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Li-2-TYPE HYPERSURFACES IN HYPERBOLIC SPACES
Pascual Lucas* and Héctor-Fabian Ramirez-Ospina

Abstract. In this article, we study Ly-finite-type hypersurfaces M™ of a hyper-
bolic space H*t! C R{L“, for £ > 1. In the 3-dimensional case, we obtain the
following classification result. Let ¢ : M3 — H* C R} be an orientable hy-
persurface with constant k-th mean curvature Hy, which is not totally umbilical.
Then M3 is of Ly-2-type if and only if M3 is an open portion of a standard Rie-
mannian product H' (r1) x S?(r2) or H?(rq1) x S!(rg), with —r? +75 = —1. In
the n-dimensional case, we show that a hypersurface M™ C H"*+!, with constant
k-th mean curvature Hj and having at most two distinct principal curvatures,
is of Lj-2-type if and only if M™ is an open portion of a Riemannian product
H™(r1) x S*=™(rq), with —r} + 73 = —1, for some integer m € {1,...,n—1}.
In the case kK = n —1 we drop the condition on the principal curvatures of the hy-
persurface M", and prove that if M™ C H"*! is an orientable H,, _;-hypersurface
of L, _1-2-type then its Gauss-Kronecker curvature H,, is a nonzero constant.

1. INTRODUCTION

Submanifolds of finite type were introduced by B.Y. Chen, whose first results were
gathered in his book [7] (see also [8]). Although the first definition was given for
a compact submanifold in the Euclidean space, Chen extended the concept to non-
compact submanifolds in Euclidean or pseudo-Euclidean spaces, [9, 10]. A detailed
survey of the results on this subject, up to 1996, was given by Chen in [14], and in a
recent article [15], the author provides a detailed account of recent development on the
problems and conjectures about finite type submanifolds.

The Laplacian operator A can be seen as the first one of a sequence of n operators
Lyo=A,Ly,...,L,_1, where Ly, stands for the linearized operator of the first variation
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of the (k + 1)-th mean curvature arising from normal variations of the hypersurface
(see, for instance, [24]). These operators Ly, are given by Li(f) = tr(P o V2f) for a
smooth function f on M, where P, denotes the k-th Newton transformation associated
to the second fundamental form of the hypersurface and V2f denotes the self-adjoint
linear operator metrically equivalent to the Hessian of f.

As an extension of finite type theory, S.M.B. Kashani [17] introduced the notion
of Ly-finite-type hypersurface in the Euclidean space. In general, a submanifold M™
in R™ is said to be of Lg-finite-type if the position vector ¢ : M™ — R™ of M™ into
R™ admits the following finite spectral decomposition

¢:a+¢1+"'+¢qa Lkl/ft:/\tl//ta

where a is a constant vector, \; are constants and 1/, are non-constant R™-valued maps
on M™. If all \;’s are mutually different, M™ is said to be of Lj-g-type, and if one of
A¢ 1s zero M™ is said to be of Lg-null-¢g-type. Naturally, that definition is also valid
for a pseudo-Riemannian submanifold M;* into the pseudo-Euclidean space R7".

In [21], the authors, by using results from [1], show that k-minimal Euclidean
hypersurfaces and open portions of hyperspheres are the only Lg-1-type hypersurfaces
in R"*1. As for hypersurfaces of Lj-2-type in R"*!, the authors show that if M™ is
a hypersurface with at most two distinct principal curvatures, then (i) M™ is not of
L,,—1-null-2-type (Theorem 3.5); and (ii) M™ is of Ly-null-2-type (k # n — 1) if and
only if M is locally isometric to a generalized cylinder (Theorems 3.11 and 3.12).

In [20], the authors study Lj-2-type hypersurfaces in a hypersphere S* C R5. Since
the case k = 0 corresponds to the classical one, which has been well studied (see, e.g.,
[11], [12] and [16], among others), the authors concentrate in cases k = 1 and k = 2,
and show the following result:

Theorem A. Let ) : M3 — S* C R® be an orientable H)-hypersurface, which is
not an open portion of a hypersphere. Then M?3 is of Lj-2-type if and only if M3 is a
Clifford tori S*(r1) x S?(r3), 72 + 12 = 1, for appropriate radii, or a tube T"(V?) of
appropriate constant radius  around the Veronese embedding V'? of the real projective
plane RP%(\/3).

In this paper we extend this result to hypersurfaces in a hyperbolic space. The case
k = 0 was studied by Chen, [13], in the n-dimensional case. He proved (i) that every
2-type hypersurface of the hyperbolic space has nonzero constant mean curvature and
constant scalar curvature, and (ii) that there exists no compact 2-type hypersurfaces in
the hyperbolic space.

After a section devoted to preliminaries and basic results we proceed, in the third
section, to compute some formulae required to present the examples. In section 4 we
present the main results in dimension three, which we can gather in the following
classification theorem:
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Theorem B. Let ¢ : M3 — H* C R} be an orientable Hy-hypersurface, which
is not totally umbilical. Then M? is of Ly-2-type if and only if M? is a standard
Riemannian product H' (r1) x S?(ra) or H2(r1) x St(r), with —r? + 13 = —1.

In the final section, we extend the previous result to n-dimensional hypersurfaces
in the hyperbolic space H" ! as follows.

