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SIMPLE SUPERCUSPIDAL REPRESENTATIONS OF GL(n)

Andrew Knightly and Charles Li

Abstract. Following a construction of Gross and Reeder, we define simple
supercuspidal representations of GL(n) over a p-adic field. We show that they
have conductor p™t!. We then give a general formula for the matrix coefficient
attached to a new vector, and make it completely explicit when n = 2.

1. INTRODUCTION

Let F' be a nonarchimedean local field with ring of integers o, maximal ideal
p = wo, and finite residue field k = o/p of cardinality ¢. Typically, the first textbook
example of a supercuspidal representation is one induced from the lift of a cuspidal
representation of GL,, (k). These are the supercuspidals of minimal conductor expo-
nent, namely n. But even when n = 2 it is not entirely trivial to explicitly define the
cuspidal series. There is an easier construction of supercuspidals singled out recently
by Gross and Reeder, who defined simple supercuspidal representations for a large
class of groups over F' ([GR], §9). These are induced from affine generic characters y
of a pro-unipotent radical of a maximal compact subgroup. The construction of [GR]
applies in particular to SL,,(F), and our goal here is to treat the case of GL,,(F).
In this case, the representation induced from y is reducible, decomposing into n ir-
reducible summands (see Theorem 4.4). These summands may naturally be termed
simple supercuspidal representations of GL,,(F'). We describe them explicitly and give
some of their properties. In particular, there are exactly n(q — 1) of them with a given
central character, up to isomorphism. These representations are of interest in large part
because of their ease of access, being induced from characters (cf. (4.9)).

The construction of all supercuspidal representations of GL,,(F') has been known
since the work of Bushnell and Kutzko in the late 1980’s, [BK]. The earliest systematic
treatment seems to be that of Carayol in the late 1970’s, [C1, C2]. In particular, the
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representations constructed here are of the general type described in the third section
of [C1]. So in this sense, much of what we discuss in this paper is “well-known”.
Nevertheless, it seems worthwhile to give a self-contained account, particularly since
simple supercuspidal representations are appearing more frequently in the literature as
an accessible class of examples. For instance, Adrian and Liu have given a simple
proof of the local Langlands correspondence for these representations, [AL].

In our first main result, Corollary 5.2, we show that the conductor of any simple
supercuspidal representation of GL,,(F) is p™*!, and we exhibit the new vector explic-
itly. In §6, we then give a general formula for the associated matrix coefficient, which
we make completely explicit for the case n = 2 in Theorem 7.1. We also show in
Proposition 7.2 that any irreducible admissible representation of GLy(F") of conductor
p3 whose central character has at most tame ramification is a simple supercuspidal
representation. In §8, we prove Corollary 5.2, and in addition we give an explicit
description of the oldforms.

Our motivation for §6 comes from the possibility of using such a matrix coefficient
in the (global) trace formula. This gives rise to an operator having purely cuspidal
image and isolating those cusp forms with simple supercuspidal p-type. Gross used
this method (but for very general G) to compute multiplicities of cuspidal automorphic
representations with certain prescribed local behavior [G]. The local test vector used
by Gross is not a new vector: it depends only on y, and it simultaneously detects the n
associated simple supercuspidal representations. However, if one wishes to go further
and access the Fourier coefficients or other spectral data, it is necessary to use a new
vector. In [KL2], we apply our results to study the L-functions of various newforms
of cubic level.

The new vector matrix coefficient of Theorem 7.1 is essentially a Kloosterman
sum determined by the matrix entries of the argument. There is a deeper connection
between simple supercuspidal representations and Kloosterman sums in the function
field setting, described by Heinloth, Ngd and Yun, [HNY]. Their work was motivated
by the paper [GF] of Gross and Frenkel.

After this paper was written, the preprint [BH2] of Bushnell and Henniart appeared,
in which the Langlands parameters of supercuspidal representations of conductor p"+!
are described explicitly. We note that these are precisely the representations considered
here (cf. Corollary 5.3).

2. AFFINE GENERIC CHARACTERS

Let G = GL,(F'), let Z be the center of G, identified with F*, and let K = GL,, (o)
be the standard maximal compact subgroup. Let M denote the diagonal subgroup of
G.
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Let I, € G be the identity matrix, and let

Relative to the surjective homomorphism K — GL, (k), K’ is the preimage of the
upper triangular unipotent subgroup N (k), which is a p-Sylow subgroup of GL,, (k)
for p = char(k). We set

H=7K'

We will define a simple class of characters of H. Fix a character w of Z, trivial
on 1+ p. Let
Y.k — C*

be a fixed nontrivial additive character. Then every character of k is of the form
x — 1p(tx) for some ¢ € k. We freely identify these characters with their pullbacks to

functions on o. For t1,...,t, € k*, define a function y : H — C* by
(2.1) X(zk) =w(2)(tirs + - -+ tyrn),
for z € Z and
xr1 T1 ook e
* T T2 -
(2.2) k= c K.
* Tn—1
WTrn Tn

It is easy to check that x is a continuous homomorphism. It is well-defined since w is
trivial on
ZNK 2=21+p.

These are the affine generic characters of H ([C1],[GR]). For example, if n = 2,
F = Q,, and w = 1, then they are of the form

x(zk) = 7 (bF20) (k= (Z?CZ) eK' 2e2Z).

Generally, there are (¢ — 1)™ affine generic characters with a given central character w.
For any i # j (taken modulo n), let U; ; C K’ denote the subgroup of unipotent
matrices with zeroes off the diagonal except in the (i, j)-th slot. Affine generic char-
acters are required by definition to be nontrivial on the n subgroups U; ; 11, and trivial
on all other U; ;.
In the language of [BK], the character y of K’ corresponds to the simple stratum

(2.3) [, 1,0, 0],
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000 - 0
poo - 0
where 2( = < C. ) is the standard minimal order of M,,(F), and in the notation
bp o
tn
11 “
of Lemma 3.2 below, § = tng)Zl = f2 . Indeed, this corresponds to
h tn—1 0

the character of the group U () = K’ given by

bp(x) = p(tr(B(z — 1)) = x().

3. THE INDUCED REPRESENTATION
For an affine generic character x, define the compactly induced representation:
7y = c-Ind% ().

This is the action of G by right translation on the space A of functions f : G — C
satisfying:

(a) f(hg)=x(h)f(g) forall he Hand g € G

(b) The support of f is compact modulo H, or equivalently, modulo Z

(c) f is smooth, i.e. there exists a compact open subgroup .J; of G such that f is

constant on all cosets g.J;.

Proposition 3.1. Any irreducible subrepresentation of , is supercuspidal.

Proof. Let (7, ) be an irreducible subrepresentation of ., and let ¢ € W be
a nonzero vector. There exists an open compact subgroup J C G such that ¢ is J-
invariant. Fixing a Haar measure dz on G = G/Z, it follows that the linear functional
é: W — C defined by

wnwmﬁwaéW@me%ma@m

is J-invariant for the action 7*(g)¢ = (7 (g)#). Hence it belongs to the smooth dual
W =, (W*)’. The matrix coefficient

QHWW@W=W@m@=éW@MW%WWW@M

is supported in Supp(¢)~! Supp(n), which is compact modulo Z. Since 7 is smooth,
this shows that it is supercuspidal. ]
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The diagonal group M N K normalizes H. Therefore it acts on the set of affine
generic characters by the rule

X" (z) = x(mam™).

Explicitly, if x < (t1,...,t,) asin (2.1), and m = diag(yu, . - ., yn), then identifying
the y; with their images in k*, we have
k) K} Yn

(31) Xm<—><t1y—;,t2y—§,...,tny—l>.
By taking y1 = 1, yo = t1y1, y3 = ta2y9, etc., we see that the orbit of x has a unique
element of the form (1,...,1,¢). Infact, t = t1ty - - - ¢,,. Thus there are exactly (¢—1)
orbits of affine generic characters with a given central character.

We will show that given two affine generic characters x and 7, the representations
they induce are isomorphic if and only if x and n belong to the same orbit. See
Corollary 4.3 below.

Lemma 3.2. For ¢y,...,t, € o*, let x < (t1,...,t,) be the associated affine
generic character of H. Let m = diag(¢,,/t1,...,tn/tn—1,1) € G, and define

1]
gX:m<0 I"O_I): . €qG.

w

Then g, normalizes K’ (thus also H) and x = xx, i.e.

X (g5 "hgy) = x(h)
forall h € H.

Remarks.

. . n—1
(a) gy is the scalar matrix ;7—=—1,.

(b) We showed above that every orbit of characters contains one of the form y «
(1,...,1,t). In this case g, is simply

o () ) F)

(c¢) The matrix g, is not uniquely determined by x because it involves choosing
representatives for ¢1,...,¢, € 0*/(1+ p). This choice is immaterial and we
regard it as fixed once and for all.
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Proof. It suffices to consider » € K'. Writing w, = (_ I»-1), we have

b tn
tn 31
xr1 T1 ook e
t_2 * T To - in
_1 tn 1]
Wy : Lot W =
* Trn—1
t— n tn
n_1 wWrn Tn t
tn n—1 1
try
T * tnrn
to Tn 1 *
* tara .. t1m
2 t3 * X1
L t2
( w ) . . . ( In—l ) e
Iy . . . . w "
% n—1"n—1 *
¢ tn tn—1"n—1 z
wonrn Tn T tnh n—1

where all entries in the latter matrix are integral and those below the diagonal belong
to p. Thus

X(Q;Ihgx) =(tyrn+tir1+ -+ tpo1rn—1) = x(h). ]
In order to understand (,, A), it is useful to determine the subspaces
A" = {v € Al m(h)v=n(h)v forall h € H},

for various affine generic characters n. There is an obvious nonzero element of AX,
namely the function

33) folh) = {X(h) ifheH

0 otherwise.

We will show below that this function and its left translates by g;l span AX.

Proposition 3.3. Let x and g, be as above, and let n be any affine generic
character of H. Suppose ¢ € A". If ¢p(x) # 0, then

(3.4) n(h) = x(zhe™) forall he HNnz 'Hz.

This condition is independent of the choice of representative x for the double coset
HaxH. Conversely, if z € G is any element satisfying (3.4), then there exists a unique
element ¢, € A" supported on HxH and satisfying ¢, (z) = 1.

An element z satisfies (3.4) if and only if g, « satisfies (3.4). For such z, the set

(3.5) {62, Bgyar -+ » Dgu-1,} C A"

is linearly independent.
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Proof. Suppose ¢(z) # 0 and h € H Nz~ ' Hx. Then

n(h)p(z) = ¢p(xh) = ¢(zha™"z) = x(zha™")¢(z),

so (3.4) is satisfied. Conversely, suppose « satisfies (3.4). Define

X<h1>n<h2> if g = hixhso for some hl, ho € H
bz(g) = .
0 otherwise.

Clearly this belongs to A7 provided it is well-defined, i.e. that

(3.6) x(h1)n(he) = x(h1)n(hy)

whenever hyzhy = hjzhl for h;, b}, € H. In this case,
e e = hhhy' € HNa 'Ha,

s0 by (3.4), x(i,~'hy) = n(h4hs!), which immediately gives (3.6).
Next, note that because g, 'Hg, = H, H Nz 'Hax = H N (gyx) " Hgyx. Fur-
thermore, for all 4 in this set, we have

x(zhz™') = x(gyzha g ")

by Lemma 3.2. It follows that x satisfies (3.4) if and only if g, « does.

Lastly, the determinants of z, g\, .. .,g;_lx have valuations which are distinct
mod n, by which we see that the functions in (3.5) have pairwise disjoint supports.
Thus they are linearly independent. ]

Theorem 3.4. Suppose x < (t1,...,t,) and n < (¢1,...,£,) as in (2.1). Then
the following are equivalent.
(1) A" #£0.
(2) titg -ty = l1ly--- Ly in Kk*.
(3) x and n are in the same orbit, i.e. x"™ =n for some m € M N K.

If these conditions hold, then dim A7 = n. In fact, let x = diag(y1, y2, Y3, - - -5 Yn),
where y; = 1 and y; 1 = yTt Then x* = n and the set (3.5) is a basis for A",

Remark. The implication (1) = (3) is a special case of Theorem (2.6.1) of [BK].
Indeed, the condition A" # 0 means that the strata attached to x and » intertwine, and
so by loc.cit., n and x are conjugate under 2A* = (M N K)K'. For convenience, we
include an elementary proof below.

Proof.  First we prove that (1) implies (3). Suppose ¢ € A" is nonzero. We can
assume that the support of ¢ is a double coset HxH, where x satisfies (3.4). We can
also take ¢(x) = 1. Let T be the normalizer in G of the diagonal subgroup M. Then
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T=J Mw= ] wM,

wew wew

where W is the Weyl group of G consisting of those matrices with exactly one 1 in
each row and column, and 0’s everywhere else. Recall the affine Bruhat decomposition

G=KTK'
([Ho], p. 77). In particular, by Proposition 3.3 we can assume that
r =wm

for some w € W and m € M.

By Proposition 3.3, we are also free to replace = by g{x for any a > 0. Let
{e1, ..., en} be the standard basis for /™. The i-th row of w is e, ;) for a permutation
o € S,. The Weyl element (1 1"—1) used in the definition of g, corresponds in this
way to the n-cycle (123...n) € S,. Hence we can choose a in such a way that
the resulting element x = wm has the property that the permutation o associated to w
fixes the number n.

With this choice of z, we claim that w = 1. Write m = diag(y1,...,yn). Let
b; = ordy(y;). Suppose w # 1, so o # 1. We will derive a contradiction. Let
1 < £ < n be the smallest integer with the property that o fixes ¢,£+ 1,...,n. Thus
o(¢—1) < ¢£—1. Adjusting = by an element of the center if necessary, we can assume
that y, = 1, so by = 0. We prove the claim in the following steps:

(I) Show that ba(ﬂ—l) > 0.
(ii) Show that by(;j11) < b,(;) for all j, with indices taken modulo n.

Finally, step (ii) implies that

bo(1) = bo(2) =+ 2 bo(n) = bo1),
so that all b; are equal. In particular b, = b,(,—1) > 0, contradicting by = 0. Let Fj;
be the n x n matrix whose only non-zero entry is a 1 in the i-th row and j-th column.
We regard i, j as indices modulo n. Note that

w_lEijwm = m_lEa(i)U( )m =

-1p = N
x Ewm—m j Yo (2) o(i)o(g):

To prove (i), let
k=1,+ Eg_Lg e K.

If bo((—l) <0, then

h=atkx=1I,+ ﬁEa(HM e K’
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The nonzero entry of E,,_y, is at least two positions above the main diagonal, so
n(h) = 1. By (3.4), we have 1 = n(h) = x(k) = ¥(t,—1), a contradiction. This
proves (i). To prove (ii), fix any j # n and define

k= In + Ej7j+1 c K.
If bo(j+1) > bo(y) ten yo(j41)/Yo(j) € Py SO

h=axtka = I, + —yzt(j(j)l) Eo(j)o(j—H) €K'
Therefore by (3.4), n(h) = x(k). Since j # n, we have n(h) = 1, giving the
contradiction 1 = ¢ (¢;). Now suppose j = n, and define k = I,, + wE, ; € K'. If

bo(1) > bo(n) (= bn), then yo(1)/yn € p,
h=a"ke = I, + w22 E, ) € K/,

and 1 = n(h) = x(k) = ¢(t,), a contradiction. This proves (ii), and therefore we can
assume that x = m is diagonal.

Write = diag(y1, ¥2, - .., yn). Adjusting z by the center, we can assume that
y1 = 1. We will show inductively that each y; is a unit. Suppose v, . .., y; are units,
with k£ < n. Consider h = I,, + rE}, 41 for r € 0. Then

-1 _ Yk
zhx™ =1, + P rEk,k—f—L

Because z satisfies (3.4), we have
Y(ter ) = p(Lr)

whenever € o N ygr10. If yey1 € p, then taking r = yri1 gives Y(tryr) =
Y (lkyr+1) = 1. This contradicts the fact that ¢,y € o*. If yx41 ¢ o, then taking
r =1 gives ¥(ly) = z/z(tkyky,;&l) = 1, another contradiction. The only possibility
remaining is that yx; € o* and

(3.7) yer1 = %% mod p.

In particular, by induction € M N K. Therefore H Nz 'Ha = H, so (3.4) says
exactly that (3) holds with m = z.

The implication (3) = (1) is immediate from Proposition 3.3.

The equivalence of (2) and (3) is immediate from the discussion following (3.1).

Note that in the proof of (1) = (3), the entries of the diagonal matrix x are
uniquely determined modulo (1+p) by (3.7). In view of the last assertion of Proposition
3.3, it follows that (3.5) is a basis for A". ]
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4. DECOMPOSITION OF Ty

As before, let x be an affine generic character of H. In Theorem 4.4 below, we will
prove that the induced representation m, is the direct sum of n distinct supercuspidal
representations. These are parametrized naturally by the pairs (¢,¢), where ¢ is a
nonzero element of the residue field (determining the orbit of x), and ¢ is a complex
n™ root of w(t" =) (identifying one of the irreducible summands of Ty)-

4.1. Preliminaries
Let
E = E(F)={g € G| ordy(det g) € nZ}.

This is a normal subgroup of G of index n, containing both H and SL,,(F'). Note that
G is the disjoint union

(4.1) G=EUEgU---UEgy .
Accordingly, there is a decomposition
A=A0A D - DAp 1,

where Ay consists of functions supported on Eg)’j. Indeed, A is spanned by functions
of the form
x(h) ifg=hxke HxJ
o(g) = { (*)

0 ifg¢ HxJ

for x € G and J an open compact subgroup. By the fact that det J C o*, such a
function belongs to A if and only if x € Eg)lz. Note that A, ..., A,_1 are closed
E-submodules of A. The representation of £ on Ay is precisely the compactly induced
representation
Ty = e-Ind 5 (x).
Proposition 4.1. The representation (o, Ag) of E is irreducible. Two such rep-
resentations o, and o,, are equivalent if and only if n = x™ for some m € M N K.

Proof. Let W be any nonzero E-invariant subspace of Ay. By Frobenius
reciprocity ([BH1], p. 20),

0 # Hompg (W, c-Ind%(x)) = Homg (W, x).

Therefore WX is a nonzero subspace of Aj. The basis for AX given by Theorem 3.4 has
exactly one element supported on E, namely the function f; of (3.3), so dim AY =1
and hence fo € W. But it follows immediately from the definition of c-Ind% (y) that
fo generates A, as a C[E]-module, i.e. Ay = C[E]- fo C W. Hence W = Ay, s0 o,
is irreducible.
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If o, = o), then there exists a nonzero function ¢ € A;]. By Theorem 3.4, n = x™
for some m € M N K. Conversely, if n = x™, then by Theorem 3.4

Homp (n, oy) = A # 0,
so by Frobenius reciprocity, Hompg/(oy,, 0y) # 0. Since o, and o, are both irreducible,
this implies o, = o, . n

Proposition 4.2. The representations Ay, ..., A,—1 of E are each irreducible and
isomorphic to the representation o, = c-Ind% ().

Proof. Define an operator on A by

(4.2) [Lo)(x) = (g5 @)

The fact that L¢ € A is a consequence of Lemma 3.2:

Lo(hz) = ¢(gy 'haxgy ' w) = x(9y " hgy)0(9y ) = x(B) Lo ().
Furthermore, it is clear that for k = 0,...,n — 1 the map
L: Ak — Ak+1

is a vector space isomorphism (with subscripts taken modulo n). In fact, because E
acts on both spaces by right translation, this isomorphism is E-equivariant. ]

Corollary 4.3. Given two affine generic characters x and n of H, the induced
representations m, and m, of G are equivalent if and only if x and n belong to the
same M N K-orbit.

Proof. By Proposition 4.1, y and n belong to the same orbit if and only if
oy = oy. If this holds, then clearly =, = ,, since by the transitivity of compact
induction,

= -Indf (x) = c-IndF
7y = c-Indf (x) = e-nd§ (o).
Conversely, if m, = m,, then they are also isomorphic as representations of E. By
Proposition 4.2, this only possible if o, = o). ]

The corollary shows that we are free to assume that x < (1,...,1,¢) as in (3.1).
This is convenient for calculations since g, then has the simple form given in (3.2).
4.2. Decomposition of

We now show that (r,, A) is the direct sum of n supercuspidal representations.
Here we assume without loss of generality that x < (1,...,1,¢) for ¢t € k*. Let
¢ € C satisfy ¢" = w(t"1w). Define the subspace

n—1

@3) £e =4S (cLyo ] pe ot cA

J=0
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for the operator L given in (4.2). The map ¢ — >(CL)¢ from Ay — ¥ is an
isomorphism of E-modules. Its inverse is given by restriction to £. Thus X is an
irreducible representation of £ isomorphic to o,.. Let ¢ € Ay, and set ¢ = m,(gy)¢ €
An_1. Then Ly € Ay and

(4.4) (g )@+ CLp+ -+ (CL)" ¢l =+ CLap + -+ (CL)" .

Notice that because g = t"~Lwl, is a scalar matrix, for any £ € A we have L"¢ =
wt" lw) 7l e

(4.5) §=w(t" @)L = (CL)"¢.

Hence, taking & = 1, (4.4) becomes

—_

n—

46)  mylgx) D _(CLY ¢ = (CL) + CL(CL) + -+ (CL)" ' (CLy) € X
=0

<

Thus X¢ is a G-submodule of A, which is necessarily irreducible since it is irreducible
as an E-module. By Proposition 3.1 it is supercuspidal. We denote the action of
G on X; by a§<. Following Gross and Reeder, we call a§< a simple supercuspidal
representation of GL,,(F).

It is easy to check that the sum of the subspaces ¥ (for ¢ ranging over the complex
n™ roots of w(t"~'w)) is direct. This proves the first part of the following.

D =

Cn:w (tn—l W)

Theorem 4.4. We have

I

Tx

as representations of G. The representation , is multiplicity-free, i.e. the represen-
tations o$ are mutually inequivalent.

Proof.  We just need to prove the final assertion. If two or more of the repre-
sentations o, were isomorphic, then the dimension of Homg(m,, m,) would exceed n.
However, by Frobenius reciprocity,

AX = Hompg (x, my) = Homg (my, my),
and by Theorem 3.4, dim AX = n. [ ]

By the isomorphism of A with 3¢, the representation a§< has a model on the space
Ag. It is given by

4.7) o$(9)d(x) = FolgFzg) (¢ € Ay),
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where k € {0,...,n — 1} is determined by g € Eg)lz. The notation is simpler in this
model, so we will use it especially in Section 6 when we describe the matrix coefficients
of U)C(.

4.3. Related considerations

As proven by Bushnell and Kutzko, every supercuspidal representation of G is
compactly induced from a finite dimensional representation of a subgroup that is open
and compact modulo the center, [BK].

The inducing data for a simple supercuspidal representation is given as follows.
The relevant group is H' = (g,) H. We have

(4.8) clndf ()= P xco

Cn:w (tn—l w)

where . is the character of H' given by x. (gf(h) = (Ix(h). Explicitly, the character
Xc¢ is generated by the element -7~ (¢L)7¢, where ¢ € c-Indff (x) is the unique
element supported on H with ¢(I,,) = 1. Then by transitivity of compact induction,

(4.9) U)C( = c-Ind %, (x¢).

Secondly, we have seen that the representation (o, Ag) of E admits n distinct
extensions to G, namely the o%. It is natural to ask whether there are any other
extensions. The fact that there do not is a consequence of the following.

Proposition 4.5. Let (7, W) be an irreducible smooth representation of G, and
for an affine generic character y, let

WX = {ve W|n(h)v= x(h)vforall h € H}.
Then WX + 0 if and only if = = % for some .

Proof. By Frobenius reciprocity and Theorem 4.4,
WX = Hompg (x, ) = Homg(my, m) = EBC Homg(ai, ).

The proposition now follows by Schur’s Lemma. ]
Now if (m, W) is any smooth representation of G with w|p = o,, then 7 is
irreducible and WX is nonzero. By the proposition, = = a§< for some (.

5. THE CONDUCTOR OF U)CC

Let K (p™) denote the subgroup of K consisting of those matrices with bottom
row congruent to (0,...,0,1) mod p™. By a well-known result of Jacquet, Piatetski-
Shapiro and Shalika, for any irreducible admissible generic representation 7 of GL,, (F'),
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there exists a unique integral ideal p™ (the conductor of ) such that dim 7 1(?™) =1
and 751" = {0} ([IPSS],[J]). A nonzero K (p™)-fixed vector in the space of
is called a new vector. We note that a supercuspidal representation is generic ([GK],
Theorem B).

Theorem 5.1. Let x be an affine generic character of H, and let A = c-Ind%(x).
Among all nonzero K;(p"*+!)-invariant functions in A, there is exactly one (up to
multiples) with support of the form Hd I, (p"*!) for d diagonal. It is supported on

wn—l

(5.1) H Ki(p™t),

w
1

and we denote it by & when normalized so that ¢(diag(ww”!,...,@,1)) = 1. The
subspace of K7 (p"*!)-fixed vectors in A is spanned by {¢, L&, L3¢, ..., L" ¢}, Fur-
thermore, A does not contain a nonzero K (p™)-invariant function.

We prove Theorem 5.1 in §8 below, where we compute AX1(?™) for all m.

Corollary 5.2. The conductor of a§< is equal to p"*1. For x « (1,...,1,%), in
the model (4.7) for o$ on Ao, the new vector is

4o = {g if  is odd

L3¢ ifnis even,

where ¢ is the function defined in the above theorem and L is defined in (4.2).

Remark. The conductor was computed differently by Carayol ([C2], 4.2 Théoréme).
Proof. Note that , K1(p"*!) C E. The diagonal matrix in (5.1) has determinant

n(n—1)

w~ 2 , so the assertion follows from the fact that @ € nZ if n is odd, while

n) 4 onoenZ if n s even. m

For example, when n = 3, a basis for AKI(Y s given by the functions supported
respectively on

2

H(7 e Y o (e )R (7= R

the first one ¢, being the new vector of % in its model on A,.

Corollary 5.3. Every supercuspidal representation of GL,,(F) of conductor p"**
is isomorphic to a simple supercuspidal representation.
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Proof.  Bushnell and Henniart have shown that there are exactly n(q — 1) su-
percuspidal representations of conductor p™*! with a given central character, up to
isomorphism (see Remark 2.2 of [BH2]). This is also the number of simple supercus-
pidal representations: (¢ — 1) choices for , and n choices for ¢. (The correspondence
can be made precise by matching the associated simple strata as in (2.3).) ]

6. MATRIX COEFFICIENTS

For the next two sections, we suppose that y < (1,...,1,¢) and that w (and hence
) is unitary. Using the fact that

G=EUEgU---UEgy ",

for ¢, A € A, we have the G-invariant inner product

(6.1) (my(9)p,N) = /aﬂx(g)aﬁ(w)mdw:meas Z > blaglg)Magh),

k=0 zeH\E

where G = G/Z and H = H/Z. This restricts to give a G-invariant inner product
on the subrepresentation (o5, ¥¢). We can then transfer it to the model (0%, Ao). We
will denote by (¢, A),, ||¢o, etc., the G-invariant inner product on (0%, Ag) obtained
in this way. This inner product on Ay does not coincide with the one Aq inherits from
(6.1) as a subspace of A. For ¢, A € Ay, we have

n—1 n—1
meas(H) ! <J§<(g)qﬁ, /\> = meas(H < Z ¢L) qﬁ,z (L)j/\>
£=0 7=0
n—1ln—-1n-1

=220 D (L) 'd(xgye)(CLYA(xgh).

k=0 j=0 (=0 zc H\E

Define » € {0,...,n — 1} by g € Eg}. Since ¢ and A are supported in E, the
summand vanishes unless —¢ + k +r =0 mod n and —j + k = 0 mod n. By (4.5),
(CL)'¢ = (CL)**"¢ when ¢ = k +r mod n. Therefore

meas() ™ ($(0)0. ) =3 3 (CL)*6(rghe) L A(zgf)

k=0 zc H\E

—Z S KPR gy g F gt ) Agx Fagh).

k=0 e H\E
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Since we assumed w to be unitary, [¢| = 1. Using the fact that g% (H\E)g;* = H\E,
we can replace x by gxachk in the inner sum. We obtain:

62)  meas(H) (a(0)0 A) =nC" Y oy wg)A@) (g € Egy).

r€H\E

For example, let fo € A} be the nonzero vector defined in (3.3). Since fy is
supported on H, taking g =1 and ¢ = A = f; in (6.2) we find

(6.3) | fol|2 = nmeas(H).
Note that this is independent of (.

Proposition 6.1. The formal degree of a§< is independent of ¢, so we denote it by
dy. It is given by

1

(6.4) dy = vyt

Remark. Under the normalization meas(K) = 1, we compute meas(H) in the
proof of Corollary 6.5 below. See also §5 of [C2].

Proof. Let f; be as above, and define the matrix coefficient

olg) = (4@ fo. fo) -

If g € g\ E then by (6.2),

¢(g) = nmeas(H)C" > folgy g) fo(x) = nmeas(H)C" fo(gy"9),

a:EH\E
since as before, only = 1 contributes to the sum. Thus for any g,
nmeas(H)("x(h) ifg=glhegiH
(6.5) ¢(g) = P
0 ifg ¢ U gy H
r=0

By the orthogonality relations that define d,,

2o Lolls _ n? meas(D)?
Lioto)rds = 1 -
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by (6.3). By (6.5), ¢ is supported on |JI'_ g~ H. Thus

n—1 n—1
L 16@Pds =" [ 1o(gh)Pan = 3 n? meas(E)* = meas(F1)"
G r=0"H r=0

The proposition now follows. ]

We are particularly interested in the case where ¢ = X\ = ¢, is the new vector
defined in Corollary 5.2.

Proposition 6.2. Suppose g € Eg;, where 0 <r <n —1. Then

(6.6) A (048 dp) =C D dploy"29)0p(a),
x€H\ Supp(¢p)
Proof.  This is immediate from (6.2) and (6.4). ]

In order to compute (6.6), we need an explicit set of representatives for A\ Supp(¢y).
In particular this will allow us to compute ||¢,||3 in Corollary 6.5 below.

Proposition 6.3. The support (5.1) of £ is the disjoint union

n—1
Yn—1

H(wn_l--.w >K1<p"“>=U U # ) e (a 1)’

& Y1y--Yn—1

where oo € GL,,—1(0) runs through a set of representatives for X,,_;\ GL,,—; (0) with

;2 0 e
(6.7) X,=|" » - °f,

o

0
0

*

[

p.n pn—l p2. 0.*
and y1,...,yn—1 € 0* run through a set of representatives for o* /(1 + p) = k*.

Proof. It is easy to check that for k& € K;(pmt1),

wn—l wn—l o*
< | | . ) k < | | . ) e H < | | . )
w w o*
1 1

1
if and only if & = <Y :) for Y € X,,1. Leth € H and k € K;(p™+1). We

*

-1

Y

can write k = <
*

:) <a 1) forY € X, and o € X,,_1\ GL,,—1(0). Then
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conjugating (¥ *) as above, we obtain

w1 wn_lyn—l
h( )k:h/ (a 1)’
w wy1
1 1

where h/ € H and y1,...,y,_1 € o*. To prove uniqueness, suppose

—1 —1
@ Yn—1 w21

o1 (6%}
68) I ( ) by ( )
wY1 1 1 Wzl 1 1

This yields an equality of the form (¥ *)(*' ;) = (“*,), where X € X,,_;. Hence
a1 = ag. Cancelling the a-matrices in (6.8) we see that h; and hy have the same last
column. Multiplying each side by the same central element, we can assume that the
entry in the lower right corner is 1, and hence that /1, ho € K’. Now multiplying both
sides on the right by diag(ww" 'z, 1,...,@z1,1)"! and equating the main diagonal
entries on each side, we see that y; = z; mod p, as needed. n

We can make the above explicit as follows.

Proposition 6.4. Let X,, be the subgroup of K defined in (6.7). Then

n(n—lg(n-o—l) (qn — 1><qn_1 — 1) e (q _ 1)

(6.9) [K : Xn] =4q (q — 1>n

Explicitly, if B(k) ¢ GL,(k) is the subgroup of upper triangular matrices, and
' ¢ GL,(k) is a set of coset representatives for B(k)\ GL,(k), obtained, e.g.,
from the Bruhat decomposition, and lifting bijectively to a set I' C K, then a set of
representatives for X,,\ K is given by

1 0 0
So1 1 - 0

(6.10) { Ptz L "1~ 6ijep/pi—j+1,~yer}.
. .. .. O

6n,1 6n,2 6n,n—1 1

Proof. Consider the containments

o9

(6.11) X, C

- o

C K.
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Reducing modulo p we see that the index of the right-hand containment is

(GL, (k) B(k)| = =D =) (¢"=¢"") _ (@ =D =1)---(g=1)

PR a1

Furthermore, one sees by induction that the J;;-matrices in (6.10) comprise a set of
representatives for the quotient of the first containment in (6.11), or equivalently, for
(X, N K")\K'. Counting along each subdiagonal, the number of such 4;;-matrices is
seen to be

n—1

(@™ M@)o (") =g T =g

Multiplying these together, we obtain the index (6.9). ]

n(n—1)(n+1)
6

Corollary 6.5. If Haar measure is normalized so that meas(K) = 1, then

n(n—1)(n—2)

(¢—-1)

12 2_ 14
(6.12) [[&pll5 P

Proof.  Using Proposition 6.3, upon multiplying (6.9) (with n — 1 in place of n)
by (¢ — 1)"~! we find that

n(n—1)(n—2)

[H\Supp(dp)| = ¢~ ©  (¢"" = 1)(¢"*=1)--(¢—1).

As a result, by (6.6) we have

n(n—1)(n—2)
6

(6.13) |¢pllg = nmeas(H)q ("' =1)(¢"*=1)---(¢—1).

To prove (6.12), under the normalization meas(K) = 1, we have
meas(H) = meas(K') = [K : K/| 7"

Consider K(p) ¢ K’ C K, where K(p) = 1 + M, (p). Taking the quotient by
K(p), we get 1 ¢ N(k) ¢ PGL, (k). Thus

— —  |PGL,(K)| (¢"-1D("—q)- (" —q"")

BRI =TT =7 e

(" =D ' =1)---(¢—1)
qg—1

=" =1 =1) (- 1).

Equation (6.12) now follows. |
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7. Low RANK EXAMPLES

When n = 2, the support of ¢ is equal to
w 3y _ wy
H( 1)K1<p>— U H( 1),
yek*
so the new vector ¢, is supported on the disjoint union
w wyY
(7.0) ng< 1) Ki(p%) = L1J< ng( 1)~
yek*

When n = 3, we apply (6.10) (with n = 2) to see by Proposition 6.3 that ¢, = & is
supported on the disjoint union

2 2
72 | (U H(wy2wy1 )(%?Ju g H(wy2wy1 )(?il».
y1,y2€k* §ep/p? ! T€0/p? !

In the n = 2 case, we can compute the matrix coefficient as a function of the matrix
entries of g.

Theorem 7.1. Let n = 2, and let x < (1, ¢t) be the affine generic character of K’
determined by ¢ € k* and the unitary central character w : F* — C* trivial on 1 + p.
Fix ¢ € C satisfying ¢? = w(tw), and let ai be the associated simple supercuspidal
representation. Define the matrix coefficient

Fol9) = di (o5 (9). ).

where v is a new vector for o of norm 1, and d,, is the formal degree relative to the
Haar measure on G in which meas(K) = 1. Then for z € Z,

(7.3)
(ﬂi)) Z P(by + Ly ifg=(_2 bwd—l) e (Z; 'fl;)
k*
folzg) = (q+1)ze e 2 .
2w(~zd) dwlyw(Cy+Ly ) ifg=(257) e (5T
yek*

This expression determines f, since it vanishes outside the disjoint union

o* p—l 0 ZU_20*
(74) Z'<p2 1+p)UZ'<wo* 0 )
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Remarks.

(1) The first case is a Kloosterman sum, and the second case is a twisted Kloosterman
sum.

(2) The reason for the complex conjugate in the definition of f,, is that then for any
irreducible unitary representation = of GLy(F'), the operator 7( f,,) is either the

orthogonal projection onto v (if 7 = aﬁ) or 0 (if w2 aﬁ). See Corollary 10.29
of [KL1].

Proof. Using the model of 0§ on Ay, we will compute I(g) = dx<a§<(g)qﬁp, q§p>0,

where ¢, is the new vector given in Corollary 5.2. Clearly I(g) and f,(g) have the
same support. First suppose that g € E. Then (6.6), together with (7.1), gives

I(g)= ) dpl9x (wy 1) 9= f((wy 1) 9)

yek* yek*

(note that the term ¢, () in (6.6) is equal to 1 when z € g, (% ;) K1(p?) as is the
case here). If g belongs to the support, then for some v,

w_ly_l wz wL wz
e UL )T ) U ()
z€0*/(1+p) z€0*/(1+p)
It is easy to show that this set coincides with the left-hand set in (7.4). Let g =

(2. 0=") e (;2 ’1’;;) Noting that

G | A (S | G R R !

and then replacing y by —y, we find
I(g)= Y Wby +tclay)™") = Y d(~by —te(ay) ™)
yek* yek*
Similarly, if g € Eg,, then (6.6) and (7.1) with » = 1 give
— _ w
I(9) = ¢ Y éplgy oy (wy 1) 9 =C ) &gy ( Y 1) 9).
yek* yek*

If g belongs to the support, then for some y

(7.5) g | <w_1y_1 1)gXH<m 1)

z€0*/(1+p)
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Forany (2. 5) € K', we have

w‘ly_l t m S w2 wta:y_lz tuw‘ly_1
(7.6) < 1) <w ) <wa: u) < 1) - < w?mz sw )

From this computation, we see that the union (over y) of the sets (7.5) coincides with
the right-hand set in (7.4). Therefore if g = ( ¢ 4=~ ) e (_o_o'=?),

aw b o*w 0

1(9)=CZ§(<t_1 w_l) (wy 1) <acw dwb_2)>

yek” )
-
= Z &( cytalw dytwlw—l)>
yek*
¢ a b w
w(w) y%;*f((cyt_lw dyt_l) < 1)>
_w(t) 1 (ad 'y bd7ly Tt (w
= 2w (e ()
d -1,,—-1 at
zgy;mw«(m_lj e (R )
d —d
=D S w4 50 = 2L Y w4yt - )
yek* yek*

The proposition now follows upon taking complex conjugates, and multiplying by
lpl| 72 = L152 (cf. (6.12)). .

Proposition 7.2. Let = be an irreducible admissible representation of GLy(F') of
conductor p* and central character w trivial on 1+p. Then 7 is a simple supercuspidal
representation.

