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Multiplicity of Solutions for Quasilinear p(z)-Laplacian Equations in R

Gao Jia* and Lu-Qian Guo

Abstract. This paper investigates the multiplicity of solutions for quasilinear elliptic
equations with p(z)-Laplacian in RY by using the nonsmooth critical point theory.

We obtain the existence of critical points for nondifferentiable functionals.

1. Introduction

Quasilinear problem with variable exponents has been one of the most interesting research
topics in recent years. Lots of literatures dealing with this problem in various function
spaces are published. We refer to [1,|12}/14,20] for details on those results.

The motivation for the study of the problem is of the applications in elastic mechanics,
fluid dynamics, image restoration and continuum mechanics. And the appearance of
such physical models is facilitated by the development of variable exponent Lebesgue and
Sobolev spaces LP@®)(RN) and WhP#)(RN), which are particular cases of the Orlicz and
Orlicz-Sobolev ones.

In [2], Alves and Shibo Liu proved the existence of multiple solutions of the following

problem

(1) — div(|VulP 2 V) + v(@) [ulP'D 2w = f(z,u), inRY,
' u € W) (RN),
Also Aouaoui in [5] studied the following quasilinear elliptic equation

(1.2) —div(A(z,u)Vu) + %As(aﬁ,u) IVul? + (b(z) — ANu = f(z,u),in RV,

and they proved the multiplicity of solutions for problem (1.2)) by using the nonsmooth

critical point theory.
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In this paper, we investigate the existence of infinitely many solutions for the following
problem
= div(A(w, u) Va7 Vu) + A (o 0) [Vul + (b() = A) o7
(1.3) p(z)
:f(x,u), in RNa

where A € R, p(z): RN — R is a Lipschitz continuous function with

2<p-= inf p(z) <py = sup p(z) <N,
zERN z€RN

As(z,u) = %—f(w, $)|s=u, and b(x) is a given continuous function which satisfies
bo >0, pb Y (—oo,M])< +oo forall M €R,

here p is the Lebesgue measure on RV,

Our aim is to give multiplicity results of weak solutions for problem , when f(z, s)
is odd with respect to s and A(x, s) is even with respect to s. Such solutions for
will follow from a version of the symmetric mountain pass theorem due to Ambrosetti and
Rabinowitz [3].

Define the subspace

E = {u e WhP@(RN) ' / IV’ + b(z) [ufP™) de < +oo}
RN

and the functional J: F — R:
(1.4)

u) = N z,u) |VuP® z) = A) [ulP®) dz — x,u)dr u
9w = [ | o (M) V) + (o) =) [uP?) do = [ Plawdr, vueE,

where F(x,u) = [ f(z,t)dt.

Clearly, in order to determine the weak solutions of problem , we need to find the
critical points of functional J. The difficulty we have to face is that we cannot work in
the classical framework of critical point theory. Under reasonable assumptions on A(-, )
and f(-,-), the functional J may be continuous but not differentiable in the whole space
E. However, the Gateaux-derivative of J exists along directions of £ N L>®(RY), and

7 J(u+ tv) — J(u)
<J U> N %*)0 t

= A(x, u) |Vu’p(a:)f2 YVuVodr + / LAS(x’ ’LL) |vu|p(z) vde
R N P(T)

+ / (b(x) — A) [ulP@ 2y da — / f(z,u)vdz,
RN RN
for all u € E and v € EN L®(RY).

By using the nonsmooth critical point theory developed in [9,/10], we can define the

critical points in a general sense.
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Definition 1.1. A critical point u € E of J is defined by

(J'(u),v) =0, YveEnL®RY),

ie.,
1
Az, u) [VulP@D 2 Vuve de —|—/ — Az, u) [VulP@ v da
RN gy P(T)

(1.5) +/ (b(x) — A) [ulP 2y da —/ f(z,u)vdx

RN RN

=0, YveENL®RY).
Throughout this paper, ||| denote the norm of E, u, — u (u, — u) means that

u, converges strongly (weakly) in the corresponding spaces. < stands for a continuous
map, and << means a compact embedding map. Let u™ = max {u,0}, u~ = min {u, 0},
P+ = supgern p(z) and p_ = inf, pn p(z).