Theorem C. Let ) : M™ — H"t! C R?” be an orientable Hy-hypersurface
and assume that M"™ has at most two distinct principal curvatures. Then M"™ is of
Ly-2-type if and only if M™ is an open portion of H™(—v/1+r2) x S""™(r), for
some positive integer m, 1 < m <n — 1, and for some positive number r.

We wish to thank the referee for his/her comments and suggestions that have im-
proved the original manuscript.

2. PRELIMINARIES AND LEMMA

Let R? be the 5-dimensional Lorentzian space with the standard flat metric g given
by

5
=2

where (21, ..., xs5) is a rectangular coordinate system of R?. For a positive number
and a point ¢ € R} we denote by H*(c, —r) the (connected) hyperbolic space centered
at ¢ with radius 7, which is embedded standardly in R} by

H*(c,—r)={z €R}| (x — ¢, — ¢) = —r?, and z; > 0},

where (,) denotes the Lorentzian inner product on R}. To simplify the notation, we
write H*(—r) = H*(0, —r) and H* = H*(0, —1). We will also use (, ) to denote the
flat metric g. Without loss of generality, we assume that c = 0 and r = 1.

Let ¢ : M3 — H* C R} be an isometric immersion of a connected orientable
hypersurface M3 with Gauss map N. We denote by V", V and V the Levi-Civita
connections on R?, H* and M3, respectively. Then the Gauss and Weingarten formulae
are given by [22]

V&Y = VxY + (SX,Y)N + (X,Y) 1,
SX =—-VxN =-V%N,

for all tangent vector fields X,Y € X(M?3), where S : X(M?3) — X(M?) stands for
the shape operator (or Weingarten endomorphism) of M3, with respect to the chosen
orientation V.
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As is well known, for every point p € M3, S defines a linear self-adjoint endo-
morphism on the tangent space 7,,M?, and its eigenvalues 1 (p), r2(p) and r3(p) are
the principal curvatures of the hypersurface. The characteristic polynomial Qg(¢) of S
is defined by

Qs(t) = det(t] — S) = (t — k1) (t — k) (t — k3) = t° + a1t® + ast + as,
where the coefficients of Qg(t) are given by
a1 = —(k1 + K2 + K3), a2 = K1K2 + K1K3 + K2K3, az = —K1K2K3.

These coefficients can be expressed in terms of the traces of S’ as follows:

a; = —tI‘(S),
() a5 = —%tr(SQ) + %tr(sﬂ
a5 = —%tr(SS) + %tr(SQ)tr(S) - %tr(S)S.

The k-th mean curvature Hy, or mean curvature of order k of M? in H* is defined

by
(Y Hi = (=1)*ay, with Ho = 1.

We say that M3 is an Hj-hypersurface if its k-th mean curvature Hj, is constant. If
Hj.1 = 0, we then say that M is a k-minimal hypersurface; a 0-minimal hypersurface
is nothing but a minimal hypersurface in H?.

The k-th Newton transformation of M3 is the operator Py : X(M3) — X(M?3)
defined by

k

k
Pe=>> (1) (,2) He 387 = (-1)* > ax ;5.
j=0

§=0
In particular,
2 Py=1, P=3HI-S, P,=3Hsl—-SoP, P3s=Hsl—SobPh,.

Note that by Cayley-Hamilton theorem we have P; = 0. Let us recall that, for every
point p € M3, each Py(p) is also a self-adjoint linear operator on the tangent hyper-
plane 7, M which commutes with S(p). Indeed, S(p) and P;(p) can be simultaneously
diagonalized: if {e;, e, e3} are the eigenvectors of S(p) corresponding to the eigen-
values k1(p), ka(p), k3(p), respectively, then they are also the eigenvectors of Pj(p)
with corresponding eigenvalues given by

3
ufc(p): Zni1~~~nik, for everyi =1,2,3and k =1, 2.

i< <ip
i #
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In particular,
1 _ 2 _ 3 _
/’LI_H2+H37 /’Ll_’%l—i_’%g? /’LI_H1+H27
1 _ 2 _ 3 _
Ho, = K2k3, Ho, = K1K3, H, = K1k2.

According to [22, p. 86], the divergence of a vector field X is the differentiable
function defined as the contraction of the operator VX, where VX (V) := Vy X, that
is,

div(X) = C(VX) =t(VX) =Y ¢7 (Vg X, Ej),
i,J
{E;} being any local frame of tangent vectors fields, where (¢*/) represents the inverse
of the metric (¢;;) = ((E;, E;)). For an operator T' : X(M3) — X(M3) we have
two divergences: one associated to the (1,1)-contraction C}, and another associated
to the metric contraction C; the first contraction produces a 1-form and the second
contraction produces a vector field. We consider here the second one, so that the
divergence of an operator T will be the vector field div(T") € X(M?) defined as

div(T) = C12(VT) =Y ¢ (Ve T)E;,
i3
where VT'(X,Y) = (VxT)Y =Vx(TY) - T(VxY).
In the following lemma (see [19] for details) we present some interesting properties

of the Newton transformations. The proof of the first four is merely algebraic and
straightforward.

