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SOME INEQUALITIES ON SCREEN HOMOTHETIC LIGHTLIKE
HYPERSURFACES OF A LORENTZIAN MANIFOLD

Mehmet Giilbahar*, Erol Kilig and Sadik Keles

Abstract. In this paper, we establish some inequalities involving k-Ricci curva-
ture, k-scalar curvature, the screen scalar curvature on a screen homothetic light-
like hypersurface of a Lorentzian manifold. We compute Chen-Ricci inequality
and Chen inequality on a screen homothetic lightlike hypersurface of a Lorentzian
manifold. We give an optimal inequality involving the (n, . . ., ny)-invariant and
some characterizations (totally umbilicity, totally geodesicity, minimality, etc.) for
lightlike hypersurfaces.

1. INTRODUCTION

In 1993, B.-Y. Chen [4] introduced a new Riemannian invariant for a Riemannian
manifold M as follows:

(1.1) op = 7(p) — inf(K)(p),
where 7(p) is scalar curvature of M and
inf(K)(p) = inf{K(II) : K(II) is a plane section of T,M}.

In [5], B.-Y. Chen established the following general optimal inequality involving the
new intrinsic invariant 6,7, the squared mean curvature ||H||? for an n-dimensional
submanifold M in a real space form R(c) of constant sectional curvature c:

n?(n — 2)

(1.2) o < 5

WHHH? + %m +1)(n—2)c.

In [6], B.-Y. Chen proved a basic inequality involving the Ricci curvature and
squared mean curvature of a submanifold in a real space form. In [16], S. Hong, M.
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M. Tripathi studied this inequality and they presented a general theory for submanifolds
of Riemann manifolds by proving a basic inequality as follows:
(a) For X € Tle,

) 1 =
(1.3) Ric(X) < 1”2HHHQ+RIC(TPM) (X),

where M is an n-dimensional submanifold of M, /PSE(TP ) (X) is the n-Ricci curvature

of T,M at X € Tle with respect to the ambient manifold M and Tle is the set of
unit vectors in 1}, M.
(b) The equality case of (1.3) is satisfied by X € T,; M if and only if

{ o(X,Y)=0, forall Y € T,M orthogonal to X,
o(X,X)=3H(p).

(c) The equality case of (1.3) holds for all X € Tle if and only if either p is a
totally geodesic point or n = 2 and p is a totally umbilical point.

In [20], the inequality (1.3) is named Chen-Ricci inequality by M. M. Tripathi.

Later, B. Y. Chen and some authors found inequalities for non-degenerate subman-
ifolds of different spaces such as in [9, 15, 17, 18, 20, 21].

In degenerate submanifolds, M. Gulbahar, E. Kilic and S. Keles introduced k-
Ricci curvature, k-scalar curvature, k-degenerate Ricci curvature, k-degenerate scalar
curvature and they established some inequalities that characterize lightlike hypersurface
of a Lorentzian manifold in [14]. However, as it is well known, since the sectional
curvature and the induced Ricci curvature are not symmetric on lightlike manifolds,
establishing Chen-like inequalities on lightlike submanifolds are more difficult than
establishing such inequalities on non-degenerate submanifolds. Thus, due to above
mentioned difficulties, they couldn’t compute some Chen-like inequalities (Chen-Ricci
inequality, Chen-inequality etc.).

In this paper, we introduce screen homothetic lightlike hypersurfaces. Since the
sectional curvature and the screen Ricci curvature of screen homothetic lightlike hyper-
surface are symmetric therefore we are able to establish Chen’s inequalities on screen
homothetic lightlike hypersurface of a Lorentzian manifold and we give some charac-
terizations using these inequalities.

The paper is organized as follows. Section 2 is concerned with preliminaries. In
section 3, we compute Chen-Ricci inequality on screen homothetic lightlike hypersur-
faces. In section 4, we establish some inequalities and we give some characterizations
on screen homothetic lightlike hypersurfaces of a Lorentzian manifold.

(1.4)

2. PRELIMINARIES

Let (M, g) be a lightlike hypersurface of an (n + 2)-dimensional semi-Riemannian
manifold (M, g). The radical space or the null space of T, M, at each point p € M,
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is a one dimensional subspace Rad T,,M defined by
2.1 Rad TyM = {£ € TyM : g,(&£,X) =0 forall X € T,M}.

The complementary non-degenerate vector bundle S(7T'M) of Rad TM in TM is
called the screen bundle of M. Thus, we have

2.2) TM = Rad TM @®pn S(TM),

where @41, denotes the orthogonal direct sum. Denote by F'(M) the algebra of smooth
functions on M and by I'(E) the F'(M) module of smooth sections of a vector bundle
FE over M. For any null section & of Rad T'M on a coordinate neighborhood U C M,
there exits a unique null section N of a unique vector bundle tr(TM) in S(TM)~+

satisfying

(2.3) g(N,X)=¢g(N,N)=0, g(N,&§)=1,VX eI(S(TM)).
Then the tangent bundle TM of M is decomposed as follows:

24)  TM=TM® tr(TM) = {TM" @& tr(TM)} Gopen, S(TM),

where tr(TM) is called transversal vector bundle of M.
Let V be Levi-Civita connection of M and P be the projection morphism of I'(T'M )
on I'(S(TM)). The Gauss and Weingarten formulas are given

VxY = VxY + B(X,Y)N,
VxN = —AxX + w(X)N,
VxPY = V4 PY + C(X, PY)¢,
Vx€=—Ay(X) - w(X)E.

2.5)

for any X,Y € I'(T'M), where V and V* are the induced linear connection on 7'M
and S(T'M), respectively; B and C are the local second fundamental forms on 7'M
and S(TM), respectively; Ay and Af are the shape operators on T'M and S(T'M),
respectively; and w is a 1-form on TM [11, 12].

From the fact that B(X,Y) = g(% xY, &), it is known that B is independent of
the choice of a screen distribution and

(2.6) B(X,£) =0, VX,Y € [(TM).

The local second fundamental forms B and C' of M and S(TM), respectively, are
related to their shape operators AE and Ay by

(2.7) B(X,Y) = g(A:X,Y),
(2.8) C(X,PY) = g(AyX, PY).
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If B = 0, then the lightlike hypersurface M is called fotally geodesic in M. A point
p € M is said to be umbilical if

B(X,Y),=Hg)(X,Y), X,YeT,M,

where H € R. The lightlike hypersurface M is called totally umbilical in M if every
points of M is umbilical [11].

The mean curvature p of M with respect to an orthonormal basis {e, ..., e,} of
['(S(TM)) is defined in [3] as follows:

1 1 &
(2.9) W= - tr(B) = - Z;@B(ei, €i)s g(ei,e;) = &;.
1=

A lightlike hypersurface (M, g) of a semi-Riemannian manifold (M , g) is called screen
locally conformal if the shape operators Ay and Af of M and S(T'M), respectively,
are related by

(2.10) AN = @A,

where ¢ is a non-vanishing smooth function on a neighborhood U on M. In particular,
M is called screen homothetic if ¢ is a non-zero constant [1].

We denote the Riemann curvature tensors of M and M by R and R, respectively.
The Gauss-Codazzi type equations for M are given as follows:

§(R(X,Y)Z,PU) = g(R(X,Y)Z, PU) + B(X, Z)C(Y, PU)
(2.11) — B(Y,Z)C(X, PU),

9(R(X,Y)Z,§) = (VxB)(Y, Z) - (VyB)(X, Z)
(2.12) + B(Y, Z)w(X) — B(X, Z)w(Y),

g(R(Xv Y>Z7 N) = g(R(X, Y)Z, N),
(2.13)  §(R(X,Y)PZ,N) = (VxC)(Y, PZ) — (VyC)(X, PZ)

(2.14) + w(Y)C(X,PZ) — w(X)C(Y, PZ),

where

2.15)  (VxB)(Y,Z)=XB(Y,Z) - B(VxY,Z) - B(Y,VxZ),

and

2.16)  (VxO)(Y,PZ)=XC(Y,PZ) - C(VxY,PZ) - C(Y,ViPZ),

for all X,Y, Z,U € T(TM) [11].
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Furthermore, from (2.12) if M (c) is a Lorentzian space form, then it is known that

17 (VxB)(Y,2) - (VyB)(X, Z) = B(X, Z)w(Y) - B(Y, Z)w(X).
Let IT = sp{e;, e;} be 2-dimensional non-degenerate plane of the tangent space T}, M/

at p € M. Then the number

g(R(ej, ei)ei, e5)
g(ei, ei)g(ej, e5) — glei, e;)?

Kij =

is called the sectional curvature of the section I at p € M. Since the screen second
fundamental form C' is symmetric on a screen homothetic lightlike hypersurface, the
sectional curvature Kj;; is symmetric, that is, K;; = Kj;. But, in general, the sectional
curvature need not be symmetric for a lightlike hypersurface of a semi-Riemannian
manifold [12].

Let § be a null vector of T,M. A plane IT of T,M 1is called a null plane if it
contains & and e; such that g(§, e;) = 0 and g(e;, e;) # 0. The null sectional curvature
of II be given in [2] as follows:

g(RP(eiv f)fa ei)

Knull _
‘ gp (eiu ei)

Let M be a lightlike hypersurface of a Lorentzian manifold M and {e1,...,en}
be an orthonormal basis of I'(S(T'M)). The Ricci tensor Ric of M and the induced
Ricci type tensor R(%:2) of M are defined by

218)  RUD(X,Y) =Y g(R(ej, X)Y,¢;) + G(R(£, X)Y, N),
j=1

and scalar curvature 7 be given by

n n
(2.19) T=> K+ K"+ Ky,
ij=1 i=1

where K;ny = g(R(&, e;)e;, N) fori € {1,...,n} [13].

3. CHEN-RICCI INEQUALITY

Let M be an (n+1)-dimensional lightlike hypersurface of a Lorentzian manifold M

and {e1,...,en, &} be a basis of I'(T'M) where {eq,...,e,} be an orthonormal basis
of I'(S(I'M)). For k < n, we set m,¢ = sp{ei1,...,ex, &} is a (k + 1)-dimensional
degenerate plane section and 7, = sp{ei,...,er} is k-dimensional non-degenerate

plane section. Define k-degenerate Ricci curvature and k-Ricci curvature at a unit
vector X € I'(T'M) as follows:
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k
(3.1) Ricr, (X)=ROD(X, X) = "g(R(ej, X)X, ¢;) + G(R(E, X)X, N),
j=1
k
(3.2) Ricy, (X) = ROP(X, X) =) " g(R(ej, X)X, ),
j=1

respectively. Furthermore, k-degenerate scalar curvature and k-scalar curvature at p €
M are given as follows:

k k
(3.3) Tree(P) = Y Kij+ > KM+ Ky,
ij=1 i=1
k
(3.4) T (p) = Y Kij,
i,j=1

respectively. For k = n, 7, = sp{e1,...,e,} = T(S(T'M)), then

(3.5) Ricgrary(e1) = Ricg,(e1) =Y Kij = Kia+ ...+ Kip,
j=1

and

(3.6) Tseran(p) = > Kij.
ij=1

Ricgcrar(e1) and 7g(rar)(p) are called screen Ricci curvature and screen scalar cur-
vature, respectively [14]. From (2.11) we can write

n
(3.7 Tseran(p) = Tseran () + Y BiiCjj — BiiCyi,
i,j=1
where Bij = B(ei,ej), Cij = C’(ei,ej) for 1,] € {1, .. .,n}, %TpM(p> is scalar
curvature of n-plane section (screen distribution) of M given by [15]

n

Toeran(p) = Y G(R(ei e5)ej, e).
ij=1

We now recall the following lemma:

