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WEIGHTED LIPSCHITZ ESTIMATES FOR COMMUTATORS ON
WEIGHTED MORREY-HERZ SPACES

Yan Lin*, Zongguang Liu and Na Xu

Abstract. In this paper, the authors establish the boundedness of commutators
generated by Calderon-Zygmund singular integral operators and weighted Lips-
chitz functions on weighted Morrey-Herz spaces.

1. INTRODUCTION

The standard singular integral operator is defined by

Tf(x) =p.v. A K(z —y)f(y)dy.
A well-known result of Stein in [13] states that if 7" is bounded on L(R"), 1 < ¢ < oo,
and
(1.1) K@) < o) Vo £0
. x — x
—_— ‘x‘n ) )
then 7" is also bounded on the weighted spaces L?mlﬁ(R”), —n < [ <n(qg—1), where
the range of 3 is the best.

In 1994, the above Stein’s result was developed by Soria and Weiss [12] in the
following way. The singular integral operator satisfying (1.1) will be replaced by any
sublinear operator 7 satisfying the following size condition: For any f € L'(R") with
compact support and for = ¢ suppf,

T <c [ LWy,
Re |2 —y[?
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Originated from the definition of Coifman, Rochberg and Weiss [1], throughout
this paper we focus on the Calderon-Zygmund singular integral operator,

Tf(z)=puwv A K(z —y)f(y)dy,
which satisfies
(1) [K(z)| < Clz|™", x # 0;

(2) |K(x—y) — K(2)| < c‘x‘% 2ly| < Jal:

(3) T can be extended into a continuous operator on L?(R").

Let b be a locally integrable function on R™ and let 7" be a Calder6n-Zygmund
singular integral operator. The commutator [b, 7’| generated by b and 7T is defined by

[0, T]f(z) = bT(f)(x) = T(0f)(x).

Janson [4] proved that [b, T'] is bounded on L? for 1 < p < oo if and only if b € BMO;
see also [1]. Paluszynski [11] showed that b € Lipg if and only if the commutator [b, T']
is bounded from LP to L7, where 1 < p < ¢ < 00,0 < < land1/q=1/p—fF/n. Lu
and Yang [10] obtained the boundedness of commutators generated by singular integrals
and Lipschitz functions on Herz spaces. And Lin [6] proved the boundedness of
commutators generated by strongly singular Calder6n-Zygmund operators and Lipschitz
functions on Morrey type spaces.

Let By, = {x € R" : |2| < 2F}, By, = By \ Bg_1 and xj = xg, for k € Z, where
by xr we denote the characteristic function of a set E. Let fg = |—]13| [ f(x)da.

_ Definition 1.1. Let @ € R and 0 < p,q < oo. The homogeneous Herz space
Kg"P(R™) is defined by

KgP(R") = {f € L (R"\{0}) : |l g gy < 00},

where

0 1/p
Hf”f(g’p(R") - < Z QkaprXk‘Hiq(Rn))

k=—00

with usual modifications made when p = oo.

Definition 1.2. Let 1 < p < g < oco. The Morrey space M (R™) is defined by
MJR"™) = {f € Lige(R") = | fllssamny < 00},
where

11 1/p
£l argqeny = sup |Bls p(/ \f(x)\pdx)
BCRn B
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with usual modifications made when p = oo

Definition 1.3. Let 0 < A < 0o, a € R and 0 < p, ¢ < co. A function f is said
to belong to the Morrey-Herz space M K, ’q’\(R”) provided that

1/p
koA k
HfHMKg’»qf\(Rn) = Sup 27 < Z 2 aprX HLq R™ ) < o0

k=—o0
with usual modifications made when p = oo

A non-negative function p defined on R” is called a weight if it is locally integrable.
A weight p is said to belong to the Muckenhoupt class A,(R™) for 1 < p < oo, if
there exists a constant C' > 0 such that

<%/Bu(x)dx) <é/}3u(a})_p+ldx>p_ldx§0,

for every ball B C R™. The class A;(R"™) is defined replacing the above inequality by

1
B /B p(z)de < Cu(z), a.e.x € R".

A function pu € A if it satisfies the condition of A, for some p > 1. It is well-known
that if 1 < p < ¢ < oo, then we have A; C 4, C A,.