Lemma 1. The Newton transformations Py, k = 1,2, satisfy the following prop-
erties:

=
<]
>
nn
o
=
I
g‘\
+ w
<
=
=
s

where ¢1 = 6 and co = 3.
Keeping in mind this lemma we obtain
div(Py(Vf)) = tr(Py o V2f),

where V2f : X(M3) — X(M?) denotes the self-adjoint linear operator metrically
equivalent to the Hessian of f, given by (V?f(X),Y) = (Vx(Vf),Y), for vector
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fields X,Y € X(M 3). Associated to each Newton transformation P, we can define
the second-order linear differential operator Ly, : C*°(M3) — C>(M?3) by

3) Li(f) = tr(P, o V2f).
An interesting property of Ly, is the following:
4) Li(fg) = gLi(f) + fLi(9) +2(Pe(V ), Vg),

for every couple of differentiable functions f, g € C>°(M?).

3. FIrRST FORMULAS AND EXAMPLES

First we will calculate L acting on the coordinate components of the immersion
1, that is, a function given by (¢, ), where e € R} is an arbitrary fixed vector. An
easy computation shows that

(5) V{,e)=e' =e—(N,e)N+(ih,e)p,

where e € X(M?3) denotes the tangential component of e. Taking covariant derivative
in (5), and using the Gauss and Weingarten formulae, we obtain

(6) VxV (ih,e) = Vxe =(N,e)SX + (¢,e) X,
for every vector field X € X(M?3). Finally, by using (3) and Lemma 1, we obtain
(7) Ly (¥, e) = ckHgy1 (N, e) + ciHg (¥, €) .

This expression allows us to extend operator Ly, to vector functions F' = (f1,..., f5),
fi € C°°(M3), as follows: LyF := (Lgfi,...,Lifs). Then Lyt can be computed as

®) Ly = e Hi 1N + cp Hy),

where {ej, ..., es} stands for an orthonormal basis in R3.

Now, we will compute L; N, and in order to do that we are going to compute the
operator Ly, acting on the coordinate functions of the Gauss map N, that is, the functions
(N, e) where e € R? is an arbitrary fixed vector. A straightforward computation yields

that jointly with the Weingarten formula and (6), leads to

VxV(N,e) = (V18X — (N,e) S*X — (¢, ¢e) SX,
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for every tangent vector field X. This equation, combined with (3) and Lemma 1,
yields

. Ly (N,e) = —tr(V,rS o P) — (N,e) tr(S? o P) — (1), e) tr(S o Py)
® = —(,21) (VHip1, ) — tr(S? 0 Py) (N, €) — ciHyp1 (1, €)
which is equivalent to
LyN = —(,},)VHp1 — tr(S® 0 Pu)N — cpHyq19).
On the other hand, equations (4) and (7) lead to
L7 (¢, e) = ckHiy1 Ly (N, €) + Li(ckHy+1) (N, €) + 2ck{Pi(VHpy1), V (N, €) )
+ e Hi Ly, (¥, e) + Li(cpHy) (¢, e) + 20k<Pk(VHk), V (1, e) >,
and by using again (7) and (9) we get

Lj (¢, e)
k )
= —ck (4 31) Hipr (VHpgr, €) = 205 (S 0 Pe)(VHyp1), €) + 2¢x (Po(VHy), €)

+ [CkLk(Hk—I—l) — (tI‘(S2 o Pk> — Cka)Cka_H} <N, €>
+ [— cihHiq + ciHi + CkLk(Hk)} (¥, e).

Finally, we obtain

C
L2 = —3’“ (2 ) VHZ 1 — 264(S 0 Pi)(V Hyy1) + 261 Po(V Hy)
(10) + [ckLk(HkH) — (tr(S%0 Py) — cka)cka_,_l} N

+| = RHE . + RHE + crLi(H) |v.

Example 1. k-minimal Hj-hypersurfaces in H* are of Lj-1-type or Ly-null-1-
type. In fact, from (8) we obtain that L1y = A\, with A = ¢;, Hy,, and then M? is of
Li-1-type if H;, # 0; otherwise, M? is of Lj-null-1-type.

Example 2. Non-flat totally umbilical hypersurfaces in H* are of Lj-1-type. As
is well known, totally umbilical hypersurfaces in H* are obtained as the intersection of
H* with a hyperplane of R?, and the causal character of the hyperplane determines the
type of the hypersurface. More precisely, let a € R} be a non-zero constant vector with
{a,a) € {1,0,—1}, and take the differentiable function f, : H* C R? — R defined by
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fa(x) = (x,a). It is not difficult to see that for every 7 € R with (a, a) +72 = §2 > 0,

the set
M, = f;'(r) ={z e H'| (z,a) = T}

is a totally umbilical hypersurface in H*, with Gauss map

1

N(w) = 5 (a+Ta)
and shape operator
(11) SX = —%X.
It is easy to see, from (11), that M, has constant mean curvature H = —7 /¢ and
constant Gauss-Kronecker curvature K = —1 + H? = — (a,a) § 2. Therefore, Hy,

and Hy; are also nonzero constants.
Now we will consider all different possibilities:

(i) If {a,a) = —1, then |7| > 1, K = 1/(7? — 1) is positive, and M, =
S3(v/72 —1).
(ii) If {(a,a) = 0, then 7 # 0, K = 0, and M, = R?,
(iii) If {a,a) = 1, then K = —1/(7% + 1) is negative, and M, = H3(—v/72 + 1).

Bearing (8) in mind we find that Lyy) = A\¢» + b, where A = ¢, H*(1 — H?) and
b= ¢, H*15~1a. We distinguish three cases:
(i) If H = 0, then M? is of Lj-null-1-type.

