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THE EXISTENCE OF HETEROCLINIC ORBITS FOR A SECOND ORDER
HAMILTONIAN SYSTEM

Wen-nian Huang and X. H. Tang*

Abstract. In this paper, via variational methods and critical point theory, we study
the existence of heteroclinic orbits for the following second order nonautonomous
Hamiltonian system

i — VF(t,u) =0,

where u € R" and F € C'(R x R*,R),F > 0. M C R™ be set of isolated
points and M > 2. For each £ € M, there exists a positive number pg such that
if y € B,y (§), then F(t,y) > F(t,{)for all t € R, where B,,(§) = {y € R" ||
y — & |< po}.Under some more assumptions on F'(¢,z) and M, we prove that
each point in M is joined to another point in M by a solution of our system.

1. INTRODUCTION AND MAIN RESULTS

In this section, we introduce some fundamental knowledge concerned our topic and
give out the main results (i.e. Theore 1.1 and Theore 1.2). Consider the following
second order Hamiltonian system

(1.1) i — VE(t,u) =0,

where u € R" and F € C'(R x R",R),F > 0. M C R" be set of isolated points.
We will suppose that ' and M satisfy the following assumptions:

(F1) FECY(Rx R",R),F >0, SUDge M f_oooo F(t,&)dt < oo.

(F2) tM > 2 and v = finf{| { —n |: £ # m;&n € M} > 0, if £ € M, then
VF(t,§) =0 forallt € R.

(F'3) There exists a positive constant py < «y such that if y € B, (§) for some { € M,
then F'(t,y) > F(t,&) forall t € R.
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(F4) There exist positive numbers p1, o and 71 < - such that if | y — £ |< ry for
some & € M, then iy |y — & [*> F(t,y) — F(t,€) >y | y—¢ |* for all te R.

(F5) There exists a g > 0 such that if F'(¢,€) < F(t,y) < F(t,§) + po for some
t € R and some £ € M, then | y — £ |< py.

IVE@z) = F(ty)|
lz—yl =

(F6) There exists a positive constant 7o such that sup, ., . ,c gn
ro.
Here and subsequently, VF'(¢, z) denotes the gradient of F'(¢,z) in x.
We say that a solution u(t) of (1.1) is a heteroclinic orbit (i.e. heteroclinic solution)
if there exisit £, € R™, £ # n, such that u joins £ to 3, i.e.

(12) u(—00) = lim_u(t) = &
and
(1.3) u(400) = Jim u(t) =n.

In the last years, the existence of connecting (i.e. homoclinic and heteroclinic)
orbits of (1.1) have been intensively studied by many authors with the aid of critical
point theory and variational methods. Among the previous studies of homoclinic orbits
are those of [4-9] and heteroclinic orbits are studied for example, in [10-13].

We are motivated by [3] written by C. N. Chen. He studied the following nonau-
tonomous second order Hamiltonian system:

(HS) G—V'(t,q) =0,

where ¢ : R — R",V € C*(R x R",R) and V'(t,y) = D,V(t,y). The basic
assumptions for the function V (¢, y) are the following:

(V1) There is a set Xl C R" such that if n € Ky then V(t,n) = infycpn V(t,y) =
Vo=0 forall t € R™.

(V2) There are positive numbers p1, o and pg such that if | y —n |< po for some
n €Ky then g |y—n|>> V(t,y)— Vo > 1 | y—n|? for all t € R.Moreover,
it n;,m; € K1 and i # j, then ‘ i — 1N ‘> 8p0.

(V3) Thereisa pp > Osuchthatif V(¢,y) < Vo+pg for some ¢ € R then | y—n |< po
for some n € ICy.

(V4) For any ro > 0 there is an M > 0 such that sup,cg || D2V (t,y) o< M if
|y |< 7o

Remark 1.1. (i) In [3], V € C?(R x R™, R), but here we only assume that
F € CY(R x R™, R); (ii) (V1) implies that for every n € K1, V(t,n) = 0 for all
t € R, but from (F2) we know that for every { € M, F(t,&)needn’t equal to a
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constant in this paper. For the case where n = 1, assume F (¢, z) = (1 +cosx) + f(t),
where f € LY(R,R"), [ f(t)dt > 0 and M = {2k + 7 | k € Z}, then it is casy
to show that F'(¢, x) satisfies (F1)-(F6), but F (¢, x) doesn’t satisfy assumption (V1)in
[3], because for every £ € M, F(t,&) = f(t) is not a constant.

