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EXISTENCE, ASYMPTOTICS AND UNIQUENESS OF TRAVELING WAVES
FOR NONLOCAL DIFFUSION SYSTEMS WITH DELAYED NONLOCAL
RESPONSE

Zhixian Yu'! and Rong Yuan?

Abstract. In this paper, we deal with the existence, asymptotic behavior and
uniqueness of traveling waves for nonlocal diffusion systems with delay and global
response. We first obtain the existence of traveling wave front by using upper-
lower solutions method and Schauder’s fixed point theorem for ¢ > ¢, and using
a limiting argument for ¢ = c,. Secondly, we find a priori asymptotic behavior of
(monotone or non-monotone) traveling waves with the help of Ikehara’s Theorem
by constructing a Laplace transform representation of a solution. Thirdly, we
show that the traveling wave front for each given wave speed is unique up to
a translation. Last, we apply our results to two models with delayed nonlocal
response.

1. INTRODUCTION

The spatial dispersal of cells, organisms or species is clearly central to ecology, and
the evolution of dispersal itself is consequently of great importance. The Laplacian
reaction-diffusion equation

ou(t, x)
ot
is well known in population dynamics and was investigated by Fisher [12] to model the

spatial spread of a mutant in an infinite one-dimensional habitat. Since then, traveling
wave fronts for reaction-diffusion systems have attracted much attention in biology,

(1.1) =D Au(t,z) +u(t,z)(1 —u(t, z))
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chemistry, epidemiology and physics, see [2, 11, 23]. There are many methods to deal
with the existence of traveling wave, for example, the phase space analysis [20] and
the Conley index [23]. Due to the practical background and biological realism, delays
and nonlocal delays are incorporated into reaction-diffusion equations, see [9, 14-15,
20, 23, 26] and the references therein.

Despite the popularity of Laplacian diffusion models, diffusion has some drawbacks.
One important shortcoming for ecological and epidemiological models is that Laplacian
diffusion is a local operator where individuals in the population can only influence
their immediate neighbors. With diffusion models there is some disconnect between
experimentally collected data and a limited number of parameters that are available to
fit that data. One method in overcoming these problems with the Laplacian operator
is to describe these models concerning with the spatial migration by integral equation.
Lee et al. [14] argued that, for processes where the spatial scale for movement is
large in comparison with its temporal scale, non-local models using integro-differential
equations may allow for better estimation of parameters from data and provide more
insight into the biological system. The precise mathematical model is read as

(1.2) ug(t, ) = /RJ(a: —y)u(t,y)dy — u(t,z) + f(u(t,z)).

The nonlocal model (1.2) with monostable nonlinearity have been widely investigated
by authors ( see [1, 4, 7, 8, 9, 22]). More recently, authors in [18, 19] showed the
existence of traveling waves for (1.2) with delayed reaction terms satisfying the quasi-
monotonicity and the exponential quasi-monotonicity, respectively. Those results in
[18, 19] were well applied to the Logistic equation with nonlocal diffusion

(1.3) u(t, x) =d[J *u(t,x) —u(t,z)] + ru(t — 7, 2)[1 — u(t, x)]
and the Nicholson’s blowflies equation with nonlocal diffusion
(1.4) ur(t, ©) = d[J xu(t,x) — u(t,x)] — ru(t, z) + rpu(t — T, x)e_“(t_T’I),

where r, p and the delay 7 are positive. Authors [26, 28] further investigated two com-
ponentwise nonlocal diffusion systems with the weak (exponential) quasi-monotonicity
and the partial (exponential) quasi-monotonicity, respectively. The model (1.2) is
closely related to traditional reaction-diffusion models. Taking the diffusion kernel

(1.5) J(z) = 6(z) + 6" (),

where § is the Dirac delta, (1.2) reduces to the Laplacian reaction diffusion equation
(1.1), (see, Medlock et al. [17]).

We notice that the drift of some individuals depends on their present position from
all possible positions at previous times. It appears that the first comprehensive attempt
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to address this phenomena was made for the reaction-diffusion equation by Britton
[3]. His idea was that the reaction term with the delay has to involve a weighted
spatial averaging over the whole of the infinite domain (for short, the reaction term
with delayed nonlocal response). Motivated by these, we also incorporate the nonlocal
delayed response into nonlocal diffusion models (1.3) and (1.4), that is,

(1.6) uy(t, x) =d[J *u(t,z) — u(t,z)] + r/Rk(y)u(t -7,z —y)dy(1 —u(t, z))

and
u(t, ) = d[J xu(t,x) — u(t, x)]
(1.7) —ru+ rp/ k(y)u(t — 7, x — y)dye e F@ult=m2=y)dy
R

To our knowledge, the existence, asymptotic behavior and uniqueness of traveling waves
for nonlocal diffusion systems (1.6) and (1.7) are not reported. In order to address
these results, we first investigate the existence, asymptotic behavior and uniqueness
of traveling waves for more general nonlocal diffusion systems with delayed nonlocal
response

o0

(18) w(t, 2) = dlJ  u(t,2) —u(t. )] + f(u(t, 2) /

—00

k(y)u(t—r, @ —y)dy)

where d > 0, 7 > 0 are constants,
Jxu(t, ) = / J(x — y)u(t, y)dy is the standard convolution,
R

and the functions J, k f satisfy

H1) J>0, J(z)=J(-z), [ J(y)dy =1, and [, J(y)e Mdy < oo, YA > 0.

(H2) k>0, k(z)=k(-z), J[gk(y)dy=1, and [; k(y)e dy < oo, VA > 0.

(A1) f e Y0, K]?, R), f(0,0) = f(K, K) =0 and f(u,u) > 0 for u € (0, K),
and 9o f (u, v) > 0 for (u, v) € [0, K]?, where K is a positive constant;

(A2) 01f(0, 0)u + Do f(0, 0)v > f(u, v) for any (u, v) € [0, K]?;

(A3) there exist numbers L, x > 0 and o1, 09 € (0, 1] such that
|f(u, v) — 01£(0, 0)u — Do f(0, 0)v| < L(ul ot 4 pltoz)
for any (u, v) € [0, x]2.