This paper is divided into five sections. In the second section, we state some hypotheses
and the main results of this paper. In the third section, we introduce some basic properties
of the generalized Lebesgue-Sobolev spaces and the nonsmooth critical framework. In the
fourth section, we give some lemmas which will be used to prove the main results. The
proof of Theorem is presented in the fifth section.

2. Basic hypotheses and the main results

To state and prove our main results, we consider the following assumptions. Suppose that

N >3 and p(z)* = ]\][V_pz()zz).

(Hy) The function p(x): RY — R is a Lipschitz continuous function and satisfies

2<p_= inf p(x) <py = sup p(z) < N.

(Hy) b(x) € CRY), b_ > 0, u(b~(—o00,M]) < +oc for all M € R, here p is the
Lebesgue measure on RY. Note that if b(z) € C(RY, (0, +00)) is coercive, namely
limy,| 400 b(7) = 400, then (Hz) is satisfied.

(H3) Let A(-,-): RY x R — R be a function such that

(a) for each s € R, A(z,s) is measurable with respect to z;
(b) for a.e. x € RN, A(x,s) is of class C! with respect to s;

(c) there exist 0 < v < f < 400 such that

(2.1) a < Az, s) < B, ae zeRY andVseR,

(2.2) |Ay(z,5)] < B, ae zecRY andVseR.
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(H4) Thereexist r > 0,60 >py, 1 <y < % and aq > 0 such that

(2.3) As(z,5)s >0, |s| >,
0 v N

(2.4) o v | Az, s) — p—As(x, s)s > aj, ae. z€RY and Vs € R.
+ —

(Hs) Let 6 be as in (Hy), f(-,-): RN xR — R be a continuous function such that f(z,0) =
0, a.e. z € RY and

(2.5) 0 <0F(z,s) < f(z,5)s, ae. z€RY and Vs #0inR.
6) Let r be as in (Hy), the following ho
(Hg) Let 7 be as in (Hy), the following hold
(2.6) f(z,s) = o(|sP®~1) uniformly for 2 € RN as s — 0 with ¢_ > py.,
(2.7) |f(z,s)| < Cls|?D7L ) ae zeRY and V|s| > r,

for p(z) < q(z) < p*(x).

Set )
—— [V 4 b(z) [uP') da
A= inf JEPE@) >0
" ueE\(0) / L@ gy '
ry P(2)

The main result we obtained in the paper is as follows.

Theorem 2.1. Assume p(x), b(x), A(x,s) and f(x,s) satisfy (H1)-(Hg). Moreover, let
Az, —s) = A(z,s) and f(x,—s) = —f(x,5), a.e. v € RN, Vs € R. If there exists a positive
number p such that A € (—oo, u)s), then there exists a sequence {u,} C E N L¥(RY) of
weak solutions of problem with J(u,) — +o0.

3. Preliminaries

In this section, we recall some results on variable exponent Sobolev spaces and nonsmooth
critical point theory which we will use later. For the basic properties of variable exponent
spaces and nonsmooth critical point theory, we refer readers to [11,/13,/15,/18] and [§]
respectively.
Let p(z) € L®(RN),p_ > 1. Define the variable exponent Lebesgue spaces LP(®)(RN)
LPE(RNY) = {u: RY - R

u is a measurable function and / uP@ dx < —i—oo} .

RN
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For u € LP@®)(RN), we define the following norms

Define the variable exponent Sobolev spaces:

p(z)
ulp(zy =inf { A >0 dr <15.

whr@) (RN) = {u: RY 5 R

we LP@(RN) and |Vu| € LP@ (RN)}
which is endowed with the norm

Hqu,p(z ‘u|p(z +‘vu|p(1‘ :

It is easy to check that the spaces LP(*)(RY) and W1P(*)(RN) are separable reflexive
Banach spaces. See [16}/17] for the details.