Lemma 3.1. [12]. Let M be a screen homothetic lightlike hypersurface of a
Lorentzian space form M (c) with constant curvature c. Then

(3.8) 20w(&)B(X, PZ) = —cg(X, PZ).
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Let M be a screen homothetic lightlike hypersurface of an (n + 2)-dimensional
Lorentzian space form M (c). From the Gauss-Codazzi type equations, equation (2.15)
and applying Lemma 3.1 we have the following equations:

(3.9) Tseran(p) =n(n — e+ on’p® — ¢y "(Bj;)?,

,J
iKinu” Zg ezu §7€i>
i=1
= Z§<R<f, ei)ei, €)
i=1

(3.10) =
= Z{(V&B)(Q, ei) - (veiB><§a ei) + B(eia €z>w(§>}
= Z{ Blei, e5)w(€) + Bles, e1)w(€)} =0,

and

Zg faez €i, )
- Zg faez €i, )
(3.11)

= Z(P{(VgB)(eia ei) = (Ve,B) (& €i) — Blei, ei)w(§) }
= Dopnpuw ()

From (2.19), (3.9), (3.10) and (3.11) the induced scalar curvature 7(p) of M
becomes

n
(3.12) 7(p) = n’c+ pn?u® — ¢ Z(Bij)Q.
i,J

Using (3.12) we obtain the following theorem immediately:

Theorem 3.2. Let M be a screen homothetic lightlike hypersurface with ¢ > 0 of
a Lorentzian space form M (c). Then we have

(3.13) é(T(p) —n’c) <n?p’.

The equality of (3.13) holds for p € M if and only if p is a totally geodesic point.
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Now, we shall need the following lemma:

Lemma 3.3. [19]. If a4,...,a, are n(n > 1) real numbers then
(3.14) l(zn:w)? < Zn:a?
. ot C i=1 :
with equality if and only if a1 = -+ - = an,.

From (3.12) and Lemma 3.3 we have the following theorem immediately:

Theorem 3.4. Let M be a screen homothetic lightlike hypersurface with ¢ > 0 of
a Lorentzian space form M (c) . Then we

(3.15) 7(p) < n’c+ p{n(n - 1)u}.
The equality of (3.15) holds for p € M if and only if p is a totally umbilical point.

Proof. By Lemma 3.3 we can write
n
(3.16) 0D (By)® = pu’.
i=1

If we put (3.16) in (3.12) then we get (3.15).
The equality of (3.15) holds for p € M if and only if

Bllz"':Bnn~

Thus p is a totally umbilical point.
We now recall the following lemma:

Lemma 3.5. [10]. Let ay, .. ., a, be n-real numbers and define A = 3" (a; —a;)%
1<J
Then
(1) A> %(a1 — a2)? and equality holds if and only if

1
§(a1+ag):a3:...:an.

(2) Let k,l be integers such that 1 < k < { < n and (k,0) # (1,2). If A =

5(a1 — az)? = 5(ar — a1)? then a; = as = ... = ay,.

Since the sectional curvature of screen homothetic lightlike hypersurface is sym-
metric, we can denote the screen scalar curvature by 7g(7ar) as follows:
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(3.17) rsrm)(p) = Z Kij = Z Kij = Ts () (P)-

1<i<j<n ij=1

y (3.17), (3.9) equality become

(3.18) 2rsiran(p) = Xsran(p) + on’u® — 0> (Biyj)*.
X

Using (3.18) and Lemma 3.5 we get the following theorem:

Theorem 3.6. Let M be a screen homothetic lightlike hypersurface with ¢ > 0 of
a Lorentzian manifold M. Then we have

~ n+ 2
(3.19)  2rgrary(p) < 2Fg(ran(p) + T on?u? + (Bi1 — Bas)?.

e

n+1 2(n+1)

The equality of (3.19) holds at p € M if and only if the mean curvature of M is equal
to §(B11 + Ba2), that is, jp = 5(B11 + Ba).

