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ISOMORPHIC PATH DECOMPOSITIONS
OF AKpnn (AKZ, ) FOR ODD n

1T

Hung-Chih Lee*, Ming-Ju Lee and Chiang Lin

Abstract. In this paper, the isomorphic path decompositions of A-fold balanced
complete tripartite graphs MK, ., and A-fold balanced complete tripartite
digraphs AK are investigated for odd n. We prove that the obvious

nn.n R :
necessary conditions for such decompositions in the undirected case are also
sufficient; we also provide sufficient conditions for the directed case.

1. INTRODUCTION AND PRELIMINARIES

Let G and H be multigraphs. If there exist edge-disjoint subgraphs Hq, Hy, - - - ,
H, of G such that every edge of GG appears insome H;, andeach H; (i = 1,2,---,7)
is isomorphic to H, then we say that G has an H-decomposition. For multidi-
graphs G and H, H-decomposition of GG is similarly defined. The H-decomposition
problems of a multigraph G are widely investigated when G is a complete graph or
a complete r-partite graph and H is a path or a cycle.

For a multigraph GG, we use the symbol G* to denote the multidigraph obtained
from G by replacing each edge e by two opposite arcs connecting the endvertices
of e. Let A be a positive integer. For a multigraph H, we use the symbol AH to
denote the multigraph obtained from H by replacing each edge e by X edges each
of which has the same endvertices as e. Similarly, for a multidigraph H, we use
the symbol AH to denote the multidigraph obtained from H by replacing each arc
e by X arcs each of which has the same tail and head as e.

For a positive integer &, let P, denote a path on k vertices and let Fk denote a
directed path on k& vertices.

Received October 16, 2006, accepted August 23, 2007.

Communicated by Xu-Ding Zhu.

2000 Mathematics Subject Classification: 05C38, 05C70.

Key words and phrases: Decomposition, Path, Complete tripartite graph.

This research was supported by the NSC of R.O.C. under grant 94-2115-M-008-014.
*Corresponding author.

393



394 Hung-Chih Lee, Ming-Ju Lee and Chiang Lin

Let K, denote the complete graph on n vertices. Tarsi [6] established criteria
for P.-decompositions of A\K,,. Recently Meszka and Skupien [4] solved the Fk
decomposition problem of AK}:.

Let Ky, mo,-- m, denote the complete r-partite graph with parts of sizes m 1, mo,

-+, m,, respectively. In [7] Truszczynski solved the ?k-decomposition problem of
AK, . and considered the P-decomposition of AK,, . The Pj-decomposition
problem of K,,, was completely solved by Parker [5]. The condition for P;-
decomposition of K,,, ., ... m, Was obtained by Kumar [2].

In this paper, we consider the P,-decomposition of MK, ,, and the
Fk-decomposition of AK}, ,, . For a multigraph (multidigraph, respectively) G,
we also use E(G) to denote the edge set (arc set, respectively) of G. We will obtain
the following results.

Theorem A. Let n be an odd integer. Then AK,, ,, , has a P-decomposition
ifand only if 2 < k < 3n and |[E(AK,nn)| =0 (mod k& —1).

Theorem B. Let n > 3 be an odd integer. Suppose that & is an integer such
that 2 < £k <3n—1and |[E(AK}, )| =0 (mod k — 1). Then AK}, , has a

n,n,n n,n,n

—_ .
Py.-decomposition.

For our discussions we need the following notations and terms. Let G be a multi-
graph. Suppose that W is a walk vgvy - - - v and Wo is a walk vivg41 -+ -vp Iin G.
Then the sum of Wy and Wy, denoted by W; + W5, isawalk vgvy - - - vk k41 - - - vy
Suppose that W is a walk vgvy - - - v, in G (no matter W is closed or not). The
girth of W, denoted by g(1V), is the minimum number of edges between two ap-
pearances of the same vertex along W, i.e., the minimum of j — such that v; = v;
where 0 <@ < j < k. Atrail is a walk without repeated edges. An Euler trail of
G is a trail in G which traverses every edge of G. For multidigraphs, the following
terms are similarly defined: the sum of directed walks, the girth of a directed walk,
the directed trail, and the directed Euler trail.

