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QUASI-PERIODIC SOLUTIONS OF 1D NONLINEAR SCHRODINGER
EQUATION WITH A MULTIPLICATIVE POTENTIAL

Xiufang Ren

Abstract. This paper deals with one-dimensional (1D) nonlinear Schrodinger
equation with a multiplicative potential, subject to Dirichlet boundary conditions.
It is proved that for each prescribed integer b > 1, the equation admits small-
amplitude quasi-periodic solutions, whose b-dimensional frequencies are small
dilation of a given Diophantine vector. The proof is based on a modified infinite-
dimensional KAM theory.

1. INTRODUCTION AND STATEMENT OF THE THEOREM

The aim in the present paper is to prove the existence of quasi-periodic solutions,
whose frequencies are small dilation of a given Diophantine vector w*, with dilation
factor A, i.e.,

(1.1) w=" Ax1 \eR,

of the one-dimensional (1D) nonlinear Schrodinger equation

(1.2) iy — Uge + V(2)u + |ulPu+ f(lul>)u =0, teR, zecl0,7]
subject to Dirichlet boundary conditions

(1.3) u(t,0) =0 = u(t,m),

where V() is real analytic on [0, 7], f is real analytic near u = 0, with f(0) = f'(0) =
0.
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Before describing our main result in detail, we present some literature on quasi-
periodic solutions for Hamiltonian PDEs.

In the 90’s, the finite-dimensional KAM theory (see for example the works of
Bourgain [5], Eliasson [9], Li-Yi [18], Xu-You [23], You [24]) has been success-
fully extended to infinite dimensions, dealing with certain classes of partial differential
equations carrying a Hamiltonian structure. In particular, the existence problem of
quasi-periodic solutions for Hamiltonian PDEs has received considerable attention in
the last twenty years. The main difficulty is the presence of arbitrarily ‘small divisors’
in the series expansion of the solutions. The first pioneering existence results of quasi-
periodic solutions have been proved by Kuksin [15] and Wayne [26] for 1D analytic
PDEs on an interval with Dirichlet boundary conditions, through suitable extensions of
KAM theory. In this case, the eigenvalues of the Laplacian are simple(see also Kuksin
[16], Kuksin-Poschel [17], Poschel [21]).

Later on, many authors developed different versions of infinite-dimensional KAM
theorems, by studying 1D nonlinear Schrodinger or wave equations, with constant,
parameterized or multiplicative potentials, subject to Dirichlet or periodic boundary
conditions. Concretely, they proved the existence of small-amplitude quasi-periodic
solutions or the persistence of lower dimensional invariant tori for these Hamiltonian
PDEs(see the works of Bambusi-Graffi [1], Geng-Yi [14], Liang-You [19], Liu-Yuan
[20], Yuan [25]). In addition, there are also some existence results of quasi-periodic
solutions concerning higher dimensional Schrodinger or wave equations, see Bourgain
[6, 7], Eliasson-Kuksin [10], Geng-You [12], Wang [27, 28].

For finite-dimensional Hamiltonian systems, we quote the results of Bourgain [5]
and Eliasson [9] as follows.

Eliasson [9] addressed a revised finite-dimensional KAM theorem, considering a
real analytic function

h(y, z) = ho(y) + (y), ) + 0*(2),

on certain open subset of R x R™, and proved the existence of an invariant n-torus
I" in a neighborhood of {y = yo, z = 0}, under the non-degenerate conditions

04) det(Dw(y)) # 0,
1.4
{1,Q(y) — w(y)(Dw(y)) "' DQ(y)) # 0,Yy € R", 1 € Z™\0, |I| <3,
and the Melnikov’s non-resonance conditions

[(k,w(y)) + (1L, Q)| > K~ (k[ + [I)77, V(k, 1) € Z" x Z™\ 0, |I| <3,

where 7 > n — 1. Moreover, the tangential frequency vector w of " is of the form

(1.5) w=tw(y), w(y) = Dho(y), t e R, t =~ 1.
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In addition, Bourgain [5] used the KAM-method and the Nash-Moser type methods
to show the persistence of the invariant torus T® x {0} x {0} in R?® x R?"-phase space
for a real analytic Hamiltonian function

H = H(1707y>:H<Ilu”'7Ib7017"'70b7y17"'7y7“>

T
= (o, D)+ Y mslysl> + 11>+ eHi(1, 6, ),

s=1

under the first Melnikov’s non-resonance condition

Mo k) — ps 20, VkeZb, s =1,2,--- 7.
Moreover, the perturbed frequency vector A can be taken of the form
(1.6) A=th, teR, t=1.

At the same time, he raised an open problem that if this result can be generalized to
an infinite-dimensional case in the Nash-Moser setting, only under the first Melnikov’s
non-resonance condition.

It is worth mentioning that, in the last two years, Berti-Biasco [2], Geng-Ren [13]
have extended the above finite-dimensional results to infinite dimensions, dealing with
nonlinear wave equations with constant potentials in the KAM setting. In addition, Ren
[22] has proved the same result for 1D nonlinear Schrodinger equation with a Fourier
multiplier via infinite-dimensional KAM theory. In the present paper, we restrict our
attention to the multiplicative potential case (see (1.2)), and we are aiming to partially
provide a positive answer to the open problem raised by Bourgain [5]. Actually, we
will show the existence of quasi-periodic solutions with tangential frequencies (1.1)
under conditions (1.3) and some non-degenerate conditions in the KAM setting. For a
result concerning higher dimensional Schrodinger equation in the Nash-Moser setting
in this direction, see Berti-Bolle [3].

The main difficulty in this manuscript consists in conducting the measure estimates.
We avoid constructing a translation transformation in each KAM step adopted in Geng-
Ren [13] and Ren [22], but apply Fubini’s theorem (see Poschel [21, Lemma 5]) and
some techniques in Berti-Biasco [2] to simplify the estimation process. In addition, the
equation considered in this manuscript is more general than that of Ren [22], since the
Fourier multiplier in Ren [22] is artificial to some extent.

We outline the main steps in this manuscript as follows. Firstly, we deduce the
Birkhoff normal form up to order four. This can be realized by the results of Du-Yuan
[8], Kuksin-Poschel [17], Yuan [25]. Secondly, we conduct one step of KAM iteration,
which is similar to that of Ren [22]. Thirdly, after operating infinitely many KAM
iterations, we will prove the existence of positive measure Cantor-like parameter set
of b-dimensional amplitude £ (see Proposition 6.1), by means of Fubini’s theorem.
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Finally, according to the proof process of Proposition 6.1, we obtain the existence
of positive measure Cantor-like 1D parameter set of dilation factor A(see Proposition
6.2), by means of some techniques in Berti-Biasco [2] and the cut-off procedure in
Berti-Bolle [4].

Now, we are in a position to state our main result.

Theorem.  Consider 1D nonlinear Schrodinger equation (1.2) with Dirichlet
boundary conditions (1.3), choose a fixed b-index integer set Jy, := {i1,- -+ ,ip},b > 1,
satisfying i1 < - -+ < iy, and 1y is large enough, then for any T > 3b + 4, sufficiently
small € > 0, and p, € (0,1), there exists positive-measure Cantor-like subset O C
[€2p+,262p,]%, such that for each ¢ € O, (1.2) has a small-amplitude real analytic
quasi-periodic solution

b ; T
0= 3 Ve sinize — I [V s +0() +ollelh).
j=1

i Jo

b[\>|’i

with Diophantine frequency w = \w*, A = 1,w* € D,2,,_ (see Remark 3.4).

Remark 1.1. The assumption that i; should be large enough is necessary, see
details in Proposition 3.2.

2. RELEVANT NOTATIONS

For given b vectors in Z*, say {i1,---,ip} := Jp, denote Zy = Z* \ J,. For
given p > 0, let £” be the Banach space of bi-infinite, complex valued sequences z =
(+++, Zny* ** Jnez, (its complex conjugate Z = (-, Zn, -+ )nez,» 2n € C), endowed

with the finite weighted norm

l=lp =D lznle™.

nezq

We define the complex neighborhood of T x {y = 0} x {z = 0} x {Z = 0} in
T? x R® x £° x ( as

D(r,s) = {(z,y.2,2) : [Sz| < r |yl < s*, |12], < s, |2l < s},

where | - | denotes the sup-norm of complex vectors. Let o« = (-++, Qn, ez, »
B = (-, Bn- " )nezy» On,PBn € N, with finitely many non-zero components of
positive integers. The product z*z° denotes H ZonZ . For any given real analytic

function
F(z,y,z,2) ZFagxyzz
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which depends on a parameter £ € O Whitney smoothly, we define its weighted norm
as

1Fl D0 = sup Y [ Faglll="(1Z7),

iF1p<s P
2.1) Fag = Y Fuap©)y'd™™,
keZb leNb
P Friap(§)
F, = Fiaglos?Me®™ | Fluaslo = sup max ’7’
IFoil = 3 o [Fitaslo = supmax | =5
((-, -) being the standard inner product in C?).
The weighted norm of the Hamiltonian vector field
XF = (Fyv _FQ/” {iFZn}nezl7 {_iFin}nezl>
associated with F is defined as '
1
HXFHD(r,s),O = HFyHD(nS)ﬁo + S_Q"Faf"D(r,s),O
(2.2) 1
+;( Z Han HD(r,s),oenp + Z HFEnHD(r,S),oen'g)'
nely nezy

For any real analytic functions F' and G, define the poisson bracket

OF 0G, _OF 3G, <~ OF 0G _ OF 9G
Nz, 07, 07, 02
For given | € Z°°, define the norms

U=l (1) =max{1,| Y _jil}.

Jj>1 J>1
3. NormMAL Forwms

The aim of this section is to investigate the following equation

d2
iug + Lu + |ul®u + f(lu)*)u =0, L = g T V(z), teR, zel0,n],

with Dirichlet boundary conditions (1.3). We can rewrite it as the Hamiltonian equation

OH
U = 21—
ou’
'The norm || - || p(r,s),0 for scalar functions is defined in (2.1). The vector function G : D(r, s) x O —

m

C™, (m < 00) is similarly defined as ||G||p(rs),0 = 2 ieq |Gill D(r,s),0-
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where

1 [7 1 /7 1 (7
H:—/ (\uI\Q—i-V(a:)\u\Q) da:—i——/ \u\4dx+—/ g(\u\Q) dx
2 Jo 4 Jo 2 Jo

and g = [, fdz. As is well known that
1
j2

1 ™
pi=i+ 1 [ Vi) de+ o)
T Jo

are the eigenvalues of the associated Sturm-Liouville operator L on the interval [0, 7],

and the eigenfunctions are

cos jx

> /O V(s)ds + O(

1
52

(3.1) ¢j(z) = n;1<sinjx— ;

)),j €2F, Va € [0,7],

with |92z, = 1.

Proposition 3.1. x? = I + O(%), and

2 J
§ B O(L) +O(), i
i [ @) do = { 7 +0G) + Ol ,
’ >+ +5+0(), i=j.

The details can be found in Yuan [25, Lemma 3.2]. .
Letu(t,z)= > gq;(t)¢;(x), then associated with the symplectic structure % > dgiN
jezt j>1
dq;, we obtain the equations

. 0
q; = QZT,
J 8qj

J=1

)

and the corresponding Hamiltonian is

1 L7 L[
H=046+Q=3 3 wlof+ 1 [ e ["g(u?)an

jez+
1 2 1 T 2
M=o wilsP Q=5 | g(u® az,
JEL* 0
1T 1 __
32 G= 1 |u|*dz = 1 Z Gijki99i 351
0 gkl

G = | " 61(2) 3 (2) bu(2)n(x) d.

Let ¢ = (g, q) € €%, where § = (¢;)jc,, 4 = (¢j)jez,, then we have the following
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Lemma 3.1. The gradient (G + Q)g is a real analytic map from a neighborhood
of the origin of £° into (P, with

I(G +Qll, = Ollall}).

Lemma 3.2. There exists a real analytic symplectic change of coordinates T in a
neighborhood of the origin in £° which takes the Hamiltonian H = A + G + Q into
its partial Birkhoff normal form up to order four, that is

HoT=A+G+G+K,

such that Xz, Xy are real analytic in a neighborhood of the origin in (P, where

_ 1 - . R
G=5 > GylaPlyl’ 16 = odldly). K] = O(ll).
one of{i,j}€Jp
4 — 9;; 1 1 o
1 1
P - . e T

The above two lemmata can be proved by means of Proposition 3.1, see details in
Du-Yuan [8], Kuksin-Poschel [17].
By the same argument as that of Ren [22], we can introduce a transformation

G =\/2(& +y)e ™, jed,
dj = V22, J € Zn,
where & € [ps, 2p4]%, p« € (0, 1)(will appear in Section 4) to obtain the new symplectic
structure ) dxjAdy;+i Y dzjAdZ; = § ) dg;A\dg;. Meanwhile, the Hamiltonian
Jj=>1

J€dp JE€EZ
is transformed into the following

H=A+G+ 84K = (@) + Y %(©5% + 5{Ay.) +{By, 2) +
J€EZ,
with R =G + K, w(f) = a + A, Q(¢) = 8+ BE, where
o = (& T 7Mib>7ﬂ :ﬁjjjezlu
A = (Gij)ijer,, B=(Gji)jer,icz:
3.4 |R| = O(E]*) + O(lyl) + O(I€12lyl) + O(l€llyl?) + O(l1=]| )
+O([€[2]12113) + O(ENI21I2) + Oyl =I1%) + O(lel2 | 12]12)
+O(IEP211]12) + Oy 2I1=12) + O(l€llylll=112) + O(I€|Z]|=]l,)-
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Setting Z = (|2, |2, |2ny|?, --.), nj € Z1,7 > 1, and conducting the same rescaling
process as that of Ren [22], we obtain the Hamiltonian

H(z,y,2,%€) = e °H(z,e%, 22,627, %)
= (72 + Ag,y) + (726 + BE, 22) + S{Ay,y) + 5 (By, 2)
+e0(I€°) +£*0(|yP’) + 20(Illy]) + 2Ol Iy )
z 1
(3.5) +e0(||2llp) + 2 0(l¢]2]|2]17) + O (€l l1=1l,)
5 3
+e*0(lyll1zl1p) + €2 O(I€[2 |12]15) + 2O(I€|I=1]7)
3 5
+*O(ly?112113) + 20(lellylll=17) + €2 Ol 1=,
= (@(8),y) +(QE),22) + P:= N+ P,
which serves as our new starting point, and depends on one real parameter £ varying
in a compact set O C R?(O will be specified in Section 4), where W(§) = e 2a +

AE,Q(E) = €723 + BE¢. For simplicity, we still denote H by H, & by w, Q by Q, N
by N, P by P.

Remark 3.1. (3.5) is almost the same as Ren [22, (7)], however, the term (By, Z)
can not be eliminated in this context, which will add to the hardship of the measure
estimates.

To proceed we formulate the essential properties of the new Hamiltonian, which
are relevant for our argument.

(A1) Regularity of the perturbation: The perturbation P is regular in the sense that
1 XPlDers),0 < 00

(A2) Non-degeneracy of tangential frequencies: w : & — w(§) is non-degenerate in
the sense that det(Dw(§)) # 0, V¢ € O.

(A3) Asymptotic condition of normal frequencies: ¥j € Z1,82;(§) = Qj + Qj, where

1 [7 1
Qj:5—2(j2+;/ V(z)dz + O(=
0

J

(A4) Melnikov’s non-resonance conditions: For fixed 7 > 3b+4, and for v > 0 small
enough, we assume that (w, 2) € DC(v), i.e.,

) +0(pl), 1Qlo = O(e).

Mhmawwamaﬂz%%,thewxzwm¢m

where § € O, [k| < K, |3, cp (an — Bu)n| < K, 0 < |I] < 2.

Remark 3.2. p, in (A3) and v, K in (A4) will be specified in Section 4.
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Remark 3.3. We say that N € NF(r,s, M) DC(v), if N = (w,y) + (, 2Z)
is defined on D(r, s) x O, (w, Q) € DC(v), and for some M := (M, M) € (RT)2,
for all £ € O, we have the following estimates

o) (C1) |wlo =sup|w(é)]o < M; < oo;
' (C2) |(Dw) o = sup|(Dw(£)) o < M, < oo.

See details in Ren [22, Definition 2.1].

Remark 3.4. For 7 > 3b + 4, we define the set of Diophantine vectors
Dy, = {w e R |(k,w)| > “Z‘ Vk € Z”\o}.
Proposition 3.2. For A = (G;j)i jes,, we have det A # 0.

4— (51]

Outline of the proof. For i,j € Jy, let a;; = G—w , due to (3.3), there
¢

exists a constant ¢ > 0, such that |a;j| < <5, which can be small enough if iy is
1

large enough. Notice that dmA = 4X — I + A, where I is the identity matrix and all
elements of X are 1, A = (a;j)i jeJ,, since det(4X —1I) # 0, we know that there exists
an elementary transformation T, such that T(4X — I) = diag(oy,- -+ ,0p). Putting

the same transformation T on 4X — I + A and letting TA = A = (@ij), we can
b

choose i1 large enough to make sure that |oj| > > |aij|, for any 1 < j < b. Hence,
i=1

det(4X — I + A) # 0, that is det A # 0.
See details in Du-Yuan [8, Lemma 6.1].

Proposition 3.3. If | Xr||p(rs) < €', [ Xallpers) <€, then

-2 1. _n

HX{F,G’}HD (r—pms) < cp 77 ge’, p>0, n<1L
For the proof, see Geng-You [11, Lemma 7.3].

Remark 3.5. In what follows, we denote the above ¢ by .. From (3.4), (3.5)
and Proposition 3.2, we know that there exist M > 0,M5 > 0, such that the
frequencies mapping £ — w(&) satisfies conditions (C1) and (C2) with respect to
M* = (M, M3) on [ps, 2p.]%(p« will appear in Section 4).

4. KAM STEP

At first, we fix 7, 8,6, > 0,0 > 4,7 > 3b + 4. Inltlally, we set wy = w*,QO =

O, P = PT()—TS()—S’}/()—’)’*—é“*,p*:é“*S MO = M* , Ko = &, 12(27“)
and restrict (3.5) to D(r, s), restrict £ to [px, 2p«)?, such that

Hy = Ng + P° Ny = (wo,y) + (Q°, 22) € NF(rq, s, M’ ﬂDC’ 70)s
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where w, = w(§) = e 2a + AL € Dy, -, V= Q(§) =28+ BE, € € Oy,