Proof. From the Binomial theorem we can write

(Bi1 — B22)? + ...+ (B11 — Bun)? + (Bayg — 333)2 oo+ (Bag — Byy)?
+~~~+<Bn—1n—1 nn —nz zz _2 Z
1<i#j<n

By Lemma 3.5 we have

n

(3.20) > (B Z BiiBj; + (B11 — Ba)?.

i=1 z;é]
On the other hand, we can write

n

1 1
(321) E ZB“B]] = n;ﬂ — E Z(B“>2

i#j i=1
Using (3.20) and (3.21) we get

n
3.22 B;)?2 > 24 = (By1 — B)%
( ) ;( u) _n—i—lu +2(n+1)( 11 22)

Finally, by (3.18) and (3.22), we obtain (3.19).
The equality case of (3.19) holds then taking consideration of the case (1) of Lemma
3.5 we get u = %(BH + Bsa). The converse part of the theorem is straightforward.
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From the Binomial theorem there is such as the following equation between the
components of the second fundamental form:

n

1
> (By)* = gnPp + 5 (Bn ~ By — ...~ Byn)?
(3.23) =1
+QZBU -2 ) B (Bi;)*.
2<i<j<n

Now, we shall introduce Chen-Ricci inequality on screen homothetic lightlike hy-
persurfaces.

Theorem 3.7. Let M be a screen homothetic lightlike hypersurface with ¢ > 0 of
a Lorentzian manifold M. Then, the following statements are true.
(a) For X € S{TM)={X € S(TM): (X,X)=1}

1 —

1 , .
(3.24) Zn2u2 < —(Ricsray(X) — Ricgran (X))

A

(b) The equality case of (3.24) is satisfied by X € Tle if and only if

(3.25) { B(X,Y) =0, forall Y € T,M orthogonal to X,

B(X,X)=12
(¢) The equality case of (3.24) holds for all X € Tle if and only if either p is a

totally geodesic point or n = 2 and p is a totally umbilical point.

Proof. From (3.18) and (3.23) we get

1 ~ @
Z@n2u2 = 7(p) = sy (p) + 7 (B — ... — Bun)?
(3.26) n 2
+ Bl] - Z (Bij)"
j= 2<i<j<n

From (3.18) we also have

(3.27) o Y BaBj—(By)’= Y (K- Ky).

2<i<j<n 2<i<j<n

Since

Z Kij = rs(ra)(p) — Ricsran(er),

(3.28) 2sissn

Z K;; = Fsrany(p) — Ricsiran(er),
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and using (3.26) we get

1 ) :
(3:29) Z<PTL2M2 < Ricgran(X) — Ricsrary(X).

If we put e; = X as any vector of 7)) M in (3.29) we obtain (3.24).
The equality case of (3.24) holds for X € T} M if and only if

Bis=---=B1,=0 and Bi; = Bas + -+ Bp,.
So we have
np = Bi1 + -+ Bup = 2By,

which is equivalent to (3.25).
We now suppose that the equality case of (3.24) holds for all X € Tle then we
have

(3.30) Bi; =0, i
(3.31) 2B;; = Bi1+ -+ Bpna, iE{l,...,n}.

From (3.31) we have
n
2B11 =2By =+ =2Bp, = ZBu‘,
i=1

which implies that

=1

n n
Thus, either > B; = 0 or n = 2. If > B; = 0, then in view of (3.31), we get

i=1 i=1
Bj; = 0 for all ¢ € {1,...,r}. This together with (3.30) gives B;; = 0 for all
i,7 € {1,...,n}, that is, p is a totally geodesic point. If n = 2, then form (3.31) we
have
2B11 = 2By = B11 + DBag,

which shows that p is a totally umbilical point. The proof of the converse part is
straightforward.
From Theorem 3.7 we get the following corollary immediately:

Corollary 3.8. Let M be a screen homothetic lightlike hypersurface of a Lorentzian
space form M (c). Then, the following statements are true.
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(a) For X € S{TM)={X € S(TM): (X,X)=1}
TP |

(3.32) TS ;(RiCS(TM)(X) — (n—1)c).