In order to demonstrate a simple description of the main idea of our method. We
consider the case where M = {1, &) at first. Let U € C?(R, R™) be a fixed function
which satisfies

& oift<-1
(1.4) U(t) =
§ ift=>1
Let E = WY2(R, R") with norm
+oo 1
. 2
(1.5 Jul = ([ 0P+ Pid)
it is obvious that u(t) — 0 as [t| — oo for every u € E. Define
+oo 1 .
(1.6) v () :/ [ | i+ 0 P +F(t,ut Ut

We will prove that oy € C*(E, RT). Moreover, if ¢};(u) = 0 for some u € E, then
the function v(t) = U(¢) + u(t) is a heteroclinic orbit of (1.1). Let

(1.7) a = inf py(u)

It is not difficult to check that « is independent to the choice of U. A sequence
{um} € E is called a minimizing sequence of oy if py(uy) — o as m — oo. It is
well known that one of the most difficulties arised in the study of variational problem
on unbounded domain is that the compact condition (i.e. Palais-Smale) may not be
satisfied. Our method in this article is to search the critical point of ¢y by investigating
the convergence of the minimizing sequence.

For k € N, let
Er={ueE|ult)+U({t)=¢&,if t <k},
and
E_kZ{U,GE‘u(t)-FU(t) ng,iftz —k }
Define
(1.8) ar = inf oy(u)
uEEk
and
(1.9) a_, = inf @y(u).

uek_y
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It is obvious that
and

for all kK € N.
For this case, (i.e. M = 2), in [3], the author assert that:

Theorem A. ([3]). Under assumptions(V1) — (V4), if there exists an k € N such

that
a < min{ag, a_g},

then there is a solution q(t) of (HS) which satisfies

lim q(t) = fl,
t——o00
and '
tl}—rl—noo q(t> - §2.

Our main result for our case is the following
Theorem 1.1. Under assumptions(F1) — (F6), if there exists an k € N such that
(1.10) a < min{ag, o},

then there is a solution v(t) of (1.1) which satisfies

(1.11) Jim_w(t) = &,
and
(1.12) tEELrloov(t) = &.

For the case where M > 2, we extend the notation as follows. Let U;; €
C%(R, R") be a fixed function which satisfies the follwing condition

& ift<-1
(1.13) Uij(t) =

fj ift > 1.
Define
(1.14) Q= iggch”(u)
For k € N, let

Er(5,1) = {u+ &lu € WH2([k, 00), RMand u(k) = & — & }.
Define
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1
1.15 i,1)= inf ~ |2 4F(t,u)]dt.
(115 owil) = int [ LG i PP

Similarly, we define

E_y(i,1) = {u+ &lu € WH2((—o0, —k], R")and u(k) = § — & },

and
1.16 _k(i, 1) = inf — | @ F(t dt.
(1.16) asli)= gt | AP R w)
Let
ar(j)= inf  ag(y,1 a_i(i)= inf  ax(i,l).
() GEM\{E;} (5 1) e(@) GEeM\{&} k(0,1

For this case, (i.e. M > 2), in [3], the author assert that:

Theorem B. ([3]). Under assumptions (V1) — (V4). if there exists a k € N, such
that
a;; < min{a—x(i), ar(j)},
then (HS) possess a solution q(t) which satisfies (1.2) and (1.3).

Our result for this case is the following:

Theorem 1.2. Under assumptions (F1) — (F6). if there exists a k € N, such that

(1.17) a; ; < min{a_(7), ax(j)},
then (1.1) possess a solution v(t) which satisfies (1.2) and (1.3).
2. PROOF OF THEOREM 1.1 AND THEOREM 1.2

Our proof is divided into a sequence of lemmas.

Lemma 2.1. oy € CY(E, RT), and if u is a critical point of oy , then U + u is
a classical solution of (1.1).

Proof. (F1) and (1.6) imply that oy (u) > 0 for all w € E. By F € C'(R x
R"™ R), for z,y € R",

F(t,x+y)=F(t,z) + /0 (VE(t,z + sy), y)ds.