Proof.  We first prove that 7 is supercuspidal. Generally, if ¢(7) is the conductor
of m, then

c(x1)e(xe) if m=m(x1,x2) (principal series)
co(m)=4p if 7 = St ®y (unramified twist of Steinberg)
if 7= St®y (ramified twist of Steinberg)

(e.g. see the end of §1 of [S]). Clearly = cannot be a twist of the Steinberg represen-
tation when ¢(7) = p3. If 7 is principal series, then p3 = c¢(7) = c(x)c(x 'w) for
some character y which is necessarily ramified. If ¢(x) = p, then ¢(x~'w) = p or 1,
so ¢(7)|p?, a contradiction. If p2|c(x), then c(x'w) = ¢(x), so p*|c(r), another con-
tradiction. Hence 7 is supercuspidal, and therefore simple supercuspidal by Corollary
5.3. [
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8. PrRooF oF THEOREM 5.1

In this section we prove Theorem 5.1. In fact, we will compute wfl(pm) for any
m > 1. This space is spanned by functions supported on double cosets HgK;(p™).
Our method is a direct calculation:
(A) Produce an explicit set of matrices containing a full set of representatives for
H\G/K1(p™).
(B) Determine which of these double cosets can support well-defined functions in
W)I(ﬁ(pm)_

The final result is stated in Theorem 8.10 below.
8.1. Notation for the proof

In this section, x is the affine generic character corresponding to (t1,ta, ..., t,) €
(k*)™. For S C F, let M,x,(S) denote the set of n x n matrices with entries in S.
Let B, (o) denote the set of upper triangular matrices in GLy, (o).

As before, E;; denotes the n x n matrix whose only non-zero entry is a 1 in the
i-th row and j-th column. Lastly, let

K7/1—1 C GLn_1<0>
be the analog of K’, of dimension (n — 1) x (n — 1).
8.2. Ki(p™)-invariant elements of ,

For g € G, let 9] = HgKq1(p™).
Suppose f is a K1 (p™)-invariant function in the space of m,. The value f(g) deter-
mines the values of f on HgK;(p™) via f(hgk) = x(h)f(g). Therefore the function
f is determined by its values on any set of representatives for the double quotient
H\G/K;(p™). We say that g and the double coset [¢] are relevant for K;(p™)
(or simply relevant, if m is clear from the context) if there exists such f for which

f(g) # 0.

Proposition 8.1. Given m > 1, an element g € G is relevant if and only if
(8.1) x is trivial on g K (p™)g ' N K.

This condition is independent of the choice of representative g for the double coset [g].
In particular, if ¢ satisfies condition (8.1), there exists a K (p™)-invariant function in
Ty, unique up to multiples, whose support is [g]. We let f, denote the unique such
function satisfying f,(g) = 1.

If [g1], [g2], [g3], - - - is @ list of all relevant double cosets (noting that H\G /K1 (p™)
is countable since G is separable), then {f,,, f,,, ...} is a basis for wfl(”m).
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Proof.  Suppose f(g) # 0 for some K (p™)-invariant function f in m,. Given
any h € gK1(p™)g N K’ C H, we have hg = gk for some k € K1(p™), so f(g) =
f(gk) = f(hg) = x(h)f(g). Because f(g) # 0, x(h) = 1. Thus g satisfies (8.1).
Obviously this condition is independent of the choice of representative for HgK;(p™).

Conversely, suppose g satisfies condition (8.1). Define

x(h) if x = hgk for some h € H, k € K{(p™),
flx) = :
0 otherwise.

We need to show that the function is well-defined, i.e. x(hi) = x(h2) whenever
hlgkl = hggkg with hl, hy € H and kl, ko € K1<pm> Write hi = Sikg with S; € F*
and k; € K' for i = 1,2. Then

hythy = Ky syl ek, = ghoki g

Taking determinants, we see that 32‘131 € o*. The characteristic polynomial of the
middle matrix modulo p is (X —32‘131)". Because kgkl_l € K1 (p™), the characteristic
polynomial of gkok; ' g~ modulo p has a factor of (X —1). Thus s;'s; = 1 (mod p).
Therefore hy'hy € gK(p™)g~ N K’, so by (8.1), x(hy'h1) = 1 and hence x(h;) =
x(h2), as required.

Now let {[g1], [g2], - - .} be the set of all relevant double cosets. Because fg, , fg,., - - -
have pairwise disjoint supports, they form a linearly independent set. If f is any
K1 (p™)-invariant function, then the support of f is a finite disjoint union of relevant
double cosets (J;_, Hg;, K1(p™), 50 f = 3i_; f(g;,)fs,. This proves the final
assertion. [ ]

8.3. Representatives for H\G/K1(p™)

We say that an element g € G is primitive if g € M,,»,,(0) and some entry of g is
a unit. Let P, (0) be the set of primitive matrices. It is easy to see that every class
[g] contains a primitive element.

Lemma 8.2. Let g € G be primitive. Then
[9] N Myxn(0) = (0N F™) - K'gK1(p™),

[9] N Paxn(0) = 0" - K'g K (p™).

Proof.  Suppose h € [g] N My, xn(0). Then h = zk'gk for some z € F*, k' € K’
and k € K;(p™). Because k' and k are in GL,(0), k’gk is also primitive. It follows
that z € o N F*. The second claim can be proven similarly. [ ]

We say that a matrix g € M, x,(0) is divisible by g, if g;lg € Myxn(0), Or
equivalently, if all entries of the bottom row of g belong to p.
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Proposition 8.3. Let ¢ € G be primitive. Suppose h € [g] N P,,xn(0). Then g is
divisible by g, if and only if £ is divisible by g,,.

Proof. By the above lemma, h = zk'gk for z € o*, k' € K’ and k € K;(p™).
Since k¥’ € K, it is clear that if each entry in the last row of g belongs to p, then the
same is true of h. The converse is also easy to see, using g = 2~ 'k’ ' hk~L. |

We say that a double coset is divisible by g, if it contains a primitive element that
is divisible by g,. By the above proposition, this is equivalent to saying that every
primitive element in the double coset is divisible by g, .

Proposition 8.4. For any g € G, there exists an integer 0 < r < n and a double
coset [h] not divisible by g, such that [g] = g} [h] = [g}h].

Proof.  Since [g] contains a primitive element, we may assume that g is primitive.
Let » > 0 be the largest integer for which g,"g € M;x,(0). Let h = g "g. Then
h is not divisible by g,. If r > n, then because g} = wtl—t”t_l—_lln the matrix
g = gyh = gygy "h is not primitive, which is a contradiction. By Lemma 3.2,
[g3h] = gy [h]. n

Proposition 8.5. An element g € G is relevant if and only if g;lg is relevant.
Likewise, for » > 0, [g] is relevant if and only if [g,"g] is relevant.

Proof.  This is immediate from Lemma 3.2. ]
For g € G, let g denote the (n — 1) x (n — 1) submatrix of g formed by removing
the last row and last column of g.

Lemma 8.6. Given g € G, there exists an element h € K'g with det h £ 0.

Proof. Let ¢’ be the matrix obtained by deleting the last column of g. Because
the rank of g is n, ¢’ has rank n — 1. If the first n — 1 rows of ¢’ are linearly
independent, then we can take h = g. Otherwise, there exists an index ¢ < n — 1 such
that the rows of ¢’ other than the i-th row are linearly independent. Then we can take
h = (I, + Ein)g. [

Given g € G, there exists z € Z such that zg € M, «,(0). By Lemma 8.6, there
is an element h € K'zg such that det h = 0. Therefore the set

{h € HgFy(p™) (| Muxn(0) | det b 0}
is non-empty. We let

denote the minimum of ord,(det 7@) as h ranges through the above set.
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~ Lemma 8.7. Let g € G. Then if det g # 0, there exists h € K'gK;(p™) such that
h is diagonal and ord,(det g) = ord,(det h).

