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Restriction of Averaging Operators to Algebraic Varieties over Finite Fields

Doowon Koh* and Seongjun Yeom

Abstract. We study LP — L" estimates for restricted averaging operators related
to algebraic varieties V' of d-dimensional vector spaces over finite fields F, with ¢
elements. We observe properties of both the Fourier restriction operator and the
averaging operator over V C Fg. As a consequence, we obtain optimal results on the
restricted averaging problems for spheres and paraboloids in dimensions d > 2, and
cones in odd dimensions d > 3. In addition, when the variety V is a cone lying in
an even dimensional vector space over Iy and —1 is a square number in [F,, we also
obtain sharp estimates except for two endpoints.

1. Introduction

Over the past decade there has been a lot of interest in developing harmonic analysis
over finite fields. Mockenhaupt and Tao in [16] initially studied the finite field restriction
problem. The finite field Kakeya problem was posed by Wolff in [17]. These two problems
are considered as central problems in Euclidean harmonic analysis. Amazingly, Dvir in [4]
recently found a simple proof of the finite field Kakeya conjecture, wherein he invoked
the polynomial method. There are some serious difficulties in adapting the Dvir’s proof
to the Euclidean Kakeya problem. On the other hand the polynomial method plays an
important role in improving some problems in harmonic analysis. For instance, Guth in [7]
used it to obtain an improvement on the Euclidean restriction problem (see also [6,8]).
This example demonstrates that finite field analogues can be useful in developing methods
for Euclidean analogs.

Finite fields can be an efficient method by which one can introduce a problem to math-
ematicians in other fields. This is mainly due to finite fields possessing a relatively simple
structure. Furthermore, problems in finite fields are closely related to other mathematical

subjects such as algebraic geometry, additive number theory, or combinatorics. For these
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reasons, analysis problems in finite fields have received much attention in the last few
decades (see, for example, [2,5,9,(14.|15]).

In this paper we study a hybrid of the averaging operators and restriction operators
in the finite field setting. Roughly speaking, given an algebraic variety V C Fg and an
operator 1" acting on functions f: Fg — C, anew operator Ty can be defined by restricting
Tf to the variety V. Then a natural question is to determine the boundedness of the
restricted operator Ty,. Note that when T'f is the Fourier transform of f, this problem
becomes the Fourier restriction problem. While it is possible to study the extended Fourier
restriction problem for various operators, we shall focus on studying the problem for
averaging operators 1" over algebraic varieties V' C Fg. We call this the restricted averaging
problem to V. It was observed in [12] that optimal results can be obtained if the variety
V' is any curve on two dimensions which does not contain a line. In this paper we extend

the work to higher dimensions.

1.1. Discrete Fourier analysis

We begin by reviewing definitions and notations. Let IF‘f]l be a d-dimensional vector space
over the finite field IF;, with ¢ elements. Throughout this paper we always assume that ¢ is
the power of an odd prime. We endow Fg with the normalized counting measure dz. We
shall use (Fg, dz) to indicate the d-dimensional vector space with the normalized counting
measure dz. In order to indicate the dual space of (Iﬁ‘g, dz), we shall use (IE‘f]l, dm) which

is endowed with the counting measure dm. Thus,

/Fd f(x)dx :qld Z f(z) for f: (Fg,dm) — C,

q zeFd

and

/IFd g(m)dm = Z g(m) for g: (Fg,dm) o C.

meFrd

Let x denote a fixed nontrivial additive character of F,. Our results will be independent
of our choice of character.

Given a function g: (Fg, dm) — C, the Fourier transform of g is given by

g(z) = /]Fd X(—x-m)g(m)dm = Z X(—x-m)g(m) forz e (]Ff]l,d:c).

meFrd

On the other hand, if f: (IFZ, dx) — C, then the inverse Fourier transform of f is given by

fY(m) = /le x(m-x)f(x)dx := qld Z x(m-z)f(x) form e (Fg,dm).

q zelFd
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Recall that by orthogonality we have

0 ifm#(0,...,0),

> x(mea)=9q "

+€Fd q* ifm=(0,...,0),
where m - z is the usual dot-product. By the above orthogonality relation of x, we obtain
Plancherel’s theorem which states ”vaL2(IFg,dm) = HfHLQ(ngx). Namely, Plancherel’s
theorem yields
2 1 2
> 1r = 5 3 @
meFrd zerd

Given functions f, h: (Fg, dx) — C, the convolution f * h is defined as

Fehn) = [ fy=oh@de == 3 fy—o)hia) fory € (Fhda).

z€Fd

Notice that (f * h)¥(m) = f¥(m)h"(m) for m € (F%,dm).
Given an algebraic variety V C (Fg,dx), we endow V with the normalized surface

measure ¢ which is defined by the relation

1
f(@)do(z) = — >  f(x),
l Vi
where |V| denotes the cardinality of the set V and f: (F4,dz) — C. Notice that do ()
is replaced by (¢%/|V|)V () dz. Throughout this paper, we shall identify the set V C F4
with the characteristic function xy on V, so that V(z) = 1 for x € V and V(z) = 0

otherwise.

1.2. Definition of the restricted averaging operator

With the above notation the averaging operator A is defined by
1
Af) = f o) = [ fy=o)do(e)i= 5= 3 Sy =),
zeV

where f and Af are defined on (Fg, dz). The averaging operator A was initially introduced
for finite fields by Carbery-Stone-Wright [3]. Sharp LP — L" estimates of the averaging
operator A were obtained in the case when V is the sphere, the paraboloid, or the cone
(see, [11L13]). Now, we consider a restricted operator Ay defined by restricting Af = f*o
to the algebraic variety V. Namely, we have Ay f = Af|y. We call the operator Ay the
restricted averaging operator to the algebraic variety V' C (IFZ, dx). The main purpose of

this paper is to study LP — L" estimates for the restricted averaging operator Ay .
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Problem 1.1 (Restricted averaging problem). Let o be the normalized surface measure
on the variety V C (Fg,dx). For 1 < p,r < oo, we define Ay(p — r) as the smallest
constant C' > 0 such that the estimate

(1.1) 1F % ollir vy < C Ul o ed aa)

holds for all functions f: Fg — C. The quantity Ay(p — 7) may depend on ¢, the
cardinality of the underlying finite field IF,. The restricted averaging problem to V' is to
determine all pairs (p,r) such that 1 < p,r < co and Ay (p — r) is independent of the
field size q.

For positive numbers A and B, we use A < B if there is a constant C' > 0 independent
of the field size ¢ such that A < CB. We also use A ~ B to indicate that A < B and
B < A. In this setting, the restricted averaging problem is to find all pairs (p, ) such that
1 <pr<ooand Ay(p — r) S 1. Here, we again stress that the implicit constant in <
is allowed to depend on d, p, r but it must be independent of ¢ = |F|.

Remark 1.2. Since |1 <5y = 1 = [[1]| s (g gy for all 1 < s < 0o, we see from Holder’s
k) q7
inequality that
Ay(p2 = 1) < Av(pr =) for 1 <pr <py <o

and
Av(p—m) <Ay(p—ry) for1<r <ry<oo

which will allow us to reduce the analysis below to certain endpoint estimates.
As usual, we denote by Aj, the adjoint operator of the restricted averaging operator
to V. Since
(AvEih) pev.g) = (F AVR) L2(ra day »

the adjoint operator Aj, of Ay is given by
_ q
N

where h: (V,0) — C and y € (Fg,dx). Observe that if V = -V := {z € Fg c—z eV},

then
q2d

\4

By duality, if 1 < p,r < oo, then the estimate (1.1)) implies that

Alh =

(1.2) ”AT/hHLP/(]Fg,dz) < Clhllpr vy forall h: V —C,

where p’ = p/(p—1) and ' = r/(r—1). We define A}, (1" — p’) as the best constant C' > 0
such that the estimate (1.2) holds. It follows that Ay (p —r) S1 <= A} (' —p') S 1.
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1.3. Statement of main results

Results on the restricted averaging problem are based on geometric properties of the
underlying variety V' C Fg. The structure of the variety V' can be explained in terms of
the inverse Fourier transform of the normalized surface measure ¢ on V. Recall that the

inverse Fourier transform oV of the surface measure o is defined by

1
a’(m) = / x(m-z)do(x) = — Z x(m-x) forme (Fg,dm).
v VI &
We shall derive certain results on varieties which possess general properties of hypersur-
faces such as spheres, paraboloids, or cones in finite fields. To precisely state our main

results, we need to classify varieties V according to their Fourier decay.