O = {€ & [pns 20" s b + 1,99 = T2, 0 < 4] < K,

‘ Z — B TL‘ < Ko,0 < m < Q}HW L'y*,’r>~

n€Zy
Notice that, there exists a positive constant c,, such that
4.1 [ X poll D(ro,s0),00 < €485 1= 0.
Suppose that after /" KAM step, we arrive at a Hamiltonian
(4.2) H=H,=N+ P(z,y,2,%¢&,¢),
N =N, = (w,y) +(Q,22) € NF(r,s, M) [ |DC(), P = P,
which is real analytic on D = D, = D(r,,s,), for some r = r, < rg,s = s, < o,

and depends on ¢ € O, Whitney smoothly, where w = w,(§),Q = QY(§),M =
MY = (Mlyv M2V>77 = Y, Ky = 2" K,

wil)
,0< |kl < K,
\k\

| (@ = Ba)nl < K, 0 < 1] < 2} (i (Din):

nezq

= {f €Oy_1: ‘<k7wV> <l Qy>

Suppose also that for some 0 < € = ¢, < €y,
(4.3) [Xpllpo <e.

Next, we will look for F” := F defined on D = D(r4,s4) C D, such that the
time one map @1, := ® of the Hamiltonian vector field Xy defines a map D — D
and transforms H into H,, where ®% is the hamiltonian flow of F. Moreover, the
new Hamiltonian H, := H o ® = N, + P satisfies (A1) — (A4) again with respect
to 74,851,640, M = (M{, M), vy, and Ny € NF(ry, s, M) DC(v4). 1
addition, (4.3) still holds for P+, Dy, O, e..

4.1. Solving the homological equations.

Let R = By + Py + P>, which is the truncation of the Taylor-Fourier series of P up
to order 2, let P = P — R, we wish to construct a function F' = Fy+ F + Fy, [F] = 0,
such that

(4.4) {F.N}=R-[R]
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Lemma 4.1. Consider equation (4.4), let D; = D(rj,s;) = D(ry41 + 4(r, —
Tut1), 55v), 0 < j < 4, then

IXFllps,0 < 702 (rs = r0e1) " Xp 0.
Proof.  The proof follows from standard arguments using Cauchy estimate, see
Ren [22, Proposition 3.1] and Geng-You [12, Lemma 4.2]. ]
Now, we definee; = c*ny(r—r+)_(2T+3)5%, Sp = 2ns,m = €3, D, =D(ry,s+),
DY = Djy, = D(ry + jp, ins), where p = +(r—7r4),0 < j < 4,cis a constant
that does not depend on the KAM step. It is clear that D, C Dj, C D; C D, and

‘P0100‘0+ = O(é‘), ‘P0011‘0+ = O(€> For the definitions of Pyi99, Foo11, see Ren
[22, Definition 2.1].

4.2. Defining the new Hamiltonian 1.
Due to (4.4) and the second order Taylor formula, we have
H, = Ho®L =N, + P,
(4.5) Ny = N+ [Ro] + [Ry],

1
Pt = / {tR+ (1 —t)[R], F} o ®%. dt + P o ®k.
0

More precisely, after (v + 1)th KAM step, we obtain the new Hamiltonian
Hypp = Ho®go---0®, =Nypq + P77
Nu+1 == <wu+17 y> + <Qy+17 ZE>7

(4.6) wyt1 = wy + Pliog = €22+ AL+ Pigo + -+ - + Plioos
Q= O + Py, =€, 28+ BE+ Py + -+ + Pl

where Flyg0 = £20(1€[2ly]), Pdoyy = 20(€P12]12) (see (3.5).

4.3. Estimating the new normal form /V,.

Let Dw= le—‘g, concerningw, we have Ny € NF(r, 54, M), Mt = (3 M0, MY).
In fact,

3 _ _ _
[ps,2p4] < §M?7 ‘(Dw'f') 1‘O+ = ‘A 1‘ = ‘(Dw*> !

3
‘W+‘(’)+ S 5‘&1* [P*?P*]b S Mg

4.4. Estimating the symplectic transformation ®.

Lemma 4.2. [If

4.7) e < (V(r—ry)7T),
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then we have
LDy x O — D, =1 <t <1,

and for all v > 1, we also have | D®}, — 1d||p,, 0, < €3,

Proof. Lemma 4.1 implies that | X || p, 0, < -7 2(r—r;)~?+2e := 3. Assume
that 3 < 1?p (being equivalent to (4.7)), by the proof of Ren [22, Proposition 3.2], we
can get <I>} : D9,y — D3, —1 <t <1, thus, ® = <I>11p : Dy xO4 — D is well defined,

. : : 1
and an immediate consequence is || D®}, — Id||p,, 0, < 2||D*F|p,0, <0 < €z.
This completes the proof. u

4.5. Estimating the new perturbation P*.

Since .
P+:/ {G(t), F} o ®% dt + P o ®L,
0

where G(t) = tR + (1 — t)[R], we have

1
Xp+ :/0 ((I)%’>*X{G’(t),F} dt + (‘I)}.:v>*X]5

It follows from Proposition 3.3 that

X c),rill Doy <070 21X R Ds.0, IXFllDs0, < 1y 2p” CTHn 22,

HX]5HD27;7O+ < CQWHXPHD7O+ < came.
Recall that p = 1(r — ry),n = 5%,5+ = ey 2 (r — r+)_(2T+3)5%, if (4.7)

holds, we have | Xp+|lp, .0, < ey 2(r —ry) @ es = ¢, « &, where ¢ =

2max{16¢y, co} > 0. At this time, e, = &, for some 1 < Kk < %, thus, e, < %",
This completes one step of KAM iterations.

