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A GENERAL L,-VERSION OF PETTY’S AFFINE PROJECTION
INEQUALITY

Wang Weidong and Feng Yibin

Abstract. About a decade ago Lutwak, Yang, and Zhang introduced the notion
of L,-projection body. More recently, Wang and Leng established an L,-version
of Petty’s affine projection inequality. At the same time Ludwig discovered a
family of general L,-projection bodies and Haberl and Schuster established Petty’s
projection inequality for general L,-projection bodies. In this paper we establish a
general L,-version of Petty’s affine projection inequality for general L, -projection
bodies. Moreover, we obtain an analogous inequality for L,-geominimal surface
area.

1. INTRODUCTION

Let K™ denote the set of convex bodies (compact, convex subsets with non-empty
interiors) in Euclidean space R"™. For the set of convex bodies containing the origin in
their interiors, we write KC['. Let S denote the set of star bodies (about the origin) in
R™. Let S*~! denotes the unit sphere in R” and V(K the n-dimensional volume of
the body K. For the standard unit ball B in R" let w,, = V(B).

If K € K™, then its support function, hx = h(K,:) : R" — (=00, +00), is
defined by (see [7])

h(K,z)=max{z-y:y € K}, x e R",

where x - y denotes the standard inner product of x and .

The classical projection bodies were introduced by Minkowski at the turn of the
previous century. For each K € K", the projection body, IIK, of K is an origin-
symmetric convex body whose support function is defined by (see [7])

1

ik (u) = 5/3 lu-v | dS(K,v),

Received June 9, 2012, accepted August 23, 2012.

Communicated by Sun-Yung Alice Chang.

2010 Mathematics Subject Classification: 52A40, 52A20.

Key words and phrases: General Ly-projection body, L,-Petty affine projection inequality, L,-Affine
surface area, L,-Geominimal surface area.

Research is supported in part by the Natural Science Foundation of China (Grant No. 10671117) and
Science Foundation of China Three Gorges University.

517



518 Wang Weidong and Feng Yibin

for all w € S™~!. Here S(K,-) denotes the classical surface area measure of K.
Projection bodies are a very important object for the study of projections in the Brunn-
Minkowski theory. During the past four decades, a number of important results regard-
ing classical projection bodies were obtained (see e.g. [1-4, 12, 13, 18, 20, 27, 28, 42]
or the book [7]).

The notion of L,-projection body was introduced by Lutwak, Yang, and Zhang (see
[23]). For each K € K and p > 1, the L,-projection body, II, K, of K is defined as
the origin-symmetric convex body whose support function is given by

(1.1) s =y [ e P dSy(K.0),
for all uw € S"1. Here
1
1.2 - -
(1.2) Qn,p NWnCn_2.p

with ¢, = Wnip/wownwy—1, and S,(K,-) is a positive Borel measure on S" 1,
called the L,,-surface area measure of K € K} (see [21]). It turns out that the measure
Sp(K, -) is absolutely continuous with respect to the classical surface area measure
S(K,-) of K, and has Radon-Nikodym derivative

dS,(K,-)

(1.3) T

= h(K, )P

The unusual normalization of definition (1.1) is chosen so that for the unit ball B,
we have II,B = B. In particular, for p = 1, the convex body II; K is the classical
projection body IIK of K under the normalization of definition (1.1).

L,-projection bodies extended the classical projection bodies from the Brunn-
Minkowski theory to the L,-Brunn-Minkowski theory. L,-projection bodies have been
investigated intensively in recent years, see [8, 11, 14, 26, 30, 34-37, 39].

For p > 1, Ludwig discovered in [14] a new notion of asymmetric L,-projection
bodies, ILY K, of K € K}, defined by

(1.4) o) = 200, /S (S, (K ),

where (u - v); = max{u - v,0}. From (1.2) and (1.4), we see that IL* B = B. In [8]
Haberl and Schuster also defined
I, K =1L} (—K).

Moreover, the authors of [14, 8] introduced a function ¢, : R — [0, +-00), given
by
or(t) = [t| + 7t,
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for 7 € [-1,1], and for K € K7, p > 1, they defined IIDK € KY via its support
function by

(15) hgsc(0) = upr) [ ol as, (i 0)
where )
_ Qn,p
amp(T) - (1 i 7_>p i (1 . 7_>p'

The normalization is chosen such that IIB = B for every 7 € [~1,1]. The family
of convex bodies II} K" is called the general L,-projection bodies of K. Obviously, if
7=0then I[L K = I[, K.

For the general L,-projection bodies, Haberl and Schuster (see [8]) proved a general
version of the L,-Petty projection inequality:

Theorem 1.A. If K € K[, p > 1, then for every T € [—1,1],
(1.6) V(K) PPy (I K) < wif?,
with equality if and only if K is an ellipsoid centered at the origin.

Here, I, " K denotes the polar of the general L,-projection body LK. If 7 =0,
then inequality (1.6) is just the L,-Petty projection inequality which was established
by Lutwak, Yang and Zhang (see [23]). If 7 = 0 and p = 1, then inequality (1.6)
becomes the classical Petty projection inequality (see [28]) under the normalization of
definition (1.1).

The classical Petty projection inequality and its L,-extension have become a major
focus in different areas. For example, the family of L,-Petty projection inequalities
has been used to establish a number of affine analytic inequalities, see [5, 9, 10, 24,
25, 31, 32].

Associated with the L,,-projection bodies, Wang and Leng established in [37] an
L,-version of Petty’s affine projection inequality:

Theorem 1.B. If K € F]' and p > 1, then

n

(1.7) Q) (K) < nwy P V(ILK)

P
n+p s

with equality if and only if K is an ellipsoid centered at the origin.

Here 7' denotes the set of convex bodies in K}, with positive continuous curvature
function, and ,(K) denotes the L -affine surface area of K (see Section 2).

Note that for p = 1, inequality (1.7) is just Petty’s affine projection inequality (see
[28]) under the normalization of definition (1.1).
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In this paper, we continue to investigate the family of general L,,-projection bodies.
First, we extend inequality (1.7), to obtain the following general L,-version of Petty’s
affine projection inequality.

Theorem 1.1. If K € F)', p> 1, 7 € [—1,1], then

n

(1.8) