TAIWANESE JOURNAL OF MATHEMATICS

Vol. 17, No. 3, pp. 1095-1114, June 2013

DOI: 10.11650/tjm.17.2013.3055

This paper is available online at http://journal.taiwanmathsoc.org.tw

RELATIVE ATTACHED PRIMES AND COREGULAR SEQUENCES
J. R. Garcia-Rozas, Inmaculada Lopez and Luis Oyonarte*

Abstract. We extend the existing concepts of secondary representation of a
module, coregular sequence and attached prime ideals to the more general setting
of any hereditary torsion theory. We prove that any 7-artinian module is 7-
representable and that such a representation has some sort of unicity in terms
of the set of 7-attached prime ideals associated to it. Then we use T-coregular
sequences to find a nice way to compute the relative width of a module. Finally
we give some connections with the relative local homology.

1. INTRODUCTION

Since 1950’s authors like Auslander, Buchsbaum, Serre and Kaplansky used regular
sequences to find homological characterizations of some interesting rings in Algebraic
Geometry.

Coregular sequences, as well as the width of an artinian module, were introduced
by Matlis ([6]) in 1960, and later, in 1976 Ooishi ([9]) gave the concept of the cograde
of a module.

Recently, a characterization of the width of a module by means of local homology
modules has been given ([8]), and these local homology modules have been proved to
be very close to left derived functors of the I-adic completion ([2]).

In this paper we use a torsion theory to extend the concept of a coregular sequence,
attached prime ideal to a module and the width of a module. We first study conditions
for a module to admit a (relative) secondary representation (in the sense of [5]) and
prove that, if this is the case, the set of prime ideals associated to a secondary decom-
position of the module is unique and coincides with the set of attached prime ideals to
the module and to the set of attached prime ideals to any of its coprime quotients.
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Then, we study the existing relation between coregular sequences and the torsion
of some Tor modules. From this relation we deduce a nice way to compute the width
of a module in terms of the torsion of Tor’. This also makes possible to find a relation
between the width of the three modules of a short exact sequence.

Finally we introduce a functor . H ZI for any ¢ > 0 that, over any module M, acts as
limQ- (Torf*(M, R/I™)). The previous results suggest that these modules ,H/ (M)

should be related is some sense with the existence of (relative) coregular sequences. We
show that this is indeed the case and that actually, using these - H} (M), T-Width; (M)
can be computed as the projective or injective dimension of a module can be computed
using Ext.

Finally, we prove that the functors TH{ are indeed derived functors of liinQT
(M/I"M).

Throughout the paper R will be a commutative ring with identity, 7 an idempotent
kernel functor in the category R-Mod, 7 and F, the classes of all 7-torsion and all
T-torsion free modules respectively, and £(7) the Gabriel filter associated to 7. By
a torsion or torsion free module we shall mean a 7-torsion or 7-torsion free module
respectively. The localization functor associated to 7 will be denoted by Q.

Recall that given a module M and a submodule N < M, the 7-closure of N in M
is defined as

CIM(N) = {m € M; 3I € L(r) such that Im C N}.

N is said to be 7-dense in M if M/N € 7T, that is, if CI(N) = M. On the
other hand, N is 7-closed in M if M/N € F,, that is, CI¥(N) = N.

A module M is said to be 7-noetherian (7-artinian) provided that any nonempty set
of 7-closed submodules posses a maximal (minimal) element. A ring R is 7-noetherian
if it is as an R-module.

Further information on torsion theories can be found in [1, 10] or [4].

2. ATTACHED PRIMES AND SECONDARY REPRESENTATIONS

The aim of this section is the study of relative secondary decompositions. We
will prove that over any ring, every T-artinian module admits a relative secondary de-
composition, or equivalently, a minimal relative secondary decomposition. In addition,
these minimal decompositions have some sort of unicity that involves the set of relative
attached prime ideals to the module.

Definition 2.1. For any module M we define the set of 7-attached primes to M as

T-Att(M) = {J € Spec(R); J = Anng (M/N); N < M 7-closed} .
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Proposition 2.2. Any maximal element of the set

A:{Ann3<%); 07&%6}}}

is T-attached to M.

Proof. If J = Ann(M/N) is any maximal ideal of A and ab € J, a ¢ J, then
N C Ny = N+aM. Since M/C1X(Ny) is torsion free and J C Ann (M/CI1¥ (Ny)),
if CI¥(Ny) # M then J = Ann (M/CI¥(Ny)) by the maximality of J in A,
Therefore, from the chain

J € Ann(M/Ny) € Ann (M/CI1M (Ny))

we immediately get that J = Ann(M/N;). But then a € Ann(M/Ny) implies a € J,
a contradiction.

Thus we get that CIM (N7) = M, and then, for any m € M there exists I € £(7)
such that Im C N7 and so that bIm C bN; = N, that is, bm € C'ZM(N) = N for all
m € M. This means that b € J and so that J is prime. [

Now, every ideal in the set A = {Ann(M/N); N < M 7-closed} is 7-closed in
R, so if the ring is 7-noetherian then .4 has a maximal element which is 7-attached to
M by the above proposition. Thus we have the following.

Corollary 2.3. If R is T-noetherian then T-Att(M) = 0 if and only if M is a
torsion module.

Definition 2.4. A nonzero torsion free module is said to be 7-coprime if its anni-
hilator coincides with the annihilator of any of its nonzero torsion free quotients.

It is clear from the definition (and Proposition 2.2) that if M is 7-coprime then
T-Attr(M) = {Ann(M)}.

Proposition 2.5. If R is T-noetherian and M ¢ T, then M has a nonzero T-
coprime quotient.

Proof. The set A = {Ann(M/N); N < M t-closed} is nonempty since M ¢ 7.
(and so T-Attg(M) # 0). Thus, since every element of A is a 7-closed ideal of
R, A has a maximal element Ann(M/N). If M/N is not 7-coprime we find a 7-
closed submodule L/N (so AnnM /L € A) such that Ann(M/N) C Ann(L/N), a
contradiction. |

Definition 2.6. We say that an R-module M is 7-secondary provided that M ¢ 7.
and that, for any r € R, the endomorphism r- has a torsion cokernel or r"M € 7, for
some n > 1.
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It is clear that last two conditions on r- cannot occur at the same time on a 7-
secondary module since M/rM € 7. implies M/r"M € 7, for all n > 1, so if
r"M € 7., the exact sequence

0—r"M — M —

r M -0

forces M to be torsion, so M would not be 7-secondary.

We then see that M being a 7-secondary module means that it makes the ring to par-
tition in two sets: Rad (Ann (M /7(M))), and the set of all those r with M 7-dense in
M. Moreover, it is easy to prove that if M is 7-secondary, then Rad (Ann (M /7(M)))

is actually a prime ideal. For if we let a™"M C 7(M) but b M ¢ 7(M) for every
m (so CIM(bM) = M since M is T-secondary), we get

a"M = a"CIM (" M) € CIM (a™b" M) C CIM (7(M)) = 7(M),
that is, a € Rad (Ann (M/7(M))).

Definition 2.7. We shall indicate that p = Rad (Ann (M/7(M))) by saying that
M is (1, p)-secondary.

We now prove some properties of the class of all (7, p)-secondary modules.

Proposition 2.8. Let R be any ring. The following statements hold.

(i) Any finite direct sum of (1, p)-secondary modules is (T, p)-secondary.
(ii) If M is (1,p)-secondary and K < M is such that M/K ¢ T., then M/K is
(7, p)-secondary.
(iii) If M is a (T, p)-secondary module then Ann (M /7(M)) is a p-primary ideal.

(iv) If K is any torsion submodule of M and M/K (t,p)-secondary, then M is
(7, p)-secondary.

(v) If M;, i = 1,...,n are (1,p)-secondary submodules of a given module, then
My + -+ M, is also (1, p)-secondary.

(vi) If 0 - K — M — T — 0 is exact with K is (7,p)-secondary and T € T,
then M is (T, p)-secondary.

Proof. (i) Let A and B two (7, p)-secondary modules, call M = A® B and suppose
there exists 7 € R such that M/rM ¢ 7.. Let us prove that r"M € 7, for some
n > 1.

M/rM ¢ T, means CIM(rM) # M, so either ClA(rA) # A or CIB(rB) # B
since C1A9B(r(A® B)) = Cld(rA) @ CI1Z(rB).
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If Cl12(rA) # A we have that 7" A € 7T, for some n > 1 since A is T-secondary.
Thus, » € Rad(Ann(A/7(A))) = p, and then there exists k& > 1 such that r*B € 7.
Therefore, letting m = max{n, k} we have that r™M € 7.

To see that p = Rad(Ann(M/7(M))) take any x € Rad(Ann(M/7(M))) and
any k > 1 with z*M € 7.. Then z*A @ 2*B € T; so clearly A € 7, and then
x € p. The converse is clear.

The general case is a trivial extension of the case n = 2 using induction.

M
(ii) For any r € R we have that either Vi €7, orr"M € 7, for some n > 1.

r
M M
If — € 7, then also ——— € 7,
rMe TtenaSOrM—i-Ke -, but
M - M/K M/K

TM+K  (rM+EK)/K r- M/K’

M/K
MK

M
On the other hand, we have an epimorphism "M — ™. —, so if ¥ M € 7T then

SO e 7.

M M/K
also 7" — € 7. This also shows that p C Rad <Ann <4))

K T(M/K)
Finally, if x € Rad ( Ann (| ———— then there exists n > 1 such that ™ -
T(M/K)
M
V7 € 7T, and therefore m cannot be a torsion module.
M
Thus, M/zM cannot be a torsion module either since otherwise ———— would

be torsion by the above.
But M is 7-secondary, so necessarily "M € 7. for some n, that is, z € p.

(iii) Clear.

M n
(iv) Let » € R be any element. If v"— € 7, then

) ] ) ( r*"MNK
r"M N K € 7. since K is torsion, so necessarily r"M € 7.

M/K _ M . rM+K
= , since ———
rM/K rM+K rM

is torsion because K is, from the exact sequence

€ 7.. But

If, on the other hand, the torsion module is

rM + K M M

_ s —— =0
rM rM rM + K

0—

we immediately see that M /rM € 7.
Therefore M is a 7-secondary module.
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Finally we have

Rad <Ann (%)) ~ Rad <Ann (%)) ~ Rad <Ann (%)) .

(v) Cal V. =a;M;, S=>,M; and K =ker(V — §),s0 S =V/K.
By (i) V is (7, p)-secondary, and by ii) so is V/CIY(K). But CIY(K)/K is a
. V/K
1 ~
torsion module and CIV(K)JK - CIV (K)

, so V/K (that is, S) is (7, p)-secondary
by iv).

(vi) Given any r € R either K/rK € 7, or r"K € 7, for some n > 1.
If K/rK € T, then K/(KNrM) € T, sincerK < KNrM, so (K+rM)/rM is

M/K .
a torsion module. But 7" € 7, means m € 7., thatis, M/(K+rM) € T,

so from the exactness of the sequence

K+rM M M
BN et

0 _— s — =0
rM rM K+rM

we get that M/rM € 7.
On the other hand, M /K € 7, implies r" M /r" K € T, for every n > 1 since we
have an epimorphism
M r" M

—
K r K

m+K — rmm4+r"K
Therefore, if r" K € 7, necessarily v M € 7. since the sequence

n
r
0—-7r""K —-r"M —

rv K =0

1S exact. []

Definition 2.9. When a module M can be written as M = CIM (3°%_ | N;) where
each N; is a (7, p;)-secondary module, we say that CI2 (31" | N;) is a 7-secondary
representation of M. If this representation is such that all prime ideals p; are different,
it will be called a minimal 7-secondary representation.

A module M is said to be 7-representable if it has a minimal 7-secondary repre-
sentation.

By Proposition 2.8 we see that a module is 7-representable if and only if it has a
T-secondary representation.
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Thus, associated to each 7-representable module there is a family of distinct prime
ideals {p1,...,pn}. Our next goal will be to prove that any 7-artinian module is 7-
representable, and that the last family of prime ideals does not depend on the choice
of the minimal 7-secondary representation of M.

We introduce some notation.

Definition 2.10. Given any ideal / < R and any R-module M, we write M (I) to
denote the set of all m € M annihilated by I. Thus, if a € R is any element, M (a)
is the kernel of the map M —*> M. Similarly, if b € R is any other element then

M (a, b) is the kernel of M(a) - M(a).

Proposition 2.11. For any ring R, any T-artinian R-module M with the following
two properties is T-secondary.

(1) M¢T.
(2) If N1, N < M are such that M /N1, M /Ny ¢ T, then M /(N1 + Ny) ¢ 7.

Proof. Suppose there exists r € R such that 7" M ¢ 7. V n and that M /rM ¢ 7.

M is T-artinian so there is k such that CIM (r* M) = CIM (r¥" M) ¥ n. If we
call Ny = M(r*) and Ny = r*M we have M/N; = v*M ¢ T, and M/N, ¢ T, by
our hypotheses.

However CIM (r*M) = CIM (r?* M), so for any m € M we find I € £(7) such
that Ir¥m C r2*M, that is, for any y € I we have r*(ym — r¥m,) = 0. This
means that ym — 78m, € N; and so that ym = r*m, + n, with n, € Ny. Thus
m € CIM(Ny 4 Ny) and then M/(Ny + N3) is torsion, contradicting 2). ]

Theorem 2.12. Every T-artinian module M over any ring is T-representable.

Proof. Suppose this is not the case and consider the set .4 of all not torsion 7-closed
and not 7-representable submodules of M. A is not empty since M € A, so A has
a minimal element, say N. But N 7-closed and not 7-representable implies N is not
T-secondary, and since IV is 7-artinian, condition 2) of Proposition 2.11 must fail.

Thus, there are two submodules N1, No < N such that N/N; ¢ 7, but N/(N; +
N3) € 7;. Then we have

N = CI¥(Ny + Np) C CIY (CIN (Ny) + CIY (Vo))

so N = CIY (CIY (Ny) + CIY (Ny)).

If CIY(N;) ¢ T, then CIY (N;) must be T-representable by the minimality of N
in A, and then it is easy to check that CIY(Ny) = CIY (3 A;), being each A; a
T-secondary module. Thus, if both CIY (N;), i = 1,2 are torsion we have

N=cV (cz;V (Z Ai> oy (Z Bi>> — ¥ (Z A+Y Bi> ,
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that is, N 7-representable, a contradiction.

Therefore we see some of the C1¥ (N;) must be a torsion module, so some of the
N; is torsion.

The two of them cannot be torsion because in that case N1 + N would be torsion
too, which, in addition to the fact that N/(N1 + N3) is torsion, would force N to be
torsion, a contradiction.

Thus we can suppose /N7 to be torsion but not No. Then

N = CIY (CLY (0) + CIY (Na)) = CIY (CIY (Ny) = CIY (Ny),
that is, N/N; is torsion, a contradiction. [ |

Theorem 2.13. Let R be any T-noetherian ring, M any T-representable R-module,
A = {p1,...,pn} the set of associated prime ideals to a minimal T-secondary rep-
resentation of M and B = {Anan(M/N); M/N t-coprime}. Then A = B =
T-Attr(M).

Proof. B C 7-Attr(M) is clear.

If p € 7-Attp(M) then p = Ann(M/N) for some nonzero torsion free quotient
M/N, but since p is actually prime, the equality p = Rad (Ann(M/N)) holds.

Let M = CIM (3", N;) be a minimal 7-secondary representation of M (so each
N; is (7, p;)-secondary). Then CI2 (37" | N;) /N is torsion free, and then so is the
submodule (}°"" ; N;+ N)/N. If we order the N; ‘s so that N; ¢ N i =1,...,r
and N;C N, i=r+1,...,n, we have

n
> NN
T N
i=1 ~ A

N _; N,AN’
M/N

Thus, the quotient is torsion since

(>ie1 Ni) /(Ni OV N)
ciM <Zn: N,)

M/N

~Y

Therefore we get M/N = Cly/N( 1 (Ni/(N;NN))) and so that the module
ciMN (>°i1 (Ni/(N; N N))) is torsion free. But it is not hard to prove that if the



Relative Attached Primes and Coregular Sequences 1103

closure of a module is torsion free then its annihilator coincides with the annihilator of
the module itself. Therefore we have

- on () - s (5 )

T NZ T
= ﬂRad <Ann <N,~DN)) :ﬂ P,

=1

where the last equality holds because each N;/(N; N N) is a torsion free quotient of a
(7, p;)-secondary module (see ii) of Proposition 2.8).

But p = N p; clearly implies that p; = p for some j, so 7-Attr(M) C A.

Finally, let p € A, for instance, p = p; = Rad (Ann (N;/7(N;))).

If we call L; = CIM (Zi 2 Ni> we clearly have M = CIM(N; + Lj), so the
quotient M /L; is torsion free. Then, the submodule

Nj+Lj N
Lj Nj N Lj

is also torsion free and so (7, p)-secondary since N; is (7, p)-secondary. But then the
exactness of the sequence

N,+L; M M
N —

— — 0

0 _—
L L, N;+I;

forces M/L; to be (7, p)-secondary by vi) of Proposition 2.8 since M/(N; + L;) =
CIY(Nj + Lj)/(Nj + L;) € T;.

Now, M/L; torsion free implies there exists a 7-coprime quotient M /N (Propo-
sition 2.5), and then, again by Proposition 2.8, M/N is (7,p)-secondary, that is,
p = Rad (Ann (M/N)).

But M/N 7-coprime means that 7-Attp(M/N) = {Ann(M/N)}, so we know
Ann(M/N) is a prime ideal, and then of course Rad (Ann(M/N)) = Ann(M/N),
sopeB. |

The following is now immediate from Theorems 2.12 and 2.13

Corollary 2.14. If R is T-noetherian and M is T-representable (so for instance if
M is T-artinian), then T-Attr(M) is finite.

3. COREGULAR SEQUENCES AND THE WIDTH OF A MODULE

In this section we introduce the concept of relative coregular M-sequences and
relate them with the torsion of some Tor modules. This connection will end up in a
very nice way to compute the relative width of a module, and gives a relation between
the (relative) width of the modules of a short exact sequence.
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Definition 3.1. If M is an R-module, a sequence {a1,...,a,} C R is said to be
a weak 7-coregular M -sequence if the cokernel of each one of the maps

M(ay,...,a;) aii?M(al,...,ai), i=1,...,n—1,

is a torsion module. If in addition M(aq,...,a,) ¢ 7, then sequence is called a
T-coregular M -sequence.
An element = € R is (M, 7)-coregular if {z} is a weak 7-coregular M -sequence.

Lemma 3.2. Let I < R be an ideal, M an R-module and {ai,...,a,} C I a
weak T-coregular M-sequence. If Tor®(M,R/I) € T, Vi < n then

Q. (Torj'(M, R/I)) = Q. (Tor[* ;(M(ay, ..., a;),R/I)) Vj<i<mn
(so Torf* ;(M(ay,...,a;),R/I) € T, Vj <i<n—j—1)
Proof. From the exact sequences
0— M(ay) — M 5 ayM —0

and
0—aM— M-—

— 0

ai
we get the long exact sequences

) R R
Tor® M, E L Torf a1 M, E — Tor® | [ M(a; ,— | — TorR_l M, —
‘ I ‘ I 1 I ‘ I

and

M R R R M R
Torﬁl <a1—M’ 7) — ToriR <a1M, 7) — ToriR <M, 7) — ToriR <a1—M’ 7)

Since a; € I we have -a; = 0 and then we get from the first long exact se-
quence that Tor® (a1 M, R/I) is a submodule of Tor’; (M (a1), R/I) for all i, so
9, (Torf (a1 M, R/T)) < Q. (Torf, (M(a1), R/I)) for all i. But Torf (M, R/I)
is torsion for all ¢ < n so again from the first exact sequence we get indeed that
9, (Torf (a1 M, R/I)) = Q, (Torf | (M(a1), R/I)) for all i < n.

Now, M/ayM € T, so Tor® (M/a; M, R/I) € T. Vi, and then the second long
exact sequence shows that Q. (Tor’ (a1 M, R/I)) = Q. (Tor (M, R/I)) for all i.

Therefore Q; (Tor! (M, R/I)) = Q, (Tor?, (M(a1), R/I)) for all i < n.

But then Tor®(M (a1), R/I) € T, Vi < n — 2, and applying the previous argu-
ment, Q. (Torf(M(a1), R/I)) = Q. (Torf | (M(a1,a2), R/I)) Vi <n —1, that is,
9, (Torf (M, R/I)) = Q. (Torf ,(M (a1, a2), R/T)) Vi < n.

The result follows repeating this procedure. ]

The next definition is inspired by [9, Definition 2.4].
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Definition 3.3. For any R-module M we call 7-Wr(M) the set of all non (M, 7)-
coregular elements of R, that is, 7-Wgr(M) = {a € R; CIM (aM) # M}.

Proposition 3.4. If R is T-noetherian then T-Wr(M) = U J.
Jer-Att (M)

Proof. We first see that
T-Wr(M)=0< M/rM € T, Vr € R & 7-Attr(M) = 0.

On the other hand, if a € 7-Wgr(M) then M/aM ¢ T., so by the last corollary
there exists J = Ann(M/N) with aM < N < M (M/N € F;). But thena € J €
T-Attp(M), thatis,ac | ) J.

Jer-Att (M)

Conversely, if a € Ann(M/N) with M/N € F., then aM C N and then
CIM(aM) C CIM(N) # M, so a € 7-Wr(M). n

Theorem 3.5. Let I be an ideal of a T-noetherian ring R and M a T-representable
module such that M(I) ¢ T,. Then Tor®(M, R/I) is a torsion module for all i < n
if and only if there exists a T-coregular M-sequence {ay, ... ,a,} C I.

Moreover, if M is T-artinian then the sequence {ai,...,a,} is maximal if and
only if Tor® (M, R/I) ¢ T,.

Proof. If there is no a € I with CIY¥(aM) = M then I C 7-Wg(M) =
Ur-att5(ary J and then I is contained in some J = Ann(M/N) € 7-Attr(M) since
T-Attr(M) is finite.

Now, Torf(M,R/I) € T, by hypothesis, that is CIM(IM) = M, but also
CIM(IM) C CIM(JM) C CIM(N) = N (M/N € F,). Thus M = N, a con-
tradiction.

Let then a; € I be such that M/a;M € 7T,. Since Torf(M,R/I) € T, by
hypothesis, M (a1)/IM (a1) € 7; by Lemma 3.2. Thus, by the previous argument we
find ay € I such that CI2Y (ayM (a1)) = M(ay).

We can repeat this procedure and find a sequence {ai,...,a,} C I such that
CIM(a; M) = M and CI2"“v ) (g, M(ay, . .., a;)) = M(ay, . .., a;) ¥i < n— 1.

But clearly M (a1, ..., ay) ¢ T, since M (I) ¢ 7, so {a1,...,a,} is a T-coregular
M -sequence.

Conversely, if a € I is such that CIM (aM) = M then
M =CciM(aM) c CiM(IM) C M

so CIM(IM) = M and Torl (M, R/I) € T,.
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If {a1,...,a,} € I is now a 7-coregular M-sequence, by induction hypothesis
Tor® (M, R/I) € T Vi < n — 1. But again CI2/“ "=V (q, M(ay, ..., an_1)) =
M(ay,. .., an_y) implies CI2" =D (TN (ay, ..., an_1)) = M(a1, . .., an_1), s0
Torl{(M(ay, .. .,an_1),R/I) € T,.

Now Tor®(M, R/I) € T Vi < n — 1 implies by Lemma 3.2 that

Q; (Tork | (M, R/T)) = Q. (Torf!(M(ai,...,an-1), R/T)),

so Tor® | (M, R/I) € T;.

Finally, if Tor®(M, R/I) € T,, Lemma 3.2 would say that 7 ]\I((ac;’, - .”CZ;)) S

and then that {ai,...,a,} would not be maximal, for otherwise I would be con-
tained in 7-Wgr(M(ay,...,a,)), and since M(ay,...,a,) is T-artinian, [ C J =
Ann((M(ai,...,an)/N) (N < M(aq,...,a,) with M(ai,...,a,)/N € F;). But
then

M(ay, ..., a,) = CIM@a)(TM(ay,. .., a,)) C

CIM@ran)(JM (ayq, . . ., a,)) C 1M (@1an) (N) = N,

a contradiction.

Conversely, if {ai,...,a,} were not maximal, we could find b € I with
M(ay,...,ap) M(ay,...,ap)
— " e T, 1 LR € 7.. But we know by Lemma
bM(ai, ..., ap) ™ 50 a10 IM(ay,...,ap) o P WY
3.2 that Q; (Torf (M, R/I)) = Q; (M(ay,...,a,) ® R/I) so Tor}(M, R/I) € T,
a contradiction. n

We are now able to give the announced way for computing the (relative) width of
a module.

Definition 3.6. If / < R is any ideal, 7-Width;(M) is defined as the length of
the longest 7-coregular M -sequence contained in I or oo if such a sequence is infinite.

Corollary 3.7. If R is T-noetherian, M is T-representable and M (I) ¢ T, then
T-Width; (M) may be computed as the minimum of the set

{n>0; Torf(M,R/I) ¢ T.}.
If furthermore M is T-artinian then T-Width;(M) is always finite.

Proof. The first assertion is clear.
If |7-Width;(M)| = oo there exists an infinite 7-coregular M -sequence {a1, ao, . . .
1, and since M is T-artinian, the sequence

CIM(M(ay) 2 CI¥(M(ay,az) D ---
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becomes constant after some n. But then

CIM(@vwan) (M(ay, ..., any1)) = CIM (M(ay, . .., any1)) N May, . . ., a,)
= CIM (M(ay,...,a,)) N M(ay, ... an) = M(ay, ..., a,).

If we then choose any m € M(ay,...,a,), we find J € L(7) such that Im C
M(ai,...,ap41),80 ap1IM = 0and then I C Ann(a,1m), thatis, Ann(a,+1m) €
L(7). This means that a,,.1m € 7 (ap+1M (a1, ..., a,)). Thus app1M(aq,...,a,) €
7.

On the other hand CZM ) (q, .\ M(ay,. .., an)) = M(ay,...,a,), that is,

(ab ) an) c ,];
ant1M(ay, ..., an)

Therefore, from the exact sequence

M(ay, ..., ap)
0 M e M e 0
— Qnp41 (a'17 ;an> - (a'17 ;an> - an+1M(a1, o an)
we get that M(aq, ..., a,) € 7,, a contradiction (M (I) ¢ 7;). n

Proposition 3.8. Let R be a T-noetherian ring, I < R an ideal and M a T-artinian
R-module such that M (I) ¢ T.. If there exists an (M, T)-coregular element x € I
then

r-Widthp(M) = 7-Widthp(M(z)) + 1.

Proof. Suppose T-Widthr(M(z)) = m. Then Q. (Torf(M(z), R/I)) =0 Vi <
m and Q; (Tork (M (x), R/I)) # 0.
As in the proof of Lemma 3.2, since M /xM € 7. we know

9, (Torf{(M, R/I)) = Q, (Tor}(xM, R/I)) Vi,
and since Tor®(M, R/I) % Torf'(xM, R/I) is the zero map for all i, we see that

9, (Torf(zM, R/I)) = 0 Vi < m. Therefore Tor (M, R/I) € T, Vi < m.
Similarly, the sequence

0 — Tork <a:M, ?) — Torl? <M(a:), ?) — Torl? <M, ?)
is exact and Tor® (M, R/I) € T, thus

Q. (Torji+1 (;;;M, ?)) ~ Q. (Torfi <M(a:), ?)) 0,

that is, Tor® | (M, R/T) ¢ 7.
Therefore 7-Width;(M) = m + 1. ]
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Proposition 3.9. Let R be T-noetherian, I < R an ideal and
0O—-M —-M-—->M'—-0

an exact sequence of T-artinian R-modules such that M'(I), M(I), M"(I) ¢ 7.
Then:
(1) T-Widthy (M) < 7-Widthy (M) = 7-Widthy (M) = 7-Width; (M").

(2) T-Widthy(M') < m-Width;(M) = 7-Widthy(M") = 7-Width; (M') + 1.
(3) T-Width; (M) = 7-Width;(M') = 7-Width;(M) < 7-Widthp(M").

Proof. If T-Width;(M) = 0 then obviously 7-Width;(M) < r-Width;(M")
(so 3) holds in this case).

Moreover, M/zM € T, Vz € I so I C 7-Wgr(M), that is, I C 7-Attr(M) C
T-Attgr(M') U T-Attgr(M"). Therefore, if 7-Widthy(M') > 7-Width;(M) we have
I C 7-Attr(M") and then 7-Attr(M") = 0 (and 1) holds).

On the other hand, if 7-Width;(M') = 0 we only have to prove 2).

In this case 7-Width;(M) > 1so M ® R/I € T, and then M" @ R/I € T,.

Now if Tor(M"” R/I) € T, then ker (M’ ® R/I — M ® R/I) € T, so the

Sequence
0- 0, (M’®§) ~Q. (M@?)

is exact. But Q, (M’ ® R/I) # 0 by Theorem 3.5 and Q, (M ® R/I) = 0, a contra-
diction.
Thus Torf!(M"”, R/I) ¢ T, and Theorem 3.5 says that 7-Width;(M") = 1.

Suppose now that 7-Width;(M) > 0, 7-Widthy(M') > 0. We then have I ¢
T-Wgr(M) U 7-Wgr(M') and there exists an (M, 7)-coregular (so (M", T)-coregular)
and (M',7)-coregular element z € I. Thus, the modules M/xM', M/xM and
M" /xM" are torsion, and from the snake’s lemma we get the exact sequences

(1) 0— M(x) - M(x) -V —0

and
0=V —->M'(z)—=T—0

with T' € 7., which means that for all i, Tor* (V, R/I) € 7T, if and only if Tor?(M" (),
R/I) € T;. In other words, 7-Width; (V) = 7-Width;(M"(z)).
Proposition 3.8 says that

r-Width; (M (z)) = r-Widthy (M) — 1,
r-Widthy (M'(z)) = m-Widthp (M') -1,
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and
T-Width; (M”(a:)) = T-Width](M”> —1.

Let us then call 7-Width;(M'(z)) = n and 7-Width;(M (z)) = m and, with the
help of the long exact sequence of ToriR associated to (1), let us compute 7-Width (V).

Casel. m<n

Tor(M'(x), R/I) € T, Vi < n, thus
Q. (Torf(M(z), R/T)) = Q. (Torl(V, R/I)) Vi < n.

Therefore, since Tor*(M (x), R/I) € T, Vi < m we have Tor?(V, R/I) € T, Vi <
m, and since TorZ (M (z), R/I) ¢ T, we have TorZ(V,R/I) ¢ T..

This means that 7-Width; (V) = m = 7-Widthi (M (z)).

The same argument shows cases 2) and 3). ]

With the arguments above it is easy to prove the following.

Proposition 3.10. Assume the conditions of Proposition 3.9. The following state-
ments hold.

(1) T-Widthy (M) < 7-Width;(M") = r-Width; (M) = 7-Width; (M").
2) 7-Widthy(M") < 7-Widthy(M) = -Widthy (M") = 7-Widthy(M') + 1.
3) r-Width; (M) = 7-Widthy(M") = 7-Width; (M) < 7-Widthy(M') + 1.
4) -Width;(M') < 7-Widthy(M") = 7-Widthy (M) > r-Width; (M’).

) (

(
(
(
(5) T-Widthy(M") < r-Width;(M') = 7-Width;(M) = 7-Width (M").

(
(

The concept 7-Width; (M) may be thought of as a sort of a dual of the T-depth of
M in I, defined in [3] as the length of any maximal 7-regular M -sequence contained
in I or oo.

When M is a T-finitely generated module over a 7-noetherian ring, its 7-depth can
be computed as

T-depth;(M) = min{n € IN; Q. (Ext}(R/I, M)) # 0}.

The next result gives a relation between both concepts over semilocal rings.
If R is semilocal and () denotes the (finite) set of all maximal ideals, we let
E = @ngQE(R/m).

Proposition 3.11. Let R be a semi-local noetherian ring, I < R any ideal, M a
finitely generated R-module such that M(I) ¢ 7., and T a stable torsion theory in
R-Mod. Then T-Width; (Hom(M, E)) = t-depthy(M).
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Proof. Torl*(R/I,Hom(M, E)) = Hom (Ext’t(R/I, M), E) for every n > 0 by
[9, Corollary 1.5], and it is not hard to check that a finitely generated R-module M is
torsion if and only if Hom(M, E) is. |

4. CONNECTIONS WITH RELATIVE LocAaL HoMOLOGY

Throughout this section we assume that 7 is a perfect torsion theory. We then
have that for any J < R and any module M, JO,(M) = J (M ® Q-(R)) = JM ®
Q,(R) = Q,(JM).

For any module M we let . H! (M) = lim Q, (Torf(M, R/I™)). Our first goal in
this section will be to find a connection in such a way that the 7-Width; of a module
can be computed using these , H. ZI ’s in a very similar way as the projective or injective
dimension using Ext.

We start with the following.

Proposition 4.1. N,I° HI (M) = 0 Vi.

Proof. NI* HI (M) = limI® <lim 9, (Torf (M, R/I"))), which (up to an
isomorphism) is a submodule of limlim I*Q; (Tor/*(M, R/I")). But

s Tn

limlim I°Q, (Tor[ (M, R/I"™)) = limlim Q; (I*Tor(M,R/I")) =lim0=0. m
Proposition 4.2. If R is T-noetherian and M is T-representable, then there exists
an (M, T)-coregular element x € I if and only if  H}(M) = 0.

Proof. Let z € I be such that M = CIM(zM).

Since 2" M = 2" 'CIM(xM) C CIM (2" M), we get that CIM (21 M) C
CIM(z™M). But by the induction hypothesis CIM (x"~1 M) = M, so we have M C
CIM (2" M) C M and then that CIM (x" M) = M for every n > 1.

Therefore M = CIM (x" M) C CIM(I"M) C M, that is, CIM (I"M) = M, and
this means M ® R/I" € T, Vn.

Conversely, if I C 7-Wgr(M) then I C J = Anng(M/N) with M/N € F; since
M is r-artinian. Thus Q (M /N) # 0 and I"M C N.

If p, : M — M/I"M is the canonical projection for any n, we get a compatible
system of morphisms {Q.(p,); n > 1}, so there exists a unique h : Q.(M) —
lim Q- (M/I" M) such that fih = Qr(pi) Vi (f; : lim Qr (M/I"M) — Q,(M/I'M)
are the canonical homomorphisms).

But . H{ (M) = 0 implies that h = 0 and then that Q,(p;) = 0 Vi, so if we call
p: M — M/N and 7, : M/I"M — M/N the canonical projections, we get

0= QT(Wn>QT(pn> = QT(Wnpn> = QT(p>7
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a contradiction since Q. (p) is an epimorphism (7 is perfect) and Q,(M/N) #0. m

Recall that a module M is 7-finitely generated if there is a finitely generated
submodule N < M with M/N € 7.. We then prove the following.

Proposition 4.3. Let R be T-noetherian, M T-artinian and N T-finitely generated.
Then Torl}(N, M) is T-artinian for every n > 0.

Proof. We use induction on n.

Let N/ < N be finitely generated with N/N' € 7. We then have an epimorphism
M"™ — N'© M, so we see N’ ® M is T-artinian.

Now, since N'/N € T, we know that Q; (Tor{'(N/N’, M)) = Q.(N/N'®@M) =
0 and then that Q. (N'® M) = Q.(N ® M), so Q.(N’'® M) being artinian implies
that Q. (N ® M) is artinian, and so that N ® M is 7-artinian.

Suppose now Tor? | (L, M) is T-artinian for every 7-finitely generated L.

Torf(N/N', M) is a torsion module for every i so Q, (Torf(N',M)) = Q,
(Torf(N, M)), that is, Tor(N, M) is T-artinian if and only if Tor(N’, M) is 7-
artinian. But if N’ = R"/L we know L is 7-finitely generated since R is T-noetherian,
so we are done since TorZ(N', M) = Tor | (L, M). ]

Proposition 4.4. Let R be a T-noetherian ring, I < R an ideal and M a T-artinian
module such that M(I) ¢ T,. Then 7-Width;(M) = min{n € IN; ;HL(M) # 0}.

Proof. Letn = 7-Width;(M). If n = 0 then , H (M) # 0 by Proposition 4.2.

Let{z1,...,2,} C I now be a maximal 7-coregular M -sequence. By Proposition
3.8 we know that 7-Width; (M (z1)) = n — 1, so by the induction hypothesis we get
that . H](M(x1)) =0 Vi < n — 1 and that . H! | (M(x1)) # 0.

Now, since 7 is a perfect torsion theory we have an exact sequence

.- — @, (Torf(M, R/I™) 2 Q, (Torf(a1 M, R/I")) —

— Q. (Torf | (M(z1), R/T™)) — - -+,

and M 7-artinian implies that both M (x1) and 1 M are T-artinian, so by Proposition
4.3 we know every Q; (Torf(M,R/I"), Q. (Torf(xz1M,R/I") and Q,(Tor’
(M(x1), R/I")) is artinian and then Mittag-Leffler. Therefore, applying lim we get
the exact sequence

c = HY (M (21)) =7 HY (M) =2 Hi (21M) =7 Hi (M (21)) — -

Thus, ,H} (M (x1)) = 0 Vi < n — 1 implies z1 -» H{ (M) =, H!(z1 M) Vi < n.
Similarly, we have the exact sequence

- — Q; (Torf(x1 M, R/I™)) — Q; (Torf(M, R/T™)) —
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— Q, (Torf{(M/x1 M, R/I™)) — - -

where Q (Torf(M/x1 M, R/I™))) = 0 Vi since M/x1M € T, (z1 is an (M, 7)-
coregular element), so we see that , H! (M) =, H}(x1 M) Vi and then that , H} (M) =
x1 ;HI (M) Vi < n. Therefore .H] (M) = Nz} ,H](M) = 0 (Proposition 4.1) for
all i < n.

Now, since  H! (M) = 0, the sequence

PHL (M) = Hy(21M) =7 Hy o (M(21)) — 0

is exact, and we know ,HI |(M(x1)) # O so necessarily ;HI(z;M) # 0. But
+HI (21 M) =, HI(M) so we are done.

Conversely, let n = min{n € IN; ;HI(M) # 0}. If n = 0 we immediately get
T-Width;(M) = 0 by Proposition 4.2.

If n > 0 then ,HI(M) # 0 so there exists an (M, 7)-coregular element x; € I.
Arguing as in the necessary part, we get that , H (M) =, H! | (M(x1)) Vi < n, so we
see that , H (M (1)) =0Vi <n—1and ,H. ;(M(x1)) # 0. Thus, by the induc-

tion hypothesis we find a maximal 7-coregular M (z1)-sequence {x2, ..., x,} C I. Itis
then clear that {1, . . ., z,,} is a maximal 7-coregular M -sequence, so 7-Width; (M) =
n. [ ]

We now turn out to prove that the functors ,H ZI are indeed derived functors of the
relative completion lim Q. (M /I™M). For we extend [2, Proposition 1.1] to this new

setting involving torsion theories.

Given any ideal I < R and a free resolution X" of R/I", the canonical morphism
R/I™' — R/I™ induces a morphism of complexes ! : X"+ — X" in such a
way that the family {X™; n > 1} is an inverse system of complexes.

If we consider the morphism of complexes

m: J[e-(X"erM) — []o- (X" &k M)

(o2 2t 2% = (o2 — g (et 20 — gl(at))
where ¢g" is the induced morphism by f”, we see that ker 7 = lim Q, (X" ®g M) and
coker 7 = 1im'Q, (X" ®p M).

Thus, if we let Mic (Q-(X" ®r M)) = Cone(—m)[1], the long exact sequence
induced by the short exact sequence

0— [] (X" @r M)[1] = Mic(Q-(X" &r M)) — [[ Q-(X" &1 M) — 0

gives, for any ¢, a short exact sequence

0 — lim'Q; (Torﬁl (Iﬁn M)) — H; (Mic(Q-(X"® M))) —
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(1) — lim Q, <Torﬁ <I%M)) —0

(note that
I'IIIIH‘ O, (X"®@r M)) = I'IIIIQ o —., M
1 i+1 ( T ( R )) 1 T ri+1 l—nu 3

lim H; (O, (X" ®r M)) = 1lim O, <TorzR (Iﬁn M))

since Q. is an exact functor).
With the use of the last exact sequence we can prove the following.

Theorem 4.5. If R is T-noetherian and M is T-artinian then
H; (lim QT(M/I”M)> ~ _HI(M) Vi > 0.
Proof. By Proposition 4.3 Q, (Tor® (R/I™, M)) is artinian (and then Mittag-
Leffler) so lim'Q, (Tor®(R/I™, M)) = 0 Vi. Then, by (1) we get that
H; (Mic(Q,(X"® M))) = HI (M) Vi>0.

Now, clearly { H, (Mic(Q-(X" ® —)))} and {H* (lim Q. (R/I"®Rr —))} are
exact d-functors, and if we choose any free module F' we see that

H; (Mic(Q-(X"® F))) =0 = H; (liin Q, (R/I" ®r F)) Vi > 1,

Ho (Mic (0-(X"® F))) = H, (lim Q. (M/I”M)) .
Therefore, arguing as in [2, page 439] we have

H; (Mic (Q, (X" M)) = H; (lim QT(M/I”M)>
for every ¢ > 0 and every 7-artinian module M. ]
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