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ROUGH SINGULAR INTEGRALS SUPPORTED BY SUBMANIFOLDS IN
TRIEBEL-LIZORKIN SPACES AND BESOVE SPACES

Feng Liu and Huoxiong Wu*

Abstract. This paper is devoted to studying the singular integral operators as-
sociated to polynomial mappings as well as the corresponding compound sub-
manifolds. By imposing a restrictive condition on the kernels of the operators
in the radial direction, the boundedness for such operators on Triebel-Lizorkin
spaces and Besov spaces are established, provided that the kernels satisfy a rather
weak size condition on the unit sphere, which is distinct from the Hardy space
functions. Some previous results are essentially improved and generalized.

1. INTRODUCTION

Let R”, n > 2, be the n-dimensional Euclidean space and S™~! denote the unit
sphere in R™ equipped with the induced Lebesgue measure do. Let Q € L'(S™~1) be
a homogeneous function of degree zero and satisfy

(1.1) /S_ Q(u)do(u) = 0.

Ford>1,let P = (Py,---,P;) and deg(P) = max{deg(P;) : 1 < j < d}, where
P; is a real-valued polynomial in R™ for 1 < j < d. For a suitable function » defined
on Rt = {t € R: ¢ > 0}, we define the singular integrals T} o » associated to
polynomial mappings P in R? by

(1.2) Thop(f)(z) :=po. . flx — P(y))%dy, r e R
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As is well known, the operators T}, o » belong to the class of singular radon trans-
forms. The LP-mapping properties of 7}, o » were first given by Stein (see [17],
[18, pp. 513-517]) under the stronger assumption that Q € C*(S™~1) and h(t) = 1.
Subsequently, the investigation on the boundedness of T}, o » on function spaces ab-
stracted many attentions, for examples see [2, 4, 10, 16] et al. In particular, Fan and
Panl19) showed that T}, ¢, » is bounded on LP(RR?) for p with satisfying |1/p— 1/2| <
min{1/2,1/~'}if Q@ € H(S"1)and h € A,(RT) for some v > 1, where H*(S"~1)
denotes the Hardy space on the unit sphere (see [5, 15]) and A, (R™) for v > 1 denotes
the set of all measurable functions » on R satisfying the condition

R 1/v
1)l @) = sup (R—l/ nwpar)” < .
R>0 0

It is easy to check that A (RT) = L¥(RT) C A, (RT) C A, (RT) for 0 <y <
Yo < OQ.

In 2010, Chen, Ding and Liu4 generalized the result of [10] to the Triebel-Lizorkin
spaces and Besov spaces, which contain many important function spaces, such as
Lebesgue spaces, Hardy spaces, Sobolev spaces and Lipschitz spaces. The homoge-
neous Triebel-Lizorkin space F%?(R%) and homogeneous Besov space BL?(RY) are
defined, respectively, by

Era®?) = {f € SR : £l paaa)
(1.3)

) <]

and
BRaR?) = { f € SR+ £ ppaaa)

(1.4)

_ (ZQ—Z‘aqH\I/i * quLp(Rd)>1/q < 00}7

iE€EZ

where a € R, 0 < p, ¢ < oo(p # o), 8'(RY) denotes the tempered distribution
class on RY, U;(¢) = ¢(2%€) for i € Z and ¢ € C°(RY) satisfies the conditions:
0<¢(x) <1;supp(¢) C{x: 1/2< |z| < 2}; ¢(x) >ec>0if3/5 <|z| <5/3. It
is well known that

(1.5) F*(RY) = LP(RY)

for any 1 < p < oo, see [9, 13, 19] for more properties of F&7(R%) and BRI(RY).
Chen, Ding and Liu’s result in [4] can be stated as follows:
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Theorem A. (see [4]). Let « € R and h € A, (R™) for some v > 1. Suppose that
Q € HY(S™ 1) and satisfies (1.1). Then there exists a constant C' > 0 such that

(i) for max{|1/p—1/2|,]1/q—1/2]} < min{1/2,1/+} and f € ELI(R%),
1Th0.P (Dl gpa@ay < ClIQmr (sn-1) [ f 1| oo (ay

(ii) for |1/p — 1/2| < min{1/2,1/4'}, 1 < ¢ < oo and f € BYI(R?),
ITh.0.P (Dl spogay < ClIQU mr(sn-1)[1f | g0 ay-

The constant C' = C(n, d, h, p, q, o, deg(P)) is independent of the coefficients of P;
for1 <j <d.