Proposition 3.1. [14,]20] Denote
o(u) :/ ulP® dz,  ue LPERN).
RN

Then

(1) Foru#0, |ul,,) =A< () =1;

p(z)

(2) fulygey > 1= [0l < 0(w) < 0Pl [uly < 1= [l < o) < [uPp);
(3) fulyey > 1 (= 1< 1) & o) > 1 (=1,< 1);
(4) |un|pmy = 0= @(un) = 0; Jun|,,) — 00 < p(un) — 0.

As a consequence of (2), we can obtain

1 1
(3.1) Ul ey < (/ Ju[P(%) dx) o </ [P d;:;) o
RN RN

For p(x) € L>®(RY) with p_ > 1, let q(z): RY — R satisfy

1 1
4 =1

a.e. xr N.
O CR <K

We have the following generalized Hélder inequality.

Proposition 3.2. [17,19] For any u € LP@(RN) and v inLI® (RN), we have

< 1 1 <
o uvdr| < F + q7_ |u‘p(x) |U|q($) <2 |“’p(x) |U|q(x)

To be concise, we use a <K b to denote inf cpn {b(z) —a(x)} > 0.
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Proposition 3.3. [15] Let p(z): RY — R be a Lipschitz continuous function which satisfy
1 <p_<py <N, and q(z): RY — R be a measurable function.

(1) If p(z) < q(z) < p*(x), then there is a continuous embedding W'P@(RN) —
La@) (RN,

(2) If p(x) < q(x) < p*(x), then there exists a compact embedding W' P@) (RN) <ses
LQ(I) (]RN).

loc

Next, we consider the case that b(z) satisfies (Hz). Define the norm

p(z) (z)
Hu|]—inf{)\>0’/RN ('V)\u —l—b(a?)‘%‘p ) dargl}

and the subspace

E = {u e Wir@(RN) ’ / (IVulP™ + b(z) |[ulP®) da < +oo} .
RN

Then (E, ||-||) is continuously embedding into W) (RN) as a closed subspace. Therefore,
(E, ||]]) is also a separable reflexive Banach space.

Similar to the Proposition [3.1], we have

Proposition 3.4. 2] The functional 1p: WHPE (RN) - R defined by

b(u) = /RN (|wp<x> +b(z) \u|p(x)) dz
has the following properties:
(1) w0, flull = A& 6(3) = 1
(2) full > 1= Jull"™ <) < [ul, lul] <= [luf™ < P(u) < ul;
(3) ||unl| = 0< ¥(uy) — 0.
Lemma 3.5. [2] If b(x) satisfies (Ha), then
(i) we have a compact embedding E —— LP®)(RN);

(ii) for any measurable function q: RN — R with p(z) < q(z) < p*(z), we have a
compact embedding E —— LI (RN).

Suppose (X, d) is a metric space. Now, we introduce some notions of the nonsmooth

critical point theory based on which our results are developed (see [8]).
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Definition 3.6. Let f: X — R be a continuous function and v € X. We denote by
|df| (u) the supremum of the ¢’s in [0, +00) such that there exist a > 0 and a continuous
map H: B(u,d) x [0,9] — X satisfying

d(H(v,t),v) <t and f(H(v,t)) < f(v)—ot

for all (v,t) € B(u,0) x [0,4d]. The extended real number |df]| (u) is called the weak slope
of f at u.

Definition 3.7. Let f: X — R be a continuous function and ¢ € R. We say that f
satisfies (P-S)., i.e., the Palais-Smale condition at level ¢, if every sequence {u,} in X

with |df]| (un,) — 0 and f(u,) — ¢ admits a strongly convergent subsequence.

Definition 3.8. Let ¢ be a real number. We say that J satisfies the concrete Palais-Smale

condition at level ¢ (denoted by (C-P-S).) if every subsequence {u,} C E satisfying

lim J(u,) =c and (J'(uy),v) = (wn,v), Yo€EN L®(RMY),

n—oo
where {w,} is a sequence converging to zero in E*, it is possible to extract a strongly

convergent subsequence in E.