Definition 1.3. An algebraic variety V' C (Fg,dx) will be called a regular variety if
V| ~ ¢* 1 and |6V (m)| < ¢ @D/2 for all m € Fg \ (0,...,0), where o denotes the

normalized surface measure on the variety V.

As the first main result, we obtain the sharp mapping properties of the restricted

averaging operator to a regular variety (see Figure (1.1)).

1/r

Y- | | =D

d-1 1

L~ (7%

1/d
(d-2)/(d?*2d+2) | Lo p = (G a2 )

a?-2d+2 ’d?-2d+2,

a?-3d+2  d-1 1/p

a?-2d+2 @ 1

Figure 1.1: The region QU B is related to Theoremwhich gives optimal L? — L' result
for regular varieties. On the other hand, the region Q \ {Py;, P>} indicates the conclusion
of Theorem which provides us of the sharp results except for two endpoints Py, P, for

the cone in even dimensions d > 4 provided that —1 € F, is a square number.

Theorem 1.4. Let o be the normalized surface measure on a reqular variety V C (Fg, dx).
Then we have Ay(p — 1) < 1 if and only if (1/p,1/r) lies on the convex hull of points
(07 0); (07 1): ((d - 1)/d7 1) and ((d - 1)/d7 1/d)

It is well known in |104/16] that typical examples of regular varieties in Fg are the sphere
S; = {$€Fg:x%+x%+~~+x3:j # 0} and the paraboloid P := {z EFZZ$%+JJ%+
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-+ + a2 | = z4}. Thus, Theorem provides us with the best result on the restricted
averaging problem for the sphere S; and the paraboloid P. However, if a variety V' C IF‘f]l
is not a regular variety, then it may not be simple to prove the sharp LP — L" estimates of
the restricted averaging operator, because the variety V may contain a large dimensional
affine subspace which no longer has any curvature. Recall that a cone C' in Fg is defined

as
(1.3) C:{xEFg:xf—i-ar%—l—'--—i-x?l_Q:xd,lmd}.

The regular property of the cone C' C IF'Z depends on the dimension d > 3. In fact, we
shall see from Corollary in Section [4| that the cone C' C Fg is not a regular variety
in even dimensions d > 4 but the cone C' is a regular variety in odd dimensions d > 3.
Hence, if the dimension, d > 3, is odd, then the sharp L” — L" estimates for the operator
Ac follows immediately from Theorem For this reason, we shall focus on studying
this problem for the cone in even dimensions d > 4. In this paper, except for endpoints,
we shall establish the sharp mapping properties of the restricted averaging operator to the

cone C' in even dimensions. More precisely we have the following result (see Figure .

Theorem 1.5. Let 0. be the normalized surface measure on the cone C' C Iﬁ‘g defined as
in (1.3)). Denote by Q the convex hull of points (0,0), (0,1), ((d—1)/d,1),

d—1 1 d>—3d+2 d-2
po= (20 2 d Pyi= .
L < d ’d—2> ane 2 <d2—2d+2’d2—2d+2>

If the dimension, d > 4, is even, then we have the following results:
(1) If 1/p,1/r) € Q\ {P1, P2}, then Ac(p — 1) S 1.
(2) If =1 € Fq is a square number and Ac(p — ) S 1, then (1/p,1/r) € Q.
(3) If we put P, = (1/p,1/r), then the following restricted type inequality holds:

|| f * UC||LT(C7UC) S HfHLp(]ngx) for all characteristic functions f: Fg — C.
(4) If we put P, = (1/p,1/r), then the weak-type estimate
1 = O-CHL”'vOO(C’a'C) S HfHLP(]Fg,da:)
holds.
2. Necessary conditions