On the other hand, for P(y) = (y1,%2, - ,vyq) and n = d, we denote T}, o p by

Th.o which has been studied by many authors (see [1, 6, 11, 12, 14] etc.). In 2006,

Al-Qassem!Y showed that T}, (, is bounded on LP(R™) for all 1 < p < oo provided
that Q € L(log* L)/7'(8"1) and h € 3, (R*) for some 1 < < oo (also see [12]
for the generalization in non-isotropic setting). Here 3, (R*), v > 0, is the set of all
measurable functions 4 on R satisfying

o 1/y
Iilloc, ey = ([ Imorae/e) " < oo,

and L(logt L)*(S™ 1), a > 0, denote the space of all those functions Q on S"~1,
which satisfy

[ @liose + 100 ) < .

It is easy to check that for 0 < v < oo, H,(R") € A (RT) and H(RT) =
Aso(RT) = L>®(R™). Also, the following proper inclusions hold:

(1.6) L(log® L)?(S" 1) € L(logt L)*(S™™Y), if 0 < a < f;
(1.7) L(log™ L)*(S™ ') ¢ HY(S™™), for any a > 1;
(1.8) L(log™ L)*(S™ ') ¢ H'(S™™'), for any 0 < a < 1.

Recently, Lel14 generalized the result of [1] as follows.

Theorem B. (see [14]). Let @ € R and 1 < p < oo. Suppose that €2 €
L(log™ L)?s(S™~1) and satisfies (1.1). Then T}, o is bounded on FZ*(R™) provided
that one of the following conditions holds:
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(Yvg=1/q he Hy(RT)and 1 < ¢ <2;
(i) vy =1/2, h € H(RT) and ¢ > 2.
Comparing Theorem A with Theorem B, a natural question is the following:

Question. Is T, o bounded on FZ9(R?) if Q € L(log™ L)*(S™~1) for some
a € (0,1) and h € 3, (R™) for some y > 1?

The main purpose of this paper is to address this question above. Our main results
can be formulated as follows:

Theorem 1.1. Let Q € L(log" L)/7'(S"~1) with satisfying (1.1) and h €
H,(RT) for some v > 1. Then for &« € R and max{|1/p — 1/2|,[1/q¢— 1/2|} <
min{1/2,1/4'}, there exists a constant C' > 0 such that

HTh,Q,PU)HFg’q(Rd) < CHQHL(log+ L)l/w/(sn—l)HfHFgﬂ(Rd)a

where C' = C(n,d,p,q, h,a,deg(P)) is independent of the coefficients of P; for
1<j<d

Theorem 1.2. Let Q € L(log" L)'/7'(S"~1) with satisfying (1.1) and h €
H,(RT) for some v > 1. Then for « € R, 1 < ¢ < oo and |1/p — 1/2] <
min{1/2,1/4'}, there exists a constant C' > 0 such that

HTh,Q,PU)HBg’q(Rd) < CHQHL(log+ L)l/’Y/(S"—l)HfHBg’q(Rd)u

where C' = C(n,d,p,q, h,a,deg(P)) is independent of the coefficients of P; for
1<j<d

Remark 1.3. Obviously, the range of ¢ given in Theorem 1.1 is the full range
(1,00) when > 2. Thus Theorem 1.1 improves the results of Theorem B(i), even in
the special case: P(y) = (y1, 42, - ,ya) and n = d. We also remark that Theorems
1.1 and 1.2 are not true, if replacing h € H(R*) by h € A,(R*) for v > 1,
because of that L>°(RT) ¢ A,(RT), Llog™ L(S™1) C L(log™ L)*(S™ ') for any
0 < a < 1, and Calderon-Zygmund’s celebrated result in [3]. In addition, by (1.8),
Theorems 1.1 and 1.2 are distinct from Theorem A.

Furthermore, by Theorems 1.1 and 1.2, and a switched method followed from
[7], we can establish the corresponding results for the more general singular integral
operators 7}, o p., supported by the compound sub-manifolds as follows.

Theorem 1.4. Let Q € L(logt L)/7'(S"~1) with satisfying (1.1) and h €
H,(R*) for some v > 1. Suppose that ¢ is a nonnegative (or non-positive) and

monotonic C! function on (0, 0o) such that T'(¢) := tifg) with |T'(¢)| < C, where C
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is a positive constant which depends only on ¢. Then for a € R and max{|1/p —
1/2],11/q—1/2|} < min{1/2,1/~'}, there exists a constant C' > 0 such that

HTh,Q,P,wU)HFg’q(Rd) < CHQHL(log+ L)l/’Y/(S"—l)"f"Fg’q(Rd)u

where

Q(y)h
Th,Q,P,gp(f)(ﬂ?) = p.v. A (g; — P((p(\y\)y’))Wd
y = y/lyl € "' and C = C(n,d,p,q, h,a,p,deg(P)) is independent of the
coefficients of P; for 1 < j <d.

)

Theorem 15. Let Q € L(log" L)'/7'(S"~1) with satisfying (1.1) and h €
H,(R*) for some v > 1. Suppose that ¢ is a nonnegative (or non-positive) and

monotonic C! function on (0, co) such that T'(¢) := tifg) with |T'(¢)| < C, where C
is a positive constant which depends only on . Then for o € R, 1 < ¢ < oo and

|1/p —1/2| < min{1/2,1/~'}, there exists a constant C' > 0 such that

HTh,Q,P#(f)HBg’q(Rd) < CHQHL(log+ L)l/’Y/(S"—l)HfHBg’q(Rd)u

where C' = C(n,d,p, q, h, o, ¢,deg(P)) is independent of the coefficients of P; for
1<j<d

Remark 1.6. Under the assumptions on ¢ in Theorem 1.4, the following facts
are obvious (see [7]):

(i) limy—o ¢(t) = 0 and lim;_. |¢(t)| = oo if ¢ is nonnegative and increasing, or
non-positive and decreasing;

(if) limy—g [@(t)| = co and limy_. ¢(t) = 0 if ¢ is nonnegative and decreasing, or
non-positive and increasing.

Moreover, the inhomogeneous versions of Triebel-Lizorkin space and Besov spaces,
which are denoted by F%?(R?) and BY?(R?), respectively, are obtained by adding the
term || x fHLp(Rd) to the right hand side of (1.3) or (1.4) with Zjez replaced by
351, Where & € 8(RY), supp(®) C {¢: [¢] <2}, &(x) > ¢ > 0 if |2 < 5/3. The
following properties are well known (see [9, 13], for example):

L9) FRRY) ~ F2U(R?) ()L (R?)and
' 11 mpamay ~ £ 1| o gy + 1 fllogeey (> 0);

(110 BRYRY) ~ BLY(RY) () LP(RY)and
1.
1l aay ~ (£l gpagay + 1 Fll e gay (> 0).
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Hence, by (1.5), (1.9)-(1.10) and Theorems 1.4-1.5, we get the following conclusion
immediately.

Corollary 1.7. Under the same conditions of Theorems 1.4 and 1.5 with « > 0, the
operator T}, o p ., defined as in Theorem 1.4 is bounded on F5?(R%) and BY?(RY),
respectively.

The paper is organized as follows. In Section 2, we will present some general
vector-valued norm inequalities (see Propositions 2.2 and 2.3). In Section 3 we recall
some notations and establish some necessary lemmas. Finally, the proofs of main results
will be given in Section 4.

Throughout the paper, we let p’ denote the conjugate index of p, which satisfies
1/p+1/p’ = 1. The letter C or ¢, sometimes with certain parameters, will stand for
positive constants not necessarily the same one at each occurrence, but are independent
of the essential variables.

2. VECTOR-VALUED NORM INEQUALITIES

In this section we will recall and establish some important vector-valued norm
inequalities, which will play the key roles in the proof of Theorem 1.1. The following
result obtained by Chen, Ding and Liu in [4] is an extension of the famous result on
the LP(¢7) boundedness of the Hardy-Littlewood maximal operator.

Lemma 2.1. (see [4, Theorem 1.4]). Let P = (Py,---,P;) with P; being
real-valued polynomials on R™. For 1 < p, ¢ < oo, the operator My given by

1
Mep(f)(x) = sup — |f(z=P(y))ldy

r>0 " ly|<r

satisfies the following L?(¢7) inequality

H (; ‘MP(fi>‘q>1/q’ Lr(RY) <, q>” ( gzz ‘fi‘q> 1/q’

where the positive constant C'(p, ¢) is independent of the coefficients of P; for 1 <
j<d.

Lp(RY)’

Proposition 2.2. Let ® € §(R™) and {ay }rez be a lacunary sequence of positive
numbers satisfying infrcz ar+1/ar > a > 1. Define the Littlewood-Paley operator
Ay associated with ® by

Ap(f)(x) = Ok = f()
for all z € R", where ®y(x) = a,"®(x/ax). Then for 1 < p, ¢ < oo and arbitrary
functions { f;} € LP(¢7,R™), there exists a positive constant C(n, a) such that

[(3 (S iaetmr)™)™ iy < €0 a>H(j% )"

JEZ " keZ

LP(R")
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Proof. The idea of proving this proposition comes from the proof of [13, Theorem
5.1.2]. First we introduce two Banach spaces B; = C and B, = ¢? and define an

operator .
. T(f) = {Ak(f)}rez-
It is clear that 7'(f) can be written by

(2.1) T(f)(x) = [ K)(f(z—y)dy.