In [6] Tarsi obtained the path decomposition of AK,, by cutting Euler trails into
paths. We state the result of cutting method in the following remark. This remark
was henceforth used in many papers, e.g. [4, 5, 7].

Remark 1.1. Suppose that a multigraph (multidigraph, respectively) G
contains an Euler trail (a directed Euler trail, respectively) with girth g, and that
fori =1,2,---,r k;isanintegersuchthat2 < k; < gand |E(G)| = k1+ko+- - -+
k, —r. Then G can be decomposed into r paths (directed paths, respectively)
on ki, ko, - - -, k, vertices, respectively. |

Letting k1 = ko = - -- = k,, = k in the above remark, we have the following.
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Remark 1.2. Suppose that a multigraph (multidigraph, respectively) G
contains an Euler trail (a directed Euler trail, respectively) with girth g, and
that % is an integer such that 2 < k < g and |E(G)| = 01hod k — 1). Then G has

a Py-decomposition (Fk — decomposition, respectively). [ |

2. PATH DECOMPOSITIONS OF AK, 5, ,, FOR ODD n

In this section, we investigate the P,-decomposition of AK,, , ,, for odd n. For
a multigraph G, and nonempty subsets A, B of V(G) with AN B = (), we use
G(A, B) to denote the set of all edges in G which have one end in A and the other
end in B. We begin with some lemmas.

Lemma 2.1. Let n > 3 be an odd integer. Then

(1) K, nn hasan Euler trail with girth 3n — 6,
(2) MK, ., has an Euler trail with girth 3n — 3 if A > 2.

Proof. For A =1,2,3,---, let (A, B, C) be the tripartition of AK,, ,,,, where
A= {ao,al, s ,an_l}, B= {bo, by, -+, bn—l} and C' = {CQ, Cl, Cn—l}-

An edge joining a; and b;x (i = 0,1,---,n—1;k=0,1,---,n — 1) where
the indices are taken modulo n is said to be an edge between A and B with label k.
Similarly an edge joining b; and ¢; is said to be an edge between B and C with
label k, and an edge joining ¢; and a;; is said to be an edge between C and A
with label k.

(1) Let A =1. Foreachi=10,1,2,---,n— 1, let D; be the following walk in
Kpnn: agbicaiarbipicaiprazbipocaiyo - - apn_1biyn_1c2i4n—1a0 Where the
indices are taken modulo n. Note that each D; consists of all edges between
A and B with label 4, all edges between B and C' with label 7, and all edges
between C and A with label (1 —2¢)(mod n). Thus K, , »(A, B) is a disjoint
union of Dy(A, B), D1(A, B), -+, Dy—1(A, B), and K, ,, (B, C) is a dis-
joint union of Dy(B,C), D1(B,C), -+, D,,—1(B, C). Also since n is odd,
we have {(1-2i)(modn) :i=0,1,2,--- ,n—1} = {0,1,2,--- ,n—1}; thus
Kpnn(C, A) is a disjoint union of Do(C, A), D1(C, A), ---, Dp—1(C, A).
Hence E(K, ) is a disjoint union of E(Dy), E(D1), -+, E(Dp—1). Let
T be the walk Dg + D1 + ---+ D,,_1. We thus see that T" is an Euler trail

in Ky pop

Now we evaluate g(7"). Note that each D; is a Hamiltonian cycle of K, ,, ;.
Let ; = O, 1, RIS 2. Then Di + Di+1 is the trail aobic% albz‘+162i+1
aobi12c2i12 -+ p_1bitn_1 C2ign—1 aobit1C2i42 a1bij2C2i43 -+ an—1b;

coit1 ag. In D; 4+ D;4q, there are 3n — 6 edges between two appearances of
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c;ifj=0,1,2,---,2i—1,2i42,2i+3,--- ,n—1, and more than 3n—6 edges
between two appearances of any other vertex. Thus g(D; + D;y1) = 3n — 6.
Hence ¢(T") = 3n — 6, and T is a required Euler trail of K, ,, 5.