Remark 1.1. Condition (A1) together with (A2) implies that 91 (0, 0)+ 92 f(0, 0)
K K\2
> f<7, 7) % > 0.
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Remark 1.2. Letting k(z) = 6(x), (1.8) can be reduced to the following nonlocal
diffusion system

u(t, x) = d[J *u(t,z) —u(t,z)] + f(u(t, z), u(t — 7, x)).

A traveling wave of (1.8) is a solution of special form u(¢, z) = ¢(x+-ct), where the
velocity ¢ and the wave profile ¢ satisfy the following functional differential equation

19 (9 =dlx o) - )]+ £((0), [

—00

o0

k(y)9(& - or — y)dy)
with asymptotic boundary conditions

1.10 lim =0, lim =K,
(1.10) Jim6(6) Jim_o(6)

where 0 and K > 0 are two equilibria of (1.9). A traveling wave ¢ is called the
traveling wave front if ¢ is monotone.
Now we formulate our main theorems as follows.

Theorem 1.1. [Existence]. Assume that (H1)-(H2) and (A1)-(A3) hold. Then
there exists a positive constant c, such that for each c¢ > c, equation (1.8) admits a
nondecreasing positive traveling wave front u(t, x) = ¢(x + ct) with ¢(—o0) = 0 and
¢(+00) = K. Moreover, if ¢ > c,, then

(1.11) glir_n Pp(&)eME =1, glir_n ¢ (£)e™ME = ),

where A = A1 > 0 is the smallest root of the equation
Alc, )
=c\—d [/ e~ M J(y)dy — 1] —01f(0,0) — d2f(0, O)e_c”/ k(y)e Mdy = 0.
R R
Theorem 1.2. [Asymptotics]. Assume that (H1)-(H

is any nonnegative bounded traveling wave of (1.8) with
we have the following conclusions

2), (A1)-(A3) hold, and $(€)
¢(—o00) =0and ¢ #0. Then

(i) For every ¢ > c, ) lim (€)e M€ exists.
——00
i) For c=cy, there exists a constant \, >0 such that lim b —Lle=A€ oxists.
3
——00
(iii) For 0 < c < ¢, there is no nonnegative bounded traveling wave with $(—00) =
0 and ¢ # 0.

Theorem 1.3. [Uniqueness]. Assume that (HI)-(H2) and (A1)-(43) hold. For
¢ > ¢y, let p, ¢ be two travelling wave fronts of (1.9) and (1.10) with wave speed
c. Then ¢ is a translation of 1, more precisely, there exists & € R such that ¢(§) =

(€ +)
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This paper is organized as follows. Section 2 is devoted to the existence of traveling
wave front for the nonlocal diffusion system with delayed nonlocal response by using the
super-sub solution method and the Schauder’s fixed point theorem for ¢ > ¢, and using
a limiting argument for ¢ = c¢,. In Section 3, we find a priori asymptotic behavior of
traveling waves with the help of Ikehara’s Theorem by constructing a Laplace transform
presentation of a solution for a class of the nonlocal diffusion system. In Section 4,
the traveling wave front obtained in Section 1 is unique up to a translation by using
the technique in [5, 6]. Last Section, we apply our results to another version of the
classical Logistic model and the Nicholson’s blowflies model with delayed nonlocal
response.

2. EXISTENCE OF TRAVELING WAVE FRONTS

Let
C[O,K](Rv R) = {¢ € (Rv R) ‘0 < ¢(§> <K€ R}'

Define the operator 1" : Cp g](R, R) — Cjo, g](R, R) by

£
@.1) T(0)€) = 1 [ BHO) ),

Cc

where

2) H6)(9) = dTs6(©) +(-d)o(©)+£ (4(6). [

R

k(y)aﬁ(f—w—y)dy), EeR.

By (H1)-(H2) and (A1), T is well defined. It is easy to see that a fixed point ¢ of T’
or a solution of the equation

(2.3) P(§) =T(9)(&), ¢€R

is a traveling wave solution of (1.8).

Since O f(u, v) > 0 for (u, v) € [0, K]?, it is easy to see that the function f
satisfies the following quasimonotone condition.

Lemma 2.1. Assume that (H2) and (A1) hold. Then there is a positive constant
B > max,, y)elo, k)2 [01f (u, v)| + d such that
F(nl€), [ Kwonte = er = )y) = 1 (2(6), | bw)oale — er — y)dy)
+ (B —d)(#1(§) — $2(£)) 2 0

where ¢1, ¢2 € C(R, R) with 0 < ¢2(§) < ¢1(§) < K for { e R
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Now we introduce the concept of upper and lower solutions of the integral equation
(2.3).

Definition 2.1. A continuous bounded function ¢ is called an upper solution of
(2.3) if

24 T(9)(§) < ¢(§), forall & € R,

A lower solution of (2.3) is defined in a similar way by reversing the inequality in
(2.4).

Define a function
Alc, )

=ch—d [/ e—AyJ(y>dy—1] —01f(0, 0)—02f(0, O)e_CTA/ k(y)e dy.
R R

2.5)

It is easily seen that the following lemma holds.

Lemma 2.2. Assume that (H1)-(H2) and (A1)-(A3) hold. Then there exists a
unique c, > 0 such that

(i) if ¢ > c4, then there exist two positive numbers A1 and Ao with \y < Xy such
that
A(C, /\1) = A(C, /\2) = 0;

(ii) if ¢ < ¢y, then A(c, ) <0 for all X > 0;
(iii) if ¢ = ¢y, then Ay = Ao = Ay, and if ¢ > ¢, then \y < A\, < A2 and

Ale, ) >0 in (A, ), Ale,) <0 in R\ [Ag, Aol.

For the above constants ¢ > ¢, and A1, Ao given in Lemma 2.2, we define the
following continuous functions:

(2.6) $(€) :==min{K, ¢}, ¢ €R,

and

2.7) 6(&) = max{0, eM¢ — ge?M}, LR,
Ao

where v € (1, min{l + 01,1 + o9, 32 ). Clearly, for sufficiently large ¢, we have

0 < ¢(&) < p(¢) <K and ¢(¢) # 0 for £ € R.

Lemma 2.3. Assume that (H1)-(H2) and (A1)-(A3) hold. Then for ¢ > c,, ¢(&)
and ¢(§) are an upper solution and a lower solution of (2.3), respectively.
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Proof. Since 0 < ¢(¢) < K for £ € R, it follows from Lemma 2.1 that

H(¢)(€) = d/ J()o(& —y)dy + (6 — d)p(&) + f@(é), /Rk(y%@ — T — y)dy>

R
<dK+ (-d)K + f(K,K)= 8K

and

£ £
@8 T@©O =¥ [ @iy < et [ Poray -k

& —00

On the other hand, noting that f(u,v) < 01f(0, 0)u + 02f(0, 0)v for u,v € [0, K]
and 0 < ¢(&) < eMe for € € R, it follows from A(c, A1) = 0 and 8 > MaX(y, )0, K]2
|01 f(u, v)| + d that

H(@)(€) <d / JW)BE —y)dy + (8 — d)BE) + nf (0, 0)3(E)
+01(0,0) [ bl)3le — er — )iy

R

<Mt [d / J(y)e ™ dy + (8 —d+ a1 (0, 0))
R

+001(0,0) [ kg ay|

R
= eME(eA) + )
and

T()()
(2.9) 1

13 - 1 13
et [ @y et [ remen s gy = e

According to the definition of ¢(£) and (2.8) and (2.9), it is obvious to see that

T(9)(§) < (¢), forall§ €R.

Thus, ¢(£) is an upper solution of (2.3).

Letting &y = —%, then we have

#(6)=0 for&>& and ¢(&) =eMs — g™ for € < &.
Obviously, it follows from Lemma 2.1 that

(2.10) T($)(€) >0 for £ €R.
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By (A3), we have

2.11) flw v)
> 01 £(0, 0)u + Do f(0, 0)v — L(u'T + v92) for any(u, v) € [0, ]2
It is easily seen that there exists 1(y) > 1 such that

eME — M <k for ¢ > Q1(7).

Therefore, 0 < ¢(§) < k. Since § < 0 and 1+ 0; > 7y, i = 1,2, it is easy to see that

(2.12) B(&) > (¢) > eME— g™t for { €R
and
(2.13) [P()] 7 <™ for £ €R,i=1,2.

Thus, according to (2.11)-(2.13), we can obtain

[/R k(y)o(€§ —er — y)dy] Itos _ {/R k(y) [(f(f Cer— y>>1+0'2} . dy}1+oz

A
§€7>\1§ [/ k(y>e_11—012(5’f+y)dy]
R

and
H(@)(6)
— 7 9(€) + (8- D9l + (20, [

R

k(y)o(§ — T — y)dy>
>dJ x ¢(&) + (B —d)o(§) + 01£(0, 0)¢(§) + A2 £(0, 0) /R k(y)o(€ —er —y)dy
1402
- L@ - | [ K)ote - er - )iy
> d/ J(y) (e’\l(g_y) — qe”’\l(g_y)>dy + (B —d+ 01f(0,0)) <€/\1£ — qe”’\ﬁ)

+ 02 (0, 0)/

5 k(y) (e/\1(£—w—y) - qew\l(&—w—y))dy

A 1402
— LetM& _ [erMg [/ k(y)e_ll—"l?(wﬂ)dy]
R

= (cA1+B)eME — (eyhi+ B)ge™™¢

A — Tk (er+y) e
+ ML A(e, v )g— L — L / k(y)e Ttoz dy .
R
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Therefore, choosing ¢ > max{Q1(7), Q2(7)}, where
Y Loz
L+ L [ ke TE g,

@00 = Ae ) |

we have
(2.14) H[g|(&) > (ch1+ B)eM® — (eyAr + B)ge?™e,
It follows from (2.14) that

(@)

(2.15) 1 ¢
> —e—%g/ €%y[(c/\ﬁrﬁ)ehy—(07/\1+5)Q€Wy dy=eN® —geT™e,
—o

c
According to (2.10), (2.15) and the definition of ¢(¢), we have
T(¢)(§) = ¢(§), forall eR.
Thus, ¢(§) is a lower solution of (2.3). This completes the proof. [ ]
In the following, we introduce the exponential decay norm. For 0 < A < A1, define
BA(R, R) = {¢: (&) € C(R, R) andsupgeg|¢(€)]e ™ < oo}.

It is easy to check that By (R, R) is a Banach space equipped with the norm || - ||x
defined by || ¢ [[x= supeeg [#(§)|e ¢ for ¢ € BA(R, R) .
Let ¢(£) and ¢(&) be given above and define the set I' by

I' .= {¢ S C[O,K](Ra R)

(i) ¢(&) is nondecreasing on R; }
(i) ¢(&) < B(€) < p(€) for all £ € R.

It is obvious that I' is nonempty, convex and compact in By(R, R). For the operator
T defined by (2.1), we have the following lemma.

Lemma 2.4. Assume that (H1)-(H2) and (A1)-(A3) hold. Then we have
() T(T) c Ty

(2) T :T' — T is completely continuous with respect to the norm || - || g, in B).

Proof.  According to Lemma 2.1 and Lemma 2.3, it is easily seen that for any
pel,

B(&) <T(9)(&) < T(9)(§) <T(9)(§) < p(8),
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and T'(¢)(&) is nondecreasing on R. Thus, T'(T") C T.
Since f € C*([0, K]?,R), there exists M > 0 such that | f(uy,v1) — f(uz,ve)| <
M (Juy — ug| + |v1 — vo|) for u;,v; € [0, K],i=1,2. Thus, for ¢, ¢ € T, we obtain

H(8)(€) — Hw) ()]
Sd/ J@)6(E — y) — (€ —p)ldy + (8 d+ M)|S(E) — (€)|

—|—M/Rk(y)\qﬁ(§—07 —y) — (€ — er —y)ldy

<l [y 5 - ds a0 [ ke Oy o - wlla,
R R
Thus, we have

IT(¢) — T()| 5,
= sup I T($)(€) — T()(&)|e

el ¢ (@t
<supe ¢ - e ¢

£eR CJ—x

1
< [d/J(y)e‘kydy+ﬂ—d+M+M/k(y)e‘““”)dy I — |5,
cA+ 0 R R

which implies that 7" : I' — T" is continuous. On the other hand, for any ¢ € I, £ € R,
we have

[H(9)(y) — H(¥)(y)|e dy

H(¢)(§) < BK
and for § > &2, &1,&2 €R,

T(0)(&1) = T()(&)]
< EK[e_%gl /51 e%ydy _ 5 /52 e%ydy}

c —Oo —Oo
[P
/ e%ydy}
—Oo

&1
< EK[6—§§1 / e%ydy + ’e—%& _ e—g&
¢ &2
= 2K [1 - 6—5(51—52)]
which imply that {T'(¢)(&) : ¢ € T'} is uniformly bounded and equicontinuous in
¢ € R. Thus, by Arzela-Ascoli theorem, for any given sequence {t, },en+ in T'(T),
there exist ny — oo and ¢ € C(R,R) such that klim Yn, (&) = (&) uniformly for
—00
¢ in any compact subset of R. Since ¢(£) < ¢y, (€) < ¢(€) for any £ € R, we have
#(&) < Y(&) < @(€) for any € € R, and therefore ¢(£) € T. Note that
lim (6(€) — ¢(€))e ™ =0.

£—*o0 -
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Thus, for any € > 0, we can find My > 0 such that

[V, (€) = ¥ (€)™ < (8(€) — B(€))e™ <€ for any |¢ > Mo.
Since klim (Y, (£) =10 (€))e™¢ = 0 uniformly for & € [—My, M), there exists K’ > 0
such that for & > K’,
(¥, (€) = $(&)le™ < for any |¢] < Mo.

It follows that ||¢,, — ¥||g, — 0 as k — oco. Thus, we can see that 7' : I' — T is
compact with respect to the norm || - || g, in By. This completes the proof. |

Proof of Theorem 1.1. For ¢ > c,, it follows from Lemma 3.3 and the Schauder’s
fixed point theorem that 7" has a fixed point ¢(§) in I'. Since ¢(€) is nondecreasing
and bounded, | =: lim¢_.o ¢(§) > 0 exists. By L. Hopital’s rule and (Al), we can
obtain | = K. Since max{0, eM¢ — ge?¢} < ¢(¢) < min{K, eM¢}, ¢ € R, it
follows that limg .o ¢(§) = 0 and

m |¢(&)e ™M —1 < lim ge(rDME =
£_>_ £_>—OO

which implies that

(2.16) . lim ¢(€)e AN

According to (2.11), (2.16) and limg_,_ ¢(§) = 0, it is easily seen that
i [7(60), [ K@)o(€ - or = dy) - 170,006
=30 (0.0) [ K€ - er ~ iyl

< aim L{ioe] + ( / KW)6(E — e —y)dy) fe NS =0

and
Jim e [ ole—y)awidy= [ ey
Therefore,
Jim @/(©e e
— %5 lim {d[J xp(&) — (&) + f <¢(§), / k(y)p(& — er — y)dy) } o MiE
o A
1

C
= A1.

= Ha| [ty -1] + 0.0+ 250.0) [ sy}
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For ¢ = c,, it could be obtained by a limiting argument similar to that of [24, 29].
We omit the details.

For ¢ > ¢,, we can obtain ¢(£) > 0 for £ € R. Indeed, note that 0 < ¢(§) < K
for € € R. If ¢(&y) = 0, ¢p(&) = 0 for & < & since ¢(&) is nondecreasing. By (1.9),
for £ < &, we have c¢/(§) = dJ * ¢(£) > 0, which is a contradiction. This completes
the proof of Theorem 1.1. ]

3. ASYMPTOTIC BEHAVIOR OF TRAVELING WAVES

In this section, we will find a priori estimate and asymptotic behavior of any
nonnegative traveling wave solution with the help of Ikehara’s Theorem.

We recall a version of Ikehara’s Theorem.

Lemma 3.1. ([4], Proposition 2.3). Let [(\) = ["™ u(x)e ™ *dx, with u being a
positive decreasing function. Assume that [(\) has the representation

() = )

(X + a)k+1”
where k > —1 and h is analytic in the strip —a < R\ < 0. Then
u(z) h(=a)

li = .
o0 ghe—om I(a+1)

In what follows, we assume thatéf(a: + ct) is any nonnegative bounded traveling
wave of (1.8) with ¢(—o0) = 0 and ¢ # 0. Then we can obtain the following results.

Lemma 3.2. Assume that (HI)-(H2) and (A1) hold. Then the function ¢(€) is
strictly positive for £ € R.

Proof.  Suppose on the contrary that there exists {; € R such that qZ(fL) = 0.
Since ¢ is a nonnegative bounded traveling wave with ¢(—o0) = 0 and ¢ # 0,
& :=sup{& € R| ¢(&) = 0} is well defined and ¢(&p) = ¢'(£o) = 0. Thus,

0 = e/ (€0) = dlJ 5 3(60) — (60 + £ (3160). [ K360 -7~ )dy)
—d [ 1)t~ g+ 1 (0, [ bl - 7~ dy)
> d [ I s+ 10,0 = d [ @i~ iy
R R

which implies that 5({0 —y) =0 a.e. on R. This contradict the definition of . This
completes the proof. ]
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Lemma 3.3. Assume that (H1)-(H2) and (A1)-(43) hold. Then [*__ $(8)df < oo
for any £ € R.

Proof. L~et w = 81f(0, 0) + 82f(0, 0) > 0 and wy = 82f(0, 0) — 81f(0, 0).
Since . lim ¢(€) = 0, there exists & < 0 such that for any £ < &',

w1

=t (30 + [ ke - er - y)ay
> 1 (e + |

5
=
s
S
782

|
Q
\1
|
=
.
=
2
+
Q
[ V]
N—

Then for any £ < &', we have
cd'(€)

= d(J % 0(8) = 5(€) + £ (9(&), | kw)ol€ — T —y)dy)

> d(J*$<f>—q?<fs>>+81f<o,0>§5<f>+82f<0,0> /R k(y)o(§ —cr—y)dy
@ 1| [ bt —er -]
a1 = dT*0(&) = d(9) - L 1+"1+ <y>$<f—cr—y>dy}“"2)
+EL3(6) + 7(/ <y>$<f—cr—y>dy—¢<§>)
+ 2L [ e - er iy + 2 [ k)il - er - ity +59))
> (7306 ~ 50) + 500 + T2 ([ kdte - er - iy - 569))
+2 / E(y) (€ — em — y)dy.

— CT —

According to Fubini’s theorem and Lebesgue’s dominated convergent theorem, we have

/:u #6(0) = #(0))db = /f ( /R JO) (G0 — ) - q;w))de) a9

n

(32) _ —/5 (/ 9/ 7 —t&)dtdﬁ) 40
/ 0)0 / € 10) — Gy — 10))dtdo
H_/Rjee/o 3(¢ — 10)dtdo
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as n — —oo, and

-/ ([ 4030~ e~ ) - S0y ) as
£
(

/k (et +y) / qﬁ — (et +y)t )dtdy)cw
R

= — /R k(y)(cm +y) </ (66— (e +y)t) — d(n — (er + y)t>]dt) dy

H_/R<k< c¢+y/¢ (er + y)t)d )dy

n — —oo. Integrating (3.1) from —oo to &, according to (3.2) and (3.3), then for any
§<¢,

c$(§)+—/< CT—i—y/ P(E—(cT+y)t)d )dy+d/RJ(9)9/01$(§—te)dtd9
/ b0 d0+—/ (/R k(y)&ﬁ(e—a—y)dy) do
> 71/_00 $(0)do

Thus, we can obtain that ffoo 5(9)d0< oo for any £ €R. This completes the proof. m

Lemma 3.4. Assume that (H1)-(H2) and (A1)-(A3) hold. Then there exists a posi-
tive constant o such that ¢(€) = O(e%) as &€ — —oo. Moreover, SUDger P(&)e % < 0.

Proof. Letting V(&) = ffoo $(6)d0, it is casily seen that V(£) > 0 is nondecreas-
ing and ) lim V(£)=0. First, we claim that ffoo V(0)dh < +oo for any £ € R.

If wo > 0, for any £ < &, ¢ given in Lemma 3.3, integrating (3.1) from —oo to &,
we have

cal(€) 2 d(J «V(e) - V() + V()

3.4) w1
L =2 (k*V(f—CT)—V(f))—i—rk*‘/(f—CT).

Integrating (3.4) from —oo to &, it follows that
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13 w1 §
©zd [ eve)y-venas+ 5[ v
(3.5) oo -
+_7”22 /5 (k*V(G—cr)—V(G))dGJr%/g kx V(0 —cT)do.

Letting Q(§) = ffoo J(0)d0, it is easily seen that Q(—&) = 1 — Q(&). Since V(&) is
nondecreasing, it follows that

13 13
/ J*V(G):/ V(0 + £)Q(6)d0

—Oo —Oo
and

+00 +oo
/ V(€ +6)Q(6)d6 > / V(E— 0)Q(0)do
0 0

-/ " Vet 00

o
:/ V(E+0)(1—Q(6))do
which implies that

0 3

/g V(0 + £)Q(0)d0 > / V(€ + 0)do — / V(6)do.
Thus, we have

13
(3.6) / LT % V(0) — V(0)]d0 > 0.

Similarly, we can also obtain
3
(3.7) / b V(60— ) — V(0 — er)]df > 0.

By (3.5)-(3.7), we obtain

3 3
UGEES /_oo V()do + = /_W[V(e —c7) —V(0)]d6
1
(3.8) - % /_5 V(0)do — WQ;T/O V(€ — crt)dt,

which implies that

(3.9) V() > —/_5 V(6)do —
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since V(&) is nondecreasing. By (3.9), V(£) is integrable on (—oo, £'|. Thus, if
wy > 0, then ffoo V(0)dh < +oo for any £ € R.

If wy < 0, then 9y £(0, 0) > d2f(0, 0) > 0. Then for any & < &’ (sufficiently large
—£& > 0), we have

o (€) =d(7 9(6) — (€ + 1(9(©). [

R

(3.10) > d(J % $(€) = 6(6)) + [(9(6), 0)
> d(7+ 3(€) ~ H(0)) + 50170, 0)(6).

k(y)o(€ — e — y)dy)

Thus, it follow from (3.10) that

@) B(€) > AT V() = V(©) + 50110, )V (E).

Integrating(3.11) from —oo to £, we obtain

V(E) zd/5 [J*V(G)—V(G)]dGJr%@lf(O, 0) /5 V(60)do
(3.12) z%alf(o, 0) /g V(6)d6.

Therefore, if wy < 0, then ffoo V(0)df < +oo also holds for any £ € R.
Furthermore, we can verify that V(£) = O(e%) as ¢ — —oo.

In fact, for any r > QW%T%C > 0 and w9 > 0, it is clear that

(B +e)vi© = %/5 V(O)do— > 2V (¢~ 7).

-Tr
For any r > (2%:)6 > 0 and w9 < 0, we can obtain

1 ¢ rd1 f(0, 0)
V(€)= 500, 0)/ V(oo > 200

-r

V(E—r).
Thus, there exists rg > 0 and some p with 0 < p < 1 such that

V(€ —r0) < pV(E).

Let (&) = V(£)e %, where o = % ln% < p. Then

(3.13)  g(&—r0) = V(£ —mp)e @7T0) = %V(& —ro)e”® < V(£)e™ = g(6).
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Noting that g(&) is bounded for all £ € [¢' — 7o, £], then (3.13) implies that g(&) is
bounded for all £ < &', that is, V(£) = O(e%) as £ — —oo.

Since V(§) = O(e%) as & — —oo, by (H1)-(H2), then [, J(§)V (£ — 60)do =
O(e%) as ¢ — —oo and [ k(0)V (€ — 6 — c7)df = O(e?) as € — —oo. Integrating
the first equality of (3.4) from —oo to £ and by ‘ lim 5(5 ) = 0, it follows that

3

o(6) =d [ 3OV (-8 -av(e)+ [

—00

£(3(6). [ KOW(E 0~ cryas)ap
<d [ JO)V(-0)d8 - av ()

+/§k&ﬂ&®&®+®ﬂ&®AfWWw—ﬁ‘”MﬂM

—00

:d/ JOWV (€ — 0)d0 — V(£

+ 01 £(0, 0)V(€) + Daf (0, 0) /Rk(ﬁ)V(f _9— er)dv

which implies that $(§)~: O(e) as £ — —oo. Since both ¢(¢) and e~ are bounded
if £ > ¢, then supgcp #(€)e™% < oo. This completes the proof. [ ]

Remark 3.1. Lemma 3.4 implies that [, ¢(8)e *?df < oo for any 0 < R\ < 0.

Proof of Theorem 1.2. For any A with 0 < A < ¢ and using Remark 3.1, we can
now define a two-sided Laplace transform of ¢ by

L(X) z/e—w&ﬁ(e)de.
R
Note that

e T % ¢(0)do

T

_ / e J(9) / 50 — 9)e 0D gady = L(\) / M ()

and

/ e ME % ¢(0 — cr)df = L(A)e ™ / e Mk (0)dY
R R

Since the first equality of (3.1) can be written as



2180 Zhixian Yu and Rong Yuan

d(J * $(€) — d(€)) — cd/(€) + 81 (0, 0)g(€)
+0:1(0.0) [ h)3le — er — )iy

(3.14) = 91£(0, 0)$(&) + 32£(0, 0) /R k(y)$(& — e — y)dy
~1(3(0). [ M)te  er = )in)
=: R()(6),
we have
(3.15) A\ L) = / T M R(G) (0)db.

It is easily seen that the left-hand side of (3.15) is analytic for R\ € (0, ¢). According
to (A3), for any w > 0, there exists L > 0 such that

F(,0) = 0£(0, 0)u + 32 f(0, 0)v — T (0 + 072, Vu,v € [0,7,

where
L =: max {L, 5~ (+min{o,02}) max ]{al £(0, 0)u + Do f(0, 0)v — f(u, v)}}.
u,v€ |0,u]
Thus,

(o1 + | [ ke - er - nan] ) < mG)© <.

Choosing v > 0 such that v < min{oy, 02}e. Then for any A € (0, o+ v), we have

ve

/ : MG a0 = [ OG0 (d0)e ) ag

vE

<L\ —v) ( sup 5({)6_ o1

g1
) < +00
£eR

and

[ [ rito - er— ] as
_ /oo o~ (A=) (=) / k()30 — o7 — y)dye>Te—v(0=cT)
—00 R
[ [ k(o= er = )a] a0
= [T [ hwdo - - pae
—00 R
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v o2 —~ _’/_f o9 o0
= [/k(y>€ dey} (Sup¢(§)e ”) / e~ (A=v)(0—cT)

R £eR —00

[ Kw)3(0 — e — y)ayeas
R
z&)oz

e[ [ ke B0y (sup e

£eR

X / k(y) </ e~ O—T=9) g9 — o — y)e_(’\_”)ydy) do
R —00

=L\ —v)e AT [/Rk(y)e_%ydy} 7 (sup 5(&)6_%>02 /R k(y)e~ AWy < +oo.

£eR
Therefore, we obtain
’ / e—keR(&E)(e)de’
_ o0 - ~ 1402
<z [~ e+ [ [ k)i - o - ]de < +oo
—00 R

We now use a property of Laplace transform ([25], p. 58). Since 5({) > 0, there
exists a real x such that () is analytic for 0 < R\ < x and LL(\) has a singularity at
A = k. Hence, ¢ > ¢,, L()) is analytic for 0 < A < A; and L(\) has a singularity
at A = A\q.

We first prove (iii) of Theorem 1.2. We argue by contradiction, that is, for 0 <
¢ < ¢4, there is a nonnegative bounded traveling wave with ¢(—oo) = 0 and ¢ # 0.
Since A(c, A) has no real zeros, L()) is analytic for all A with R\ > 0. Using (3.15),
it follows that

[ a0 0d0) - r@)©)1d0 =0

which implies a contradiction since A(\, ¢) — +00 as A — +o0.
Next we prove (i) and (ii) of Theorem 1.2. From now on, we study the case ¢ > c,.
In order to apply Lemma 3.1, we rewrite (3.15) as

0 " 0 e—>\9 e 00 _
(3.16) /_ e Mp(0)do = L A(f(j)(%g_ / e M (0)do.

0

Note that [ $(0)e=%df is analytic for RA > 0. Also, A(A, ¢) = 0 does not have any
zero with RA = A; other than A = Ay. In fact, letting A = \; + i3, then A(\, ¢) =0
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implies that

ch\ =d [/ e MY J(y) cos Bydy — 1] + 01 f(0, 0)
R

+02f(0, 0) / e_’\l(“”)k(y) cos fB(etT + y)dy
R

(3.17)

and

(3.18) cB:d/Re_’\y sin By J (y)dy + d2.£(0, 0)/Re_’\1(y+”)k(y) sin f(eT+y)dy.

According to (3.17) and A(Aq, ¢) = 0, we can obtain

(3.19) d/ e~ sin? %J(y)dy—i—@gf((), 0)/ e~ Mwer) gin? Wk(y)dyzﬁ
R R

If 92 (0, 0) = 0, (3.19) can imply sin % = 0 and it is easily seen that 3 = 0 by (3.18).
If 92 £(0, 0) > 0, according to (3.19), then we have sin % = 0 and sin W =0
which imply that 8 = 0 by (3.18).

_Assume that ¢(&) is increasing for large —¢ > 0, then we can choose a translation
of ¢ that is increasing for £ < 0. Letting u(§) = ¢(—¢) and

T(w)(€) = 01/(0, 0)u(€) + Ba(0, 0) / E(y)u(é + o7 + y)dy
=1 (w(©), | kwyule-+er +y)ay),

it is clear that u(&) is decreasing £ > 0 and

too I e e’\eT(u)(G)dG_ 006_/\9~
/O u(B)dh = == /O 5(0)do

h(\)

where ¢ = 0 for ¢ > ¢4, and 7 = 1 for ¢ = ¢, and

(A= A1) [ AT (u)(6)do
(A) = AN, ¢

~ (A= Ayt / T e05(0)do.
0

By Lemma 2.2, limy_,, h(\) exists. Therefore, h(\) is analytic for all 0 < RA < A;.
Then Lemma 3.1 implies that

é_lim fku(fi)lgexists, i.e., lim o()
—+00 (&

P W eXlStS,
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that is,

0 . 3
é_Er_noO prea exists for ¢ > c,, é_ll}r_noo g

exists for ¢ = c,.

Now we assume that qZ(f ) is not monotone for large —¢ > 0. letting

1+ M+d  —  ~
p= . and U(§) = ¢(§)€p§,
where M = ( I)IIE[iX P{\(%f(u, v)|}, then for large enough —¢ > 0, we have
u,v)€[0,K

T =T+ HO +1(1+ 039 + 1 (59 [ Kw)dle - e7 =yl > 0.

R

Then we can choose a translation of U which is increasing for { < 0. Letting u(§) =
U(=§), it is clear that a() is decreasing £ > 0. Let L(\) = [, e NU(€)d¢. Noting
that L(\) = L(\ — p) and repeating the above argument, we have

N o1 (S N (5

e Eie A = é__1}r_noo i exists.

Thus, it follows that

lim @ exists for ¢ > c,, lim o) exists for ¢ = c,.
{——00 eMé {——00 \f\e’\*g
This completes the proof of Theorem 1.2. ]

4. UNIQUENESS OF THE TRAVELING WAVE FRONT

In this section, we will prove that the traveling wave front obtained in Theorem
1.1 is unique up to a translation by using the technique in [5, 6].

Lemma 4.1. Assume that (HI)-(H2) and (A1)-(43) hold. Then there exists py €
(0, K) such that for any solution (c, ¢) of (1.9) and (1.10) and any p € (0, py),

S+ p)o(€), (14 p)k x ¢(§ —cT)) = (1 + p) f(D(£), kx ¢(§ — 7)) <O
Sor all & satisfying $(&) > K — py.

Proof. Since ¢(+00) = K, there exist pg € (0, K) and large enough My > 0
such that ¢(§) > K — pg for & > Mjy. On the other hand, when £ — +o0, it follows
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from the Taylor expansion that

F(0(€) kx ¢(§ — 7)) = (¢(§) = K)OLf (K, K) + (k* §(€ — e7) = K) 02 f(K, K)
+o([(&) — KI) + o(|k * ¢(§ — e7) — K]),

Of(P(8), k(& —c7)) = OLf (K, K) + O(|9(€) — KI) + O(|k * ¢(€ — c7) — K]),

D f(P(8), kx d(§ — 7)) = Do f (K, K) + O(|p(€) — KI) + O(|k * ¢(§ — c7) — KI).

Thus, we have

dip[f((l +0)0(), (14 p)kx ¢(§ —c7)) = (L + ) f(6(£), k x d(§ — e7))]

p=0
= () f(D(E), kx (€& —c1)) + ki * §(& — eT) Do f(D(€), ko x B(€ — 7))
— f(¢(§), kx ¢(§ — 7))
=0 f(K, K) + 0y f (K, K) + O(|¢(§) — K|) + O([k * ¢(§ — e7) — K).
Since 01 f (K, K) + 02 f (K, K) < 0, we may choose pg > 0 small enough such that

T+ PO (Lt o)k x 9(E = 7)) = (Lt (€)ool = er)]| <0

p:
for all ¢ satisfying ¢(£) > K — po. This completes the proof. [ ]
For any fixed solution (¢, ¢) of (1.9) and (1.10), we define

k= (6) = sup{jf,(é)) 0(6) < K - po} .
Then 0 < k < 400 since é_li}r_nOO ‘Z((g = A1.

Lemma 4.2. Assume that (H1)-(H2) and (A1)-(A4) hold. Let (c, ¢1) and (c, ¢2) be
two solutions of (1.9) and (1.10), there exists p € (0, po] such that (14 p)p1(§ —kp) >

$2(§) for € € R. Then ¢1(§) = ¢2(§) for § € R.

Proof. Let w(p,§) := (14 p)$1(§ — rp) — ¢2(¢) and
p* :==inf{p > 0|w(p,-) > Oon R}.

By the continuity, w(p*,-) > 0 on R. Next we prove that p* = 0. Suppose on the
contrary that ¢* € (0, po]. By the definition of , we have

d
(4.1) d—pw(p,é) = ¢1(€ — kp) — (14 p)r¢) (€ — Kp) <0
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for all ¢ satisfying ¢(£) < K — pg. According to the definition of p* and w(p*,-) > 0
on R, (4.1) implies that there exists &y satisfying ¢1({p — kp*) > K — po such that
w(p®, &o) = we(p*, &o) = 0, S+ p2(§o) < Jx1(£5) and k* o (§o — 1) < (1+p")k =
¢1(&§5 — c1), where §§ = &y — kp*. Then, it follows that
0 =cd(&o) — d(J * $2(€0) — ¢2(&0)) — [(D2(&0), k * da(&o — cT))

> (14 p")[e¢h (&) — d(J = d1(&5) — ¢1(45))]

— F((A+p")91(&), (1 + p*)k x 1(& — 7))
=1+ p") f(01(&), b * ¢1(§g—cT)) = f (L + p*)d1(&), (14 p")k * ¢1(&5 — ¢7))

which contradicts Lemma 4.1. Hence p* = 0 and ¢1(§) > ¢2(&) for £ € R. This
completes the proof. ]

Lemma 4.3. Assume that (HI)-(H2) and (A1)-(A43) hold. Let (c, $1) and (c, ¢2)
be two solutions of (1.9) and (1.10) satisfying ¢o < ¢1. Then either ¢po = ¢1 or
¢a < ¢1 on R.