5. ITERATION AND CONVERGENCE

5.1. Iterative lemma.

For any given 7, s, ¢y, €4, ¢ > 4,7 > 3b+4, we define, for all v > 1, the following
sequences

rQ _
r, = 3(1—1—2 “), ro =,
-1
1 2 1
-3 1
Sy = g’r]u—lsu—l =2 V(H 5j>3307 S0 = S,
Jj=0
2 (2r+3)_3
- — T
gy = v, 5 (ry—1—1) €3 1, €0 = CxEx,
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3
M = (MIV?M2V> = (§M?7MS>7MO :M*v
_ o %
T = 7(14—2 “)sv0 = =€,

1 4
25_

p* = - 7* 9
1
T 1202741
K, = 2Ky, Kg=¢, ¢
Du—l - D(ru—lusu—1>7

2o = 1), 2j8,),5 = 2,3,

= {f €0y1: ‘<k7wV> <l Qu>

ﬁi—l = D(ry, +

wil)
,0 < k| < K,,
\k\

1 (an = Bn) n\<KV,0<\l\<2}ﬂw_1 par)-

neZy

Remark 5.1. Due to the definitions of €,,~,,r,, we can easily verify that (4.7)
holds for all v =0,1,2,---.

Lemma 5.1. Suppose that for all v > 0, H, = N, + P" is given on D, x O,,
which is real analytic in (x,y, z,%Z) € D,, and Whitney smooth in ¢ € O C [px, 2p4]°,
where

Ny, = <wV(§>7 y> + Z Q]V(é.)'z]z] S NF(TV, SuuMV> N DC(7V>7
€21
e = w(€) = %0 + AL, O = Q(E) = <26 + BE, £ € O,

|wsl(p, 20,00 < MY, wyyr = wy + Pilog, Q7 =Q + P,
1 /7 1 1 /7
2—VdO—~~~'2—/VdO—
s o= G [ Ve oG i [V og)
1 /7 1
§= (P / V(o) ds + O(5))jez
0 J
4 — 6, 1 1 1
A= ("2 40(5)+0(5) +0

+
B=( 40 ) enrien
* ( 3)+ zg\z—]\ JELy i€ T,

and the real analytic functions PY satisfy
(52) HXPUHDWOV S 8’/7 v Z 0

Then there exists a symplectic diffeomorphism ®,, : 153 — 53, such that Hy, 1 =
(N, +P")o®, = Nyy1 + PYFY which is defined on D,y 1 x O, 1, and the same
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properties as (5.1) and (5.2) are satisfied with v + 1 in place of v, where O, 1 =
v+1
O, \ % R},

v (l
Rt = {60, (kwi) + (1,2 < 7‘;7‘”0 < K] < Ky,
| (@n = Ba)nl < K1, 0 < 1] < 2}

nezq

Moreover, for all v > 0, there exists 1 < k < %, such that

1
|D®,1 — Id|p < -e?

U+17 v+1

5.2. Convergence.

Inductively, we have ¥, (§) := ®go---0P,_1 : D, x O, — Dy, where V() = id,
such that for all v > 1, H, = Hpo ¥, (§) = N, + P¥, where

N, = (wy,y) Z 0 2Z; € NF(ry, 8., M ﬂDC’ ).
JE€Zy
Let O = ) O,. Then we can use Lemma 5.1 and the argument similar to that of
v>0

Poschel [21] to verify that w,, Q, P, ¥,,, D, converge uniformly on D(%l, 0) x O
10 Woo, 25°, P, Woo, DWo, respectively. Let weo (&) = Awy (), for each £ € O,
13
we have A € A, C [2 2]
whose measure has the same order of magnitude as that of woo (Ox) [w<RT. At this

time,

where A, is a one-dimensional Cantor-like parameter space,

Noo = (QAws,y) Z 0°2Z; GNF( , 0, M>) ﬂDC’ 2),
J€EZ

where M = (3M{, M3). Let ¢, be the flow of Xz, since on D('F,0) x O,
Hyo V¥, = H,, we have

(5.3) ¢§{0 oV, =Y,0 ¢§{U
Then, we can pass the limit on both sides of (5.3) to arrive at
(54) Oty © Voo = Voo 0 9y, Voo : D(T,0) x O — D1 5).
Since €, < -ef,1 < k < 3, we have HXpooHD(ro 0)x0. = 0. As a result, on