Rn
where K is a bounded linear operator form B; to B given by

K(2)(g) = {®k(2)g}rez-
It is easy to see that | K (z)||, ~3, = (Dgez |Pr(z)[?)Y/2 In what follows, we will
verify the following inequality

(2.2) /Pmyﬁw—ywiﬂmmw$stc,y¢o
z|>2]y

Since @ € §(R™), there exists a constant C' > 0, which depends only on n, such that
(2.3) ()] +[V(2)| < C(L+ [2) ™"

This together with the mean value theorem of derivative implies

T n—1
24) [ @yle ) - Be) < Ot (14 2) T e > 2y
apt 2a
In addition, it follows from (2.3) that
1 || \—n—1
. — — < (C— — > .
25) (el —g) =) < O (1) L el =2l

Thus by the geometric mean of (2.4) and (2.5), we get

|| "1
(2.6) Bu(e —y) - Bu(o)] < Clul s (140 )
ay,
This together with (2.4) yields
. 1/2
IR@—y) = K@)ll5, -5, = (Y [0(@ —y) - ®u()?)
kEZ
<Y [P —y) — Pr(2)]
keZ . ‘ ‘ .
x|\ "
< C‘y‘ Z n+1 L+ —
ar>[al/2 ( 2“k> " 1
1 x|\ "
1/2 kel
+ Cly| Z Q12 (1 T 2ak>
ap<|z|/2 ay,

27y '
< C(n, C")( |zt + ‘x‘n+1/2>’
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which implies (2.2). Furthermore, T' obviously maps L?(B1, R™) to L4(By, R™). Ap-
plying [13, Proposition 4.6.4] yields Proposition 2.2. ]

Proposition 2.3. Let 0 < M < Nand H : RM — RM G : RNV — RV
be two nonsingular linear transformations. Let {ax}rez be a lacunary sequence
of positive numbers satisfying infrez agy1/ax > a > 1. Let ®(¢) € §(RM) and
Dr(&) = a,,;McI)(f/a,k). Define the transformations J and X by

J(f)(x) = f(G'(H' @ idgn-m))
and
Xi(f) (@) = T (Pk @ Gpwv—ar) % J(f))(2).

Here we shall use ég~ to denote the Dirac delta function on R™, J~! denote the
inverse transform of J and D! denote the transpose of the linear transformation D.
Then there exists a positive constant C'(M, a) such that

(2.7) H(Z (Z‘Xk(fj>‘2>q/2>1/q . < oM, a>”(2‘fj‘q>l/q’

keZ

Lr(RN)

for arbitrary functions {f;} € LP(¢¢,RY) and 1 < p, ¢ < o0;

H (Z (Z ‘Xk(gm)‘?)qm) 1/q

JEZ k€eZ

< C(M, a)H ( > (Z \91«,;‘\2)(1/2) v

JEZ keZ

Lr(RN)

(2.8)

Lr(RN)

for arbitrary functions {gx ;} € LP(¢4(¢?),RY) and 1 < p, ¢ < <.

Proof. For convenience we denote & = (¢£1,£2) with &' = (&,---,&y) and
€2 = (épr41,- -+, En). Then using Proposition 2.2 and the change of the variables, we
have

p

H(Z (Z \Xk(fj>‘2>q/2>1/q

JEZ keZ

= /RN (Z (Z‘J_1(<(I)k‘®5RN_1W> * J(fj>><§>‘2>q/2>p/qd§

JEZ keZ

<ol [ (Z (@ s« aer)") ae

JEZ keZ

<ci [ (S (Sl s enenr)”) e

JEZ keZ

Lr(RN)
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cora [ ] (X IUE 1) detag?
< cona|(S 1L
JEZL

LP(RN)’

where |.J| denotes the Jacobian of the transformation .J. Then (2.7) holds. Next we
prove (2.8). Let MM be the Hardy-Littlewood maximal function on RM . Note that

| Xpf(x)| < C(M,a)[J o (MM @ dgn-n) o J|(f)(z).