Definition 1.4. Let 0 < A < 0o, «a € Rand 0 < p,q < o0, and let u; and po
be non-negative weighted functions. A function f is said to belong to the weighted
a, A .
Morrey-Herz space M K))J (11, p2) provided that

ko 1/p
—koA
10 st g2 ) = 500 27 (Z 1 (B el ) < 0.

k=—00
It is easy to see that Ky ¢(R™) = LI(R™) for 0 < q < oo, ME(R™) = LP(R")

with 1 < p < 00, so Herz spaces and Morrey spaces are the generalization of Lebesgue
nq

spaces. Meanwhile MK )(R") = K&P(R™), and MKJ ) (R™) D M, (R™),
where 1 < ¢ < 00, 0 < A < n/q, so the special cases of Morrey-Herz spaces are
Morrey spaces and Herz spaces. Obviously, when iy = uo = 1, MK O‘jq’\(ul, p2) =
MK (R).

Recently the necessary and sufficient conditions for boundedness of some commu-
tators of singular integrals with weighted Lipschitz functions on weighted Lebesgue
spaces are established by Hu and Gu in [3]. After this, the boundedness of commu-
tators generated by weighted Lipschitz functions and singular integrals or fractional
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integrals with rough kernels on weighted Lebesgue spaces was established in [7, 8].
And the boundedness of commutators generated by singular integrals and weighted
Lipschitz functions on weighted Herz spaces has been obtained in [9]. Since Morrey-
Herz spaces are generalizations of Herz spaces, a natural question is whether this kind
of commutators also have boundedness on weighted Morrey-Herz spaces. The answer
is affirmative. The main purpose of this paper is to generalize the above results and
establish the corresponding boundedness on weighted Morrey-Herz spaces.

2. MAIN RESULTS

In order to obtain our main results, first we need introduce some necessary notations
and requisite lemmas.

Definition 2.1. [2]. We say that a locally integrable function f belongs to the
weighted Lipschitz space Lipg pforl<p<oo, 0<f<landp€ Ax,if

1/p
B ﬁ/n[ /‘f — flPu(x) e < oo,
B 1(B)

where B is any ball in R".

Modulo constants, the Banach space of such functions is denoted by szp he
smallest bound C' satisfying conditions above is taken to be the norm of f in thls space,
and is denoted by HfHszﬁ Put Lipg , = szﬁ .- Obviously, for the case pu = 1, the
space Lipg, , is the classwal Lipschitz space Lipg. Thus, weighted Lipschitz spaces
are generalizations of classical Lipschitz spaces.

If © € A;(R™), Garcia-Cuerva in [2] proved that the space szp coincide, and
the norm of |.|| Lipt, , A€ equivalent with respect to different values of p provided that

1 <p<oo. Thatis ]\f]\Ling ~ || fllLipg, . Where 1 < p < oco.

Lemma 2.1. [5]. Let i € Ay, then there are constants C1,Cy and 0 < 0 < 1
depending only on Ai-constant of i, such that for any measurable subset E of a ball

B,
|E] _ (E) |E|
1B = um) = (\B\)

Lemma 2.2. [9]. Let n € Ay and b € Lipg, ., then there is a constant C' such that
forall 3, k € Z with 5 >k,

. B
1bB;, — bp,| < C(F — k)|IbllLipg, , 1(Bj) "
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Lemma 2.3. [9]. Let i € Ay, then there is a constant C such that for 1 < p < oo
and any ball B,

/ p(@)' P dx < C|BPP u(B)' ',
B
where 1/p+1/p = 1.