(b) The equality case of (3.32) is satisfied by X € Tle if and only if

(3.33) { B(X,Y) =0, forall Y € T,M orthogonal to X,

B(X,X)="2p.

(¢) The equality case of (3.32) holds for all X € Tle if and only if either p is a
totally geodesic point or n = 2 and p is a totally umbilical point.

4. CHEN-LIKE INEQUALITIES ON SCREEN CONFORMAL LIGHTLIKE HYPERSURFACES

We begin this section with the following lemma:

Lemma 4.1. [5]. If n > 2 and a4, . . ., an, a are real numbers such that

n

(4.1) O a)?=(n- 1)(Za§+a>,

i=1
then

2a1a0 > a,
with equality holding if and only if
a1 +as =a3 = -+ = ap.

Theorem 4.2. Let M be a screen homothetic lightlike hypersurface of a Lorentzian
manifold M, ¢ > 0, II = Span{ey,es} be a 2-dimensional non-degenerate plane
section of TyM, p € M. Then

Tsran(p) — T(I1) < Tgran(p) — 7(I0)
n*(n—2) , - 2
(4.2) —T g M +<PZ(Bz“) :
i=3
Equality of (4.2) holds at p € M then M is minimal and the shape operator of M
take the form:

By1 By ...0

. By —By1 ... 0

0 0 ...0
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Proof. If we put

n2(n—2) 2~

0= TS(TM)(p) - ¥ K= TS(TM) (p),

n—1

n (3.9) we have

ij=1
Therefore, we can write

n

ZBM =1 [ B Y (B2

i£j=1
From Lemma 4.1 we get
5 n
2BiBy > — + Z (Bij)*.
i£j=1

Now, let us choose a non-degenerate plane section II that is spanned by e; and es.
Then we obtain

(M) = F00 + 0 ) Busy = (B

Z +5+§0 Z 1] _(P Z

(4.4) i#=1 #=1
> 7 +5+cpz ) —wz i) —@Z
7] 1 i£j=1

> 7(II) + 6 - @Z(Bii)2~
i=3

From (4.4) we finally have (4.2) and (4.3). Therefore, M is minimal.
From Theorem 4.2 we have the following corollary:

Corollary 4.3. Let M be a screen homothetic lightlike hypersurface of a Lorentzian
space form M (c), ¢ > 0, IT = Span{e1, ea} be a 2-dimensional non-degenerate plane
section of TyM, p € M. Then

“3)  mseran(p)—r(Il) < <n+1><n—2>c—w%u2+wZ(Bm?
=3
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If the equality of (4.5) holds at p € M then M is minimal and the shape operator of
M take the form:

Biy Bz -+ 0
i Byy =By -+ 0
(4.6) Aé - : : SRR
0 0 ---0
Taking into consideration Lemma 3.3 we have the following theorem:

Theorem 4.4. Let M be a screen homothetic lightlike hypersurface and ¢ > 0.
Then we have

4.7) Tserany(p) < Tserany(p) + pn(n — 1),
Equality of (4.7) holds at p € M if and only if p is a totally umbilical point.
Proof. If we write
> (By)?>=¢Y (Bi)>+¢> (By)
ij=1 i=1 i#j
in (3.9) we have
(4.8) Tseran(p) = Fsan(®) + e’’’ — 0> (Bii)* — ¢ > (Bij)’.
i=1 i#j

From Lemma 3.3 we get
n

(4.9) np? <) (Bii)”.
i=1

Using by (4.8) and (4.9) we obtain (4.7). Equality case of (4.7) holds if and only if
By =+ = B,
the shape operator A,, take the form:

Bip O
0 Bjp ...

