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HOMOCLINIC SOLUTIONS FOR A CLASS OF NONLINEAR
SECOND-ORDER DIFFERENTIAL EQUATIONS
WITH TIME-VARYING DELAYS

Yongkun Li* and Li Yang

Abstract. In this paper, by using Mawhin’s continuation theorem of coincidence
degree theory, we obtain some sufficient conditions for the existence of homoclinic
solutions for a class of nonlinear second-order differential equations with time-
varying delays. Moreover, we give an example to illustrate the feasibility of
obtained results. Our results are completely new.

1. INTRODUCTION

In the past few years, there has been increasing interest in studying the existence
of solutions, such as periodic solutions, almost periodic solutions or anti-periodic so-
lutions, of differential equations. Since homoclinic orbits play an important role in
nonlinear dynamical systems, problems of existence of homoclinic solutions are of ut-
most importance in the study of differential equations. Recently, the existence and
multiplicity of homoclinic solutions has become one of the most important problems in
the research of differential systems. And there have been many results on the existence
of homoclinic solutions for first order or second order differential equations (see [1-10]
and references cited therein).

Most existing results on the existence of homoclinic solutions for differential equa-
tions are obtained by using critical point theory (or variation method). For example, in
[11], authors studied the existence of homoclinic orbits for the following second order
Hamiltonian system

q"(t) + Vo(t,q) = f (D).
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In [12], by using the Mountain Pass theorem, authors discussed the existence of ho-
moclinic solutions for the following second-order Hamiltonian system

2"(t) — L(t)z(t) + Vw(t, z(t)) = 0.

And in [13], by means of variation method, author presented an existence result of
homoclinic solutions to the following nonlinear second-order differential equation

2" +2f(t)x + Bt)xr +g(t,x) =0,t € R.

Recently, in [14], by using Mawhin’s continuation theorem, authors obtained some
sufficient conditions ensuring the existence of homoclinic solutions for the following
differential equation

u’(t) + g((t)) + h(x(t)) = f ().
This equation is important in the applied sciences such as nonlinear vibration of masses,
see [15-17] and the references therein.

However, it is well known that more realistic models should include some of the past
states of these systems, that is, ideally, a real system should be modeled by differential
equations with time delays. Therefore, the research on delay differential equations has
much significance. To the best of our knowledge, few papers have been published on
the existence of homoclinic solutions for differential equations with delays.

Motivated by above mentioned, in this paper, applying the coincidence degree
theory, we study the existence of homoclinic solutions for the following nonlinear
differential equation with time-varying delays

x”(i) +a(t)g(«'(t))
(1.1) n Zbi(t>hi(x(t — (), 2t = 72(t), ..., x(t — ma(t))) = F(1),

where t € R, g,f € C(R,R), h € C(R",R), , € C(R,(0,4)), a,b; €
C(R,[0,+00)) with a= < a < at, by < b; < b}, a”,at,b;, b} are all positive
constants and a(t), b;(t) are all 2T-periodic, T' > 0 ia a given constant, i = 1,2, ..., n.
In order to investigate the homoclinic solutions of (1.1), firstly, we study the existence

of 2kT-periodic solutions of the following equation for each k € N:
2"(t) + a(t)g(z'(t))
1.2 -
(1.2) + 3 bR (x(t — 1(1), 2t = 12(t)), ..., 2t — (1)) = fil(t),
i=1

where f; : R — R is a 2kT -periodic function, £ € N and

a2 |10 HEEATAT <)
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e € (=T,T) is a constant independent of £ € N. Then a homoclinic solution of (1.1)
is obtained as a limit point of the set {z(t)}, where {zx(t)} is a 2kT-periodic solution
of (1.2) for each k € N.