(ii) If |[H| = 1, then (a,a) = 0 and M?3 is flat.
(iii) Otherwise, A # 0 and we can write

b=ttt vo=—y and Yi=vty,

where v is constant and Ly = Atp1. Therefore, M3 is Li-1-type in R},

The following proposition shows that the hypersurfaces exhibited in Examples 1
and 2 are the only hypersurfaces in H* of Lj-1-type in R3.

Proposition 2. k-minimal Hy-hypersurfaces in H* and open portions of a non-flat
totally umbilical hypersurface in H* are the only Ly-1-type hypersurfaces in H*.

Proof. Let M3 be a Lj-1-type hypersurface in H*, then its position vector 1) can
be put as ¢ = g + 1, where 1) is a constant vector and Liy; = Ay;. Hence we
deduce Liy = A\ + b, with b = —\yg. From (8) we get

b= cprHii1N + (cpHi — N,
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and taking covariant derivative here we obtain
0= —cpHp+1SX + (Cka — /\)X + CkX(Hk_H)N + CkX(Hk>Z/J,

for every vector field X € X(M?3). The previous equation implies that Hy, and Hyq
are both constant. If Hy,; # 0 then we get SX = pX, for a certain constant y, i.e.
M3 is totally umbilical, and then the result follows from Example 2. ]

Example 3. Standard Riemannian products H'(71) x S?(r3) and H?(r1) x S(r2),
with —r? +r2 = —1, are hypersurfaces in H* of Lj-2-type in R?.
For a positive number 7, let us denote M3 (1) = H™(—v/1 + r2) x S*=™(r) C H*,
m = 1,2. In the case m = 1, observe that the hypersurface M3 (r) is defined by the
equation
MP(r) = {z € H [ + 2§ + af = 17},

and its Gauss map is given by

N(z) = o r o ViEr?  Vigr? \/1+—7’2x
,\/H_—712 17 ,\/H_—712 27 "” 37 "” 47 "” 5 *
Then its principal curvatures in H* are
—r and —V1+7r2
Rl = —— Ko = R == ———.
VL2 U
Hence we get
o 2+37 H_1+3r2 o V1t
3142 ST 5 o

If we put 1/11 = (a:l, 9, 0,0, 0) and 1/12 = (0, 0, z3, x4, 335), then 1/1 = 1/11 + 1/12 and by
using (8) we obtain:

(a) Loy = Mgy and Loya = Agtha, where A = 1705 and Ay = —%. Therefore,
M3 (r) is of Lo-2-type in R? for any r (see [11, Example 1]).

7,,2
(b) L1t = Aigpr and Lighy = Aatbo, where A = ——2— and ), = 2§1¢+12+_§

Therefore, M;(r) is of Li-2-type in R for any r.

(¢) Latpr = Aitpy and Lothy = Agthg, where Ay = 5 and Ay = —%. Therefore,
M3(r) is of Lo-2-type in R? for any 7.

In the case m = 2, note that the hypersurface M3 (r) is defined by the equation

M3(r) = {zx € H*| 2} + 2% = r?}.



230 Pascual Lucas and Héctor-Fabidan Ramirez-Ospina

In this case, the Gauss map on M3 (r) in H* is given by

N() r r r Vi+r2 V1402
= ) ) x? x? €T )
VIeZ Uik e e e

and its principal curvatures in H* are

—r and —V1+7r2
Kl = RKg = —— k3 = ————.
1 2 /1+r2 3 r
Consequently, we get
1+ 3r? 2+ 3r? r
H S ———) H = T o\ H - .
' 3rv1+12 2T 31+ 12) ’ V1412

If we put as before 11 = (21, 22, x3,0,0) and 12 = (0,0, 0, x4, 5), then Y = 1 + 1)
and by using (8) we obtain:

(a) Loy = Mgy and Loa = Agtha, where A = 1225 and Ay = —7%. Therefore,
M3 (r) is of Lo-2-type in R? for any r (see [11, Example 1]).

7“2
(b) Lt = Ay and Ligy = Agthy, where A = — 28350 and Xy = —2—.

Therefore, M (r) is of Li-2-type in R for any r.
(¢) Loty = A1ty and Lothy = Agtha, where A = 1225 and Ay = —17-. Therefore,
M3 (r) is of Lo-2-type in R? for any r.

4. THE THREE-DIMENSIONAL CASE

Let us suppose that a hypersurface M3 in H* is of Lj-2-type in R3, that is, its
position vector v can be written as follows

Y =a+11 + o, L = My, Liipa = Moo,

where a 1s a constant vector in R? and 11, 19 are R?-Valued non-constant differentiable
functions defined on M?3.
It is easy to see that L) = X191 + Aotpg and L) = A3thy + A3¢o, and thus

Lil/] = (/\1 + /\2)Lkl/1 — /\1/\2(1/1 — a).
By using (8) we get
Ly = MAoa’ + [(M + X2)exHis1 + MA2 (N, a) |N

+ [(M + X)erHy — Mida — Aids (¥, a) 9,
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that, jointly with (10), yields the following equations of Lj-2-type,

C
(12) Ahga! = —3’“(,€il)v1tf,§+1 — 204(5 0 P)(VHyy1) + 2cxPo(VHy,),

(13) A9 <N, a,> = CkLk(Hk—I—l) — (tI‘(S2 o Pk> —cpHr + M + /\Q)Cka_H,

(14) /\1/\2 <1/J, a> = CiH}?_H — (Cka — /\1)(0ka — /\2> — CkLk(Hk>.