Proposition 3.9. Under assumptions (Hy)-(Hg), if J satisfies (1.4), then J is continuous

for every u € E, and we have
|dJ| (u) > sup {<J’(u),v> ,ve EN LOO(RN), lv]| < 1} )
where |dJ| (u) denotes the weak slope of J at u.

Proof. The fact that J is continuous. For every u € F and every v € E N L¥(RY), we

have

/ o Jutte) = J(u)
('(w), ) = Jimy t

1
= / Alz,w) [VulPD 2 Vo dz + / —Ay(z,u) |[VulP® v da
RY Ry P(z)

+/RN(b(x) — ) |ulP® 2y da — /RN f(z,u)vdz.

Moreover, for every v € EN L®(RYN), u — (J'(u),v) is continuous.
If sup {(J'(uv),v),v € ENL®RY),[|v|| <1} = 0, the assertion is true. Otherwise,

consider o > 0 such that

sup {(J'(u),v) ,v € EN L®@RM), |v|| < 1} >o.
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Then there exists v € £ N L®(RY) with |[v]| < 1 such that
(J'(u),v) > o.

Hence, there exists ¢ > 0 such that (J'(w),v) > o for every w € B(u,(). Taking § = %
and defining a continuous map H: B(u,d) x [0,0] — E, by H(w,t) = w — tv, it is trivial
that [|[H(w,t) — w|| = ||lw —tv —w| < t.

On the other hand, by Lagrange mean value theorem, it is easy to see that
J(H(w,t)) < J(w) — at.
Therefore |dJ| (u) > 0. We complete the proof by the arbitrariness of o. O

Proposition 3.10. Let ¢ be a real number. If J satisfies (C-P-S)., then J satisfies (P-S)..

Proof. By Proposition [3.9] it is easy to prove and we omit it here. O

4. Basic lemmas

We introduce a fundamental theorem [8], which is an extension of the well-known result

for C! functionals (see [21]).

Lemma 4.1. Let X be an infinite-dimensional Banach space and let f: X — R be a

continuous even functional satisfying (P-S). for every ¢ € R. Assume that

(i) there exist p >0, a > f(0) and a subspace V- C X of finite codimension such that

Vu e {V : |lull = p} = flu) = a.

(ii) for every finite-dimensional subspace W C X, there ezists R > 0 such that

Vu e {W: |lull = R} = f(u) < £(0).

Then there exists a sequence {cp} of critical values of f with ¢, — oo.

Lemma 4.2. Let {u,} be a bounded sequence in E satisfying
(4.1) (J'(un),v) = (wn,v), YveEN L®(RYM),

with {w,} being a sequence converging to zero in E*. Then there exists u € E such that
Vi, — Vu a.e. in RN, and up to a subsequence, {u,} is weakly convergent to u in E.

Moreover, we have

(4.2) (J'(u),v) =0, Yve EnL®RY).
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Proof. Since {u,} is bounded in E and there is a u € E such that, up to a subsequence,
Uy — uwin E;  u, = uin LI@RY),  p(z) < q(z) < p*(2); up — uae in RV,

Moreover, since {u,} satisfies (4.1), by Theorem 2.1 of [6], we have, up to a further
subsequence,
Vu, - Vu a.e. in RN,

Consider test functions

Uy = gpexp{—Muj{} ,
where ¢ € ENL¥(RY), ¢ >0, and M > 0. According to (2.1)) and (2.2), we have

1
MA(z,uy,) > p— |As(,up)| -

Then gives

(J(un), @ exp {~Mu V) = (wn, pexp {~Mut}),
ie.,
(4.3)

/ A, un) [Vun P92 Vu, Vi exp {-Mu}} da
RN

1
+/ (As(a:, Un) [V [P — MA(z, un) |V, P2 Vuanf)
Ry \P(2)
X exp {—Muf{} dz
+ / (b(x) = A) [un [P "2 uypexp {-Mu}} do - / [z, up)pexp {—Mu,}} dx
RN RN

= <wn, pexp {—Mufl}> .
By the convergence of {uy}, w, — 0 in E*, recalling (2.6) and (2.7, we get