Proof. By the Cartan decomposition, there exist k1, ks € GL,,_1(0) and a diagonal
matrix

w2

5:

win—1

where a; < as < --- < a,_1 are integers, such that ¢ = k10ks. By the Bruhat
decomposition of GL,,_1(0o/p), there exist matrices k' € K| _,, b € B,_1(0) and a
Weyl element w € W,,_1 such that

k1= Kwb (mod p).
Let £ = ky(wb)~* = k' (mod p). Obviously ¥” € K! ;. Then
G = k10ky = K"wbdke = K" (wéw ™) w(5708) ky.

A simple calculation shows that 6154 has entries in 0. Because det 6166 = det b is a
unit, it is in GL,,_1 (o). Let k = w(6~1b0)ky € GL,,_1(0). Note also that §' = wdw "
is diagonal. It follows that if we let

N
h=< 1) g( 1) € K'gKi(p™),

then h = k" 'gk—1 = &' is diagonal, and ordp(det h) = ordy(det g). |

Theorem 8.8. Let [g] be a double coset not divisible by g,. Let R containing 0
be a fixed complete set of representatives in o for o/p. Then there exists an element
in [g] of the following form:

w” 0 0 0
0 w2 0 vy
(8.3) h = :
0 0 . wbn—l Up—1
wblul wb2u2 e wb"—lun_l w

Here for each i, b; > 0 is an integer, the elements wu;, v;, w belong to o, and the
following conditions are satisfied:

(a) h is primitive.
(b) ordp(det h) = by + by + - - -+ b,_1 = pu, as defined in (8.2).
(¢) u; € Rfori=1,2,...,n— 1. In particular, if u; is not a unit, then u; = 0.
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(d) Suppose i < j <n—1,b; <bjand u; # 0. Then u; = 0.

(e) w e o*.

Remark. The correspondence between the specified set of double cosets and the
matrices (8.3) is not one-to-one. For example, given 1 < i < n and a € o, We can
replace h by h(I, + awkFE;,) € hK;(p™). The new matrix is still of the form (8.3),
with v; replaced by v; + aw®*! and w replaced by w + aw®*! € o*. Nevertheless,
it is sufficient for our purpose.

Proof. Let h € [g] N My,xn(0) With ordy(det h) = p, (cf. (8.2)). Note that  is
primitive, since otherwise we could replace it with w—'h and get a smaller valuation.
Furthermore, applying Lemma 8.7 to &, we can assume that £ is diagonal, and therefore

w (%1
wb2 ()
(8.4) h = : )
wbn—l Un—l
Br B2 o Bar w
where by, ...,bp,—1 > 0and vy, ...,vp_1,01, ..., Bn-1, w € 0. Lemma 8.7 also allows
us to assume that property (b) holds.
Adding the last row of & to the i-th row, we obtain
wbl V1
h/: <1+Ezn>h: /81 w +/B’L 6n—1 ’U’L—.i_w
wbn—l Un—l
B Bi o Bpet w

This is an element of K'h C [g] N My,xr,(0), with

det b/ = (=" + ) ij.
JFi

By the minimality of ord,(det &), we must have ord,(w® + 3;) > b;. This means that
G; = wbiui for some u; € o.

To prove (c), let a € 0 and 0 < ¢ < n. Adding the azo-multiple of the i-th row of
h to the bottom row, we obtain #’' = (I, + awEy;)h € K'h C [g] N M;,x,(0). Note
that /’ is of the form (8.4) with last row equal to

(Br Bo -+ Bisr Bit+awh T By o Baor w+awy).
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Because 3; +aw’ ! = @ (u; +aw) and a is arbitrary, we can therefore assume that
u; € R. This proves (c).

To prove (d), suppose ¢ < j <n —1, b; < b; and u; # 0. Because u; € R by (c),
u; 1S a unit. Let a € o. Adding the a-multiple of the j-th row to the i-th row, then
subtracting the azw® ~%-multiple of the i-th column from the j-th column, we obtain

W = (I, + aEij)h(I, — aw® Y% E;;) € [g] N Myxn(0),
where h/ = h, and the last row of 7/ is

(/81 o ﬂj—l 6] o awa_biﬁi ﬂj—i—l C. ﬂn_l ’w) .
Now
By — a i f, = i (u; — auy).

Because w; is a unit, we can take a = u;/u;, and therefore replacing » by A’ we can
assume u; = 0. This proves (d).

To prove (e), suppose w € p. Because [g] is not divisible by g,, 3; € o* for some
i < n. Adding the i-th column of A to the last column, we obtain

W = h(I, + Eg) € hK1(p™) C [g] N Mypxn (o).

The submatrix 7’ is k. Its lower right corner entry is w + 3; € o*. Replacing h by 7/,
we can assume that w is a unit. ]

Corollary 8.9. Every double coset in H\G/K;(p"™) contains an element of the
form g h for 0 < r < n and h of the form (8.3).

Proof.  This is immediate from the above theorem and Proposition 8.4. |
8.4. K,(p™)-invariant functions

In this section, we will describe all relevant double cosets. The end result is the
following theorem, of which Theorem 5.1 is an immediate corollary.

Theorem 8.10. Given m > 1, a double coset [¢] is relevant for K;(p™) if and
only if [g] = [g5d] for some 0 < a <n —1 and

wbl
(8.5) 5:< ), m—1>b;y >by>--->b,=0.
wwbn

Consequently, in the notation of (4.2) and Proposition 8.1, a basis for wfl(”m) is given
by
{Ls]0<a<n-—1,0asin (85)}.



Simple Supercuspidal Representations of GL(n) 1023

Corollary 8.11. If le(pm) is nonzero, then m > n + 1.
y X

Proof. ~ Suppose f € wfl(”m) is non-zero and f(g) # 0. Then by Proposition
8.1, [g] is relevant. By Theorem 8.10, we can assume that g = g0 as above. Because
m—1>b; >by>--->b,=0,wehavem—-1>n-—1,ie. m>n+1. [

Suppose g is relevant and not divisible by g,. Without loss of generality, we can
assume that ¢ is given by (8.3). Let

n—1
d=w— Z U;V;.
i=1
Then from the second-to-last row cofactor expansion we find inductively that

det g = deglitton—1,

In particular, d # 0. We will prove Theorem 8.10 by treating the two cases:
(1) w; # 0 for some 4,

(2) u1:u2:~~~:un_1:0.

8.4.1. Case (1): u; # 0 for some i.

Let £ > 1 be the minimal index such that u, # 0, i.e., u3 = ug = --- = uy_1 =0,
ug # 0. By Theorem 8.8 (c), uy is a unit. Subtracting the u;l-multiple of the last row
of g from the ¢-th row, and then adding the uiugl-multiple of the i-th row to the /-th
row fori=/¢+1,...,n— 1, we obtain:

n—1
< H (In + uzug_lEZz>> (In - ug_lEﬂn>g

1=0+1
wbl V1
b1 Vo1
0 _d
u !
= ¢ | eK'gclgl.
bpt1
w Vo1
wbn—l Vp—1
0 - 0 whlu, wbz+1uz+1 =l 1w

The (¢,n) entry is obtained by the fact that d = w — 31~ wv; = w — 3.0} wiv;.
Therefore, we can replace g by the above matrix. From now on, we assume that g is
the above matrix. We are going to show that ¢ is not relevant, i.e. it does not satisfy
(8.1). Suppose to the contrary that g satisfies (8.1). We will obtain a contradiction by
establishing the following:
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1. vy, ve,...,ve_1 Can be assumed to be 0.

2. Either w|u; or w|v;, i.e., w|uw;, fori=¢+1,...,n— 1.

3. w|(w— Z?:_;H u;v;). Therefore w|w by the previous result. This contradicts
the fact that w is a unit (cf. Theorem 8.8).