In [13], the author shows that if M™ is a hypersurface of the hyperbolic space
H"t! with constant mean curvature and constant scalar curvature, then M" is either
of 1-type or of 2-type. He also proves that every 2-type hypersurface of the hyperbolic
space has nonzero constant mean curvature and constant scalar curvature.

Our goal in this section is to prove similar results for operators L; and Ls.

Theorem 3. Let 1) : M3 — H* C R? be an orientable Ho-hypersurface. If M? is
of Lo-2-type then the Gauss-Kronecker curvature H3 is a nonzero constant.

Proof. Let {E1, Ey, E3} be a local orthonormal frame of principal directions of
S such that SE; = k; F; for every i = 1,2, 3, and consider the open set

Us = {p € M* | VH () # 0.

Let us suppose that I/3 is not empty. Since we are assuming that M3 is of Lo-2-type and
H is constant, then by taking covariant derivative in (14) we have A\; \aa| = 9VH§,
and putting this into (12) yields

7
(15) (So Py)(VH3) = —§H3VH32 on Us.

Since P; = 0 then So P, = H3I and so (S o P5)(VHZ) = H3V H?2, that jointly with
(15) implies H3V HZ = 0 on Us, which is not possible. [

We want to extend the previous theorem for the operator L;; next theorem is an
intermediate step.

Recall that a hypersurface M" immersed in either the Euclidean space R, the
sphere S”*1 or the hyperbolic space H" !, is called isoparametric if all the principal
curvatures ~; are constant functions; this is equivalent to saying that all the mean
curvatures H; are constant functions. An isoparametric hypersurface of the Euclidean
space can have at most two distinct principal curvatures, and it must be an open portion
of a hyperplane, hypersphere or spherical cylinder S¥(r) x R** (see e.g. [26, 25]). A
similar result holds for H"*!: an isoparametric hypersurface must be an open part of
a totally umbilical hypersurface or hyperbolic cylinder H™ (r1) x S"~™(rg) (see [3]).
However, the classification of isoparametric hipersurfaces in the sphere S"*! turns out
to be much more complicated, as Elie Cartan showed (see [4, 5, 6]).
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Theorem 4. Let M? be an orientable Hy-hypersurface of the hyperbolic space
H*, which is not totally umbilical, and consider the following three conditions:
(a) Hp41 is a nonzero constant.
(b) tr(S? o Py) is constant.
(c) M3 is of Ly-2-type.

Then any two conditions imply the third one.

Proof.  First, we show that conditions a) and b) imply condition ¢). From Lemma
1 we obtain that M3 is an isoparametric hypersurface; since M3 is not totally umbilical
then M? is a hyperbolic cylinder, and then the claim follows from Example 3.

Secondly, we show that conditions @) and ¢) imply condition b). By taking covariant
differentiation in equation (13), and bearing (14) in mind, we find

crHys1 X (t1(S2 0 By)) = — M A X ((N, a)) = M <SX, aT> —0,

that is, tr(S% o P,) is constant on M3,

Finally, we show that conditions b) and ¢) imply condition a). In the case k = 2,
the proof follows directly from Theorem 3. To prove the claim in the case &k = 1, let
us consider the open set

Uy = {p € M* | VH3(p) # 0},

and assume that it is not empty. Since H is constant, by taking covariant derivative in
(14) we obtain that Ay \oa ' = 36V H2. Using this in (12) we get

1
(16) (SoP)(VH2) = —;HQVHQQ on Us,

that jointly with equation (2) leads to P»(VHS) = %HQVHQQ. Now, by applying the
operator S on both sides, we have

(17) (SoPy)(VH3) = 22—1H25(VH22).

Since P3 = 0 we get S o P» = Hsl, and then (S o P»)(VH3) = H3V H2, that jointly

with (17) implies
2H3

~ 21H,
Without loss of generality, let us assume that E; is parallel to VH3, i.e. the principal
curvature K, = % Then we have

S(VH3) VHZ.

2H, ( 2H,
21H, 21H,

(So P)(VHS) = kapy VH; = )VHS,
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that jointly with (16) yields the following equation,
6615 H3 + 252 H HyHs — 8H3 = 0.

From Lemma 1 we have that 3H3 = 9HHy — tr(S% o P}), and then the previous
equation can be rewritten as follows

6615 Hj + 684H° H3 — 68Htr(S* o Py) Hy — Str(S% 0 Py) = 0.

In other words, H> is a root of a polynomial with constant coefficients, and so Hs has
to be constant, which is a contradiction. [ |

An interesting consequence of the last theorem is the following result.

Theorem 5. Let ) : M3 — H* C R} be an orientable Ho-hypersurface. If M is
of Lo-2-type then M?3 is an isoparametric hypersurface.

Proof. From Theorem 3 we get that Hg is a nonzero constant, and then Theorem 4
yields that tr(S2 o P,) is constant. Now we use Lemma 1(d) to deduce that the mean
curvature H is constant, and this concludes the proof. ]

Since the isoparametric hypersurfaces of the hyperbolic space H* C R are well
known, the following result is clear.

Theorem 6. Let b : M3 — H* C R} be an orientable Hy-hypersurface, which
is not totally umbilical. Then M? is of Lo-2-type if and only if M3 is a standard
Riemannian product H' (r1) x S?(r3) or H2(r1) x St(rg), with —r? 4+ 13 = —1.