A, un) |Vun P92 Vu, Vi exp {-Mu}} d
RN

— Az, u) [VuP@ 2 VuVep exp {~Mu*} du,
RN

[ 00 =) ol 2 unpexp (M } da
]RN

— (b(x) — A) [ulP@P 2 upexp {-Mu*} dz,
RN

/ f (@, up)pexp {—Mu, } da:%/ f(z,u)pexp {—Mu"} dz,
RN RN

<wn,<pexp{—Muj}> — 0 as n — oo.
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Note that

1
/ <AS($, Un) [Vun [P — MA(z, un) |V, PP 2 VunVu:{>
rN \P(7)

X goexp{—Mu:f} dz
<0.

Fatou’s Lemma shows that

(4.4)
/ Az, u) [VuP@D 2 Yuvep exp {-Mu*} da
RN
+ / <1A5(J:,u) IVulP'® — MA(z, u) [VulP®) 2 VuVu+> pexp{—Mu"} dx
gy \P(2)

+/ (b(z) — A) [ulP@ 2 up exp {-Mu"} do — / f(z,u)pexp {—Mu"} dx
RN RN
> 0.

Next, let ¢ = ¢hg(%) exp {MuT} with ¢ € EN L>®(RY), ¢ > 0 and

g:R— R, gECl(R), 0<g<i,

g=1on [—;, ;] , g=0on (—oo,—1]U][L,+00).
Together with , we have
(4.5)
/RN Az, u) |Vu]p($)_2 VuV <¢g (%)) dr + /]RN p(lm)As(ac,u) |Vu|p($) g (%) dx

+ /RN(b(x) ) [P 2 g (%) dx — /RN Fx,u)g (%) du
>0, VieEnL®RY).

Letting n — oo, we can obtain

Az, u) |Vuyp(x)f2 VuVe d + / (1A5(x, ) |Vu|p(:"") o da

RN RN D l’)

(4.6) + /RN(b(x) — ) |u|p(:v)72 wp dx — /RN flz,u)ydz
>0, YyeEnL®RY).

Similarly, consider the test functions v, = pexp{—Mu, }, it is easy to prove the

opposite inequality. So we have

(J'(u),) =0 fory >0, € ENLRY).



Multiplicity of Solutions for Quasilinear p(z)-Laplacian Equations in RV 119

Hence
(J'(u),v) =0, ve EnL®RM).

The proof has been completed. O
In ([4.2) we only select test functions in E N L>(RY). The following lemma enlarges

the class of admissible test functions. We employ the methods which were introduced
in [7].

Lemma 4.3. Suppose that u € E satisfies (J'(u), ) = (w,9), ¢ € EN L®RY), where
w € E*. If for v € E, there exists n(z) € LY(RY) with the estimate

1
(4.7) mAs(m,u) VulP™ o > n(z), ae zeRY,
then ;ﬁAS(%U) IVulP@ v e LYRY) and (J'(u),v) = (w, v).
Proof. Let
Ti(s) S, if |s| <k,
k(s) =
ke if s> k.

It is clear that for every v € E, Ty(v) € EN L®(RY). Then, we have

(J'(u), Tr(v)) = (w, Ty (v)),

ie.,
/R Al w) [VulP O uV Ty (0) di + /]R ) p(lx)As(z:, ) [VulP@ T (v) da
(4.8) n / (b(z) — A) [P D2 uTe(w)dz — | Fau)Th(v) da
RN RN
— (w0, To(v)).
Note that

‘A(m,u) |V [P() 2 VuVTk(v)‘ < ‘A(z,u) VulP@2Vuvo|, ae zeRY,

and A(z,u) |Vulf@ 2 Vuve € L}(RY). Owing to Lebesgue’s dominated convergence

theorem, we have
/ Az, u) |[VulPP "2 Vuv T, (v) de — / Az, u) |[VufD 2 Vuvo de,
RN RN
/ (b(z) = A) [ulPD2uT(0) de — | (b(z) = A) [u[PD 2w d,
RN RN

/]RN f(z,u) T (v) de — f(z,u)vde,

RN
(w, T (v)) = (W, ),
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as k — oo. From (4.7), we have

p(lxms(x, u) [Vul’® Ty(v) > =~ (2).