(2.8) follows from the following equality

H ( Z (Z ‘Xk(gm)‘?)qm) 1/q|p

Lr(RN)
JEZ keZ
_ M p/q
cta) | (S (D107 0 (MM @ b M)oj)gm(g)\) ) de
JEZ keZ
p/q
C(M,a u\/ [, (Z (S Mt enep) ") aae
RN—-M JRM ]EZ keZ
p/q
coral [ [ (T (S er)") gtag?
RN-M JRM EZ kel
a/2\1/q|p
< C(M, a)”(z (Z‘gk]‘ ) ) LP(RN)
JEL keZ
This proves Proposition 2.3. ]

3. AUXILIARY LEMMAS

Following from [10], we first recall some notations. For I, n € Z™*, we denote
V., as the space of real-valued homogeneous polynomials of degree [ on R™ and A,
denote the class of polynomials of n variables with real coefficients. Let P(x) =
(Py(z),--- ,Pd(a:)) with P; € A, for j = ,d. Then there are integers 0 <
h<ly<---<lIy< deg(P) and polynomlals Q}l € Vo, C An, R; € Ap with
deg(R;j) < deg(P) for1<u<WN, 1 <j < d such that

ZQ“ )+ R(|z]),

where Q"(z) = (QY(x), @3(x),- -, Qg(x)) and R(t) = (Rui(t), Ra(t), - - -, Ra(t));
71,(Q%) = Q% for 1<u<N and 1<j<d.
Forj=1,---,dand 1 <u <N, write
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= Z bu]ﬂ{l? ZbUJs

|ﬁkdu

where d(u) = dim(V,,;,). For 1 < u < N, we define the linear transformations
I, : RY — R4 py

ijlé.]’” Zbu]d

For 1 < n < N, we define
Zgu +R(|lz]) and To(z) = R(|z|).

Let Q € L(log™ L)*(S™ 1) for a > 0 and satisfy (1.1). Employing the notation
in[2], let B, = {y/ € S"71: 2™ < |Q(y)| < 2™} for m € Z and Ey = {y €
S Q(y) < 2} Set N(Q) = {m e N: o(E,) > 2%} and for m > 1,

() = O/, ()~ o(5" ) [ 0oy,

m

and Qo(y") = QY') = X nen ) Om(y'). Itis easy to check that

(3.1) / Qo )dor(y)) = 0, for m € N(Q)U {0};
Sn—l
(3.2) HQOHL2(S7L—1) < C, HQOHLl(S"—l) < C;
(3.3) 19l 2(sm-1) < C2™ 1 21myys 1@l (sm)
' < Ol L1(,,), for m e N(Q);

(3.4) QW)= D )
meN (Q)U{0}

(3.5) (m+ D)1z, < Cl Laog+ Lya(sn-1y, for a>0.

meN (Q)U{0}

It is clear that

(3.6) Thor(H@) = > Tho.r()(@)
meN (Q)U{0}

For k € Z and m € N(Q) U {0}, let Dy, = {x € R™: 2(m+Dk < |z < 20m+D(k+1)1
For 1 < n < N, we define the measures {okr, trez DY
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/Rd fdokr, = /D f(rn(@)%dx.
Obviously,
(37> Th7Qm7'P(f> ((IZ) — Z fx Uk,FN(fB>.

kEZ

For convenience, for v > 1, we denote ¥ = max{2,~7'} and A = (m + 1)1/
120 21 (2 1714, Where

9(m+1)(k+1)
dt\1/v
Il =sup ([ moP) "
keZ 2(m+1)k t
We have the following lemmas.

Lemma 3.1. Fork € Z, me N(Q)uU{0}, ¢ € R?and 1 <n < N, there exists
a constant C > 0 such that

(3.8) 50 (€) — rr sy (6)] < CARIHD DI (6] 1/ mt 1),
(3.9) oK1, (§)] < CAmin{1, |20m DD T (€)= 1/ (Almt 1))}

The constant C' is independent of m and ~.
Proof. By the change of variables, we have

|0k.0, (&) = T, 1 (6]

9(m+1)(k+1)

| [ [ e
2(m+1)k Sn—1

_6_2m‘§~n,-1(Ty/))da(y’)h(ﬂd_r

T

(3.10)

9(m+1)(k+1)

< CJ2m D EDI L)l 1 s / \h(r)\—dr
9(m+1)k r
< CA2m+ DD (£)].

On the other hand,
(3.11) |7%,r, (§) = o, (§)] < CA.