Let A >2. Fori=0,1,2,---,n — 1, let D; be, as in the proof of (1), the
trail: aob;coia1bi41C2i4102bi42C2i42 - - Ap—1bitn—1C2i4n—1a0, and let E; be
the trail: aobi+1621+1a1bi+262i+2agbi+362i+3 s an_leanHnao where the
indices are taken modulo n.

Let G = K, be a subgraph of AK,,,,». Asin (1), E(G) is a disjoint
union of E(Dy), E(D1), -, E(D,—1). Note also that each E; consists of all
edges between A and B with label (i + 1)(mod n), all edges between B and
C with label i, and all edges between C' and A with label (—27)(mod n). By
similar arguments as in (1), E(G) is a disjoint union of E(Ey), E(E), - -,
E(E,_1). Let T be the following trail:

Do+Dog+---+Dog+Eg+D1+D1+ -4+ D1+E{+----oeeeeeea
A—1 copies of D, A—1 copies of D,

+ Dn—2+Dn—2+' : '+Dn—2+En—2 +Dn—1 +Dn—1+' e Dn—1+En—1-

A—1 copies of D,,_, A—1 copies of D,

Then T is an Euler trail of AK,, . To determine g(7"), we show in the
following that (i) g(D;+ D;) =3nfori=0,1,--- ,n—1, (ii) g(D;+ E;) = 3n—3
fori =0,1,---,n—1, and (iii) g(E; + Dj1+1) =3n—-3fori=0,1,--- ,n — 2.
Note that both D; and E; are Hamiltonian cycles in AK, ,, .

(i)
(i)

(iii)

This is trivial.
Let:i=0,1,---,n—1. We see that D, + E; is the trail agb;co; a1bi41C2i+1
a2b;i12C2i12 -+ Ap—1 bign—1C2i4n—1 aobit1C2i41 a1bi12C2i42 a2bi13C2i43

- ap_1bjcoiag. In D;+ E;, there are 3n — 3 edges between two appearances
of b if j =0,1,2,---,i—1,i+ 1,04+ 2,---,n—1, and of ¢; if j =
0,1,2,---,2i—1, 2i+1,2i+2, - - - ,n—1, and there are more than 3n — 3 edges
between two appearances of any other vertex. Thus g(D;+ E;)=3n—3.
Leti = 0,1,---,n— 2. We see that F; + D, is the trail apb;yic211
a1biyocoita a2bi13c2iq3 -+ - an_1biCc2; agbiyicoito a1biyocaiyz asbi13coiiyg

© Qp-1 b €241 ag. In E; + D;y; there are 3n — 3 edges between two
appearances of ¢; if j =0,1,2,---,24,2i+2,2i+3,--- ,n — 1, and more
than 3n — 3 edges between two appearances of any other vertex. Thus g(E; +
Di—i—l) =3n —3.

From (i), (ii) and (iii), we obtain ¢g(7") = 3n — 3. Thus T is a required Euler
trail of AK, .1, [
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Lemma 2.2. Let G be a graph of order ¢ such that G can be decomposed
into Hamiltonian cycles. Suppose that A and k are integers with 2 < k < ¢t and
(k — 1)|A\t. Then A\G has a Pj;-decomposition.

Proof. Suppose that GG is decomposed into Hamiltonian cycles Hy, Hs, - - - , H,.
Then AG is decomposed into AHy, AHy, - -+, AH,,. Since k < t, (k— 1)|\t, and
AH; (1 <i < w) has an Euler trail with girth ¢, each AH; has a P,-decomposition.
Thus AG has a Pj,-decomposition. ]

In the proof of (1) in Lemma 2.1, we see that if n» > 3 is an odd integer, then
K, nn Ccan be decomposed into Hamiltonian cycles Dy, Dy, - - - , D,,—1. More gen-
erally, Laskar and Auerbach [3] proved that the complete m-partite graph K, 5, ... »
can be decomposed into Hamiltonian cycles if and only if (m — 1)n is even. Thus
K, nn can be decomposed into Hamiltonian cycles for any positive integer n. We
are ready to prove the main result of this section.