Taking inferior limit in (4.8)) and applying Fatou’s Lemma, we have

1
/ Az, u) [VulPP 2 VuVe do —I—/ —
RN RN p(x)
—l—/ (b(z) — \) ]u\p(m)_2 uv dr — / f(z,u)vde
RN RN

< <w,v> ’

Ag(z,u) [VulP® v d

and ﬁAs(aﬁ, w) |[VulP™ v e LY(RY). Finally, Lebesgue’s dominated convergence theorem

in (4.8)) gives

Az, u) ]Vu|p(x)f2 VuVo d +/ LAs(x,u) |Vu|p(:v) v do

RN RN P(T)
+ / (b(z) = A) [ulP 2w do — / f(z,u)vdx
RN RN
= (w,v).
The lemma has been proved. O

Remark 4.4. Let {u,} be a sequence in E satisfying (4.1)). Then we have
(4.9) (T (un), tn) = (Wn, Up) -

In the following lemma, we will prove the boundedness of a (C-P-S). sequence {u,} C E
under (Z1), @3) and (Z3).

Lemma 4.5. Let ¢ € R and {u,} be a sequence in E satisfying (4.1)) and
(4.10) nglfoo J(uy) = c.
Then {uy} is bounded in E.
Proof. According to and -, we have
0J (un) —~ <J/(Un)7un> < O+ [[ual)),

/RN Kpfx) ‘V> Al ) [V = 25 Ay ) [V | d
+/]RN <9 —’7> (b(z) — A) |un|[P@ dx—i—/ (2, wn ) — OF (2, un) d

p(x)
< O+ [lun)-
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The combination of (2.4]) and (2.5) gives

(4.11)
- / IV P®) da + (9 - 'y> / (b(z) — \) [un @ da+ 6(y — 1) / Fla, un) dz
RN b+ RN RN
< C(1+ [Junl)-

Moreover, there exists C1(\) > 0 such that

> <9 - 7> / &) | P de — () / i P dz.
D+ RN 2 {z|b(z)<2X}

Denoting By = {z € R, b(z) < 2} and assuming [|u,|| > 1, we obtain from (4.11)
that
: 0 v e
min} aq, — — ¢ Jlupl|’~ +0(y—1) F(x,uy)dzx
2 RN

2
(4.12) P+

gc<1+uuny)+01/ unP@ da.

B

By virtue of hypotheses (Hs), we know that there exist ag > 0 and by > 0 such that

(4.13) F(z,s) > agl|s|” — by, a.e. x € By and Vs € R.

Then (4.12) and (4.13]) yield

i 0

win (ar, 57 = 3 ) lunll + 601 = 1)ao el
D+

(4.14)

< O+ |lunl) + 01/ un [P®) da + bof(y — 1) mes(By).

By

On the other hand, by Holder inequality, we have
Cs [ fual® da < Calfun 3,
A
which implies that, for all € > 0, there exists a C; > 0 such that
0
(4.15) Cl/B [n [P da < Co ||| o3y < €llunllzes,) + Cle)-
A
Combining (4.14)) and (4.15)), we get
. 0 o
min (a1, 57 = 3 ) lunlP + (601 = Dao = &) g,

2p+ 2
< C(1+ |lupl)) + bof(y — 1) mes(By) + Ce.

So for 0 < e < O(y — 1)ag, {uy,} is bounded in E. O
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Lemma 4.6. Let {u,} be a sequence as in Lemma [L.5 Then {uy,}, up to a subsequence,

converges strongly to u in E.
Proof. Consider the function
Mls|, if|s| <r,

MR, if|s| >,

where M = a}%. It is easy to prove {uneC(un)} is bounded in F, up to a subsequence,

having

) ) i B,
e — 4™ in LI@(RN), p(z) < q(z) < p* (),

UneS@n) = el g in RV,
From Lemma we obtain <J/(un),un6C(un)> — <wn,une<(“")>, ie.,
[ Al 1) [V, 60 da
RN
1

RN p()
" / (ble) = A) ’Un|p(x) e*(n) d — F (@, )un et da

RN

RN
= <wn, uneq“”)> .