Now, we state the main result of this section.

Theorem 7. Let ) : M3 — H* C R? be an orientable Hy-hypersurface. If M is
of Li-2-type then Hy.1 is a nonzero constant.

Proof. Case k = 01is shown in [13] and case k = 2 has been proved in Theorem 3,
so we can assume k = 1. Let us consider { E'1, F3, F3} a local orthonormal frame of
principal directions of S such that SFE; = k;E; for every i = 1,2, 3. Let us define the
open set

Uy = {p € M° | VH3(p) # 0},
and suppose that I/ is not empty. Since we are assuming that M3 is L;-2-type and H
is constant, then equation (14) leads to

(18) AMdea! = 36VHS.

Using this equation in (12) we have that (S o P\)(VH3) = —2H,VH3 on U, and
substituting this into (2) we obtain

21
(19) Py(VH3) = 7HQVHS on Us.
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The vector field V HZ can be written as VH2 = Ey(H3)Ey + Eo(H3)Ey+ E5(H2) E3,
and then

Py (VH3) = Ey(H3)puyEr + By(H3)p3Eo + Es(H3)p3 Es.

Therefore equation (19) is equivalent to

.21
(20) E;(H3) <,ﬂ2 - 7HQ) =0 on Uy,

for every i = 1, 2, 3. An immediate and important consequence of this equation is that
E;(H3) = 0 for some i. Otherwise, we deduce that

63
tr(Py) = puy + p3 + i = - He,

that jointly with Lemma 1 leads to Hy = 0 on Uy, which is a contradiction.
Bearing in mind the previous consequence, and without loss of generality, we have
to analyze the following two possible cases.

Case 1. Ei(H3) #0, Ey(H2) # 0 and F3(H3) = 0.
From (20) we have u; = M; = 2L H,, then (k1 —k2)r3 = 0, and therefore 11 = Ko.
Observe that x; # 0 for all 4, otherwise Ho = 0. It is easy to see that

21 7
Kokg = M; = 7H2 = 5(/@% + 2KoK3),

and so 7ky + 12k3 = 0. On the other hand, we know that 3H = 2x9 + k3 and then
we get that the principal curvatures o and k3 are constant. So H» is also constant,
which can not be possible.

Case 2. Fi(H3) #0, E2(H2) =0 and E3(H3) = 0.
We know that 3Hy = mu} + u; and u; = %Hg (see (20)), then we have

(21) Hy, = 12—5 (k3 — 3Hk,) and  H2 = p(k1),
where p(z) = (%)2 (2* —6Hz®+9H?z?). Observe that H # 0; otherwise, ko + k3 =
—k1 and from (21) we get kokz = %n% Then ko and k3 are the roots of the equation
t2 + kit + %n% = 0, but this is not possible since the discriminant of this equation is
negative.

We claim that

(22) E1(H3) = p' (k1) E1(#1),
(23) A A <1/J, a> = 36p</€1) + Ay,

(24) AMA2 (N, a) = q(k1) + Bo,
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where ¢(z) = — (%)2 (225 — 2ot + 6H%23), and A, By are two constants. First,

(22) and (23) follow directly from (21) and (14), respectively. On the other hand,
bearing (18) in mind we find that

X(AA2 (N, a)) = A <SX, aT> = 36k, (X, VHZ)
= —36m X (H3) = X (q(k1)),

for any tangent vector field X, and this implies equation (24).
Now, by taking covariant differentiation in (18) in the direction of an arbitrary
tangent vector field X, we have

MAaVxa' = 36X (E1(H3))E1 + 36E1(H3)V x E,
that jointly with (6) yields
(25)  36E1(H3)VxE1 = —36X(E1(H3))E1+ MA2((N,a) SX + (¥,a) X),
or equivalently

36E1(H3) (VxEy, E;)
(26)
= —36X (E1(H3))01; + MA2((N,a) i + (1, a) ) (X, E;),
for i = 1,2, 3. If we take X = F, then (26) reduces to the following equations
36E1(E1(H3)) = M2 ((N,a) k1 + (¢, a)),
E\(H3) (Vg E1, Ej) =0, i=2,3.

From the last equation we conclude that Vg, Iy = 0, that is, the integral curves of E}
on Uy are geodesics of M?3.

Let X be a tangent vector field orthogonal to Ej. Then equation (26) for i = 1
leads to X (E1(H3)) = 0 and thus (25) yields

27)  36E1(H3)VxEr = MA((N,a) SX + (¢,a) X), VX LE.
From the Codazzi equation (Vg;S)Ey = (VE,S)E;, we get
El(/@j) = (k1 — Kj) <VE].E1, Ej>, j=2,3,
that jointly with (27) for X = E; yields

36E1(H3)E1(k;)
= (k1 — K5) [MA2 (N, @) kj + A2 (1, a) |
= =M1\ <N, a> H? + Ao <N, a> K1Kj — A <1/J, a> Kj + A1 A <1/J, a> K1.
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Last equation implies
36E1(H22><E1(H2> + El(H3>> = —A1 )\ <N, a> (H% + Hg) + A Ao <N, a> Hl(:‘ﬁg + Hg)
— /\1/\2 <1/J, a> (HQ + Hg) + 2/\1/\2 <1/J, a> K1,
that is,
36F(HS)E1(3H — k1) = —MiAa (N, a) (tr(S?) — 62) + M A2 (N, a) k1 (3H — k1)
— A Ag <1/J, a> (3H — Iﬂ) + 2X1 M9 <1/J, a> K1-
From (1) and (21) we have that tr(5?) = 9H? — 2 Hrky — 2x3. By using this and (22),
last equation can be written as
36p/ (k1) [B1 (k1))

1
==z M2 (N, a) (4K2 + 3Hky — 45H?) + 3X1 X (1, a) (H — k1).