Recently, the authors of [3] discussed the boundedness of commutators generated
by singular integrals and weighted Lipschitz functions on weighted Lebesgue spaces.

Theorem A. [3]. Let T be a Calderén-Zygmund singular integral operator. Let
peA,1l/g=1/p—pF/nfor0 < <landl <p<gq<oo. Letbe Lipg,. Then
the commutator [b, T) is bounded from LP(u) to LI(u'~).

The purpose of this paper is to state the boundedness of commutators generated by
singular integrals and weighted Lipschitz functions on weighted Morrey-Herz spaces.
The main result is as follows:

Theorem 2.1. Let T be a Calderon-Zygmund singular integral operator and § be
defined as in Lemma 2.1. Let b € Lipg ,, o € A1, 0 < B < 1, then the commutator
[b,T] is bounded from MKg’q’\l(u, w) to MKg’qé(u, pl=e), where 0 < X\ < oo,
0<p<oo 1<q,q<oo 1/gg=1/q1—B/n, 1/g1 =1 —min{l — 5,6 — -},
1/Gp = min{t — B & OV and \/§ —n/G < a < n(l—1/q).

Note that if 0 = 1, then ¢; = ¢1 and ¢ = ¢o, and hence when p = 1, we have
Lipg u(R™) = Lipg(R"), MKZ%CQ(M; ) = MKZ%(;; (R™), and MKﬁ’qé(u, plme) =
MK o (R™). Thus, we can obtain the boundedness of commutators generated by
singular integrals and classical Lipschitz functions on Morrey-Herz spaces as a corollary
of Theorem 2.1.

Corollary 2.1. Let T be a Calderon-Zygmund singular integral operator. Let
b e Lipg(R"™), 0 < B < 1, then the commutator [b,T] is bounded from MKZE‘jq’\1 (R™)
to MKg’q’\Q(R"), where 0 < A <00, 0<p<oo 1<q,q<oo 1/g=1/¢—0F/n,
and A —n/qg < a <n(l—1/q).

When X\ = 0, the weighted Morrey-Herz space MKZ?j’f(ul, p2) is the homogeneous
weighted Herz space Kéj"p(ul, p2). Thus, we can obtain the boundedness of commuta-
tors generated by singular integrals and weighted Lipschitz functions on weighted Herz
spaces as another corollary of Theorem 2.1.

Corollary 2.2. Let T be a Calderon-Zygmund singular integral operator and § be
defined as in Lemma 2:1. Let b € Lip,g,u, uw € A, 0< B <1, then the commutator
[b, T) is bounded from Kg;* (1, 1) to Koy (11, u1=92), where 0 < p < 00, 1 < q1, g2 <
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00, /g2 = 1/qi=B/n 1/G1 = 1—min{l—5- 6—L}, 1/G = min{ 1 -5 &0},
and —n /g < a < n(l—1/q).

Remark 2.1. Actually, the result of Corollary 2.2 has been obtained in [9], however
there are some calculation errors in the proof of Theorem 2.5 in [9]. The exact range of
a there should be —n /g2 < a < n(1—1/q1).

3. PROOF OF THEOREM 2.1

In this section, we will give the proof of Theorem 2.1.

Proof. \We only consider the case 0 < p < oo and omit the details of the case p = oo
since their similarity. Set

f=2 =2 I
j=—00 j=—00
Then, by the Minkowski inequality, we write

b, T]fHMKg;q*z, (n, '~ 92)

k=—00
oo

ko %
= oup 24 ( 30 (BT
S (b T

k‘oEZ
1
p ) P
o L2 (! 02)

ko k2 py L
< C sup 2—’““( 3 u(Bmp/"( 3 mb,T]fXj>Xk\qu2<M1-q2>) )

ko€Z k=—o0

ko
= sup 22N (3 (e
k‘oEZ

k=—00

j=—oc

k‘o k+1 P %
1€ sup 2-’““( 3 u(Bmap/"( S, T]fXj>xk\rLW-q2>) )

ko€Z j=k—1

ko 00 p %
+Csup 2 (S B (3 1Tl ) )

ko€Z k=—00 j=k+2
=1+ I+ Is.