We claim that

(4.16)

<A(x,un)g"(un) + As(@un)) \Vun\p(@ 1, e$n) > .

1
p(z)

In fact, when |u,| > r, we have

When 0 < u,, < r, we get

1
Az, un)C (un) + ——Ag(x, up > Vi, [P g, 66 (4n)
(A w0 + A ) (T

> < Mo — 5) Tty [P 1,¢€0n)
b+

v

0.
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When —r < u,, < 0, we obtain

1
Az, un)C (uy) + ——Ag(x, up > Vit [P 4,6 (4n)
(A w0 ) + A ) (D

> <pﬂ - Ma) |Vt [P@) 14,66 (4n)

> 0.

Thanks to Lemma Vu, — Vu a.e. in RY. Then by Fatou’s Lemma, it follows that

z,u)( (u L T, U ulP®) S o
. [ (Aac + - aew) v a

< lim </]RN <A($,un)cl(un) + p(lx)As(x,un)> AL RPN C dx) .

Moreover, recalling (2.6)) and ([2.7)), by the convergence of {uneC(“") }, and Fatou’s Lemma,

we get

(4.18) im [ funP® ) g — / (uP® (€ g,
n—oo RN RN
(4.19) hm [ fzup)une® de = [ f(z,w)uet™ da.

By Lemma we know that v is a critical point of the functional J. Then owing to
Lemma we obtain <J’(u),ue4(“)> =0, i.e.,

(4.20)
/ Az, u) !Vu|p(:e) (W) g +/ (A(x,u)g’(u) + 1A5(x,u)> |vu,p(x) 1eS®@ o
RN RN p(z)
+/ (b(x) — )\) ’u‘l’(m) eC(u) dr — f(:c,u)ueC(“) da
RN RN
=0.

Using (4.17))-(4.20) and taking superior limit in (4.16)), we have

im ( / Al up) [V [P0 e£0) i + / b(w)\un\”(“e““")dm>
RN RN

n—oo

— 1
= lim / - (A T, Un ! Up) + 7143 Ty Unp ) VUn p(@) 'UJneC(Un) dx
+ / /\‘un’p(x) S (un) d:c+/ f(:c,un)uneC(“") dx)
RN RN
< _/ (A(UC7U)CI(U) + 1As(x,u)> ]Vu\p(x) ueS™ dx
RN p()
+/ AulP@ e dy + Flz, w)uet™ dz
RN

RN

= A(x’ u) |VU|P(I) 6C(u) dx + / b(CC) ’u|p(x) eg(u) de.
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Then, Fatou’s Lemma indicates that
(/ fM%uHVuW“%¥W%u41/ b(z) [uP® e$®
RN RN
/ A, wn) [V ) dr + / b() fun [P e€) dfv>
RN RN
/ Al ) [V [P €0 4 / () [t [P €SC00) dw>
RN RN
< / A(q;, u) ‘VU|P(JJ) eC(u) dr + / b(:(}) ‘u’p(z) e((u) da.
RN RN

Therefore, it follows that

lim ( Az, up) |Vun|p(x) eSlun) do 4 / b(z) ’un|p(x) o6 (un) dx)
RN RN

n—oo

= / A(x’ u) ‘Vu’p(w) eC(u) dx + / b(x) ’u’p(x) eg(u) de.
RN RN

Since

A(:v, un) |Vun|p(””) S (un)