It is easy to verify that

=—b1 w_blduzvl

—by_q
_ w Upvp_
o be—1 £Ve—1
—b _n—1 o _b _
=t (w Yice1 uivi) —w Cupyy  —m lup g by
g = d uyp uy uy

—bry1
w +du£1}[+1 w_bZ+1

b4
w " 1“[“n—1 w_bn—l

T2
¥ 0

Proposition 8.12. ¢ # 1.

Proof. Suppose £ = 1. Then

ul 0 e -ee 0
— ld“2 0 e oen 0
-1 _ .
gEnng B ulv
1 ;—1 0 o oo 0
“’;‘1 0 e oo 0

Let k = (1 + dw) (I, + dwEy,) € Ki(p™). Then

K =gkg™' = (1 +dw) (I, + dwgEn,g™ ') € K.
Because g is relevant, we have
1= x(k) = b(~tywus (1 + dw) ),
a contradiction. n
Thus ¢ > 2.

Proposition 8.13. We have:
(a) by > by > >by_qif £ > 2.
(b) Without loss of generality, we can assume that v; = --- = vy_1 = 0.
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Proof.  We are going to prove the proposition by backward induction. First of
all, it is not hard to show that
9Ei10-19"" = Erqp1 + LB .
If d{ve_q, then vy # 0 and UZL_I €p. Let

k=1, +-“Fr 1,1 €K (™).

Veg—1

Then

K =gkg ' =1,+-LgE 1019 ' =I,+-“Er 101 +wEr1,€ K.

Veg—1 Veg—1

Because g satisfies (8.1), 1 = x(k’) = ¢ (ty—1ue), a contradiction. Therefore d|v,_;.
Now adding the “=~-multiple of the ¢-th row of g to the (¢ — 1)-st row, we can
Ve—1Ug

replace g by (I,, + =——E¢-14)g € K'g, and therefore we can assume that v, _; = 0.
Suppose now for some 1 < ¢ < ¢ — 1 that

(8.6) by > bg/_H > >byp and vp =---=vp_1 =0.

We will show that the above holds as well for ¢ — 1 in place of ¢'. Suppose to the
contrary that b,_y < by. Then since

9Ep 109t =T By,
we see that
k — In —+ wbﬁ/_bﬁ/—l Eé/_Lg/ (= Kl(pm>

Then
K =gkg ™' =1, + @ -1gEy 199" =1, + Ep_1p € K'.

Because ¢ satisfies (8.1), 1 = x(k’) = ¥ (ty_1), a contradiction. This proves the first
part of (8.6) for ¢/ — 1.
Next, we note that

—1 by)_1—b UpVyr _
9E 10197 =@ U (B o+ 5+ Ee 1)

If dtwve_q, then vy # 0 and Wd_l € p. By the above, by > by > --- > by_.
Therefore

k=1, + w1714 By 11 € Ki(p™),

Vypr _1q

and

K =gkg™ = I+ @™ g By g9

Vgr _q

=L+ 5Bt wBei € K.

Vypr _q
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Because ¢ satisfies (8.1), 1 = x(k’) = 1 (t¢—1u¢), @ contradiction. Therefore d|vy ;.
Adding the W%‘;W-multiple of the ¢-th row of ¢ to the (¢ — 1)-st row, we can replace
g by (I, + W%‘;WE@_M)g € K'g, allowing us to assume that v, = 0. This proves
the second half of (8.6) for i = ¢/ — 1 and completes the induction. ]

From now on, we assume v = vy = --- = vy_1 = 0.
Proposition 8.14. Suppose £ < i <n — 1. If u; #0, then by + 1 < b;.

Proof. If i =/, then

1= wbi_bl uiEnL

gEi1g~
Likewise, for £ < i <n — 1, we have
9Eng™! = @ (En +uiEny).

In either case, suppose by + 1 > b;. Then k = I,, + @’ %+ E; € Ki(p™) since
1 < n. Furthermore,

K =gkg ™t =1, + @ " gEy g7 = I, + 6 ywEiy + wu By € K’

for the Kronecker function d; .. Because g satisfies (8.1), the above implies 1 =
x(k") = ¥ (tnu;), a contradiction since u; # 0 is a unit. |

Proposition 8.15. Suppose / + 1 < i <n — 1. If u; # 0, then v; € p.
Proof. Note that
9Er1,97" = Wb[‘l_bi(%Eé—l,e + Ep_1,).
By Proposition 8.13 (a) and the above proposition, b; > b; > b,_1. Therefore
k=1, +do" 1By ;€ Ki(p™)
and
K =gkg™ = I, + dw’ " =1gE;_1 ;97" = I, + ww; Ep_1 0+ dEp_1,; € K.

Because ¢ satisfies (8.1), 1 = x(k') = ¢ (te—1upv;). This means v; € p since
touy € 0%, [ ]

Proposition 8.16. (w — Z?:_;H u;v;) € P.
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Proof. We have

w Zn—l UiV n—1 u 1
—1 b1 —b — 2i=t+1 WiVi i
9Ey 1097 =wt 7 Ep 10— E u—Ez—u + u_Eé—l,n .
i—tg1 L ¢

By Propositions 8.13 (a) and 8.14, by > by > by_1. Thus
k=1, +do" " 1E € K (p™)
and
K =gkg™' =1, + dw" b -1gE, 4 97" € K.
Since gisrelevant, 1 = x (k') = ¢ (tp—1(w — ?:_£1+1 u;v;)). The conclusion follows. m

Proposition 8.17. If [g] is not divisible by g, then [g] is relevant only if it contains
an element of the form (8.3) with u; = us =--- = u,_1 = 0.

Proof. If not all u; equal 0, let ¢ be the smallest index such that w, # 0.
By Proposition 8.12, ¢ > 2. Then by Proposition 8.15, either u; = 0 or w|v; for
i=0+1,...,n—1. Therefore w|u;v; for i = ¢+1,...,n— 1. By Proposition 8.16,
it follows that w|w, contradicting the fact that w is a unit. ]

8.4.2. Case (2): UL =uUy=---=up_1 =20

Here we assume that g is not divisible by g,, and that it is given by (8.3) with all
u; equal to 0. Because w is a unit, we can replace g by the diagonal matrix

<w_1 ) 1 _% wl1 U1 w
) w—1 1 “Yn—1 wbn—l Un—_1 < w 1)
(8.7) i w
wl1
= € HgK1(p™) = [g].
wbn—l
1
Suppose that g is relevant. Then for rq,...,r, € o, the condition
1 1 1 lebl_b2
1 ro 1 7~2wb2_b3
1 !
g . g = R € K,
Tn—1 1 rp_jwbn-1
men 1 wm—blrn n—1 ;

implies that the above matrix belongs to ker y, i.e.

(8.8) Yt 2 4ty @y 4 ™ ) = 1.
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Setr; = --- = r,1 = 0. Then (8.8) gives ¥ (t,™ ~t1r,) = 1 for all r, €
wh =t No. If by > m — 1, then we can take 7, = @ ~™F! to get ¥(t,) = 1,
a contradiction. Hence b; < m — 1. Similarly, for any index 1 < j < n, setr; =0
for all i # j. Then for all r; € wb+1=% 0 Mo, (8.8) gives ¥(t;w% titir,) = 1. If
bj+1 > b;, then we can take r; = w®+1~% and arrive at a contradiction. We conclude
that

(8.9) 0=0b,<bp1<bpo<---<b<m-—1.

Conversely, it is clear from the above that if (8.9) holds, then (8.8) holds, so g is
relevant. This proves the following.

Proposition 8.18. Suppose ¢ is the diagonal matrix (8.7). Then g is relevant if
and only if (8.9) holds.

Proof of Theorem 8.10. By Proposition 8.4, [g] = [g3h] = g%[h], where [h] is not
divisible by g, and 1 < a < n—1. By Proposition 8.5, [¢] is relevant if and only if [A]
is relevant. By Proposition 8.17 and the above discussion, [%] is relevant if and only if
it contains a matrix of the form (8.5). [ ]
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