LetV CF Z be an algebraic variety with |V| ~ ¢%~!. We denote by o the normalized surface
measure on V. Then we have the following necessary conditions for the boundedness of
Ay (p = ).
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Lemma 2.1. Let 1 < p,r < oco. Assume that Ay (p — r) < 1. Then we must have

1 d-1 1 1
2.1 - — d —— < —.
(2.1) p~ d an p(d—1) — r
In addition, if we assume that V' contains an affine subspace II with |II| = ¢%, then we
must have
d— 1
(2.2) _fme - + 1.

pd—1—a) — r

Proof. For each a € Fg, define

1 if z = a,

0 ifz+#a.

da(x) =

If we test (1.1) with f equal to dg, we obtain

|60 * U||Lr(v,g) < ”50||Lp(Fg,dx) :

Since |[0o|| 1o (rd 4z) = g~ %P and ||dg * ollprvey =1/ V]~ ¢~ @1, we obtain a necessary
q’ )

condition 1/p < (d — 1)/d for the boundedness of Ay (p — r). In order to obtain another

necessary condition 1/(p(d — 1)) < 1/r, we shall use the estimate (|1.2). If we test (1.2))

with h equal to dg for some a € V', we must have

”A’\K/(Sa”Lp’(Fg,dx) S ||5aHLr’(v7g)-
Notice that for x € (IFf]l, dzx), we have

. q* q‘
Voa(T) = VP > Viy-2)daly) = —5V(a—=).

yeVv

It is not hard to see that

* |V’ L qd —d+2-1/p’
||Av5a||Lp’(1Fg,dx) = <qd \V|27 ~q /v
and

”5a||Lr’(v,a) = ’V|*1/r’ ~ g~ @D/

Thus, we must have —d+2 —1/p’ < —(d—1)/r’ which yields another necessary condition
1/(p(d — 1)) < 1/r for the boundedness of Ay(p — r). Now we prove the necessary
condition . Assume that the variety V' contains an affine subspace II with |II| = ¢“.
If we test with h equal to the characteristic function on II, we obtain

(2.3) ||A>€/HHLP/(Fg,dx) S HHHLTI(V#’) '
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It is clear that

o\ Y (a—dt+1)/r'
(2.4) I o 0y = v ~q :

Since II C V, we see that Ay II(x) = % dyenV(y—xz) forz € (F¢, dz). It follows

D viy-o

dp'—d P
q p
zng y€ell

HA* H ]Fd dz) |V‘2p/

Since I C V is an affine subspace, we can choose a set M C F¢ such that [M| = |II| and
> yen V(y —z) = [II] for all z € M. Thus, we see that

/_ 1+ / /_ /
m HH N g —d |11t P N g —dge(i+) _ (a—d+Dp/+and
]F‘i Jdz) — |V|2p’ q2p’(d—1) q ’

where we used the conditions that |[II| = ¢® and |V| ~ ¢%~'. Tt follows that
—d+2+(a—d)/p’
||A>€/HHLP/ (Fd, da) Zq" (a=d)/?',

From this inequality, (2.3) and (2.4)), we must have
a—d < Q- d+1

a—d+ 2+ — < ;
r
which yields the necessary condition (2.2)) for the boundedness of Ay (p — ). O

3. Proof of Theorem

In this section, we shall prove Theorem [I.4] The necessary part for the boundedness of
Ay (p — r) follows immediately from a direct consequence of in Lemma It
remains to prove the sufficient condition for the boundedness of Ay (p — r). To prove
this, observe that Ay (co — oo0) < 1. Now, by the Riesz-Thorin interpolation theorem
(see |1, Theorem 1.7]) and Remark it will be enough to show

d
— —d
()=
Thus, our task is to establish the following estimate

(3.1) 1f * ol zaqvey S 1 lpara-n psar  for all f: (Fg,dz) = C.