D( o 9°0), for every choice of £ € O, and for all A € A,, we obtain
Py © Voo (T x {A}) = Wog 0 @ly_ (T” x {A}) = Too(T? x {A}).
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Hence, Woo (T x {A}) is an embedded invariant torus of the original perturbed
Hamiltonian system at A € A,. In the following, we will show that the relative Lebesgue

measure of A, in [%, 5] is positive, and will prove Theorem in Section 1.
6. MEASURE ESTIMATES
In Sections 4.2 and 4.3, we have
(6.1)  wo(§) =& a+ AE = w, w1 (§) = e, 2a + A + Foyoo + -+ + Foos
(62) Q&) =e*f+BE =07, Q7N (E) =B+ BE + Pogyy + -+ o,

and have verified that the mapping £ — w,41(&) satisfy conditions (C1) and (C2)
with respect to M*!. Now, we are in a position to prove Theorem in Section 1 by
the following two propositions.

Proposition 6.1. There exists 1 > 4, such that for every vector wy € D,,, -, we

have |
meas([pe; 204" \ Oco) < ¥2meas([p, 2p.]°),
where
O = (O Oy ={€€ 0,1 |(kwl©) + (L) > 7‘k<‘l>
v>0
(63) 0< ‘k‘ S Kua ‘ Z (an - Bn)n‘ S KV7 0 S m S 2} ﬂwfl(Dm,T)~

nezq

Proposition 6.2. If 0 ¢ w.([p«, 2p+]%), we have
L 13
meas(woo ([px, 204" \ Ouo) ﬂw*R+) <ot meas([=, =]).
2°2
1
Since woo(£) = Aws(€), for each £ € Oy C [ps, 20:% A € Ay C [5, g], from
(6.1) and (6.2), we have

(k, woo(§) + (1, 2°(8))
= Mk+A'BTLw,) +e;%(1,8— BA ta)
+(I, =BA™ (Pdigo + - - - + Ps¥oo) + Povr + -+ + Foour)
= Mk+ AT BT w,) +.2(1, 6 — BA™ a) + o(e,) := hiy()).
We can follow Berti-Biasco [2, Remark 8.1] and the cut-off procedure in Berti-Bolle

[4] to prove the above propositions. Specifically, we need to consider the following
resonance sets:

11 {l
64 BT = (€60, @)+ 2 @) <2 0 < <Ko,
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27,(1)

~ 13
6.5 Rii = {Ne =, =] |hr(A k#0}.
( ) kl { 6[272] ‘ kl( >‘< ‘k‘T ) 7é }
Lemma 6.1. For £ € RZZ'H, A€ ﬁkl, we have
(6.6) {1) < 3edk|(lws] +1) := colkl.

Proof. Obviously, (6.6) holds for I = 0. It is worth pointing out that for 1 < |I| < 2,
we have |I| < 2(1), (I) < 2|(l, )]. In fact, we only need to consider the following case

‘Z‘ZQ, l=:|:(€i—€j>, t>7, t,] € 72,

where the unit vector e; := (---,0,1,0,---) with zero components except the 4" one.
Hence |(l, 8)| = i2 — j2 > 2(i — j) > 3(I). Thus, for each £ € RY™ X € Ry, we
have

|Ellwi1 ()] > 2L, B)] = [I] - 191 (€) — e8] = (D),
|Kllwoo(€)] = e 2I(L B)| = I1] - 19°°(€) — 28] — 27:(0).
Consequently,
67)  [Hl(wnl + 1) > 2200 — (Bl + ofe) +7.) 1) > 3570,
This completes the proof. u

Lemma 6.2. If0 < |k| < K, then R/;’" = 0).

Proof. Due to thle definitions of ¢, K, vy,, for all v > 0, we have 5VKZ+1 <

o 1
e, K2 < )0 < 28,/2_32 = v, — Y41, since |I| < 2(1),V|l] < 2, we have

[{ky wo1) + (1 Q7] 2 [k wn) + (L) = [kllwpsr — wo| = 127 — 0]
[k, wu) + (1) = k[(DIX P D(ry 5,0,

’Yu<l> . ’Yu+1<l>
rpr Al =

>
>

v

The proof is finished. u

Lemma 6.3. If R} # (), we have

P21y,

meas(RY) < - G
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Proof. Lemma 6.2 implies that |k| > K, let

Ry = w, (R

(€€ O =wallpn 20" : (O (L2 (O))] < 2y,

where ¢ = sv +w,wlv,s € R,v € {~1,1}°, (k,v) = |k|. Consider the set

R”+1 —{C=sv+we0:|fuls) < %‘;‘Ifw}a

where
Fra(s) = slk[ + (I, " (w, L (sv + w))).
For sy > s1, since |k| > K, we have

fra(s2) = fra(s1) = [k|(s2 = s1) — [1]| D" - \(Dwu+1)_1\(82 - s1)
> |k|(s2 = s1) — | BIM3(s2 — s1) > —\k\(82 - s1).