« o b(@) fun ) €0 > [T PO b P

it follows that

(4.21) lim [ [Vun ")+ ba) fun ") da = / [Vul® + b(a) [ul"® da.
RN RN

n—o0

On the other hand, Lebesgue’s dominated convergence theorem and the weak convergence

of {up} to u in E show

(4.22) lim [ |V, ["" 7 Vu, Vude = / VulP® d,

(4.23) lim [ Va7 VuVu, de = / Vul”'™) da,
n—oo RN RN

(4.24) lim M@mwﬂ%wﬂz/waWwL

(4.25) lim [ b(z) [uP® %y, dr = / () [ulP® d.
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The combination of (4.21))-(4.25) gives

lim (/ (]Vun’p(x)—2 Vu, — |Vu’p(x)—2 Vu) (Vuy, — Vu)dx
RN

n—oo
+ / b(x) (]un!p(x)_Q Up — |ulP® 2 u) (up, — u) dx)
RN

= lim </ <|Vun|p(z) £ [VaP@ [V, [P T, Vi — | VaP@) 2 VuVun) dx
RN

+ / (b(az) [P + b(2) [ulP@) = b(@) [un [P 2 upu — b(z) [ulP @2 uun> d:1:>
RN

=0.

It is observed now that (see [4,[14]) for ¢ and 1 in R™V, we have the following estimates
(26— P2 n)(e — )] * (6P + )T > (- 1) e —nlf for 1 <p <2

(I e = nlP~2n) (€=m) = 2Plg — PP forp>2.

Therefore
lim </ IV, — VulP® dx +/ b(x) [tn — ulP® dg:) =0,
n—oo RN RN
which implies that {u,} converges strongly to u in E. O

Lemma 4.7. For every real number c, the functional J satisfies (C-P-S)..

Proof. Let {u,} be a sequence on E satisfying (4.1) and (| - By Lemma H 4.5 {u,} is
bounded in E. The conclusion can be deduced from Lemma [4.6l O

5. Proof of Theorem

The functional J is continuous and even. Moreover, by Proposition and Lemma
for every ¢ € R, J satisfies (P-S).. On the other hand, by (2.1)), (2.5), (2.6) and (2.7, for

u € E, we get ||u|| < 1. Moreover, we have

T(u) = /R NL(A(x,u)wu\p(xH(b N [ul®) di / Pz, u) dz

p(x)
> min {1, a} (\Vu|p(x) + b(z) ’u‘p / |u|p @)
D+ RN RN P(T
(5.1) 1
- = f(z,u)udx
0 RN

Vv

AL e — [ 2 e e Jull - @)l
D+ RN p($)
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In the case of A < 0, we have
min {1, a} ~ ~
(5.2) J(u) > v JullP* = e lull" = C(e) lul*

For A > 0, by the definition of )., we have

J(u) > <min{1,a} — :;) /RN p(laz) (\Vu|p(ﬂ7) + b(z) ]u‘:ﬂ(x)) dx — ¢ ||ulP~ — C(e) ||ul|* .

If 0 <A <min{l,a}\ (ie, g =min{l,a}), then

min {1, a} — /\A

(5.3) J(u) > o

ull™* = ellull”™ = C(e) [ful*~ -

Therefore, if A satisfies 0 < A < min {1, a} A, then there exist p > 0 small enough and
0 > 0 such that
J(u) >4¢ for ||ul| =p>0.

Hence, the condition (i) of Lemma [4.1 holds with V = E.

Now, we consider a finite-dimensional subspace W of E. For any v € W with [Jul| > 1,

from ({2.1]), we have

o < max{lBy e [ A ) o) da
(54) T < BB s — [ Sy~ [ PG do.

By (2.5) and (2.6), we know that there exist z(z) € L>®°(RY) satisfying z(z) > 0,
a.e. € RV and a positive constant Cy such that
(5.5) F(z,s) > z(z)|s]® = C2|sP™, ae. z€RY and Vs € R.

Combining (5.4]) and (5.5)), we obtain

(5.6) ngmMQM+me—/,mmwm+@/\Wmm.
RN RN

p

1

Observe that v — (fRN z(z) |u]0) * is a norm on W. Since W is finite-dimensional, it

follows that all norms of W are equivalent. There exists C3 > 0 such that
qmw</zwwmx
RN

From (5.6) we have

max {1, 8} + |\
s < LB e G, + ol v,

Since 6 > p,, then there exists R > 1 such that J(u) < 0 when |u|]| = R. So the
condition (ii) of Lemma holds. Applying Lemma the conclusion follows.
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