(4.10) Ar=| :

0 0
0 0

which shows that M is totally umbilical. This completes the proof of the theorem.
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Definition 4.5. Let M be a lightlike hypersurface of a Lorentzian manifold. For
any given set of mutually orthogonal plane sections 7; with dimensions k-tuples
(n1,...,ng) such that ny + - -+ ngx < n + 1, the d-curvatures in lightlike case is
defined by [14]

4.11) o(ni,...,ng) =7(p) —inf{rr, +---+ 7'7rnk}.

We now recall the following Chen’s generalized Lemma from [8] for later use.

Lemma 4.6. Suppose that a1, . . ., a, are n real numbers, k is an integer satisfying
2 <k <n—1. Then for any partition (ny,...,nx) of n
Z a4, + Z QinQjy + - - -
1<ii<ji<m n1+1<io<jo<ni+ng
(4.12) + > a;, aj,

ny+-Ang_1 +1<ip <jp <n
1
> o (a1+ - +an) — k(a2 + -+ a2)},
with the equality holding if and only if
(4.13) ay+ -+ an, = Qpi1+ - F Apygny = = Ay 41+ G

Let C(ny,...,n;) and D(nq,...,ng) be the positive numbers given by

k
n?(n+k—1 —an)
j=1

(4.14) C(ni,...,ng)=¢ p ,
n—i—k—an
S
(4.15) D(nl,...,nk):n(n—l)—an(nj—l),

J=1

for each (ng,...,nk) € S(n) the set of all unordered k-tuples with k& > 0.
We now establish an optimal inequality involving the J-invariant on screen confor-
mal lightlike hypersurface as follows:

Theorem 4.7. Let M be a screen homothetic hypersurface of a semi-Riemannian
space form M. Then for each point p € M and for each k-tuple (ny,...,ng) € S(n),
we have the following inequality:

(4.16)  6(ny,...,nk) < Cny,...,np)p® + D(n, ..., ng)c+ (20 — 1)npu.

The equality of (4.16) holds at a point p € M if and only if the shape operators of
M take the form:
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* S 0
(4.17) Ag— -

where I is an identity matrix and each A; is a symmetric nj X n; submatrix such that
(4.18) trace(A}) = - - = trace(A}) = .

Proof. If we put

(n+k—1—z§:1nj>
n—i—k—Z?:lnj

)

(4.19) n = 7(p) — n’c—pn’y’

in (3.12) we get

(4.20) en’u® =yn+e > (Bij).
=1

where v = n 4+ k — Y n;. We can write the following equality instead of (4.20)

n n
n
(4.21) O B> ==+ _(Biy)*+ > _(Ba)?.
i=1 L i=1
Equation (4.21) is equivalent to
y+1 n y+1
D @) ==+ (@) + > (By)
(4.22) i=1 L it
- Z Aoy @By — " — Z aakaﬂk]v
1<a1#B1<ny ar#P

where

a; = ai, G2 = a2 + -+ Qp,,

as = Ap4+1 + -+ Gpyny,

a,k+1 = Qpi+-dny_1+1 + -+ Ay 4 dny, )

6,74_1 = Anp.

and oy, B; € DN, i = {1,...,]{}, AN = {1,...,n1},...,Ak = {n1 + ...+ Ng—1 +
1,...,m1 4+ ...+ ng}. Since ¢ > 0, by applying Lemma 3.3 to (4.22) we have
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n 2
(4.23) > aaag ..+ Y aaas > 20t > (Bas).
a1#£p1 ak#Bk A<B

In addition to this, from (3.12) we have

(4.24) T(”j) = ;S(TM)(TFJ) +2¢ Z BajajBﬁjﬁj - (Bajﬁa>2a

;i <fj
where dimm; = n;. Using (4.23) and (4.24) we get
k

T(m) -+ T(m) =0+ Y Tsran(m) + 20 > (Bap)®
(4.25) =1 A<B

k
> n+ Z n?c.
j=1

Therefore, by (4.19) and (4.25), we obtain (4.16).
Taking into consideration Lemma 4.6, the equality case of (4.16) holds at p € M
if and only if the shape operators of M take the form as (4.17).
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