A~10 # 0. Let JB be the resolvent of B; for each » > 0. Given any zo € H, let
{2n}22 0, {un 22, be the sequences generated by

Yn = Tn — )‘nAxnv
th = Tn — A AYn,

Bn
Tn41 :antn+(1_an)Jr [ ]tnv n207

where there hold the following conditions
(i) {\n} C [a,b] for some a,b € (0,1/k);
(i) {an} C [a, B] for some a, 3 € (0,1).

Then, the sequences {x,,}, {y, } converge weakly to the same point z € ﬂf\igl B'on
A0, where z = lim,, .o Pﬂﬁigl B-lonAa-10%n-

Proof. We have C = H, A~'0 = Q, F(JP) = B;'0 and x = 0. Putting
Py = I, by Theorem 4.1 we obtain the desired result. |

5. STRONG CONVERGENCE

In an infinite-dimensional Hilbert space, the previous two algorithms have only
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weak convergence (see Theorems 3.1 and 4.1). Hence in order to have strong
convergence, we have to modify these two algorithms. Recently, a modification
of Mann’s algorithm for finding a fixed point of a single strict pseudo-contraction,
which has strong convergence, was obtained in [17]. Subsequently, a modification of
Mann’s algorithm for finding a common fixed point of V strict pseudo-contractions,
which has strong convergence, was considered in [19], where N > 1 is an integer.

Inspired by Acedo and Xu [19], below we purpose and analyze an iterative
algorithm for finding a common element of the set of common fixed points of
N strict pseudo-contractions and the set of solutions of the variational inequality
(VI(A, C)).

Theorem 5.1. Let C' be a nonempty closed convex subset of a real Hilbert
space H and A : C' — H be a monotone, k-Lipschitz continuous mapping. Given
an integer N > 1, let, foreach 1 < i < N, S; : C — C be a k;-strict pseudo-
contraction for some 0 < x; < 1 such that X, F(S;)NQ # 0. Let k = max{x; :
1 < i < N}. Assume that for each n, {)\E”)}f\il is a finite sequence of positive

numbers such that Zf\il )\E”) =1 and inf,> )\E”) >0 forall 1 <:<N. Let the
mapping 7, be defined by

N
Thx = ZAE”)SM, Ve e C.
i=1

Given any zg € C, let {z,,}5%, {yn}>2, be the sequences generated by

Yn = PC(xn - )\nAxn)v
ln = PC(xn — A AYn),
N
Zn = Qpty + (1 — ay) ZAE”)Sz‘t”’

= , (5.1)
Co={2€C: |20 —2|2 < |ltu — 2|

—(1 - an)(an - ”Q)th - TnthQ}v
Qn=1{2€C:(x,— 2,20 — xy) >0},
Tny1 = Po,n@.To, 1 >0,

where there hold the following conditions
(i) {\n} C [a,b] for some a,b € (0,1/k);
(i) 0 < a, <1 forall n > 0.

Then, the sequences {z, }, {y, } converge strongly to the same point ngvﬂ F(s1)naT0
provided lim,, oo ||Zn — yn|| = 0.
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Proof. We divide the proof into several steps.

First observe that C,, is convex by Lemma 2.2. Next, let us show that())\, F/(.S;)N
Q C C, for all n. Indeed, let u € ﬂf\il F(S;) N Q be an arbitrary element. As in
the proof of (3.4), we can derive

l2n = ull® < [ltn =l = (1 = an)(an = K) ta = Tutal*. (5.2)

So u € C,, for all n. Next let us show that

N
(VF(S)NQCQ, forallnz>0. (5.3)
=1

We prove this by induction. For n = 0, we have ﬂf\il F(S)NnQ c C = Qo.
Assume that ﬂf\il F(S;)nQ c Q, for some n > 0. Since x,.; is the projection
of zy onto C,, N Q,, by Lemma 2.3 we have

<xn+1 — %, 20 — xn+1> > 07 Vz € Cn N Qn

As ﬂf\il F(S;) NnQ c C, N Q, by the induction assumption, the last inequality
holds, in particular, for all z € ﬂi]\il F(S;) N Q. This together with the definition
of @11 implies that ﬂfL F(S;) N Q C Qn+1. Hence (5.3) holds for all n > 0.