By Fubini’s theorem, we get

2 v l . N\ b—
(6.8) Ryl < ‘k{”;?>(manwﬂbl

Notice that dzam( O) < |Dwyy1|diam([p., 2p.)%) < -diam([p, 2p.]?), and that
%’y* <Yy < Ve, Vo N\ 27* (as v — o00), by Lemma 6.1, we immediately have

v p* 7*
meas(RYM) < - R
Therefore, Lemma 6.3 follows. [

Lemma 6.4.
mmﬁwwgwm}<wﬁ

Proof. The result follows by a simple calculation. ]

1
With the help of Lemmata 6.2,6.3,6.4 and v, = e2°, 7 > 3b + 4, we have

meas([ps, 204 \ Ooo) = Z meas(Ry™)
Ky <|k| <K, 41,]1|<2,(1)<co|k|,v>0
b—1 |K|"ys
<A D GF
(6.9) |k|>K,,v>0

T—b—1
12(2T+1)

<p* IZQV(TZ)I

u>0

1 1
S

*olw
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*olw

1
2
*

4
Since p. = ¢, we have
b—1
LA

meas([ps, 20x)7 \ Ooo) Py
b
I

meas([p«, 2p+]°)

This finishes Proposition 6.1.
Lemma 6.5. There exists a constant d, > 0, such that

(I, - BA™ )| > 6. > 0, V1 < |I| < 2.

(6.10)
Proof. Due to the proof of Du-Yuan [8, Lemma 6.1], V(k,1) € Z® x Z*®,1 <

|I] <2, we have
(6.11) (o, k) + (B,1)# 0 or Ak+ BT1#0.
Suppose Ak + BTl = 0, then (6.11) implies that
(o, k) + (B, 1) = (a, —A'BTI) + (8,1) = —aT A BT + 71
= o AHY'BT1 4 871 = —(BA )Tl + 71
(B—BA )Tl = (8- BA 'a,l) #0.
|

This finishes the proof.
Lemma 6.6. Ry = (). For , small enough, k € Zb\ 0, |I| < 2, we have

~ 2
meas(Rii) < Tl);’\y: .

Proof. 1t suffices to consider the two cases (a) and (b) as follows.

(a) I =0. Since wy € D,y 7,t >4, (l) =1, we have
1
3% 27x(D)
(ko (N)] = Ak, wi)| > 22— > :
k™~ kI
b) 1 #0. If [(k+ A'BTl, w,)| < 1,26, we have
(0) 1 # I ) 3Ex Ox;
27:(0)
k[

hia(N)| > .26, — 15;25* —O(es) >
2

If |(k+ A7 BT, w,)| > 3,%5,, for A1 < A2, we have
|hki(A2) = hi(A)| = [Wﬂ + AT BT wa)| 4 O(ea) | [A2 = M| > 18125*\/\2 = A1l.
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This completes the proof. u

In view of Lemma 6.4 and Lemma 6.6, we have

meas(wWoo ([pss 204]” \ Ooo) ﬂw*R+) < meas( U Rt
keZP\0,|1]<2,{l)<colk|

<. Z x|k

k[T
k1> L2
>
3 13
(6.12) <el® meas([3, 51);

where we have used that 7 > 3b + 4. This finishes Proposition 6.2.
Remark 6.1. Proposition 6.1 implies that (A4) in Section 3 can still be fulfilled
through the KAM process. Moreover, there exist positive-measure Cantor-like parame-
13
ter subsets Ouy C [ps, 204]% and A, C [5, 5], such that W, (T®x {(&, \)}) is an embed-
ded invariant torus of the original perturbed Hamiltonian system at (£, A) € O X A,
Denote

£=elt € 0:=l0x C [eips, 262p]", O =l = a+ AL =0 (d),

then the tangential frequencies mapping & — &\J(g ) satisfies conditions (C'1) and (C2)
with respect to (M, M3) := (e2M7, M3). Let
(6.13) w* = w*([e2ps, 262p,]%) = AT = €2hw,.

4
For any fixed ¢ > 4, since p, = 7 > 7., we can choose w, € D,, -, thus 0" €

D.2,, ,, such that 0 ¢ w,([p«, 2p.]%), from (6.13), we also have 0 ¢ w*([e2p,, 22p,]%).
Since (6.12) is equivalent to

meas((~3, 21\ {As — (1)) < 21 5 meas([—. 7))

1
where A, — {1} = {A—1: A € A, }, we can guarantee that the segment [1 —; 27,1+

1
5z+ 271%* belong to w*([e2px, 262p.]%). Finally, for &*, we can apply Proposition 6.1
and Proposition 6.2 to obtain Theorem in Section 1.
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