Let Copr = {x € C(R,R)|z(t + 2kT) = x(t)} with norm ||z||cy,,

te[r_r}caT%kT] |z(t)| and C3,.1 = {z € CY(R, R)|x(t+2kT) = z(t)} with norm Ha:HC%kT =

max {||z||cy,r, |2/ |copyr - Then both Copr and C3,p. are Banach spaces. For z €

1
Copr, we denote ||z|], = (ffZT |z(t)[P)», where p € (1,+00). It is obvious that
norms ||x||c,,, and ||z||, are equivalent. Further, we assume that there is an integer
mg such that {7;(¢) : ¢t € [0,2T]} C [(mo — 1)T, (mo+ 1)T], i =1,2,...,n, denote

0 := max max |7;(t) — moT.
1<i<n t€[0,2T]

Throughout th1s paper, we assume the following conditions hold

(Hy) sup\f )| < oo, [p]f(t)[*dt < oo, fﬂeR,L\hi(ﬁ)\2d19<oo,i:1,2,...,n;

(Hs) there exist positive constants n; and Lg) such that uh;(u,u, ..., u) < —n;|ul?
and

\hi(ul, ug, . . .,un) — hi(vl, V9, .. .,Unﬂ < L(li)\ul — ’Ul‘ + L;i)‘U,Q — ’Ug‘
+~~~+L§f)\un—vn\,Vu,ui,vieR,i,k:I 2
(H3) |g(u)| < mil|ul|, ug(u) > mu?, where m satisfies a=m > /2bTL0, bt =

max b+ and L = max Z L( ), mj 1S a positive constant, Vu € R.
1<i<n 1<i<n ji=

2. PRELIMINARIES

In this section, we state some preliminary results.

Let X,Y be normed vector spaces, L : DomL C X—Y be a linear mapping,
and N : X—Y be a continuous mapping. The mapping L will be called a Fredholm
mapping of index zero if dim Ker L=codim Im L < +oco and Im L isclosedin Y. If L
is a Fredholm mapping of index zero and there exist continuous projectors P : X —X
and @ : Y—Y such that Im P=Ker L, Ker Q=Im L=Im (I — Q), it follows that
mapping L|pomrinkerp : (I — P)X —Im L is invertible. We denote the inverse of that
mapping by Kp. If Q is an open bounded subset of X, the mapping N will be called
L-compact on Q if QN(Q) is bounded and Kp(I — Q)N : Q— X is compact. Since
Im @ is isomorphic to Ker L, there exists an isomorphism J : Im QQ— Ker L.

Lemma 2.1. [18]. Let Q) C X be an open bounded set and let N : X —Y be a
continuous operator which is L-compact on (). Assume

(a) for each X € (0,1),x € 92 NDom L, Lz # ANz;
(b) for each x € 00 NKer L,QNx # 0;
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(c) deg(JNQ,Q2NKer L,0) # 0.
Then Lz = Nz has at least one solution in © N Dom L.

Lemma 2.2. [19]. Let r > 0 and u € WYP(R, R). Then for any t € R, the
following inequality holds

1

ol = @ ([ utpas) e ren ([ woras)”

T T
where p, q € (1,400) are constants.

Lemma 2.3. [20]. Let 0 < a < 2T be a constant and s be 2T -periodic with

max |s(t)| < a. Then for any x € Clr, we have
t€[0,27]

/O |lz(t) — z(t — s(t))| dtsm/o |2/ ()] dt.

Lemma 2.4. [14]. Let (H1) hold. Then ||fi||cy., and || fx||, are constants inde-
pendent of k € N, where p > 1 is a constant.

3. MaIN RESULTS

In this section, we will state and prove the existence of homoclinic solutions for

(1.1).

Theorem 3.1. Let (Hy), (H2) and (Hs) hold. Then (1.2) has at least one 2kT-
periodic solution for each k € N.

Proof. Set X =Corr and Y = C’QlkT. Let
L:DomLNX —Y, Lr=2" z¢cX,

where Dom L = {z € C?(R, R)|z(t + 2kT) = z(t)}. Clearly, Ker L = R and Im
L={yeY| " y(s)ds=0}. Thus L is a Fredholm operator with index zero. Set

2T

P:X — Ker L, Pac:Qk—TO z(s)ds, z € X

and
2kT
Y - Y/Im L = — Y.
QY =¥/ L Qu=gz [ ye)ds ye
We can obtain that the inverse Kp : Im L — Ker PN Dom L of Lp exists and is
given by
2kT

Kp(y) = ; G(t, s)y(s)ds,
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where
2kT —
SCRT =) ooy <o,
_ 2kT
G(t,s) =
w 0<t<s<2%T
kT oS SEA

Define N : X — Y as follows
N(z) = Zb w(t—m1 (1), x(t=12(t)), . .., 2(t—T0 () + f (t).