For each m € (Fg, dm), define K(m) = o¥(m) — do(m). Then the measure o can be
identified with the function o(z) = K (z) + (%(m) = K(z)+1for z € (Fg, dz). To obtain
the estimate (3.1)), it suffices to prove the following estimates:

(3.2) 1F * Ul paqey S Il (goqr)  for all f: (Fg,dz) — C,

(3.3) |7+ &| S I lpartas gy for all f: (BY, dz) — C.

LA(V,o)
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Since maxgzey |f * 1(x)| < HfHLl(Fg,dI), the estimate (3.2)) follows by observing

1 * Ulpawoy < I prgtae) 1M Lavey < N1 Lara-n @ a) -

Now notice that (3.3)) can be obtained by interpolating the following estimates:

(3.4) Hf * I?HLOO(VU) S allf s gy for all f: (FL,dz) = C
and
(3.5) |7 <] oy STV g any for all £2 (Fgude) = C.

Thus, our task is to show that (3.4) and (3.5 hold. Let us prove (3.4]). Observe

¢V (y) _1’ - Lqu
14 — |V

max
yeFrd

IA( ‘ = max |o — 1| = max
(y) yngl (y) — 1 e

Then the estimate (3.4) follows by observing that for any x € V,

’f*[?(a:)‘ < <max

d
yeFyg

~ 1
K(y)D 7 -yl q 1/l 1 (ra ) -
yGFg

Finally, we shall prove the estimate (3.5). From the definition of the function K and the

assumption on a regular variety V', we see that

(3.6) max |K (m)| < ¢~ @~V/2,

meFrd

which shall be used to prove (3.5). In addition, we shall use the following restriction

estimate.

Lemma 3.1. Let o be the normalized surface measure on a variety V C (Fg,d:n) with
|V| ~ q%t. Then we have

19l 2 vy S q'/? 191 L2 (@ amy ~ for all g: (Fg, dm) — C.
Proof. By duality, it suffices to prove the following extension estimate:
1N 2 gy ~ 02 W ll2vg)  forall f:V = C.

g

Since o(x) = %V (x), it follows from Plancherel’s theorem that
VI

d d
q q
H(fU)VHL2(1Fg,dm) = m H(fv)va(Fg,dm) = m ”fVHLQ(Fg,d:v)
d/2
q
= 75 Ifll2v0) ~ ¢ fll 2o - -

V]



220 Doowon Koh and Seongjun Yeom

To complete the proof of the estimate (3.5)), we write Hf * IA(‘ L)
and apply Lemma and m Then we see that ’
_ Vv 1/2 \Y
Hf * K‘ L2(V,0) Hf K’ L2(V,o) ™ sa”|f KHLQ(ngdm)
1/2 —(d—1)/2 —d+2)/2
5 q / q ( ) vaHLQ(]Fg,dm) = q( +2)/ HfHLQ(Fg,d:L')’

=[[7]

L2( Vcr)

where Plancherel’s theorem was used to obtain the last equality. Thus, our proof is

complete.

4. Properties of the cone

Recall that the cone C' C IFZ is defined as the set

{xng:xd_lxd:x%+x%+'--+x3,2}

and o, denotes the normalized surface measure on the cone C. In this section, we collect

preliminary lemmas which play an important role in proving Theorem Observing

the decay of the inverse Fourier transform on the cone, one may analyze the structural

features of the cone. As we shall see below, the inverse Fourier transform on the cone is

closely related to the classical Gauss sum. Recall that the Gauss sum G is defined by

G=) n(x(t) and |G]=q"

teF;

where 7 denotes the quadratic character of Fy. Since Ztqu x(at?) = Gn(a) for a € Fy,

completing the square and using the change of variables, we see
2

b
(4.1) Z x(at? + bt) = Gn(t)x <—4a> for a € Fy, b€ Fy.

teF,

The inverse Fourier transform on the cone can be explicitly expressed.