Proof. Suppose that there exists &y such that ¢1(&y) = ¢2(&o). Since ¢; and ¢ are

the solutions of (1.9) and (1.10), we have T'(¢1)(&0) = ¢1(&o) and T'(¢p2)(&o) = ¢2(&o)-
Thus

o

@2 0= &) - daléo) = e E [ BH(G)) - Ho) W)y,

—00

According to Lemma 2.1, it follows that H(¢1)(§) > H(¢2)(€) for all £ € R. There-
fore, (4.2) implies that H(¢1)(y) = H(¢p2)(y) for all y < &, i.e.,

4% 61(0) + (6= Dn) + (x| B(5)only = er — o))
= 475 6a(u) + (5= )oal) + (0n(0). [ K(5)oaly — e — o)),

which implies that

0= d [ J)6r(—s) - oaly — 5))ds
R
by Lemma 2.1. Hence ¢1(&) = ¢2(§) for all £ € R. This completes the proof. [ ]

Proof of Theorem 1.3. Let (c, ¢1) and (c, ¢2) be two solutions of (1.9) and (1.10).

By translation, we may assume that ¢1(0) = ¢2(0) = 4. By Theorem 1.2, ) lim %(g
——00
exists. Hence we may assume that 5lim zjgg < 1 (otherwise, we may consider
——00

Jim jigg) Then lim %ﬁgf) <1 forall z > 0.
——00 ——00
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For any fixed number z > 0, there exists £; > 0 such that ¢1(&) > ¢2(£ — 2) on
(—o0, —&1]. Thus, there exists large enough zp > 0 such that (1 + po)¢p1(€ — Kkpo) >
¢2(€ — zp) for all £ € R. Applying Lemma 4.2, we have ¢;1(£) > ¢2(§ — 20) for all
& € R. We may define

2" :=1inf{z > 0]¢1(§) > ¢2(§ — 2), for all £ € R}.

We claim that z* = 0. Indeed, suppose on the contradiction that z* > 0. According to

m M_f) < 1, there exists &5 such that
£——o0 $1(6—%5)

*

(43) 61(6 = ) 2 62§ — 2") for all € € (—00, ~Ea]

According to ¢1(+00) = K and ¢ (+00) = 0, there exists £&3 > 1 such that

d%[(l )€ — 260)] = b1 — 26(1+ p)F, > 0

for all p € [0,1] and £ € (—o0, —3]. Thus, for all p € [0,1] and & € (—o0, —3], we
have

(4.4) (14 p)¢1(€ = 26p) 2 B(§) = ¢2(€ — 27).

Now we consider £ € [—&2,&3]. Since ¢1(-) > ¢a(- — 2*) in R and ¢4 (2*) >
¢2(0), by Lemma 4.3, we have ¢1(-) > ¢2(- — 2*) in R. Thus, we can choose
0 < e < min{po, %} such that

(4.5) $1(- — 2K€) > o — 2%) on [—&a, &3]

Combining (4.3), (4.4) and (4.5), it follows that (1 + €)¢1 (- — 2ke) > Pa(- — 2*) in R.
According to Lemma 4.2, we have

$1(§ — ke) > pa(§ — 2%), VE R

which contradicts the definition of z*. Therefore, z* = 0. Since ¢1(0) = ¢2(0) = &,
by Lemma 4.3, ¢1 = ¢2 on R. This completes the proof of Theorem 3.

5. APPLICATIONS

We first investigate the existence, asymptotics and uniqueness of traveling waves
for (1.6). Since f(u, v) = r(1 — u)v satisfies assumptions (A1)-(A3), we can obtain
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Theorem 5.1. Assume that (H1)-(H2) hold. Then there exists a positive constant
¢y such that for each ¢ > cy, (1.6) admits a unique (up to translation) nondecreasing
positive traveling wave front u(t, x) = ¢(x + ct) connecting 0 and 1. Moreover, if
C > Cy, then

lim @(&)e M¢ =1, £Mn<ﬂ@k_M5:Ah
——00

§——o0

where A1 > 0 is the smallest root of the equation

Alc, \) =cA—d [/ e M J(y)dy — 1] — re_c”/ e MEk(y)dy = 0.
R R

Theorem 5.2. Assume that (H1)-(H2) hold and b(€) is a nonnegative bounded
traveling wave of (1.6) with ¢(—o0) = 0 and ¢ # 0. Then we have the following
conclusions

(i) For every ¢ > ¢, ‘ lim $(§>€_>\1£ exists.
——00
(ii) For c=cy, there exists a constant \, >0 such that ‘ lim @(&)E e ¢ exists.
——00

(iii) For 0 < c < ¢y, there is no nonnegative bounded traveling wave with $(—00) =
0 and ¢ # 0.

Next, consider the following diffusive Nicholson’s blowflies equation (1.7), where
r>0and 7 >0. When1 < p <e, f(u, v) = —ru+ rpve™" satisfies (A1) and (A2).
Therefore, we have the following results.

Theorem 5.3. Assume that (H1)-(H2) hold. Then there exists a positive constant
¢y such that for each ¢ > cx, (1.7) admits a unique (up to translation) nondecreasing
positive traveling wave front u(t, ) = ¢(x + ct) connecting 0 and Inp. Moreover, if
C > Cy, then

lim g(€)e M =1, lim ¢/(§e™ =,

£——00

where A1 > 0 is the smallest root of the equation
Alc, \) =cA—d [/ e M J(y)dy — 1] +r— rpe_c”/ e MEk(y)dy = 0.
R R

Theorem 5.4. Assume that (H1)-(H2) hold and b(€) is a nonnegative bounded
traveling wave of (1.7) with ¢(—o0) = 0 and ¢ # 0. Then we have the following
conclusions

(i) For every ¢ > c,, ) lim (€)e M€ exists.
——00

(ii) For c=cy, there exists a constant A, > 0 such that 51131 B(€)¢ e ¢ exists.
o
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(iii) For 0 < c < ¢y, there is no nonnegative bounded traveling wave with P(—00) =
0 and ¢ # 0.

Remark 5.3. Letting k(z) = d(z), (1.6) and (1.7) can be reduced to nonlocal
diffusion systems (1.3) and (1.4). Thus, our results improve and complement the
previous works.
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