For Iy, by Theorem A and Lemma 2.1, we find

ko k+1 p %
I, < C sup 2-’““( 3 u(Bmap/"( 3 u[b,T1<ij~>uLW-q2>) )

koeZ k=—o00 j=k—1

ko

k41 py
< i 510 TW( 3 u(Bmp/"( 3 HfXjHqu(m) )
0E

k=—o00 j=k—1
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3=

ko
< Wl 50 2 (30 WBO 150
0E

k=—00

= ClI0ll zipg, ull F Il s s ()

To obtain the estimates for I; and I3, we first observe that for j,k € Z with
lj— k[ >2,

([b, T x5) () = (b(x) = bp, ) T(fx5) (%) = T((b—bs,) fX;5)(2)-
Thus,
[([b,T fX])Xk‘HL(D(Ml @)

1
6, T) () (@) 2 >1—Q2da:) B

1

(
( ) = bp, )T (fx;)(x) = T((b—ij)fXj>(@‘qzu(m)l_%dw)qz
().

L

b 2T () >\qm<x>1—%dx) B

1

+( [ \T((b—ij>ij><x>\qw<x>1—%dx) B

q2

/ K@ — o) (1) w)dy u<x>1—@dac)é

- [ e

n _

s( Ek\b(a:)—ij\(D(/ m\(fxﬂ(y)\dy)%“(@l_qm) q:

(L ‘x_y‘n\b Iy n(a) )

_Dl(.juk)—i_DQ .77

1
q2 o

u(w>1_"2dw> '

/ K(z —3)(b(y) — bs,) (fx;) (v)dy

Now, let us estimate 7. If j < k — 2, then

Dl(j,k)gCQ_k”< 1b(z) — b, | u(x 1%) (/ (Fxs) (v \dy)
Ey,

and

Doy < ([ k )t - ([ ) b, 1) )y )
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By Lemma 2.2, Lemma 2.3 and Lemma 2.1, for j < k — 2 we have

1

</ |b(z) — bB]-\”M(a:)l_”dx) q2
Ey,
= 1
q2 a2
s(/‘wuﬁ—m%Wu@fﬂmm) +</"u@k_mﬂwu@yﬂmm)
;8 By

1
el 1 _ a2
SCWW%M@HW@H”H@MWM<AM@V%w)
k

L 1(Bj) ]
SCHbHLip@HM(Bk)" (Br) 2 +C(k=3)bllipg, .1t (By)® 1B, | By, \M(Bk) a2
L , L | Bg| pu(By)
= Clbll Lipg, ,1(Br) ™ + ClIbll Lips, , (k — J)M(Bk>"1 ﬁm
L , L |Bg| (| B; \)
< C||b| s Bi)a 4+ C||b|| s k — Bp)a <
101l Lipg, ,.11(Bk) 10/l Lipg, . (k — 5)1(Bk) 3,1 \By]

L _
< O|lblzipg, , (k = j)u(By)m 28 m0=0),

By Hdlder’s inequality and Lemma 2.3, denoting that 1/¢; +1/¢7 = 1, forall j € Z,

we obtain
([, 1w )" ([ wtor-siay)’

[ 1wy
CIL x5 o | B e By) ™78

. _1
= C2"[| fxjllpar (ym(B;) .

e

IN

IN

By the above two estimates and Lemma 2.1, for j < k£ — 2 we have

»Q|,_,

L
Di(j, k) < Clbllnip, 27" (k = §)p(Br) 2500272 35| Loy u(By) ™

1
_ No—(k—j)nd M(Bk> a
= bl (k)26 <uua>) £33l
SCWMWMw—ﬁTme<@J)\UMhm
(k=g)n(
= Clblzip, (k)2 N sl