For any open bounded set Q C X, it is easy to verify that N is L-compact on . Now,
we are in the position of searching for an appropriate open, bounded subset 2 for the
application of the continuation theorem. Corresponding to the operator equation

Lz = ANz, X€(0,1),

we have

" (t )+Aa() ( (1))
(3.1) +/\Zb a(t —T1i(t)), 2t — 12(t), . .., x(t — (1)) = Afr().

Suppose that a:( ) € X is a solution of system (3.1) for a certain A € (0, 1). Multiplying
both sides of (3.1) by 2/(¢) and integrating on the interval [—kT, kT, we have that

kT
| a0

—kT

kT
:/Mamwwﬂmm

/ Zb (2(t — 71(8)), (t — 72(8)), o, 2t — (8)))dl.

Hence, in view of (Hl) and (Hs), we obtain

(3.2) +’/ f’“ dt’

IA
=
ST
/N
=
/-\
3
8
=
~—
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Using Lemma 2.3, for ¢t = 1,2,...,n, we have
kT
/kT & (O 1ha((t), (1), . .., 2(1))

—hi(z(t = 71(t)), z(t — T2(t)), ..., x(t — Ta(t)))|dt
kT . )
< [ WOl - ot~ )]+ 2lo(0) - alt = rafe))] + -

—kT
+LP () — x(t — (1)) dt

<[ ) ([ oo st menpa) e ([ P
kT

x(/j;\a:(t) —a:(t—rg(t))\Zdt>% +...+L§:)</_kT\x'(t)\2dt>%
kT
x(/kT\x(t)—xt—rn t)
< HxHQZL (292/ 2dt>
=2y Lo
k=1

Thus, from (3.2), we have
a”mll2'|[3 < V207 LO||2'|[5 + T H||2'||2 + || fill2] 2|2,

where H = max ||h;||2. It follows that
1<i<n

bTH + k
2|2 < — /el _
a~m — /20T L
Since ||2'||2 and ||2/||cy,, are equivalent, there exist a constant ¢; > 0 such that
Hx/HC%T < CleE HZ = C101.

Multiplying both sides of (3.1) by z(¢) and integrating on the interval [—kT, kT,
we have that

kT
A / (1) fu(t)dt

—kT

kT kT
= [ s0a" e+ / a(Oa()g(@/(1)dt

kKT kKT

/ Zb (2(t — 71(8)), (t — 72(8)), o, 2t — ()l
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Hence, we obtain

kT 9
/ («/())"dt
—kT
kT kT
_ /\/kTa(t)a:(t) (z (t))dt—/\/kTa:(t)fk(t)dt

/ Zb 2t — 7)) 2(t — o), ., 2t — ()l

Define Fj,(t) = [; fu(s)ds, then — I o (t =" sz ' (t) F (t)dt. Therefore,
we have

—hi(z(t), z(t),. .., x(t))}dt + A/kT a(t)z(t)g(z'(t))dt
kT
+A /_ o o' (t) Fe(t)dt.

In view of (H2) and Lemma 2.3, for i = 1,2,...,n, we have

kT
/_kT‘x(t)Hhi(a:(t),x(t),...,x(t))

kT . .
64 < [ @@ ot = )]+ L ka(t) —alt = mle))] + -

+LD|z(t) — z(t — 7, (2))])dt

kT 1

<i0( [ wora)’ ([ e - s - nwppar)’
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. kT 1
w1 / - PORDE

kT 1

x(/j;\x(t) —a:(t—rg(t))\th>% +~~~+L§f)</_kT\x(t)\2dt>§
kT 1
x(/_kT (1) — (1 — 7 (1))t

- (%) 2 M 2 3
< ||z LY 29/ 2/ (1) 2de
LD V(20 | lPa)
= V20" LY |||z 12|
k=1
and
KT kT
AT a()a(t)g(+/(1)dt < at / |2 @llg(@'(e))at

kT
< a+m1/ ()| (1)]dt
—kT

< a+m1</lj;\a:(t)\2dt>%</j;\a:’(t)\2dt>%

(3.5)

= a’ma]|z]|2]l2]]2.

