TAIWANESE JOURNAL OF MATHEMATICS
Vol. 11, No. 3, pp. 661-682, August 2007
This paper is available online at http://www.math.nthu.edu.tw/tjm/

STRONG CONVERGENCE OF A HYBRID VISCOSITY
APPROXIMATION METHOD WITH PERTURBED MAPPINGS
FOR NONEXPANSIVE AND ACCRETIVE OPERATORS

Lu-Chuan Ceng and Hong-Kun Xu

Abstract. Recently, H. K. Xu [J. Math. Anal. Appl. 314 (2006) 631-643]
considered the iterative method for approximation to zeros of an m-accretive
operator A in a Banach space X. In this paper, we propose a hybrid vis-
cosity approximation method with perturbed mapping that generates the se-
quence {z,} by the algorithm x,,11 = ay(u + f(xn)) + (1 — an)[Jr, Tn —
M F (Jy, zn)], where {a, }, {r,} and {),} are three sequences satisfying cer-
tain conditions, f is a contraction on X, .J, denotes the resolvent (I +rA)~!
for » > 0, and F' is a perturbed mapping which is both §-strongly accretive
and A-strictly pseudocontractive with 6 + A > 1. Under the assumption that X
either has a weakly continuous duality map or is uniformly smooth, we estab-
lish some strong convergence theorems for this hybrid viscosity approximation
method with perturbed mapping.

1. INTRODUCTION

Let X be a real Banach space whose dual space is denoted by X*. The nor-
malized duality mapping J : X — 2% is defined by

J(@) = {a" € X*: (x,27) = ||lz||* = |2"|*}, =z €X,

where (-, -) denotes the generalized duality pairing. It is an immediate consequence
of the Hahn-Banach theorem that J(z) is nonempty for each x € X. Moreover, it
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is known that .J is single-valued if and only if X is smooth, while if X is uniformly
smooth, then the mapping J is uniformly continuous on bounded subsets of X.
Recall that an operator A : D(A) — 2% is said to be accretive, where D(A) is
the domain of A, if for each x; € D(A) and y; € Ax; (i = 1,2), there exists
j € J(x1 — xz2) such that

(1.1) (y1 — y2,J) > 0.

An accretive operator A is m-accretive if the range of 7 +rA is precisely X for all
r > 0, where I denotes the identity operator of X. Denote by N(A) the zero set of
A; e,

N(A) := A71(0) = {zr € D(A): 0 € Az}.

Denote by .J,. the resolvent of A for r > 0:
Jr=(I+rA)~"

It is well known that the resolvent .J,. = (I +7A)~! is a single-valued nonexpansive
mapping whose domain is all X (e.g., Jung and Morales [17, p. 232]); see [1] for
more details.

Let C be a nonempty closed convex subset of X. Recall that a self-mapping
f:C — Cis said to be a-contractive if for all z,y € C

1f(2) = f(y)ll < allz -yl

for some o € (0, 1). Note that each contraction f : C' — C has a unique fixed point
in C. Letnow T : C'— C be a nonexpansive mapping, i.e., |7z —Ty|| < ||z —y]|
for all z,y € C. Denote by Fix(T) the set of fixed points of T, i.e., Fix(T) =
{r € C:Tx=uz}. Take t € (0,1) and define a contraction 7; : C' — C' by

Tix =tu+ (1 —t)Tz, z€C,

where u € C'is a fixed point. Whenever Fix(T') # (), Browder [2] proved that if
X is a Hilbert space, then {z;} does converges strongly to the fixed point of 7" that
is nearest to . Reich [8] extended Browder’s result to the setting of Banach spaces
and proved that if X is a uniformly smooth Banach space, then {x;} converges
strongly to a fixed point of 7" and the limit defines the (unique) sunny nonexpansive
retraction from C onto Fix(7'). Further, in the first result of [11] Xu pointed out
that Reich’s result holds in a Banach space which has a weakly continuous duality
map. Subsequently, Zeng and Yao [15] proposed a new implicit iteration scheme
with perturbed mapping for approximation of common fixed points of a finite family
of nonexpansive mappings.
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Recently, Xu [18] studied the viscosity approximation methods for nonexpansive
mappings. Let C' be a nonempty closed convex subset of a Banach space X and
T : C — C be a nonexpansive self-mapping with Fix(7T") # (). For a contraction
fonCandte (0,1), let z; € C be the unique fixed point of the contraction
x +— tf(x)+ (1 —1¢)Tz. Consider also the iteration process {x,,}, where zy € C'is
arbitrary and z,,+1 = oy, f(zy) + (1 — )Ty, for n > 1, where {o,,} C (0,1). If
X is either a Hilbert space or a uniformly smooth Banach space, then it is shown
in [18] that {x} or, under certain appropriate conditions on {c,}, {z,} converges
strongly to a fixed point of T" which solves some variational inequality.