This together with (F2), (F6) and mean value theorem, for every v € F,

+oo
ou(u) :/ [% | U+ |? +F(t,U + u)]dt

—00
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~+o0 1
:/_ [%\u\%/g (TF(t,U + su), u)ds + F(t, U)|dt

+/_1[% T2 (0, @]t

+oo q
| TGP U )
+/+oo F(t, U)dt+/_ll[% | U > +(U, w)]dt

+oo
— [ TGP HOFEU + u)a) - (TF(U), )+ (VF (V). )

/1 (5 |0 P (7, it + /oo F(t, U)dt

1 —00

+
400 —+o0 1 . .
< [ T laPeruPldes [ PG [ 510 P )

o —oo -1
+/ F(t,U)dt
+o00o 1 9 9 1 1 1 . .
— [ T laP o fuPlars [ @FeO.+ [ 510 P )
o -1 -1

o
+ / F(t,U)dt
—0o0
too 1
< [ Tl laP ror ulfae+ D
oo 2
where 7 € (0,1), D is a finite positive number. That is, oy (u) < oo for each u € E.
Now, we are going to prove that ¢ is differetiable for any given u € F and

o0

(. ) = [0+ i)+ (V.U + ), o)

—0o0
for every ¢ € E. By (F6) and mean value theorem, we compute

o0

oot 6) = putw) — [0 +i,d) + (TPU +u),0)lde

—00

:/m[%\q'ﬁ\2+F(t,U+u+¢)—F(t,U+u)—<VF(t,U+u),¢>]dt

—00

:/_m[%\qﬁ\%r/o (VF(t,U +u+ 5¢), p)ds — (VE(t,U +u), $)]dt



The Existence of Heteroclinic Orbits for a Second Order Hamiltonian System 755

_ /OO [% 16 2 +(VE U + u+70),8) — (VE(t, U +u), d)]dt

—00

= /OO [% |12 +(VFE(t,U+u+7¢) — VE( U +u), ¢)]dt

—00

< [TGI8P Tl 0P

—00

<ClelP

where 7 € (0,1) and C' = max{2,ro7}. Thus

pu(u+ ) —pu(u) = (pp(u), ) = 0([ ¢ []), as || ¢ = 0.
Furthermore, for uy, ug, ¢ € E, where || ¢ ||= 1, by (F6), then

<¢/U(u1>7 ¢> - <¢/U(u2>7 ¢>

= /OO [(i1 — tig, ) + (VE(t,U +uy) — VF(t, U + ug), ¢)]dt

s/mn@h—u%@\+\vmuv+ua—VF@U+u»u¢uﬁ

<[ vir =iz |2 - | & |2 +ro | wr —ua |2 - || & 22
< 4r0) ur —uz ll @l -

This implies that ¢y, is continuous.

Since ¢ € C§° implies ¢ € E , if u € E is a critical point of the functional ¢y,
then (47, (u), ¢) = 0 for any ¢ € C§°, that is U + u is a weak solution of (1.1). By
standard regularity argument we know that U + u is a classical solution of (1.1).

Remark 2.1. (i) By (1.6) it is easy to show that ¢y : E — R is weakly lower
semi-continuous; (ii) Lemma 1 shows that ¢y : £ — R bounded from below and
differentiable on E. Thus by Corollary 4.1 in [1], there exists a minimizing sequence
(ur) C E of ¢y such that ¢y, (ug) — 0 and ¢y (uy) — o as k — oo.

Lemma 2.2. (see [3]). For any t1,ts € R,u € WH2([t1,ta], R") and p € (0, po),
i infiep, ) cem | u(t) — &= p, then

@0 /t2 Pt w)dt > (s — 1)0(p),

51

where 0(p) = min{u1p?, o}

Proof. (F4) and (F'5) imply (2.1) .
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Lemma 2.3. (see [3]). Let p € (0,po] and 0(p) is the same as in Lemma
2.2, suppose that u(ti) € 0B,(&), u(ta) € 0B,(&;) for some &,& € Mand
u(t)€Uger Bp(§) for t € (t1,ta). If i # j, then
22 [T 24F d

. = a(t) |2 +F(tw)dt > ————
@2) [0 P> gt

For the convenience of readers, we give out the detail of the proof as follow.

Proof. || & — & | =2p |<| u(tr) —u(te) |=| [i2a(t)dt |< Vi =6 ([ | 0 |2
dt)'/2. Thus

(1 & =& 1 =20)° +0(p)(t2 — t1).

to 1
/ Lat) 2 dt >
ty

| —9p)2
> (16— & | ~2),
this together with lemma 2.2 yields (2.2).

Lemma 2.4. Let {u,,} C E be a sequence such that py(um) — o and @ () —
0, as m — oo. Then there exists a positive constant Cy such that

(2.3) sup || wm | z2(r)< Co

Furthermore, {un,} is bounded in WY (R, R™).

loc

Proof. By Remark 2.1 (ii), there indeed exists {u,,} C E such that ¢ (u;,) — «
and ¢}, (um) — 0, as m — oo. Since {¢y(uy,)} is a bounded sequence in R, without
loss of generality, we assume that

ou(um) <a+1

for all m € N. By (1.4), (1.6) and (F1)

11 L
v () :/ [5 | im |>+F(t, & +um)]dt+/ [5 | U+im |2 +E(t, U+uy,)]dt
-1

—00

% 1
+/ [5 | U |2 +F(t, €0 4 wp)]dt
1

11 by 1
z/ —\um\ZdtJr/ —\U+um\2dt+/ L 2 at.
2 L2 .2

—00

Thus

11 by, . ol
/ §\um\2dt+/ §\U+um\2dt+/ §\um\2dt§a+1
-1 1

—00
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for all m € N, that is

1 1 . 1 .
a+1 z/ 5 | im |2 dt+/ (U i) +5 | U |?]dt
-1

—00

1 1 . 1 1 .
z/ —\um\2dt—/ \U\~\um\dt+—/ T2 dt
2 » 2/,

ool ) 1 - 1 ) 1 1 -
z/ L dt—/ (T +—\um\)dt+—/ T2 dt
2 . 4 2 ),

—00
1 [ IR
z—/ \um\2dt——/ P2 dt.
4 J_ o 2 )4
This implies that (2.3) holds for some C(for example, under the assumption @7 (uy,) <
a+ 1 for all m € N, we can choose Cp = [4(av + 1) + 2[_11 | U |? dt]%).

Now, we are going to prove that {u,,} is bounded in I/Vllof(R, R™). Once more we
assume that oy (uy,) < a+ 1 for all m € N. Let

(2.4) dm(7) = inf {| U(7) + um(7) — € |}

and

(2.5) Sm = {1 € R[ dm(T) < po},

we claim that

(2.6) SmN[—n+t,n+t]#0

for any t € R, where n = 209?:5). If (2.6) is false, then there exists some ¢y € R, such
that

S N [=h + to,h+to] = 0

i.e. v (t) = U(t) + uy, satisfies

nf {1 v =€ 1} = po

for all t € [—n + tg, 7 + to]. By lemma 2.2,

n+to
o0 (i) z/ F(LU +um)dt > 0(po) - 20 = a+ 2> a+ 1
—n—+to

This is obviously contrary to the hypothesis ¢y (uy,) < a+ 1 for all m € N. Choose
atm € SnN[—n+t,n+t], by (2.3) and (2.4)

t
Q1) L) <]t 141 [ in(s)ds IS0 U 1wy + 509 181 +p0+V2RCo.
tm S
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We divide M into two cases:

Case one, M is a bounded subset of R", then there exists some positive constant
L such that supgc pq | § |< L, this together with (2.7) shows that for each given s > 0,
there exists a positive number R depend on s but not on m, such that

H Um, HW1’2([—8,8]7R")§ R,

that is {u,,} is bounded in W,22(R, R™).

oc
Case two, M is a unbounded subset of R", let

M(m) = {§{ € M | there exists a t € R such that U(t) + um(t) € By, (§)}-
By relabeling the elements of M if necessary, we assume that
tEEnOO(U + up)(t) = & and limy—,o0 (U + up ) (t) = o
Thus &1, & € M(m) for every m € N, we are going to prove that
(2.8) tM(m) < oco.