(28)

On the other hand, a direct computation shows

362[p/ (k1) E1(k1)]” = 362 [Ey(H3)]? = 36% (VHZ, VH3) = AIA3|a" |2
(29)
= ATA3lal? — (MiA2 (V, a)® + (MA2 (¥, a))?.

From equations (28) and (29), and taking into account (23) and (24), we find a poly-
nomial 7'(z) with constant coefficients given by
2 2
T(x) = [q(a:) + B()] - [36p(a:) + AO]
(30) —% [q(z) + Bo)] (4x + 15H)(x — 3H )p ()
+108 [36p(a:) + A()] (H — z)p'(z) — \2X\3al?,

and satisfying T'(k1) = 0. Therefore, x; is locally constant on Us, and so Ho is also
constant, which is a contradiction with the definition of {/;. This finishes the proof. m

An interesting consequence is the following result, similar to Theorem 5.

Theorem 8. Let 1 : M3 — H* C R} be an orientable H-hypersurface. If M3 is
of L1-2-type then M? is an isoparametric hypersurface.

Proof. From Theorem 7 we get that Ho is a non-zero constant, and then
Theorem 4 yields that tr(S2 o P;) is constant. Now we use Lemma 1(c) to deduce that
the Gauss-Kronecker curvature Hs is constant, and this concludes the proof. [ |

Bearing in mind Theorems 8 and 4, and the classification of isoparametric hyper-
surfaces in the hyperbolic space H?, the following result, that extends Theorem 6, is
clear.
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Theorem 9. Let i) : M3 — H* C R} be an orientable H-hypersurface, which
is not totally umbilical. Then M?3 is of Li-2-type if and only if M3 is a standard
Riemannian product H' (r1) x S?(ra) or H2(r1) x St(r), with —r? + 13 = —1.

5. THE n-DIMENSIONAL CASE

Let ¢ : M" — H**' C R}*? denote an isometric immersion of an orientable
hypersurface M™ in the hyperbolic space H"*! = H"*1(0, —1). The goal of this
section is to classify Lg-2-type hypersurfaces with constant k-th mean curvature Hy
and having at most two distinct principal curvatures.

Suppose that 1) is of Lj-2-type, then we can write

Y =a+11 + o, L = My, Liipa = Moo,

where a € R?” is a constant vector and 1, : M" — R?” are non-constant
differentiable functions.

Performing calculations similar to those made in Sections 3 and 4, the following
equations can be obtained:

C n
G1) Aga! = —3’“(,€+I)VH,§+1 — 2¢4(S 0 Pp)(VHyy1) + 2¢1 P (VHy),

(32) A9 <N, a,> = CkLk(Hk—I—l) — (tr(52 o Pk> —cpHr + M + /\Q)Cka_H,
(33) MM (¥,a) = ciHE 4 — (cxHy, — M) (ckHi — X2) — i Li(Hy),

where ¢, = (n — k) (;}) = (k+ 1) (,}1)-
The following example exhibits hypersurfaces of Ly-2-type in the hyperbolic space
H" .

Example 4. For each positive number r and each integer m, 1 < m <n — 1, let
M (r) be the n-dimensional submanifold of R?™ defined by

m+1 n+2

M%(r):{(xl,...,xn+2)’ —x%+zx§:_1_r2’ Z x§:r2}.
=2

j=m+2

It is well known that M)} (r) is a complete and non-compact hypersurface of the
hyperbolic space H"**; in fact, M (r) is isometric to the standard Riemannian product
H™(—V1472) x S"™(r).

The Gauss map of M (r) in H*! is given by

N(x) T T mx mx
- T/ Yy T Y/ 1, 290y T 21>
1+ 2 T2 1+ .2 T2 m+ r m+ r n+
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and then M, (r) has two constant distinct principal curvatures given by

—7r _\/1+r2

Hence, the mean curvature Hj, is constant for every k.

If we put Y1 = (21,...,Zm+1,0,...,0) and Yo = (0,...,0,Zt2, ..., Tni2),
then v = 1 + ¥o and, by using (7), we obtain L1 = A1 and Liye = Ao,
where

c Cl:
A = ﬁ (er+1 V11 r2Hk> and Ay = 7(\/1 2 Hy +er>.

Therefore, M (r) is a hypersurface of Lj-2-type of the hyperbolic space H" .

Now, we are ready to prove the following classification result.

Theorem 10. Let ¢ : M" — H"H R?” be an orientable Hy-hypersurface
and assume that M™ has at most two distinct principal curvatures. Then M"™ is of
Li-2-type if and only if M™ is an open portion of M), (r), for some positive integer
m, 1 < m <n —1, and for some positive number r.