Motivated by Xu [11, 18] and Zeng and Yao [15], we define a mapping 73 :
X — X by

Tz =tlu+ f(x))+ (1 =t)[Tz — 6, F(Tx)], z=€X,

where 0, € [0,1) for all ¢t € (0,1), w € X is a fixed point, T : X — X is a
nonexpansive mapping, f : X — X isa contraction, and F': X — X is a perturbed
mapping which is both §-strongly accretive and A-strictly pseudocontractive with
0+ A>1. Then T; : X — X is a contraction; see the proof in the third section.
Banach’s Contraction Mapping Principle guarantees that 7; has a unique fixed point
z¢ in X. In this paper, under Xu’s assumption of a weakly continuous duality map
or uniform smoothness of X we prove that {z;} converges strongly to a fixed point
of T" and the limit defines the (unique) sunny nonexpansive retraction from X onto
Fix(T).

On the other hand, in [4] the authors studied iterative solutions of m-accretive
operator A in a Banach space that is uniformly smooth and has a weakly continuous
duality map. The iterative method studied in [4] generates the sequence {z,,} by
the algorithm

(1.2) Tyl = apu+ (1 — ap)Jy, zn, n >0,

where {«a,,} is a sequence in (0,1), {r,} is a sequence of positive numbers, and
the initial guess =g € C'is arbitrarily chosen. Theorem 2.5 of [4] asserts that if X
is uniformly smooth and has a weakly continuous duality map, then the sequence
{z,,} given in (1.2) converges strongly to a point in N(A) provided the sequences
{a,,} and {r,,} satisfy certain conditions.

In [11], Xu proved that the above mentioned result remains valid under the
lack of either the uniform smoothness assumption or the assumption of a weakly
continuous duality map.

Motivated by Xu [11, 18], and Zeng and Yao [15], we propose a hybrid viscosity
approximation method with perturbed mapping that generates the sequence {x,,} by
the algorithm

Tpt1 = an(u+ f(2n)) + (1 = an)[Jr, 20 — A F (Jr, 20)],
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where {a,,}, {r,} and {\,,} are three sequences satisfying certain conditions. Such
an iterative method with perturbed mapping includes the method (1.2) as a special
case. Under Xu’s assumption that X has a weakly continuous duality map, we
establish some strong convergence theorems for this iterative method with perturbed

mapping.

2. PRELIMINARIES
We need the following lemmas which will be used in the sequel.
Lemma 2.1. Let {s,} be a sequence of nonnegative real numbers satisfying
Snt1 < (1= an)sn + anfn +vn, Yn >0,

where {a,,}, {8n}, and {~,,} satisfy the conditions:

(1) {an} C[0,1], D07 an = 00, Or equivalently, TT> (1 — ay,) = 0;
(i) limsup,,_,. Bn < 0;
(iii) ¥ > 0 (n > 0), Y20 7 < 0.

Then lim,,_. s, = 0.
Lemma 2.2. In a smooth Banach space X there holds the inequality

lz +yl* < ll2l” +2{y, J(z +y)), =y€X.
Lemma 2.3. (The Resolvent Identity). For A, i > 0, there holds the identity:

I =J, <§x—|— (1- %)J,wv) , zelX.

Lemma 2.4. Assume that co > ¢; > 0. Then ||J.,x — z|| < 2||J.,xz — z|| for
all z € X.

The proof of Lemma 2.1 can be found in [9, 10]. Lemma 2.2 is an immediate
consequence of the subdifferential inequality of the function || - [|2. Lemma 2.3 is
the resolvent identity which can be found in [1]. Lemma 2.4 can be found in [7].

Recall that a gauge is a continuous strictly increasing function ¢ : [0, 00) —
[0, 00) such that ¢(0) = 0 and ¢(t) — oo as t — oo. Associated to a gauge ¢ is
the duality map J, : X — X defined by

Jo(z) = {a" € X7 (z,27) = |[zlle((l«])), [["]] = e(llz[D}, =€ X.
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(Note that the duality map J,, corresponding to the gauge ¢(t) = ¢ for all > 0 is
exactly the normalized duality map J introduced in the Introduction.)

Following Browder [3], we say that a Banach space X has a weakly continuous
duality map if there exists a gauge ¢ for which the duality map J,, is single-valued
and weak-to-weak* sequentially continuous (i.e., if {z,,} is a sequence in X weakly
convergent to a point x, then the sequence {J,(z,)} converges weak*ly to J,(z)).
It is known that [? has a weakly continuous duality map for all 1 < p < oco. Set

t
B(t) = / o(r)dr, t>0.
0
Then
Jo(z) = 02(||z|), =€ X,

where 9 denotes the subdifferential in the sense of convex analysis. In [19, p. 194],
Xu and Roach gave the following relation between J, and J:

Jo(Az) = sign(A) ((IMllz])/ll=]))J(x), VA€ (—00,00), x € X with z # 0.

The first part of the next lemma is an immediate consequence of the subdiffer-
ential inequality and the proof of the second part can be found in [6].

Lemma 2.5. Assume that X has a weakly continuous duality map J, with
gauge .
(i) For all z,y € X, there holds the inequality

([l +yll) < @(zll) + (v, Jo(z + ).

(if) Assume a sequence {x,} in X is weakly convergent to a point z. Then there
holds the identity

lim sup ®([|zn, — y|) = limsup (||zn, — z)) + 2(ly — z[|), =,y€ X,
n—oo

n—oo

Notation: “ — ” stands for weak convergence and “ — ” for strong conver-
gence.