Interpolating between (3.10) and (3.11) implies (3.8). Below we prove (3.9). It is easy
to see that

(3.12) G (©)] < CA.
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Moreover, by Holder’s inequality we have

o(m+1)(k+1) dr

(3.13) ‘U/k,?,,(fﬂ - ’/2(m+1)k /Sn—l Qm(y/>@—27ri£.f‘n(7"y/)da(y/>h(r>7
< 1A/llyHum (8,

where

9(m+1)(k+1) A
(€)= [ o) oy
2(m+1)k Sn—1
Applying [10, Corollary 4.3] with e = 1/(81,)) and p = 2, we have for any r > 0,

2r
Q,, () )e 2 ET ) 4o (of
(3.14) (L1 fo i) )
< CHQmHB(sn—l)\rl"In(g)‘—l/(Sln)_

v dr) 1/

r

2@>1/2

Since v > 2 implies 1 < +' < 2, by (3.2)-(3.3), (3.14) and Holder’s inequality we have
Hm,k(o

9(m+1)(k+1)

<m0 ([ R S
- 9(m+1)k Sgn—1 r
) o(m+1)(k+1) 4411 A ) 2 dr\ 1/2
< (3 [ ’/ Ry
=0 2(m+1)k Sn—1 r
< C(m+1)Y 72 (m A 1) 2| Q| 2 (gn1y [ 20" TR L () 71/ Bl
< O(m+1)Y7 22 1Q| 1,y [20 1, (€) |7 ),
which combining with (3.13) implies
(3.15) |Gk, ()] < CA22m 2T DR ()] 71/ B - for 4 > 2.
On the other hand, for 1 < v < 2, we have ' > 2. Then
Hn4(8) (mA+1) (k+1)
, 2mH T ) 2 dr\ 1/
1-2/v N ,—2mi&-Tp(ry’) / _7’
<
> CHQW’LHLl(5n—1) < /(7n+1)k /S" . Qm(y )6 1 dU(y ) r >

< C(m+ 1) Q0 en 2 Q) T, 20 () 7 ()
< O(m + )79 1, 247 20D L (671 A0,
Then for 1 < v < 2,

(3.16) |Gk, (€)] < C A24m/Y |20m+ Dk T (€))| —1/(4ly)
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Interpolating between (3.15)-(3.16) and (3.12) yields

(3.17) |Gk, ()] < CAJm DR, (6) 71/ (mFULD),
(3.9) follows from (3.12) and (3.17). This completes the proof of Lemma 3.1. ]

Lemma 3.2. Let A be as above and m € N(Q)U {0}. Forany 1 <n <A and
arbitrary functions {gx. ;}x; € LP(£9(¢?),R%), there exists a constant C' > 0 which is
independent of m and ~ such that

H(Z (Z ok, *gk,j\2>q/2>l/q’

j€Z  keZ

<o (X (o))

i ker
for max{|1/p—1/2|,|1/¢—1/2|} < min{1/2,1/7}.

Proof. Since |||h[|l2 < (m + 1)Y/271/7|||n|||, when v > 2, we may assume that
1 < v < 2. By duality, it suffices to prove (3.18) for 2 < p,q < 2v/(2 — ). Given
functions { f;} with H{fj}HL(p/Q)/(Z(q/Q)/’Rd) < 1. By the similar arguments as in getting
(7.7) in [10], we have

[l g
R4
< IR MG [ lows @) Mr, (5 (@)

Lr(R4)
(3.18)

Lp(R%)

(3.19)

where

9(m+1)(k+1)

dt

Mr (D) = | 1 T D) IO S

2(m+1)k

By Holder’s inequality we have

M, ()(@)
2(m+1)(k+1) ’
1o dtN 2/
<wez [ (f F+ Tyt D) 190 doty)
(m+1)k
9(m+1)(k+1)+i+1 ,
_ dt\2/v
< Z e TG )

< tm VP A /S ]

’ 2/7/
<ot [ gt v nr ) do),
t|<r

r>0
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By Lemma 2.1 and Minkowski’s inequality, we have for 7//2 < u, v < oo,