Notice that the definition of Q,, actually implies x,, = Pg,xo. This together
with that fact N, F(S;) N Q C Q,, further implies

N
|2n — zo < |lu— 0], VYue ﬂ F(S;) N
=1

In particular, {x,} is bounded and
lan = @oll < llg = woll, where g = Py pgyporo- (54)
The fact that x,, 1 € Q,, asserts that (z,, 11 — =, x, — zo) > 0. This together
with Lemma 2.1 (i) implies

ln1 = 2l = (@01 = 20) = (20 = z0)”

= [lzns1 = @oll* = llon — wol* = 2{@ns1 — 20, 20 — 20)
< |l#ntr — @oll® = llzn — ol

It turns out that
[#n41 — @n|| — 0. (5.5)
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By the fact z,,+1 € C,, we get
|Zn+1 — an2 <||Tn+1 — th2 — (1= an)(an — &)|ltn — Tnth2- (5.6)
Moreover, since z, = aut, + (1 — a,,)Tyt,, We deduce that

|Zn+1 — an2 = apllTpt1 — th2

(1= anlltnss ~ Tatal? = anll = an)lltn = Tatall?.
Substituting (5.7) into (5.6) we get
(1= an)l[@nt1 = Tatal* < (1 = an) @1 — tall* + (1 — cn)silltn — Tt
Since «,, < 1 for all n, the last inequality becomes
041 = Tatull? < llwntr — tall® + llta — Tutn||*. (5.8)
But, on the other hand, we compute
Zns1 = Tatal® = |zt —tal® +2(2ns1 —tn, ta = Tatn) + [ltn — Tota®. (5.9)
Combining (5.9) with (5.8) we obtain
(1= K)|[tn — Tutnll® < =2(xpi1 — tos tn — Tty).

Therefore,
th - Tntn” S

1_ KHxn—i—l — tnl|- (5.10)

Furthermore, from ||z, — y,|| — 0 it follows that

This implies that lim,, o0 ||y —tn || = 0. From ||z, —t, || < |20 —yn |+ ||yn —tnlls
we also have lim,, . ||z, — t,|| = 0. Consequently, from (5.10) we derive

2
[Zn1 —tall < I—[Hxn—f—l — Tl + (|20 — tall] — 0.

th_TnthS 1 -k —

Utilizing the Lipschitz continuity of T),, we have
|20 — Toznll < |20 — tall + It — Tatall + | Tntn — Tnzal|

2
< th - Tntn” + 1 th - an7
— K

which hence implies that lim,,—, ||z, — T2, || = 0.
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As in Step 4 of the proof of Theorem 3.1 we can deduce that wy(z,) C
NN, F(S;) N Q. Then by virtue of (5.4) and Lemma 2.4, we conclude that z,, — ¢
as n — oo, wWhere ¢ = B~ p(g)0%0- n

Regarding the cyclic-extragradient algorithm (4.1), we have the following mod-
ification which has strong convergence.

Theorem 5.2. Let C' be a nonempty closed convex subset of a real Hilbert
space H and A : C' — H be a monotone, k-Lipschitz continuous mapping. Given
a positive integer N > 1, let, foreach0 <i < N — 1, S; : C — C be a x;-strict
pseudo-contraction for some 0 < ; < 1 such that N*y' F(S;) NQ # 0. Let
k=max{r; : 0 <i <N —1}. Givenany zg € C, let {z,}22, {yn}>2, be the
sequences generated by the following algorithm

n — Pc(xn — )\nAxn),
t, = Pc(xn — )\nAyn),
zn = oty + (1 = ) Sppyta,
Cpn=1{2€C:||zn—2|* < ||tn — 2|2 (5.11)
—(1 = an)(an = K)l[tn — Spytall*},
n=12€C:(x,—2zz9—x,) >0},

Tny1 = Po,n@.To, n >0,

where there hold the following conditions
(i) {\n} C [a,b] for some a,b € (0,1/k);
(i) 0 < o, < 1 for all n > 0.

Then, the sequences {x, }, {y, } converge strongly to the same point ngvﬂ F(s1)naTo
provided lim, .o ||Zn — ynl| = 0.

Proof. The proof of this theorem is similar to that of Theorem 5.1. The main
points include

(i) z, is well defined for all n > 1;

(i
(iii

i) ||xn — zol| < |lg — zo]| for all n, where ¢ = Pﬂﬁ\;BIF(Si)mQIIIQ;
)
(IV) th S[n]t H — 0 and Hxn S[n]an — 0;
)
)

|Znt1 — znll — 0;

(v ww(xn) cﬂfVOIF(Si)mQ,
(vi) x, —
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To prove (i)-(iv), one simply replaces 7;, with S}, in the proof of Theorem 5.1.
One can prove (v) by repeating the argument in Step 4 of the proof of Theorem
4.1. Finally the strong convergence to ¢ of {z,} is the consequence of (ii), (v) and
Lemma 2.4. ]

Remark 5.1. As in Sections 3 and 4, we can derive the corresponding corol-
laries from Theorems 5.1 and 5.2, respectively.
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