Recall that a mapping F' : X — X is said to be §-strongly accretive if for each
x,y € X there exists j € J(z — y) such that

(2.1) (Fz — Fy,j) > 0|z — y|?

for some ¢ € (0,1). F': X — X is said to be A-strictly pseudocontractive [16] if
for each x,y € X there exists j € J(z — y) such that

(2.2) (Fz—Fy,j) < |z =yl = M|z — y — (Fz — Fy)||?



666 Lu-Chuan Ceng and Hong-Kun Xu

for some A € (0,1).

Proposition 2.1. Let X be a Banach space and F': X — X be a mapping.

(i) If Fis A-strictly pseudocontractive then F' is Lipschitz continuous with con-
stant L <14 1/A.

(ii) If X is smooth and if F' is both A-strictly pseudocontractive and d-strongly
accretive with A +¢6 > 1, then I — F is nonexpansive.

Proof. (i) From (2.2) we derive
A = F)z— (I - F)y|* < (U
11

F)z — (I - F)y,j)
Fz — (I = Fyllllz -yl

IN

which implies that
1
I = Fla = (I = F)yll < S llz =yl
Hence
1
1z = Fyl < |(I = F)z = (I = Flyll + llz =yl < A+ )]l —

and F' is Lipschitz continuous.
(if) By (2.1) and (2.2), we get
AT = F)z— (I = Fyl* < |lz —y|? = (Fz - Fy, J(z —y))
<@ =d)fz—yl*

Since A+ 6 > 1,
1-9§
(I = F)z = (I = F)yl| </ ——lz =yl < |z =yl
and I — F' is nonexpansive. ]

3. Fixep PoinTs oF NONEXPANSIVE MAPPINGS

Let X be a reflexive and smooth Banach space, and C' be a nonempty closed
convex subset of a Banach space X and 7" : C' — C be a nonexpansive mapping
with a nonempty fixed point set. Recall also that for ¢ € (0,1) and u € C, x; is
the unique solution to the fixed point equation

(3.1) xp=tu+ (1 —t)Txy.
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It is known that (Reich [8]) if X is a uniformly smooth Banach space, then {z;}
converges strongly to a fixed point of 7" and the limit defines the sunny nonexpansive
retraction from C onto Fix(T"). Recently, Xu [11, Theorem 3.1] proved that Reich’s
result holds in a Banach space which has a weakly continuous duality map.

In this section, let T': X — X be nonexpansive, f : X — X be a-contractive
with o« € (0,1), and F' : X — X be both é-strongly accretive and A-strictly
pseudocontractive with 6 + A > 1. Now, take ¢ € (0,1). For given 6, € [0,1) we
define a mapping 7; : X — X by

Tz =tlu+ f(x))+ (1 =t)[Tz — 6, F(Tz)], z=€X,

where u € X is a fixed point. Then T; : X — X is a contraction. Indeed, observe
that for all z,y € X

A =F)Tz—(I-F)Ty|* < {(I-F)Tz—(I-F)Ty, J(Tz—Ty))
= |Tz—Ty||*—(F(Tz)-F(Ty), J(Tz—Ty))
< (1=9)||IT=—Tyl.

Hence we have

[1—6
(3.2) |(I-F)Tx—(I-F)Ty| < THTx—TyH, z,y € X.

Also, observe that for all x,y € X

[ Tix =Ty
= [[t(f(2) = () + A=) [Tz —0:F (Tx)| = [Ty—0:F (Ty)]|
= [[t(f(2) = f () + A=) [Tz =Ty—0,(F(Tx) - F(Ty))]|
| (

+0,[(I-F)(Tx)—(I-F)(Ty)l|

< t)|f(x)
[ ( (-
<taflz—yl+(1=0)[(1-0)|Tz—Ty]
[

FWI+A=t)[(1-0)(Tz—Ty)
)

(3.3) H0: | (1= ) (Tw) = (I = F)(Ty) ]
< tallz—yll + (1=O)[(1=0)[| Tz —Ty|

+0p\/ 52| Tz~ Ty
< taflz—yl + (1=t [1 =01/ 5] Tz —Ty||
< taflz—yl + (1-t)[1 01—/ 5)][lz~yll

< (1-(1=a)t)[lz—yll,
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which hence implies that 7% : X — X is a contraction. Utilizing Banach’s Con-
traction Mapping Principle we conclude that T; has a unique fixed point z; in X;
that is, x; is the unique solution to the fixed point equation

(3.4) xp =tlu+ f(xy))+ (1 =) [Tz — O.F(Tay)].
Define another mapping S; : X — X by
Syx =Ty — 0, F(Tx), VreX.
According to (3.3) it is easy to see that
1Stz = Syl < llz —yll, Va,y € X,

that is, S; is nonexpansive.
We now state and prove our first result.

Theorem 3.1. Let X be a reflexive Banach space and have a weakly continuous
duality map J, with gauge ¢. Let T : X — X be nonexpansive, f : X — X
be a-contractive with o € (0,1), and F' : X — X be both é-strongly accretive
and A-strictly pseudocontractive with § + A > 1. Fix u € X and t € (0,1). Let
x¢ € X be the unique solution in X to Eq. (3.4), where 6, € [0,1),Vt € (0,1) and
limy; o+ 0/t = 0. Then Fix(T') # 0 if and only if

lim sup ||a¢]| < o0,
t—0+

and in this case, {x} converges as t — 0% strongly to an element of Fix(T').