For any fixed m, there exists 1, 51 € R and £ € M(m)\{&1}, such that (U+u,,) (1) €

By, (1), (U + um)(s1) € Bpy(€) and (U + um)(1)E(UgemBy, (§)) for t € (t1, 51),
this together with lemma 2.3 and F'(2), F'(3) shows that

s1 ] .
a+12>py(um) > / [5 | U+t |> +F(t, U + up)]dt
t1

2.9) > s €~ €1 =20 +0(e0) o — 1)
= Q(ﬁpiﬁtl) +0(po)(s1 —t1) > po 9(§O>~

Furthermore, (2.9) implies that

(2.10) O(po)(s1 —t1) < a+1,

and

(2.11) (| & — €] —2p9)? <2(s1 —t1) (e + 1).

Thus

\fl—é\ﬁ(aﬂh/ﬁwm

For any &;,& € M., & # &, if (U + um)(ti) € Byy, (U + um)(si) € By, and
(U 4 um ) (t)E(UgemBp, (§)) for t € (t;,s;), then for the same reasoning as above

shows that - 7
[ 10+ i P F (U +ulae > gy 22
ti
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and
2
(2.12) | & — &< (a+1) er?Pu
For
ﬁM(m) S 1 .
U € Byt 12 pplum) > / (5 | Ut 2 F (8, U+ )
i=1 Jti
0
> () "2
Thus
a+1 2
Card(M(m)) < ,
(M(m)) < po \ O(po)

i.e. (2.8) is true. By (2.12), for any £ € M(m)

2.13) €= 60 |< M) - (a+ 1)y 55 + 200)
Replace supgcpq | € | in (2.7) by
a+1 2 2
| &1 | +( m)((aJrl) er?Po),

thus u,,(t) € W2 (R, R™).

loc

Corollary 2.1. If {u,,} C E is a sequence such that oy (uy) — a and o () —
0, then u,, € L*°(R, R™).

Proof. 1t is directly from lemma 2.4.

Proof of Theorem 1.1. Let {u,,} C FE be a sequence such that ¢y (u,,) — « and
oy (um) — 0 as m — oo, by lemma 2.4, {u,,} is bounded in I/Vllof(R, R™). By the
reflexivity of I/Vlf)f(R, R™), there exists a subsequence of {u,, }, for convenience, also
denoted by {u,,} and a u € W,>*(R, R") such that w,, — u in W,>*(R, R") and

Uy — win Li . Furthermore, it follows from Corollary 2.1 that v € L*°(R, R"). For
each [ € N, let

!
1 .
alw = [ 510+ P +F@U -+ wlde
—l
then a;(u) is weakly lower semi-continuous on W12([—1, 1], R™)

a;(u) < liminf a;(up,).
m—00
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Thus
lim a;(u) < lim liminf a;(up,) < a,
l—o0 l—o0 M—00

1.e.

(2.14) eu(u) = lim a;(u) < a.

l—o0

Let v = U + u, we are going to prove that
(2.15) v(—o0) = lim v(t) = &andv(oo) = lim v(t) = &a.
t——o0 t—o0

It is obviously that (2.15) will be satisfied if u € E. Let

d(t) = inf {Jv(t) = €1}, 8, = {t e R [ d(t) < p}, S=R\S,
It follows from lemma 2.2 that measS < I(p), where I(p) = ‘;(—J;?. We claim that

(%) there exists a p1 € (0, r1] such that v(¢t)€B,, (&) if t > k + 1.

If not, then for any p € (0, 1], there exists a t, € (k+1, 00), such that v(t,) € B,(&1).
For m € N and p € (0, 7], define

fl_U(t> iftgtp_P
Un,p(t) = § 46 —Ut, — p) + e Bun(t,) ift € (t,—pity)
Um, ift >t,

Then U, , € E}, if p < 1. Moreover

tp 1

[5 | U+ Upnp |? +F(t,Up,p + U)]dt

o0 Uns) = [

tp—p
© q .
+/ [5 | gy 4+ U |2 +F(t, w, + U)]dt
tp
tp 1 9
< [7 G 1UC =) - bt P e
tp—p P
tp
+/ F(t,Up,,+U)dt + oy (um).
t

p—P

It is directly from F' € C1(R x R", R) and the definition of U,, , that

tp
/ F(t, Upp + U)dt < bp
t

p—P
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where b is a constant independent of m and p. Moreover,
| Uty — p) = &1+ uml(t)) |
<[ Uty = p) = U(ty) [ + | um(tp) + Ultp) —v(@) [+ [ v(t) = &1 |
<p U [ + [um(ty) = ult,) | +p.