Theorem A. Let n be an odd integer. Then K, ,, , has a Pj-decomposition
ifand only if 2 < k < 3n and |[E(AK,,n)| =0 (mod k — 1).

Proof. The necessity is trivial. Now we prove the sufficiency.

The case n =1 is trivial. We assume that n > 3. By the assumptions, & is an
integer with 2 < k < 3n and |[E(AK,, )| =0 (mod k — 1) (i.e., (k — 1)[3An?).
We distinguish two cases for A =1 and A > 2.

Casel. A=1.

By Lemma 2.1(1), K, has an Euler trail with girth 3n — 6. Hence by
Remark 1.2, K,, ,, has a P,-decomposition if & < 3n — 6. So we only need to
consider 3n —5 < k < 3n. Since n is odd and (k — 1)|3n2, we have that k is even.
So it remains to consider the following subcases: k = 3n — 5, 3n — 3, 3n — 1.
Subcase 1.1. k = 3n — 5.

From the assumption that (3n — 6)|3n%, we have (n — 2)|n?, which implies
(n —2)|4 for 4 = n? — (n +2)(n — 2). This implies n — 2 = 1 since n is odd.
Thus n = 3 and k£ = 4. As mentioned in the paragraph preceding this theorem,
K3 33 can be decomposed into Hamiltonian cycles. Then by Lemma 2.2, K333
has P,-decomposition. This completes Subcase 1.1.

Subcase 1.2. k = 3n — 3.

From the assumption that (3n —4)|3n2, we have (3n —4)[16 for 16 = 3-3n% —
(3n +4)(3n — 4). This is impossible since n is odd.

Subcase 1.3. k =3n — 1.

From the assumption that (3n — 2)|3n2, we have (3n —2)|4 since 4 = 3 - 3n?—
(3n 4+ 2)(3n — 2). Thus n = 1 since n is odd. This is a contradiction since we
assumed that n > 3.
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Case2. A > 2.

By Lemma 2.1(2), AK,, . has an Euler trail with girth 3n —3. Hence AK,, ,, »,
has a Pg-decomposition if & < 3n — 3. So we only need to consider k& = 3n —
2,3n — 1, 3n. We first show that (k — 1)|3 for these k.

Subcase 2.1. kK =3n — 2.

From the assumption (3n — 3)|3An2, we have (n — 1)|An?, which implies
(n —1)|A since ged(n — 1,n) = 1. Thus 3(n — 1)|3X (i.e., (k —1)|3A).

Subcase 2.2. k =3n — 1.

Since n is odd, it is easy to see that ged(3n — 2,n) = 1, and hence ged(3n —
2,m?) = 1. Thus the assumption (3n—2)|3An? implies (3n—2)|3X (i.e., (k—1)|3\).
Subcase 2.3. k£ = 3n.

It is trivial that ged(3n — 1,n) = 1, and hence ged(3n — 1,n2) = 1. Thus the
assumption (3n — 1)[3An? implies (3n — 1)|3X (i.e., (k —1)|3)).

Now we have that X, ,, ,, has order 3n and can be decomposed into Hamiltonian
cycles, and that k£ < 3n, (k — 1)|A - 3n. Thus by Lemma 2.2, AK, ,,, has a P-
decomposition. This completes Case 2. ]

3. DirRecTED PATH DECOMPOSITIONS OF A K * For ODD n

n,n,n

In this section, we investigate the Fk-decomposition of AKj, ., for odd n. Let
us begin with n = 1. First the result for the decomposition of MK into directed
Hamiltonian paths is the following [1, 4]: AK} can be decomposed into directed
Hamiltonian paths if and only if neither n =3 and X is odd nor n =5 and A = 1.
It follows from the case n = 3 that AK3 has a Fé-decomposition if and only if A
is even. Thus we can see that AK7,; ; = AK3 has a Fé-decomposition if and only

if either Kk =2 or £ =3 and X is even.

Remark 3.1. If a multigraph G has a P.-decomposition, then G* has a Fk
decomposition. ™

For a multidigraph G' and nonempty subsets A, B of V(G) with AN B = {), let
G(A, B) denote the set of all arcs of G which have their tails in A and their heads
in B.