Lemma 4.1. Let C C IFg be the cone. For each ¢ € Fy and § = (&1,82,...,&) € Fg,

define To(§) = &2 + & + -+ &2, — l€q—1£q4. Then we have the following results:

(1) If the dimension, d > 4, is even, then
5 —1)G42
o(m) + (¢—1)

, . . for Ty(m) =0,
C (m) = _Gd—2
7 for T'y(m) # 0.
(2) If the dimension, d > 3, is odd, then
So(m) for Ty(m) =0,
Cv(m) = qu—l

7 n(=T4(m)) for Ta(m) # 0.
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Proof. Notice that C = {z € Fg :T1(z) =0}. By the definition of the inverse Fourier

transform and the orthogonality relation of x, we see that

CV(m)=q "> x(m-z)=q¢* >

zeC z€Fd
I'i(z)=0
—q S (g ST @) | xm- 2)
zeFd s€F,
do(m _
=2 S S )+ xm-2)
q s#0 zeFd
= d+1 Z Z 2]y — Ta_124)) X(m - ).
s7#0 zeFd

By the formula (4.1]) we see that

do(m Gé2 _ m2 4 -+ m2_
O\/(m) — ( ) + T d 2(8)X 1 - d—2 I(md—17md)7
q q 520 $

where we define

I(mg—1,mq) = Z X(Mmag—174-1) Z X((=szq—1 +mg)xaq).

rq—1€Fy zq€Fy

Compute the sum over x4 € F, by the orthogonality relation of x and obtain that

) G2 mi+ -+ m3_, —4dmg_1m
CV(m) _ O(m) + nd—Q(s)X< 1 d—2 d—1"1d )
s#£0

q q° —4s

Since 742 = 1 for even d > 4, the first statement of Lemma follows. To prove
the second part of Lemma we first note that if the dimension d > 3, is odd, then
n9=2(s) = n(s) = n(s7t) for s # 0. Therefore, if m? + -+ +m?2_, — 4mg_1my = 0, the
statement follows immediately from the orthogonality relation of . On the other hand, if
m% + ot mfl_Q — 4dmg_1myg # 0, then the statement follows from a change of variables,

the definition of the Gauss sum, and properties of the quadratic character 7. O

We need the following lemma.
Lemma 4.2. Let C C IE‘fZl be the cone. If d >3, then we have |C| ~ ¢@~1.

Proof. From the definition of the inverse Fourier transform on the cone C' C ]Fg and the
conclusion of Lemma we see that
RN C ) Ci
\Y _ _ d
C(O,...,O)——d— q
q for odd d > 3.

for even d > 4,
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Since the absolute value of the Gauss sum is /g (namely, |G| = ,/q), we conclude
IC] ~ ¢? 1 ford>3. O
Since |G| = /g, the following result is immediate from Lemma

Corollary 4.3. Let C' C Fg be the cone. Assume that m € Fg \ {(0,...,0)}. Then the

following two statements hold:
(1) If the dimension, d > 4, is even, then

U for Ta(m) =0,

€Y ()] ~ )
g~ D/2 for Ty(m) # 0.

(2) If the dimension, d > 3, is odd, then

€Y ()| = 0 for Ta(m) =0,
0

q—(d+1)/2 fOT’ F4(m) ?é
The following result can be obtained by using Corollary

Corollary 4.4. Let 0. be the normalized surface measure on the cone C' C Fg. Suppose
that (0,...,0) #m € Fg. Then we have the following facts:

(1) If the dimension, d > 4, is even, then

@D/ for Ty(m) =
T2 for Dy(m) £

|02 (m)] ~ ’

(2) If the dimension, d > 3, is odd, then

0 for T4(m) =0,
|0 (m)| =
g @=D/2 for I'y(m) # 0.

Proof. Since ¢ (m) = %Cv(m) and |C| ~ ¢?~! for d > 3, the statement follows immedi-

ately from Corollary O
We also need the following result.

Lemma 4.5. Let C* = {m € IFg :Ty(m) = O}. If the dimension, d > 4, is even, then we
have

STEYm)P S q B + ¢ 2B for all B C (FY, dx).

meC*
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Proof. Tt is clear that |C*| ~ ¢?~! for even d > 4, because |C*| = |C| ~ ¢?~1. Tt follows
that

STIEY M) = > > x(m- (z—y))

meC* z,yeE meC*
=¢ 2 C+q Y] D xm-(z—y))
z,yeE x,yeE meC*
=y TFY

> x(m-8)|.