Proof.  Let us assume that M™ is a hypersurface of Li-2-type. Let k1 and kg
denote the principal curvatures of M™, with multiplicities m and n — m, respectively.
Consider {E1, E, ..., E,} a local orthonormal frame of principal directions of S such
that SE; = k1B, for e = 1,...,m, and SE; = koFj, j = m + 1,...,n. Without
loss of generality, we can distinguish two cases according to the multiplicity m.

Casel. m=1.
Let us consider the open set

U1 = {p e M"™ | VHE 1(p) # 0}~

Our goal is to show that U1 is empty. Otherwise, since M"™ is a Ly-2-type hyper-
surface and the mean curvature Hj is constant, by taking covariant derivative in (33)
we obtain AjApa” = ¢VH? ,, that jointly with (31) yields

(34) (S0 P)(VH ) = =S Hy ( VH] - on Uy

From the inductive definition of Py = (k:ﬁl)H k+1] — S o Py and (34) we obtain

(35) Pe1(VHE ) = DgHpl VHE,  on Uy,
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where Dy = 2EE5(," ). The vector field VH?,, can be written as VHZ,
S (VHE, |, E;) E;, and then we get

n

Per1(VHR ) =Y (VHip, Ei) il | E;.
i=1

Hence, Eq. (35) is equivalent to
(VH 1, Ey) (Miﬂ - Dka+1> =0 on Uy,
for every i = 1,...,n. Therefore, for every i such that (VHZ, |, E;) # 0 we get
4, = DyHpsr.

We will distinguish two cases: (a) (VH?
for some 7 > 1.
(a) First, let us suppose that (VHZ, |, E1) # 0. Then, we get

1, B1) # 0, and (b) (VHZ, |, E;) # 0

1 2k‘+5 _ 2k+5 1 1
ty,, = DeHpir = My = =52 (R, + )

This equation, bearing in mind that (Z) Hyp = p, = mui_l + ui, leads to

(36) —(2k 4 3)p py = (24 5) ((0) He = )1y
Now, by using that u; = (";1) k3 for j € {1,...,n — 1}, we can rewrite (36) as
follows

Akl + B =0,

where A and B are two nonzero constants. Therefore, xo is constant. This implies,
since Hj, is constant, that the principal curvature s, is constant, and so Hy41 is also
constant, which is a contradiction.

(b) Now, suppose that (VHZ, ;, E;) # 0 for some i > 1. Then, we get

k

kapy 4yt = pk,, = DiHipn = 2585 (ki) + 41y, )-

It is not difficult to see that this equation is equivalent to

(") w4 (e =252 () m+ () a).

In other words, Ck1 = DKo, where C' and D are two nonzero constants given by

C = % ("21) and D= % (Z:LD
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By direct computation, we find that
C(R)H, = [(";)C + (RZ1) D]#s,

Therefore, ko is constant. As before, this implies that the (k + 1)-th mean curvature
Hy. 4 is also constant, which is not possible.

Case 2. 1 <m < n—1 (i.e. the multiplicities of two principal curvatures are
greater than one).

Without loss of generality, suppose that «1, ko # 0. By using a standard reasoning
involving the Codazzi equations, we deduce that F;(k1) = 0, for i = 1,...,m, and
Ej(k2) =0, for j = m+1,...,n. Since the number of distinct principal curvatures is
two, the distribution corresponding to each principal curvature is smooth and integrable
(see, e.g., [2, Paragraph 16.10] and [23]). Hence, we deduce that each principal
curvature «; is constant on each integral submanifold of the corresponding distribution
of the space of principal vectors V' (k;) (see [23]). Therefore, M™ is locally isometric
to the Riemannian product M; x Ms, where M; is the maximal integral submanifold
corresponding to the distribution of the space V'(k;) (see, e.g., [18, p. 182]).

Since Hj, is constant on the hypersurface M; x My and k; is constant on M7, we
deduce that k9 is also constant on M;. Similarly, the constancy of Hy and x2 on My
implies that ;1 is also constant on Ms. In other words, the principal curvatures x; and
ko are constant on the whole hypersurface, and so Hy; is also constant, which is a
contradiction.

In conclusion, the mean curvatures Hy and Hjyi; of the hypersurface M"™ are
constant. Since M"™ has at most two distinct principal curvatures, we get that A" is an
isoparametric hypersurface of the hyperbolic space. Bearing in mind the classification
of isoparametric hypersurfaces in H"*! (see [3]), we deduce that M™ is an open portion
of M (r), for some positive integer m, 1 < m < n—1, and for some positive number
r. ]

In the case kK = n — 1 we can drop the condition on the principal curvatures of the
hypersurface M™.

Theorem 11. Let ¢ : M™ — H" ! C R?” be an orientable H,,_1-hypersurface.
If M™ is of L,,—1-2-type then its Gauss-Kronecker curvature H, is a nonzero constant.

Proof.  Let us suppose that H,, is non constant and consider the nonempty open
set

U, = {pe M" | VI () #0}.

Since M™ is of L,,_1-2-type and H,,_; is constant, by taking covariant derivative in
(33) we have A\jX\oa' = ¢2_| VH2, and by putting this into Eq. (31) we obtain

(37) (SoP,_1)(VHE) = —25LH, VH?  on U,.
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Since P, = 0, we deduce So P,_; = H,I, and so So P,,_1(VH?) = H,VH2, that
jointly with (37) implies H,,.VH?2 = 0 on U,,, which can not be possible. Therefore,

H,, is constant and nonzero. |
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