Moreover, we also have

kT
36) RO AR
—kT

Here in view of Lemma 2.4, we have that || F||2 is independent of k£ € N. From (3.3),

we have that .

kT
—/\/_kTa:(t);bi(t)hi(a:(t),x(t),...,x(t))dt

kT
< /\/ a:(t)Zbi(t) [hi(a:(t—Tl(t)),a:(t—Tg(t)),...,x(t—Tn(t)))

+A / ZT o' (t) Fe(t)dt.

Combining with (Hs), (3.4), (3.5) and (3.6), we have that

kKT
b_l/ et < V26" ||zl l2l|2'|[2 + a*mal[e][2]2’ ||z + | Fell2ll2'] |2
—kT

< V2T LO||x||200 + atma||x||200 + || Fil|201,



Homoclinic Solutions for Differential Equations 2157

where b~ = min b, and [ = min n;. It follows that
1<i<n 1<i<n

b7 1|z][3 — (V20" L8 + ami)an][z][2 — || Fill2a1 <0,

that is,

VEDLO + atmy + £/ (VEVELO + atmy)2ad + 4b1| [ Filaon
2b~1
Since ||z||2 and ||z||c,,, are equivalent, there exist a constant co > 0 such that

l|z||cyrr < c2l|z||l2 = cocp. From what has been discussed above, we finally derive
that Ha:HC%kT < M, where

[|2]l2 <

= Q9.

M1 = max{clal, 02042}.

Clearly, M is independent of A\ and k. Denote M = M; + My, here My is taken
sufficiently large such that x* satisfies ||z*|| < M, where z* is the solution of the
following system

C_Lg(()) -+ Zgzh,(a:, X, .. .,x) = fk,
=1

where

1 kT 1 kT kT

PYyes = oo J(H)dt, fr==—= t)dt, i=1,2,...,n.
51T _kTa(t)dt, bi=5 _ka(ﬂdt i Tfk() i n

“ WT | 4

Now, we take Q = {z € Cl, 1 : |lzllcs, . < M}. Thus, the condition (a) of Lemma
2.1 is satisfied. When x € 02 N Ker L = 02 N R, x is a constant function in R with
|x| = M. Then we can derive

1 kT

Np— ———
ONe=—57 | .

n

i=1
which implies that the condition (b) of Lemma 2.1 is satisfied. Furthermore, take
J : Im Q— ker L such that J(z) =z for z € X. Let H(z, u) = px + (1 — p) JQNz,
Vx € QN Ker L. We have that

deg{JQN,QNker L,0} = deg{I,QNker L,0} =1 # 0,

where [ is the identity operator. Therefore, the condition (¢) of Lemma 2.1 is satisfied.
Hence, Lx = Nz has at least one solution in Dom L N 2. Therefore, (1.2) has at least
one 2kT-periodic solution zj, € €. This completes the proof. ]

To prove the existence of homoclinic solutions of (1.1), we introduce the following
lemma
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Lemma 3.1. [19]. Let zj, € Cl,p with ||xk| ooy < < M,
ag and ||z} ||i41 < a1 forall k € N. Then there exists afunctzon r9 € CY(R, R) such
that for each [a,b] C R, there is a subsequence {xy, } of {x)}ren with a:k (t) — z(1)

uniformly on [a, b)].

Theorem 3.2. Let (H;), (Hs) and (Hs) hold. Then (1.1) has at least one homo-
clinic solution.

Proof. By Theorem 3.1, (1.2) has at least one 2kT-periodic solution x, € €, that

i, for each & € N, ||zl [cyyp < M. [[a} |y < M. [leallz < a2 and |la} i1 < ar.