Choose T = T(p) large enough, such that | u,,(t,) —u(t,) |< p and @y (up) < a+p
for all m > m(p), then

(2.16) oU(Unmp) < (1U 1> +2)*p+bp+p+ o
this together with (1.10) implies that
pu(Unm,p) < o = inf oy (u)

for p small enough, but this is impossible for Uy, , € Ej, so (*) must be true. By the
same method, there exists a py € (0, 71] such that v(t)€B,, (&) if t < —k — 1. Thus

v(t) € B, (&) if te S, Nn(k+1,00) and v(t) € By, (&) if te€ S, N
(—o0, —k—1). Let p = min{p1, p2}, A1 = S;N(—o00, —k—1), Ay = S;N(k+1,00)
and Az = R\(A4; U Az), By (2.14) and (F'4)

a > oy(u) z/

—00

o 1 .
§\U+u\2dt+/

A1UAy

p1 | u\2+/ F(t,U 4 u)dt
As

thus,
/ F(t, U +u)dt < a.
As
This together with lemma 2.2 shows that

meas As - 0(p) < a,

ie.
(2.17) Ay < 2
_ meas As < —.
0(p)
We claim that there exists a 7" > 0 large enough such that v(t) € Bj;(§2) for all
t>T. (xx) If not, from the discussion above, we may choose 7' > k + 1

such that v(¢t)€B;(&;1) for all t > T. If (xx) is of not the case, there must be two
sequences {T;}, {7/} C R such that T; — oo, 7] — oo as i — oo. Furthermore, T;
and T possess the following propositions:

T; < T < Ty, v(T;) € 0B5(&2), v(T}) € 0B5(&2)

and
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v(t)EB; (&) if t € U2, (T;, T)).

By lemma 2.2 and (1.6)

OE / F(t, v(t))dt > / F(t,o(t))de 2 (T, ~T)0(p),

?il[TivTi/]
ie.

o

pu(u) > (T = T;)0(p) — oo.

i=1
This contrary to the fact o7 (u) < . By the same reason, there exists a 77 > 0 large
enough such that v(t) € B5(&) for all ¢ < —T". Let Ty = max{T,T"}, then

o) € By6r)  ift e (—o0,~T)

and
v(t) € Bs(&2) if t € (Tp, 00).

Now, we shall show that u € E = WY2(R, R™). By (2.14) and (F4)

a > py(u) :/

—00

o0

F(t,U+u)dt+/ F(t, U+ u)dt

1 .
—\U+uﬁﬁ+/
2 A

A1UAy

1 1 . 1 .
Z/‘—ﬂuﬁdﬁ+/[@ﬂw+—\UPMt
2 . 2

—00

+/‘ uﬂuﬁﬁ+/‘ﬂuU+wﬁ
A1UAy A3

®© 1q )
z/ [gwuwummdt—m/ |2 dt

—00 A3

1 1 /b
—/‘Haw\ﬁ+—/\UPﬁ.
1 2 /4
By lemma 2.4, (1.4) and (2.17), there exists a finite constant A/ > 0 such that
1 1
m/\uVﬁSM/‘MﬂmHﬁngﬁ/\UP&SM
As -1 -1

These imply that
> 1
/ a2 g w2t < o+ 30
5

Thus u € E, ie. u(t) — 0as |t |— oo, and v(t) = U(t) + u(t) satisfies (2.15). This
complete the proof.
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Proof of Theorem 1.2. Let {u,,} C E be a sequence such that

PU;,; (um> — QY and (P/Um' (um> — 0.
By the same method as in the proof of Theorem 1.1 it is easy to show that there exists
aue WL (R, R") N L™(R, R™) such that u,, — u in W,2*(R, R") and u,, — u in
L*°(R, R™). Furthermore, ¢y, . (u) < a; ;.

Let v = u+U;j, Mg = {¢ | £ € M and there exists a ¢t € R such that
v(t) € By, (§)}. By the same way as in the proof of Lemma 2.4, we know that fM,
is finite. As the same reason in the proof of Theorem 1.1 , for any £ € M\{¢;},
there exists a p1 € (0, pg] such that v(t)eB,, (§) for t < —k — 1. Similarly, for all
£ € M\{¢;}, there exists a po € (0, po] such that v(t)€B,, (§) for ¢t > k+ 1. Then it
follows that w € E and v(t) is the desired solution.
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