By Holder’s inequality, Lemma 2.3 and Lemma 2.1, for j < k& — 2 we have
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1
D3 8) < C2 BB ([ o) b, P Tk )

1

<( [ 1rwmmaema )"

L

L 7 B
< Cllbllzipg, ,(Br) 2 p(B;) D u(Bj) | f x5 Lo ()

1—L
w(B; a2
= Clthiags, (SE2) " Uil

B;\°(-%)
< s, (2 Uil

no 1——
= O8]l gy, 2772 s o -

Combining the estimates for D4 (j, k) and Ds(7, k), we obtain that if j < k — 2, then

H([b, T]fXj)XkHqu(ul a2)

k—
< Obllzipg. . (k — 52" @2 x| o ()
k—7)nd ——1
+OUIb | g, , 2™ qujqulw
k—
< Clbll g, (k = )25 i pan -

So we have

ko
h< Cop 2 NS (B

k‘o €7 k——00

k—2 (ki) NG
<Z 0]l iy, (k = )25 W HfXJHL‘H(u))

J]=—00

ko k=2

= Cllblgs, sp 2 (Y (Z (B
0

k=—o0 “j=—00

(ZE??)@ ot uijumw)p)%.

Let W(j, k) = (k-)20-95@—n-1/@) and M(j, k) = (45) ¥ (k)2 " =),
If « > 0, then by Lemma 2.1,

<M(Bk))°‘/" < C(@)a/n _ colk—da
- \IBjl ’
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SO

— C(k _ j>2(k_j)[a_n(5_i)]
< C(k _ j>2(k—j)[a—n(1—%)]
< CW(j, k).

If « < 0, then by Lemma 2.1,

<M(Bk>)a/n < C(@) ba/n _ CQ(k—j)(Sa

| B;
SO

M(]’ k) < CQ(k_j)(sa(k _ j>2(k_j)n(%_5)

— C(k _j>2(k_j)6[a_n(l_%)]
< CW(j, k).
Thus, in both cases o« > 0 and o < 0, we have

ko

k—2 »
s < Ol 500 2—’““( 3 ( S Wi k>u<Bj>a/"uij~qulw) ) |
0

k=—00 j=—00

If 0 < p < 1, then it follows from o < n(1 — 1/q;) that

ko k=2

_ . ap
I < CHbHLi’pﬁ,u :1161322 ko/\< Z Z W (4, k)Pu(Bj) = HfXjHZ[),CH(M))
0

k=—o00 j=—00
ko—2 .
< Wl 51027 (X B F
k‘oEZ i
j=—00
ko
< Clbllzips, . sup 27 < > 1B X
0 j:—oo

= CHbHLi’pﬁ,uHfHMKg;(fl(mu)'

ko

k=2
) p
< Clliig,, sp2 (30 (30 W)
0

k=—00 j=—00

(

> W, k)P
k=j-+2
1

)

When 1 < p < oo, by Holder’s inequality and o < n(1 — 1/41), we have

P
/

k—2 1
(X wBF 1l W) )

j=—oc

B =

3=

)

-

P
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ko

k=2 1

_ P

ST R DN (D SRTCART GRS )
0

—00 N j=—00

_ ap > . P
< Wl s 2 (3 () ufxﬂriw( > wiin))
0

ol
o
-

1

ko 1
—koA
= bl s 2 (3 B F )
0

j=—o0

= Ol zaps, 1 xce 2 oy

For I3, by analogy to the estimates of I, we find, for j > k + 2,

. . k—
D1(G k) < Clbllnins, . G — )25 G fxs Lo (-

and
k—
Ds(j, k) < Clbllims 255 || s (-

Combining the estimates for D (j, k) and D2(j, k), we obtain thatif j > &+ 2, then

H([b, T]fXj)XkHqu(ul—qz)
< OBl gy, (G~ k)2 ")HfXjHqu(u + OBl Lps 2" (| x5 o 0
. k—
< C1Blling, . (G — B2 "G D) x5

So we have

ko
Iy < C sup 2"“( > (B

kocZ k=—o00
P 1
k— p
<( 3 Wl = 02" ) )
j=k+2
ko 00
= C|lbl|Lip,, ,, sup 2-’“( > ( > u(Bj)n
kocZ k=—o00 “j=k+2

<(HBIYT gt uijumw)p)%.