It follows from Lemma 3.1 that there exists a function xo € C' (R, R) such that for each

[a,b] C R, there is a subsequence {xy,} of {zx}ren With 372]- (t) — x((t) uniformly

n [a,b]. In the following, we will show that z((¢) is just the unique homoclinic

solution of (1.1). Firstly, we show that x((t) is a solution of (1.1). Since x, () is a
2k;T-periodic solution of (1.2), we have

y, ( ) + a(t)g(zy, ()
S + Zb (= T1(), iy (8= 72(1)), - - s an, (8 — T0()) = S, (£),

where t € [—k;T, k;T], j € N. Hence, there exists jo € N such that for j > jo and
t € [a,b], we have

2! ( ) +a(t)g(ay, (1))
(3.8) +Zb (= Ti(0) i (t = T2(1), oy (= (1)) = F(E).

Integrating (3.8) from a to t € [a, b], we obtain

n

oy oO-@ =] (= a0 () = 3o btsls oy o = 7o)

2, (5 = 72(8)), - . T (5 — Tu(5))) + f(s))ds

Since @y, (t) — xo(t) and a:%j (t) — x4(t) uniformly on [a,b] as j — oo. Let j — oo
in (3.9), for ¢ € [a, b], we obtain that

wo(t) — wp(a)

= [ (-t

n

=D bil)hi(wo(s = 71(s)), wo(s = 72(s)), - -, wo(s = Tu(s))) + f(8)>d8

=1
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In view of [a, b] is arbitrary, we have that z((¢) is a solution of (1.1).
Next, we will show that z¢(t) — 0 as ¢ — +oo. It is obvious that

400 kT
| (lmotP+iap@P)ae = tim [ (la@) +la(o) )
—00 k—oo J_kT T
(3.10) = lim lim ' (a: t)|? t 2)
= +|zo ()7 ) dt
Jm [ (o o)

IN

2 2
a5+ a7.

Hence, we have
[ (1o +1ah(0) )t = 0.5 = +ox.
[t|>6

It follows that

/ lwo(4)[2dt — 0, / (e ()2dt — 0, 5 — +o0.
12 1126

By Lemma 2.2, as t — +00, we have that

o)) < o ([ teo(oyar) 4 rien) A ([

t—r t—r

t+r t+r 1

[wh(s)Pat) — o,
that is, xo(t) — 0 as t — £oo0.
Finally, we will show that z(,(¢) — 0 as ¢t — +oo. By Theorem 3.1, we have
l20(8)] < M, [a(H)] < M, ¥t € .
It follows from (1.1) that

|20 lcoer < atgnr + 0T has + sup | (5],
S

where gp = max |g(x)| and hyy = max max |h;(z,z,...,z)|. By way of contra-
|z| <M 1<i<n |z|<M

diction, assume that z{y(t) - 0 as t — =£oc. Then there exist a 0 < g9 < 1 and a

sequence {{} such that

[t] < |to| < -+ < |tg| < |thp1 <---,kEN
and

|G (k)] > 2¢0, k € N.

Then, for t € [tg, ty + li—OM], we have

to
|zg(s)|ds > .

(0] =t + [ h(s)as| = [apien)| - [

tg tg
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Therefore, we have

+00 O rtetr
/ ) (1)[2dt > Z/ () 2dt = oo,
—o0 k=1"tk

which contradicts to (3.10). Hence x((t) —0 as t — +oo. This completes the proof. m

4. AN EXAMPLE

Example 4.1. Consider the following differential equation

2" (t) — 19(2 — cost)a’(t)(2 + sin 2’ (t))

3 1 3
4.1) —5(1 — §sint) [a:(t — ZSith) +z(t— cos?t)}
t
5 2 3 3
—5(1 - gsint) [a:(t - ZSith) +z(t— cos?t)} = e—tc;j_et’ t€R.
It is obvious that a(t) = 2 — cost, g(u) = 19u(2 + sinu), bi(t) = 1 — $sint,
bo(t) = 1 — 2sint, hi(u,v) = —3(u+ ), ho(u,v) = —5(u+v), 71(t) = 3sin2¢,
1
To(t) = cos2t and f(t) = e_c;j—et' We have that L = 3 and we can take m = 17.

Then it is easy to verify that all conditions in Theorem 3.2 are satisfied. Therefore,
(4.1) has at least one homoclinic solution.
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