(X taarecs) ™

Lu(R4)
(3.20) )
2 2—
30n+nvmwuwmm@m(21b) .
JEZ
Thus by (3.19)-(3.20), we get
q/2\ 1/q
H(Z(Z\an k.4 ) ) ’LP(Rd)
VIS
_ /szm%\m>
H{f]}HL(p/2)/(£(q/2)/ ryST JEZ ke
< Ol 1 o 111112 /ZZW\MWM>
I J}HL@/z)/@(q/z)/ rySTIRY ez ez
1/v
< CIQ 1 111113 sup (S, r) ™
I /2 gtary <1 ez (&
9\ 4/2\ /a2
2 (X 19ka®)™) e
jeZ  keZ
/2\ 1/q
12/ 2 12)? ’
< Olm+ 1271920 g, MBI (30 (R loesl®) ™) ™ g
JEZ k€L

where we take u = (p/2)" and v = (¢/2)’. Then we prove (3.18) for 1 < v < 2.
When ~ > 2, since (m + 1)Y/2|[|h||l2 < (m + 1)/7|||h]||.,, therefore (3.18) holds for
~v > 2. Lemma 3.2 is proved. ]

Lemma 3.3. Let I', ¢ be as in Theorem 1.4. Suppose that h € H.(R™) for
some v > 1, then h(p H)I'(p~ 1) € H,(RT). Precisely,

1R DT (e Dllae, ) < Clikllae, @4y,
where the constant C' > 0 depends only on ¢.

Proof. We only prove the lemma in the case where ¢ is positive and increasing,
since in the other case one can prove similarly. By the change of variables t = o(r)
and Remark 1.6 (i) we have

- -1 -1 vt _ [ r rv@/(mr gt
| et on g = [ reorer S < ol g

This completes the proof of Lemma 3.3. |
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Lemma 3.4. LetT and ¢ be as in Theorem 1.4. Then

(i) if ¢ is nonnegative and increasing, Ty 0.7 o (f) = The-1re-1),0.2(f);

(ii) if ¢ is nonnegative and decreasing, Th.0.7.»(f) = —The-1)re-1),0.2(f);

(iii) if ¢ is non-positive and decreasing, T}, o, p..(f) = Ty o-1yr(p-1),60

(iv) if ¢ is non-positive and increasing, Ty o.p,(f) = _Th(@—l)l"(@—l)7fl77)<f>a

where Q(y) = Q(—vy).

Proof. We can get this lemma by Remark 1.6 and the similar arguments as in [7,

Lemma 2.3]. The details are omitted. |

4, Proors oF MAIN REesuLTs

For n € {1,---, N}, we denote s(n) = rank(I,). By [10, Lemma 6.1] (see in
[10, (7.35)]), there are two nonsingular linear transformations H, : R*(" — R and
G, : R? — R? such that

(4.1) [ Hym iy Gl < 1Iy()] < Ayl Hyrl, Gl

For a function ¢ € Cg°(R) such that ¢(t) = 1 for |¢| < 1/2 and ¢(t) = 0 for |¢| > 1.
Let 1 (t) = ¢(t?) and define the measures {7, } by

Fonl€) = amr, (€ TT v (120 el el )
(4.2) n<j<N
—aen, (6 T p(j2m Il Gl
n—1<j<N
for k € Z and 1 < n < N, where we use convention I;cpa; = 1. It is easy to check
that

N
(4.3) Ok = Z Tk,
n=1
In addition, we can obtain the following estimates by (3.8)-(3.9):
|Ten ()]
(4.4) 1/ (4(m+1)1,5)

< CA[min{2(m DD AT (6)], (2D ERDY A T (6)]) 1]

Now we are in a position to prove our main results.

Proof of Theorem 1.1. Let A and N(2) be as in Section 3. By (3.6)-(3.7) and
(4.3), we have

(4.5) Thop( Z S Dtk fla Z > ByH).

n=1meN(Q)U{0} keZ n=1meN (Q)u{0}
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By (3.5) and the fact that [||A[||, < C|h||s¢,g+), to prove Theorem 1.1, it suffices to
prove that for any 1 <n < A and o € R,

(4.6) 1By (D)l oy < CANSN o ey

for max{|1/p—1/2,|1/g—1/2[} < min{1/2,1/~'}, where C = C(n,d, h,p, q, @, o,
deg(/P)) is independent of the coefficients of P; for 1 < j < d and m.
Let X € §(R™) satisfying

0 < A(t) <1, supp(\) C [27(mHDIap, o(m+Dinp 1
and 3,5 A2(t) = 1 with A (2) = A(2(mFDknt). Define the operator Sy by

Skf(€) = Mm%, €N F ().