Let V(j, k) = (j—k)200+n/@) and N (j, k) = (42E) ™ (j— k)2~ D=,

t
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If « > 0, then by Lemma 2.1,

N(j, k) < Cotk=be(j _ pyok=m(r=0)
— C(] _ k) (k ])(S[a—}—n( nﬁ)]
< C(j - k)Q(k_J)(S(OH—g)
= CV(j, k).

If « < 0, then by Lemma 2.1,
. (LB
N(j, k) < €202 (j — oG5
— C(] _ k>2(k ])[OH—n( n)]
S C(] _ k>2(k_])(a+£)
< CV(j, k).

Thus, in both cases o« > 0 and o < 0, we have

p
IgsGHbHupﬂ,u;gT’““( Z ( Z V(i k) ‘”/"fojum) )
0

k=—oco " j=k+2

B =

P
scubuupﬂ,u(ksugz 2-’““( S ( SR a/"uijum) )
0

k=—o0 " j=k+2
1
P\ p
+ sup z( 5 ( S V(K O‘/”fo]Hqu(M)) )
koeZ k=—o0 j=ko+1

:= C|[bl| Lipg, , (131 + I32).-
If 0 < p <1, then it follows froma > A\/§ —n/ga > —n/q that

0
P
I3y < sup 2"““( > Z V(jk ‘)ap/"HfXjHiql(m)

ko€Z k=—o0 j=k+2
ko

j—2
= sup 2—k0/\< Z M(Bj>ap/anXjH][),q1(u)< Z V (7, k)p))

ko€Z k=—o0

1

ko 1
p
— C sup 2_;@( 3 u(Bj>ap/"fo]~Hiq1(m)

k‘o €7 j:—oo

- CHfHMKQ Do (1)

3=

B =
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When 1 < p < oo, by Holder’s inequality and o > \/§ — n/g > —n/q, We have

o (35 35 vian) (32 v i)

k‘oEZ

k=—00j= k+2 Jj=k+2
ko 1
p
<csmp (3 S° BT x5 Vi)
ko€Z k=—o00 j=k+2
k‘o j_2 %
= sup 27 30w gl (3 VGB))
ko€Z j=—00 k=—o00
ko -
=0 2 (3 B )
ko€EZ j=—00

- CHfHMKg»[;\l (i)’

Thus, inbothcases0 < p < land1 < p < oo, we have

Iy < Cllfllarres 2 gy

For all 0 < p < oo, it follows from oo > A\/d — n/gs that

ko 00
I32 < sup 2—k0/\< Z < Z V(j, k)22

ko€Z koo  j—ko+1
J 1/p\ P\ 3
( S W) fxalln, ) ) )
[=—00
[ S Ay
< Wl 322 30 (2 V(j,k)QJ) )
k=—o00 “j= k0+1
1
P\ p
ST sup( S5 gk ( S VK A))
ki o0 J=ko+1
1
A _ P\
< flarke o sup( Z 2k Ap( > G- k>2<k—a>6<a+n/q2—w) )
k=—o0 J=ko

ko o\ /P
< Ol g 500 (32 (o yratichossnse

- CHfHMKg»[;\l (1, 12)”

Thus,

I3 < C|[b| Lip, HHfHMK{iq*l(u,u)'

Combining the estimates for I, I, and I3, we complete the proof of Theorem 2.1.
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