Lemma 3.2. Letn > 3 be an odd integer. Then AK, ,, , has a directed Euler
trail with girth 3n — 4.

Proof. Let (A, B,C) be the tripartition of AK} = where A = {ag,a,---,

n,n,n

an—1}, B={bg,b1,---,bp—1} and C = {co, 1, -, cn-1}.
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An arc joining a; t0 b1 (¢ =0,1,---,n—1,k=0,1,---,n — 1) where the
indices are taken modulo n is said to be an arc from A to B with label k. An arc
from B to C' with label £ and an arc from C' to A with label & are similarly defined.

Fori=0,1,2,---,n—1, let l_ﬁi be the directed trail: ag — b; — c9; — a1 —
bit1 — C2it1 — A2 = bito — Coipg —> - — ap-1 — biyn—1 — C2iyn-1 —
ap, and let F; be the directed trail: ag — C2i+1 — bz‘+1 — a] — €242 — bz‘+2 —
az — C2i4+3 — bz‘+3 > e — Ap—1 — C24n — bi+n — Qg where the indices
are taken modulo n. .

Let G = K, ,,,, be a subgraph of AK7, ,, .. Note that each D; consists of the
following arcs in G: all arcs from A to B with label ¢, all arcs from B to C
with label 4, and all arcs from C to A with label (1 — 2¢)(mod n). Thus G(A, B)

is a disjoint union of Dy(A, B), D1(A,B), -+, D,—1(A,B), and G(B,C) is a

disjoint union of Do(B,C), D1(B,C), -+, Dp_1(B,C). And since n is odd,
we have {(1 —2i)(mod n) : ¢ =0,1,2,---,n—1} = { ,1,2,--- n —1}; thus
G(C, A) is a disjoint union of Do(C, A), Dy(C, A), -+, Dn_1(C,A). Hence
G(A, B)UG(B,C) UG(C, A) = E(Do) UE(D1)U+--U E(Dp_1). By similar
arguments, we have G(A,C) U G(C, B) U G(B, A)j E(fo)) U E(F ) U

E(F)n_l). Therefore E(G) is a disjoint union of E(Dy), E(D 1), E(l_fn_l),
— — —

E(Fo), E(F), -+ E(Fp).
Let 7' be the following directed trail:

— — — = = - - — — = = —
Do+Do+- -+Do+Fo+ Fo+- -+Fo+ D1+ Di+- - +D1+Fi+ Fi+- -+ Fi +

A copies of Dy A copies of Fy A copies of Dy A copies of Fy

— e — — — —
.................. +Dy 1+Dp 4+ +Dp4+Fp 1+ Fp g+ -+ Fo_q.

. g . =
A copies of D, A copies of F',,_,
We see that 7' is a directed Euler trail of MK e
To evaluate g(T), we show in the following that for : = 0,1,---,n — 1 we

have (|)g(D +D )=3n, g(F;+ F;) —3n (i) g(D; + F;) = 3n— 4 and (iii)
(F + Dz—l—l) = 3n — 2 Note that each D is a directed Hamiltonian cycle of
ANK* and so is each E.

n,mn,n’
(i) This is trivial.

(ii) We see that l_i + f)i is the directed trail ag — b; — co; — a1 — biy1 —

€241 — "+ — Ap—1 — biyn_1 — C2i4n-1 — Qo = C2itl = bit1 —a; —
Ci+9 — bz‘+2 — s> Ap_1 — Cy — b — ag. INn D+ F, there are 3n—4
arcs between two appearances of ¢; if j =0,1,---,2i—1,2i+1,--- ,n—1,

and more than 3n —4 arcs between two appearances of any other vertex. Thus
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— —
(III) Fi+Di+1 is the directed trail ag — €41 — bz‘+1 — a1 — C2i42 — bz‘+2 —
© = Qp—1 — €2 — bj — ag — b1 = C2i2 — A1 & bito — 243 —
- = ap-1 — b; — c9i41 — ag. In F; + D;yq, there are 3n — 2 arcs
between two appearances of ¢; if j = 0,1,---,24,2i+2,---,n — 1, and
more than 3n — 2 arcs between two appearances of any other vertex. Thus
— —
g(Fz + Di—i—l) =3n—2

From (i), (ii) and (iii), we obtain g(?) =3n—4. |
Now we prove the main result of this section.