Proof. Assume first that Fix(T") # (). Take p € Fix(T)). According to (3.4)
we deduce that for ¢ € (0,1)

lze —pl| = [[t(u+ f(ze) —p) + (1 = ) [T — 6, (Txy)
—(p = 0:F(p))] = (1 = )0 F(p)|
<tllu+ f(p) —pll + tlf () = f(D)]
+(1 =) ISt — Sepl| + (1 — 1) 64| F(p) ||
< tllu+ f(p) = pll + tel|xe — pll + (1 = )|z — pll + 6| F(p)]|
< tllu+ f(p) — pll + (1 — (1 = a)t)[lze — pll + 0| F(p) ],

which hence implies that

— 0
oo = pl < L=y B
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So we have

— 0
el < I+ S Oy

Since limy;_,o+ 6/t = 0, we get

|u+ f(p) —pll <

.
1—

limsup ||2¢|| < |Ip|| +
t—0+

Next assume that lim sup;_,g+ ||z¢|| < oo. Assume that ¢, — 0T and {x,}
is bounded. Since X is reflexive, we may assume that z;, — z for some z € X.
Since J, is weakly continuous, we have by Lemma 2.5,

lim sup ®(||z1,, — z(]) = limsup ®([lzy,, — 2[) + ®(|l - z[|), Ve X.

n—oo n—oo

Put
p(x) = limsup (||z;, — ), Vre X.

It follows that
p(z) = p(2) + @(|lz — 2[]), Ve X.

Note that the boundedness of {z,,} implies the boundedness of {Tx;, },{f(x,)}
and {F(T'z,)}. Since, from (3.4),

(3.5) 2, = Tt || < tallu+ f(2e,) = Toe, | + 0, | F (T2, )| — 0,

we obtain
p(Tz) =limsup ®(||z, — Tz||) = limsup ®(||Tz, — Tz||)
n—00 n—00

< limsup ®(|lar, — 2[) = p(2).

n—oo

On the other hand, however,
(3.6) p(Tz) = p(2) + @[Tz — z]]).
Combining Egs. (3.5) with (3.6) yields

(| Tz~ =|) < 0.

Hence, Tz = z and z € Fix(T).
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We next show that z;, — z. Indeed, since {z,} is bounded, {¢(||x, — z||)}
and {F(Tx,)} are bounded. Note that ||.J,(z)| = ¢(||z|) for all z € X. Utilizing
Lemma 2.5, we have

O(flzs, — 2ll) = S(l[tn(u + f(21,) = 2) + (1= tn) (T, — 2 = 00, F(T1,))|])
= O(|(1 = tn)(Txs, — 2) + tn(f(1,) = f(2))
(L= tn)0s, F(Txy,,) + tn(u + f(2) = 2)[1)
<O (1 = tn)(Tixs,, = 2) + tn(f(21,) = F(2)))
+< (1= tn)0s, F(Txs,,) + tn(u + f(2) = 2), Jp(21,, — 2))

O((1 = tn)l| T2t — 2l + tall f(22,) = F(2)])
+tn<u +1(2) = 2 Jp(wr, = 2)) + 00, [(F(T, ), Jp(21, = 2))]
< O((1—ty)
Fin(u+ f(2) = 2, Jo(2r, = 2)) + Ou, [|F (T, [l ([ 1, — 2]1)
< (1= (1= a)tn)®([lzr, = 2[1) + tnlu+ f(2) = 2, Jp(1, — 2))
0, | F (T, ) o ([l — 21D),

which hence implies that

(w2, S, 2+

[, = 2l + atn |21, = 2[])

tn(ftiia)HF(Txmuso(thn—zH).

Since J,, is weak-to-weak* sequentially continuous and lim, o+ 6;/t = 0, we con-
clude from the last inequality that

O([|zs, — 2[) — 0.

([, —2[l) <

Hence x;, — z.

We finally prove that the entire net {x;} converges strongly. Towards this end,
we assume that there exists another sequence {s,} in (0,1) such that s,, — 0 and
xs, — 2. Then 2/ € Fix(T). It remains to prove that z/ = z. Towards this end,
we observe that

—p=(1=)(Swt — Sep) + t(u+ f(2t) —p) — (1 = 1)6:F (p)
for p € Fix(T'). It follows that
lze = plle(lz: —pll) = (ze = p, Jp(ze — p))
= (1 = t)(Stxt — Sip, Jo(zt — )
+t(u + f(21) = p, Jo(we — p)) — (1 = )0(F(p), Jp(x: — p))
< (1 =)z — plle(lze — pl)
+t{u + f(z1) — p, Jp(ze — p)) + Ol F ()| (l|ze — pl))-
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Therefore,

(3.7) lze—plle(|lze—pl) < (u+ f(z:) —p, Jgo(wt—p)>+%HF(p)H<P(Hwt—pH)-

In particular,

b,

lzt, = plle(lze, —pll) < {ut flae,) =0, Jp(ae, —p)) + = IE @)l (e, —pl),

n

and

0s,,
s, =pliellzs, =pll) < (ut f(2s,) =, Jp(@s, =)+ NE @)l (s, —pl)-
By passing on to the limits as n — oo we obtain

[z = pllellz = pll) < (u+ f(z) = p, Jo(z — p))
and
12" = plle(llz" = pll) < (u+ f(z) = p. Jp(" = p)).