< g g0t |E| + g |E]2 max
IB *
meC

~ #(0,...,0)

Adapting the arguments used to prove the first part of Lemma we see that

> x(m-B)

meC*

max < q¥2.

B#(0,...,0)

Combining this with the above estimate, we complete the proof. ]

5. Proof of Theorem

To prove the statement (2) of Theorem it suffices by Lemma to show that if —1
is a square number and the dimension, d > 4, is even, then the cone C' C Fg contains a
subspace II such that |II| = ¢%/2. Now, define

M= {(tl,itl,...,t(d_Q)/Q,it(d_Q)/Q,s,O) EF:s,t; €Fgj=1,2,...,(d— 2)/2},

where i denotes an element of F, such that 2 = —1. It is clear that II is a d/2-dimensional
subspace contained in the cone C. Thus, we complete the proof of the statement (2) of
Theorem [L.5

Next, notice that if the statements (3) and (4) of Theorem are true, then the
statement (1) of Theorem|[L.5|follows from Remark[1.2]and the Marcinkiewicz interpolation
theorem (see [1, Theorem 4.13]). In conclusion, to complete the proof of Theorem it
remains to show that the statements (3) and (4) of Theorem hold, which shall be

proved in the following subsections.
5.1. Proof of the statement (3) of Theorem
We aim to prove that if the dimension, d > 4, is even, then
1B *oc|l pa-2(0,0,) S HEHLd/(d_n(ngx) for all E C (Fg,dx).

As before, we can write o, = K + 1, where we define K(m) = ol (m) — do(m) for m €
(F¢,dm). 1t suffices to prove that

(5.1) 1B+ 1 pa-2(c00) S N Ellpasa-vpa,ay  for all E C (Fg, da)
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and

(5.2) HE*K’

d
LA2(Co) ¥ S BN pasa-n (ga4ey  for all E C (Fg, dz).

Notice that max,ec |E * 1(x)] < HEHLl(Fg,dz)- Then the inequality (5.1 follows be-

cause

1B * U a—2(0,00) < 1Bl L2 (ga dz) U] La-2(0.00) = 1Bl 21wt ) < NEN Lara—1) (g e -

Notice that the estimate ([5.2]) can be obtained by interpolating the following two inequal-

ities:

(5.3) HE . KHLoo<c,Uc) S allEl i pg e forall B C (FY,dr)
and
(5.4) HE K‘ . 72| Bl paajasn) i gy for all B C (B, da).

The inequality (5.3]) follows from the arguments used to prove the estimate (3.4). Now
we prove the inequality (5.4). By the property of convolution functions and Lemma

we can write

==K

Sa? HEVKHL2(1Fg,dm) :

L2(Co.) L2(C,o.)

Thus, to prove (5.4) it will be enough to show that

2 _
HEVKHLQ(]Fg,dm) 5 q +3 ||E||iQd/(d+2)(Fg,d:B)
(5.5) |E|(d+2)/d

= 2d—1

for all £ C (Fg,dx).
q

Observe by the definition of K that K(0,...,0) = 0 and K(m) = ¢(m) for m # (0,...,0).
Let us prove the estimate (5.5]).
Case I. Assume that |E| > ¢%? for even d > 4. Applying Corollary (1) and

Plancherel’s theorem, we obtain

1BV o amy = 2 1Y) [K(m)P S g2~ |B] = ¢+ | ]
meFrd

Since ¢~24+2 |E| < ¢~ 24+1 | B[4/ for |E| > ¢¥/2, the estimate (5.5) holds.
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Case II. Assume that |E| < ¢%? for even d > 4. Using Corollary (1) and
Lemma we see that

HEVKHiQ(Fg,dm) = > [EYm)[* [K(m)l?

mEIFg

= Y B KmP+ Y [EYm)] [K(m)?
T4(m)=0 T4 (m)#£0

< g2 <q—d—1 |E| 4 g 342 ]E\Q) T Z \Ev(m) 2

meFrd
g2 B| 4 ¢/ | B2 4 g2 ||
~ q72d+1 |E’ + q(75d+4)/2 ‘E‘Q )