Observe that we can write

(4.7)
By(f) = Tk * (Z Sj+ij+kf> = Sik(Thy * Sjrf) =Y Bi(f).
keZ jEZ JEZ ke JEZ
When I, = wj(n), invoking the Littlewood-Paley theory and Plancherel’s theorem, we
get
1By <CY [ alOFIFE) e
kez Y Eitk
where

Ejp={€ € RY: 2 UHHDIMD A < |7d e] < 9=(Hk-DmtDl p
This together with (4.4) yields
1B () 2 (ay < 2_|j|/(4§)CAHfHL2(Rd)7
in other words (by (1.5)),
(4.8) |BHA) o2 gy < 27V ODCA fl s g
Next, it remains only to show that
(4.9) 1B ()l gpagray < CANfN gpaay

for max{|1/p—1/2|,|1/¢—1/2|} < min{1/2,1/4'},« € R, jeZand 1 <n < N.
To prove (4.9), it suffices to prove that

(410 H(%\B%@iw)”" e SCAH(;\W)”"

Lr(R4)
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for max{|1/p — 1/2|,|1/q¢ — 1/2|} < min{1/2,1/4'} and {g;} € LP(¢9,R%), where
C is independent of j and m. In fact, (4.10) implies (4.9), that is,

IBY gy = || (2701w » By1) |

Y/ Lr ()
) ) 1/
<[[(Zime v, .,
IE€EZ
<C’AH(ZQ a1y, 5 |9 ) ’LP(Rd)
- CAHfHqu (Rd)*

In what follows, we show (4.10). Using Proposition 2.3, Lemma 3.2, the definition of
Tk,n and the similar argument in getting [4, Propostion 2.3], one can check that

H(Z (Z‘Tkm*gk,i‘Q)qm)l/q’
i€Z  keZ
<o (2 (X la?)™)"
keZ

€L

LP(R%)
(4.11)

Lr(R4)

for max{|1/p—1/2|,|1/q—1/2|} < min{1/2,1/~'}. Let W, (&) = H(20m+Dklnel) =
Ak(‘ﬂ_g(n)f‘), where é. (fl §2> with é.l (&17 e 7&8(7])) and é. (&8 )41 §s )42
-, &), Itis clear that U € §(R*(")). By the definition of S, we have

Se(f)(x) = Vi @ Sg—s(n) * f().

Using Proposition 2.3 again, for 1 < p,q < oo and arbitrary functions {g;}icz €
Lr(07,RY), we have

@) (X (T isuar)”) "

sy =€ (lai) ™

Lp(Rd)
kEZ 1EZ
By duality and using (4.11)-(4.12), we get
, 1/q
J(a:)|4
H(Z‘Bﬁ(gm > Lr(R4)
€L
| LS Spaalri s Spsala) @) i)
H{fl}HLp ([q Rd)— 1€Z kEZ
a'/2\1/q'
<C sup |S* +k )
H{fi}HLp/(gq/Rd)Sl H ( Z (ZE: J > > Lr' (R%)

: H ( 2 (Z Ik Sj+k(gz‘)\2> q/2> "

i€Z keZ

Lr(R4)
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(5 (S s

i€Z keZl/
q
<ca] (Siar)”
€7
This proves (4.10). Then by interpolation (see [8, 13]) between (4.8) and (4.9) implies

that there exists e > 0 such that for max{|1/p—1/2|,|1/¢—1/2|} < min{1/2,1/4'},
acRand1<n<N.

Lpr(R%)

Lpr(R%)

(4.13) IBI g ey < 27 ODCA| £ pazay,
which together with (4.7) implies (4.6) and completes the proof of Theorem 1.1. m

Proof of Theorem 1.2. The proof of Theorem 1.2 is to copy the arguments in proving
[4, Theorem 1.2]. By Theorem 1.1 and (1.5), for |1/p—1/2| < min{1/2,1/~'}, there
exists a constant C' > 0 such that

(4.14) HTh,Q,P(f>HLp(Rd) < CHQHL(log+ L)l/w/(S"—l)HfHLP(Rd)'
Then for |[1/p—1/2| < min{1/2,1/9'}, 1 < ¢ < oo and « € Z, we have
—ix 1/q
1Th0P ()l gragay = (22 qH\I/i*Th,Q,P<f>H%p(Rd)>

€L

A /
= (S Thop@ W 1))

€L

—io 14
S C"Q"L(log+ L)l/'y/(sn—l) ( Z 2 qH\II'L * f”%P(Rd)>
1€Z
= CHQHL(log+ L)l/w/(sn—l)HfHB(‘i’q(Rd)'

Theorem 1.2 is proved. n

Proofs of Theorems 1.4 and 1.5. Using Lemmas 3.3-3.4 and Theorem 1.1, we get
Theorem 1.4. Also, Theorem 1.5 follows from Lemmas 3.3-3.4 and Theorem 1.2. =
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