Putting p = 2’ and p = z in the last two inequalities, respectively, and then adding
up them, we obtain

2l|z = 2e(llz = 2'l]) < {2z =2, Jp(z = 2) + {f(2) = f(2), Jo(z = 27))
< (I+a)llz = 2lle(llz =2,
which implies that
(1—a)llz = Zlle(llz = 2[l) < 0.

Hence ||z — 2'||¢(]|z — 2'||) = 0 and we must have z = 2’. This shows that {z;}
converges strongly to an element of Fix(7T'). [ |

We next establish the version of Theorem 3.1 in a uniformly smooth Banach
space.

Theorem 3.2. Let X be a uniformly smooth Banach space. Let T : X — X
be nonexpansive, f : X — X be a-contractive with o € (0,1), and F' : X — X
be both §-strongly accretive and A-strictly pseudocontractive with § + A > 1. Fix
ue X andt e (0,1). Let z; € X be the unique solution in X to Eq. (3.4), where
0, €10,1),vt € (0,1) and lim;_,g+ 6;/t = 0. Then Fix(T) # () if and only if

lim sup ||a¢|| < o0,
t—0+

and in this case, {x} converges as ¢t — 0% strongly to an element of Fix(T').
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Proof. The proof of the necessity of Fix(7) # () is the same as that in Theorem
3.1.

To prove the sufficiency part we assume that lim sup,_,o+ ||z¢]| < co. Let now
{t,} be a sequence in (0,1) such that t,, — 0 as n — oo. Define a function
p:X —[0,00) On X by

1
(3.8) p(x) = LIMnintn —z|?, VreX.

(Here LIM denotes a Banach limit on [*°.)
Let D be the set of minimizers of p over X that is,

D ={xe X p(x) =minp(y)}.

Since p is continuous and convex, p(z) — oo as ||z|| — oo, and X is reflexive, p
attains its infimum over X. Hence the set D is a closed bounded convex nonempty
subset of X. Because of (3.5), D is also T-invariant (i.e., TD C D). Since
a uniformly smooth Banach space has the fixed point property for nonexpansive
mappings, 7" admits a fixed point in D. Denote by v such a fixed point of 7. Since
v is a minimizer of o over X, it follows that, for x € X,

0 <[p(v+ Az —v)) = p(v)]/A
= LIM,5([l(ze, — ) + A(v = 2)|* = [|lze, —]*)/X.

Since the duality map J is uniformly continuous over bounded sets of X, we can
take
LIM, (z — v, J(z, —v)) <0, z€X.

In particular, when z = u + f(v),
(3.9) LIM,,(u + f(v) — v, J(zy, —v)) <O0.

Since J = J, with ¢(t) = ¢ for all ¢ € (—o0, ), it follows from (3.7) that for
each p € Fix(T)

lze—pl1? < (utf (@) —p, J(xe—)) + 2| F(p) ||| —pl|
= (u+f(p)—p, J(w—p)) + ([ (x) = F(P), J (e —p)) + 2| F(p) | |lz¢ —pl|
< (u+ f(p)—p, J(zi—p)) + allz —pl* + &F(p)|||z:—pl,

which hence implies that

(3.10) (1= a)la, —vl* < {ut f(v) —v, J(@s, —v)) + %HF(U)HH% — .
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Noting lim,,—,~ ¢, /t, = 0, we obtain
LIM,, |z, — v||* < 0.

Hence there exists a subsequence of {z;, }, still denoted {x, }, converging strongly
to v.

To see that the entire net {x;} actually converges strongly as t — 0", we assume
that there exists another sequence {s,} in (0,1), s, — 0 as n — oo, such that
xs, — 2. Then we have z € Fix(T). From (3.7) with ¢(t) = ¢,Vt € (—o0, 00)
and J, = J, we derive

0
(3.11)  |lmy, — 2l < (u+ flze,) — 2, J(m4, — 2)) + %HF(Z)HH% — 2|,
and

0s,,
(3.12)  las, —vl* < (u+ f(xs,) — v, J (25, — 0)) + ~ IE@llzs, = vl

Letting n — oo we deduce from (3.11) and (3.12) that

(3.13) lo = 2)1* < {u+ f(v) = 2, (v = 2)),
and
(3.14) Iz =0l < (u+ f(2) — v, J(z = v)).