Since the quantity in the last line is < ¢g~2¢+1 |E|(d+2)/d if |E| < q%2, the estimate (5.5)
holds. We have completed the proof of the statement (3) of Theorem

5.2. Proof of the statement (4) of Theorem

By duality, it suffices to prove the following restricted type estimate:

||A*CF|| d2—2d+2 S ||FH d2—2d+2 fOl" all F C (C, O-C)’
LT a (e

d,dx) Ld2-3d+4 (C,0,)

where we recall that

P~ Z 0=

yel

Since F' C C and C' = —C, we see that ALF = F*C Hence, our task is to prove that

|C|
‘ q2d
——F=xC SIFI 22442 for all ' C (C,0¢).
|O|2 Ld2—§d+2 (Fd dz) Ld2-3d+4 (C,0.) ‘

For each m € (F¢,dm), define H(m) = CV(m) — %50(7%). Then we can write C'(z) =
ﬁ(a;) + |q%‘ for z € (Fg, dz). To complete the proof, it is enough to show

(5.6) H ]C\F* U e purs SF| a2—2a4e for all F C (C,0.)
L d  (Fddx) Ld%=3d+1(C,0.)
and
g2 R
(5.7) HF « H SN w2osaso for all F C (C, o).
[l R (Fd,da) L sata (Choe) ’
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Since F * 1(z) = % for all z € (F g, dx), the inequality (5.6) follows by observing

d d+4
q || (\F\) Sari
—F=x1 =—< F| -
' IC| L8 g any €1 \ICY = ”ng—giii(C,ac)

It remains to prove the inequality (5.7). To do this, we claim that the following two

estimates hold:

(5.8) H]C\QF « H SalFlp e, foral Fc(C, o)
Lo (Fd,da)
and
2d R ) _
(5.9) R <q B TP for all F C (C,0,),
lefs L2(Fd,da) - Ld+2(Cyoc)
q7

which shall be proved below. Notice that the inequality (5.7]) is obtained by interpolating

(5.8) and ([5.9)). To obtain the inequality (5.8)), we use Young’s inequality and observe that
H < 1. Then we see that

Loo(Fd dax)
qup*ﬁ <2 1F || 1 )ﬁH
lelk po@iany  (CP T ERE T e v o)
¢“|F| ¢

“op = il

Since |C| ~ ¢%1, the inequality (5.8) follows. Finally, we prove the inequality (5.9). By

Plancherel’s theorem and the property of convolution functions, we can write

~q HFVHHLZ’(Fg,dm) :

HF * H
L2(Fd dx)

Comparing this with the right-hand side of ([5.9)), we see that it suffices to show

Vo2 < o(=*=2)/d| |2
|F HHLQ(JFg,dm) ~ 4 HFHLdzT‘-iz(C,ac)

~ W for all F C (C, O'c).

From the definition of H, we see that H(0,...,0) = 0 and H(m) = CY(m) for m #

(0,...,0). Let us prove (j5.10).
Case 1. Assume that |F| > ¢%? for even d > 4. From Corollary [4.3(1) and Plancherel’s

theorem, we see that

HF\/HHiQ Fd dm) 7d HFVHL2 (Fd,dm) - qid ||FH%2(Fg,dm) = q72d |F| :
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Since ¢72 |F| < ¢~ 241 |F|(d+2)/d if |F| > q%2, the inequality (5.10) holds in this case.

Case 2. Assume that |F| < ¢%/? for even d > 4. From Corollary (1) and Lemma

it follows that

HF\/HH?L?(IE‘g,dm) - Z |Fv(m)‘2 |H(m)|?

meFrd

Sat Y [FYm)P Y [PV m))
L'4(m)=0 '4(m)#0

Sa (T F g EP) g2 R )

meFd
_ (q72d71 |F| 4+ g54/2 |F|2> + g 22 P

~ q—2d—1 ‘F’ + q—5d/2 |F|2 .

Since the last value is < ¢~247 1 |F |(d+2)/ 4if |F| < ¢¥?, the inequality (5.10) also holds.
Thus, we complete the proof of the statement (4) of Theorem [1.5
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