Theorem B. Let n > 3 be an odd integer. Suppose that & is a positive integer
suchthat2 < k <3n—1and |[E(AK},,)| =0 (mod k—1). Then AK , , has

n,n,n n,n,n
=4 "
a P-decomposition.
Proof. Since |[E(AK}; . )| =0 (mod k—1) (i.e., (k—1)|6An?), by Lemma 3.2
and Remark 1.2 AKj; ., has a Fk-decomposition if 2 <k <3n—4. So we only
need to consider 3n—3 < k < 3n—1. We distinguish two cases: Case 1. k = 3n—3
ork=3n—1,Case 2. £k=3n—2.

Casel. k=3n—-3ork=3n—1
Then k — 1 is odd. Thus (k — 1)|6An? implies (k — 1)|3An2. By Theorem A
—
and Remark 3.1, AK . .. has a P;-decomposition.

n,n,n

Case 2. k=3n-—2.

From the assumption (3n — 3)|6An2, we have (n — 1)|2An?, which implies
(n —1)|2X since gcd(n, n — 1) = 1. Hence we have (k — 1)|6A.

For z =0,1,---,n—1, let 1_52, f) be the directed trails defined in Lemma 3.2,
and let W be the followmg dlrected trail:
F +-+ F + DZ+1 +-+ DZ+1, where the indices are taken modulo n.

~~ -~

A copies of F~ A copies of Di+1

In the proof of Lemma 3.2, we see that a subgraph mnn OF AKD . can be
decomposed into Do,Dl,--- ,3n_1, Fo,Fl,--- ,f)n_l. Thus AK7 ,,, can be

decomposed into W/o, Wl, W/n_l.

Also from (iii) in the proof of Lemma 3.2, we have g(f)i + l_)>z~+1) =3n—2
fori = 0,1,---,n— 1. Thus g(W;) = 3n — 2 for i i=0,1,-,n—1. Now we
see that £ < g(W/ ), (k—1)|6X and the length of W is 6nA. Thus we can cut
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each W/Z from the starting vertex into 6n\/(k — 1) directed paths of length k& — 1.
Hence \K* is decomposed into directed paths of order k.

n,n,n

For the Fk-decomposition of AK}, ,, ., the trivial necessities are 2 < k < 3n
and |[E(AK}, ,, )| =0 (mod k — 1). Comparing with Theorem B, we see that for
odd n the undetermined case for the sufficiency is k = 3n.

Using Remark 1.1, we can decompose a multigraph (multidigraph, respectively)
into paths (directed paths, respectively) which need not to have equal orders. Thus

Lemmas 2.1 and 3.2 imply the following:

1. Let n > 3 be an odd integer. Suppose that for ¢ = 1,2,---,r, k; is an
integer such that 2 < k; < 3n —6 and |E(K,nn)| = ki +ka+ -+ kr —
r. Then K, can be decomposed into r paths on k1, k2, - - - , k, vertices,
respectively.

2. Let n > 3 be an odd integer and A > 2 be an integer. Suppose that for
i=1,2,---,r k;jisaninteger suchthat2 < k; < 3n—3 and |E(AK,, » )| =
ki +ka+---+ k. —r. Then AK,,,,,, can be decomposed into r paths on
ki, ko, - - -, k, vertices, respectively.

3. Letn > 3 be an odd integer. Suppose that for¢ =1,2,---,r, k; is an integer
such that 2 < k; < 3n—4 and |[E(AK}, )| = ki +kao+ -+ Kk — 1.

n,n,n

Then AK* can be decomposed into r paths on ki, ko, - - -, k, vertices,

n,n,n

respectively.

The decompositions into paths with even less restrictive orders are much more
challenging.

In this paper the Pj-decomposition of \K,, , , and the Fk-decomposition of
K} ., have been studied for odd n. We use the property gcd(2,n) = 1 in
Lemmas 2.1 and 3.2. We do not have this advantage for even n. Up to now we
can only deal with this case for even A.
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