Adding up (3.11) and (3.12) yields

20z —v]? < (z = v, J(z =) + (f(2) = f(v), J(z = v))
< (1+a)llz— vl

Hence z = v and {z;} converges as ¢t — O strongly to an element of Fix(7T"). m

4, ZEROS OF m-ACCRETIVE OPERATORS

Let C be a nonempty subset of X, let K be a nonempty subset of C' and let @
be a mapping of C onto K. Then (@ is said to be sunny if

Q(Qz +7(z — Q) = Qu,

whenever Qx + 7(x — Qx) € C for x € C and 7 > 0. A mapping @ of C into
itself is said to be a retraction if Q = Q2. If a mapping Q of C into itself is
a retraction, then Qz = z for each z € R(Q). A subset K of C is said to be
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a (sunny) nonexpansive retract if there exists a (sunny) nonexpansive retraction of
C onto K. For a sunny nonexpansive retraction, there exists the following useful
characterization:

Lemma 4.1. [13, Proposition 4, p. 59]. Let C be a convex subset of a smooth
Banach space X, let K be a nonempty subset of C' and let @ be a retraction from
C onto K. Then @ is sunny and nonexpansive if and only if for all x € C and
yekK,

(r —Qu, J(y — Qz)) < 0.
Hence there is at most one sunny nonexpansive retraction from C onto K.
More details involving sunny nonexpansive retractions can be found in [5, 14].

Recall that an operator A : D(A) C¢ X — 2% is said to be accretive, where
D(A) is the domain of A, if for each z; € D(A) and y; € Ax; (i = 1,2), there
exists j € J(xq — x2) such that

(y1 — y2,J) > 0.

Furthermore, A is said to be m-accretive if A is accretive and the range of 7 +rA is
precisely X for all » > 0. For this class of operators, the resolvent .J, = (I +rA)~!
is a single-valued nonexpansive mapping whose domain is all X’; see, e.g., Jung and
Morales [17, p. 232]. Recall also that the Yosida approximation of A is defined by

1
A ==(I—J,).
( )

In this section, consider the problem of finding a zero of m-accretive operator A in
a Banach space X,

(4.1) 0 € Ax.
Moreover, assume always that
N(A):={zx e X:0e Az} = A71(0) # 0.

Let f : X — X be a-contractive with « € (0,1) and F' : X — X be both o¢-
strongly accretive and A-strictly pseudocontractive with § + A > 1. Consider the
following algorithm

(4.2)  zpi1 = an(u+ f(zn)) + (1 — an)[Jr, @0 — A\ F (T, xy)], VR >0,

where v € X is arbitrarily fixed, {«,} is a sequence in (0, 1), {r,,} is a sequence
of positive numbers, and {\,} is a sequence in [0, 1).
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Whenever f = 0 and A\, = 0 for all n > 0, algorithm (4.2) reduces to the
following algorithm

(4.3) Tyl = apu+ (1 — ap)Jyp, @, V0 > 0.

Algorithm (4.3) has been investigated in [4] in which strong convergence is proved
provided the space X is uniformly smooth and has a weakly continuous duality
map J, for some gauge ¢. Recently, Xu [11] also studied it under the weaker
assumption that X is reflexive and has a weakly continuous duality map J, with
gauge . Next we state and prove the main results in this section.

Theorem 4.1. Let X be reflexive and have a weakly continuous duality map J,
with gauge . Suppose that A is an m-accretive operatorin X andthat f : X — X
is a-contractive with o € (0, 1). Assume that

(1) ap—0, > on =00, and > > [any1 — ap| < 00;
(i) 7, > eforallnand Y2 [rpqp1 — 70| < 00;
(i) Y070 [Ans1 — An] < oo and limy, 00 Ap/ay, = 0.
Then there hold the following:

(I) the sequence {z,} generated by algorithm (4.2) is bounded, and each weak
limit point of {z,,} lies in N(A);

(1) {x,} converges strongly to an element of N(A) if {f(x,)} is strongly con-
vergent;

(1) {z,} converges strongly to an element of N(A) if

lim (f(), Jylan = Q(u))) <0,
where @ is the unique sunny nonexpansive retraction from X onto N(A).
Proof. Let, for each n, .S,, be defined by
Spx = Jp,x — \F(Jp x), VreX.

Then there hold the following
(a) The algorithm (4.2) is rewritten as
(4.4) Tyl = ap(u+ f(xy)) + (1 — ap)Spzyn, Yn > 0.

(b) By Proposition 2.1, S,, is nonexpansive.
(¢) Spp=p— M\ F(p) forall p € N(A).
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We now show that {x,,} is bounded. As a matter of fact, since N(A) = Fix(J,)
for all » > 0, we derive that, for p € N(A),

[Zn41 = pll = llom(u + f2n) = p) + (1 = an) (Snzn —p)||
< apflu+ f(p) = pll + anll f(zn) — f(D)]l
+(1 = an)llzn = pll + Al F(p)|]
(4.5) < apllu+ f(p) = pll + anallz, — pl|
+(1 = an)llzn = pll + Al F(p)|]
= apllutf(p) —pll+(1—(1=-a)on)|lzn—pl+ || F(p)]]
< (1-(1=a)an)||zn—pl +onllut f(p) —p |+ Al F (D).

Since lim,, oo An/ay, = 0, we may assume without loss of generality that \, < «,
for all n. Hence, from (4.5) we get

Nlu+ f(p) —pl + 1F()]
l—«

[Znr1=pl < (1-)an +(1=(1-a)an)||lzn=pl[, n > 0.

By induction, we infer that

lzn = pll < max{([lu+ f(p) = pll + [F()I)/(1 = ), zo = pll},  Yn=0.

Therefore, {x,,} is bounded, so are the sequences { f (xy)}, {Jr,xn} and {F'(J,, zn)}.
By definition of z,, and x,,,1 we obtain

Tpi1—Tn = (n—0n_1) f(Tn-1) + an(f(zn) — f(zn-1))
(4.6) +(an —ana)(u—"Jr, ; Tna) +(1—an)
—[(1 = an) A\ F (T, xn) — (1 — 1) A

(S T — rn_1xn—1)
n—1F(J, rn—1¥n— 1)]-
Observe that

[(atn—atn—1) f(zn-1)+tan(f(zn) = f(@n-1))l| £ M|on—an_1|+anallz,—an_1],
and
11 = ) A F(Jr,2n) = (1 = an-1) A1 F(Jr, 20|
= (A1 = An) (L = an-1) F(Jr,_ 2n-1)
(1 = an1) F(Jr,_y2n-1) = (1 = an) F(Jr, )]l
< A = Al E(r, oy 1) [ 4 Al (X = an1) F(Jr,_y2n1) — (1 = ) F(Jp, 20|
< A = A l1E (e, oy o) 4 A (1F (T s ) |+ 1 F (T ) ]])
< | An = At | M+ Ay M
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for some constant M > 0. Moreover, if r,,_1 < r,, using the resolvent identity

JrpTn = Jr,_y <r:—_1xn + <1 - 7":—1) Jrnxn> )
n n

we obtain

T'n—1 T'n—1

|20 — Zn—1ll + (1 -
n n
Tn — Tn—1

()

1T @n = Iy Tnt]l < Wy — 21|

S Hxn - xn—l” +

Jrnxn — Tp—1 H

n
<|lzn — zp-1ll + (L/e)|rn-1 — rulll Jr, 20 — Tn-1]|-
It follows from (4.6) that

[Zn+1 — znl] < (1= (1= @)an)||zn — zpall + )‘nM + (Jam — a1

+rp — ro—1| + | An — )\n_l\)M
(4.7) A
= (I-(1-a)an)||zn—zpa ||+ (1 - Oé)an'mM
+(‘O¢n — Ocn_l‘ + ‘Tn — Tn_l‘ + ‘)\n — )\n—l‘)M

for some constant M > M. Similarly we can prove (4.7) if r,_1 > r,. By
assumptions (i)-(iii) and Lemma 2.1, we conclude that

[ @011 = nll — 0.
This implies that
(4.8) [2n = Jry@n |l < 201 — 2nll + (|20t — Jry2all = 0
since
[#nt1 = Jrpnll < amllu+ f(zn) = Jrpanll + (1 = an) || F(Jr, 20) || — 0.
It follows that

1 1
|Ar, 20l = — |70 — Jr, 2nll < =l|2n — Jr, 20| — 0.
Tn €

Now if {z,, } is a subsequence of {x,,} converging weakly to a point z, then taking
the limit as £ — oo in the relation

[Jrnkxnkv Arnkxnk] € Av
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we get [z,0] € A; i.e., T € N(A). We therefore conclude that all weak limit points
of {z,,} are zeros of A. Utilizing Lemma 2.5 we get for each p € N(A)
([l#nsa —pll)
O((1 = an)(Jr, 20 = p) + an(u + f(2n) = p)
—(1 = an) A F(Jr,2n)|)
< O((1 = an)l|Jrpn = pl) + an(u+ f(2n) = p, Jp(nt1 = p))
—(1 = an)An(F(Jr,2n), Jp(2nt1 = p))
< (1= an)®(llzn = pll) + onlu + f(@nt1) = p, Jp(@ni1 — p))
(4.9) Fan (f(zn) = f(@nt1), Jp(Tni1 — p))
—(L = ) A (I, n), Jp(Tni1 = p))
< (1= an)®@(llzn = pll) + anu + f(@nt1) = p, Jp(@nt1 — p))
+an|| f(xn) = f(@ns) e (l2nts —plD)
FAll E (T zn) o (12 = pl)
< (1= an)®@(llzn = pll) + onlu + f(@nt1) = p, Jp(@ni1 — p))
tanfalzn = pll + 321 F (T, zn) e (lwnsr = pll).

Since N(A) is the fixed point set of the nonexpansive mapping .J,., we know
from Xu [11, Theorem 3.1] that there exists a unique sunny nonexpansive retraction
Q@ from X onto N(A).

Next discuss two possible cases for the convergence of {z}.

Case 1. {f(wzn)} is strongly convergent. In this case, let f(z,) — vp € X.
Then we write ¢ = Q(u + vg). Putting p = ¢ in (4.9) we have
O([|zntr —qll) < (1 = an)®(|lzn — qll)
(4.10) +an(u+ f(@nt1) = ¢, Jp(Tni1 — )
+anlal|zn = 2o || + 221 F(Jr,a) [l @nr1 — gl))-

Now take a subsequence {x,, } of {z,} such that

lim sup(u + f(zn) — q, Jo(zn — q)) = kli)rgo@ + f(@n,) — ¢, Jpo(2n, —q))-

n—oo

Since X is reflexive, we may further assume that x,, — . Note that J, is
sequentially continuous from the weak topology of X to the weak* topology of X*.
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Hence we deduce that

lim sup(u + f(zn) — q, Jo(zn — q))

= lim (u+ f(wn,) = a4, Jp(tn, — )
= (u+vo — Q(u+v0), Jo(Z — Q(u + v9)))
S 07

since @ is a sunny nonexpansive retraction from X onto N(A). Since

lim sup(u+ f(2npn ) —¢, Jo(Tn1—q)) <0, lim |zp—2p41] =0, lim X,/ =0,
n—oo 00

and since both {||F'(J,, )|} and {¢(||zn+1 —¢l|)} are bounded, from Lemma 2.1
we obtain ®(||x,, — ¢||) — 0; thatis, ||z, — ¢|| — 0.

Case 2. limsup,_.(f(zn), Jo(zn — Q(u))) < 0. In this case, putting
p = Q(u) in (4.9) we have

C([|znt — Q)
(4.11) < (I—an)®(||lzn—Qu) ) +an(u+ f(xna) —Q(u), Jo(@nn —Q(u)))

An
tanlalzn = zna]| + I E (U, zn)[Je(lzn4 = Qu)]))-

Now take a subsequence {x,,, } of {z,} such that

lim sup(u-+ ()~ Q(w), Jp(wn=Q(w)) = Hm (- (@, ) =Q(w), Jy(@my = Q(1))-
Since X is reflexive, we may further assume that x,,, — . Note that J, is
sequentially continuous from the weak topology of X to the weak* topology of X*.
Hence we deduce that

limsup(u + f(zn) — Q(u), Jo(zn — Q(w)))

n—oo

= T {u+ £ () = Q). To(m, — Q(w)
= Tim {1 = Q(u), J(m, — QUw)) + T (F(zny), To(m, — Qu)))

|
=
|
o
£
ﬁkn
>
|
o
£
_|_
Te
g B
=
3]
3
T
<
3]
3
x>
o
£



680 Lu-Chuan Ceng and Hong-Kun Xu

since (Q is a sunny nonexpansive retraction from X onto N(A). Again since
limsup(u + f(zns1) = Q(u), Jp(2nt1 — Q(u))) <0,
n—oo

lim ||z, — zp41|| =0, lim A\,/a, =0,
n—oo n—oo

and both {||F(J,,z»)|} and {o(||zn+1 — Q(w)||)} are bounded, so, from (4.11)
and Lemma 2.1 it follows that ®(||z,, — Q(u)||) — 0; thatis, ||z, — Q(u)|| — 0. m

Next consider the variational inequality problem:
(VI(N(A), f)) find z € N(A) such that (f(x), J(y—z)) <0, Yy € N(A),

where f: X — X is a given mapping.
By a careful analysis of the proof of Theorem 4.1, we can obtain the following

Theorem 4.2. Let X be reflexive and have a weakly continuous duality map
J, with gauge . Suppose that A is an m-accretive operator in X and that
f X — X is a-contractive with o € (0, 1) such that f is sequentially continuous
from the weak topology of X to the strong topology of X. Assume that
(i) ap =0, > 2 gan =o00,and > 7 |apy1 — ap| < 00;
(i) 7, >eforall nand Y27 |rpy1 — | < 00;
(i) D02 o [ A1 — An] < o0 and limy, oo Ap /iy, = 0.
Then there hold the following:
() the sequence {z,} generated by algorithm (4.2) is bounded, and each weak
limit point of {z,,} lies in N(A);
(1) {z,} converges strongly to an element of N(A) if {f(z,)} is strongly con-
vergent;

(1) {x,} converges strongly to an element of N(A) if each weak limit point of
{z,} is a solution of the VI(N(A), f).

Proof. The proofs of conclusions (1) and (I1) are the same as those in Theorem
4.1, so we omit them.

Next we first verify the following inequality for Case 2 in the proof of Theorem
4.1:

lim sup(u + £ () — Q(u), J(an — Q(u))) < 0.

n—oo

Indeed, take a subsequence {z,,, } of {x,} such that

lim sup(u—i—f(xn)—Q(u), Jgo(xn_Q(u)» = lim <’Lb+f(1‘mk)—Q(’LL), Jgo(xmk_Q(u)»

n—00 k—oo
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Since X is reflexive, we may further assume that x,,,, — 2. Then 2 is a solution of

the VI(N(A), f). Note that J,, is sequentially continuous from the weak topology

of X to the weak* topology of X* and that f is sequentially continuous from the

weak topology of X to the strong topology of X. Hence we deduce that
limsup(u + f(2n) — Q(u), Jp(zn — Q(u)))

n—oo

= klg&(u + f(zm,) — Qu), Jo(wm, — Q(u)))

= lim (u = Q) Jp(rm, — Q) + 1in (f(tm,), Jo(irm, — Q)

k—o0
= (u—=Q(u), Jp( = Qw))) + (f(2), Jp(& — Q(u)))
S 07
since @ is a sunny nonexpansive retraction from X onto N(A). Since
limsup(u + f(zn41) = Qu), Jo(ni1 — Q(u))) <0,

n—oo

lim ||z, — zp41|| =0, lim A\,/a, =0,
n—oo n—oo

and since both {|| F'(J,,x)||} and {¢(]|zn+1—Q(w)]|) } are bounded, so, from (4.11)
and Lemma 2.1 it follows that ®(||z,, — Q(u)||) — 0; that is, ||z, — Q(u)|| — 0. m
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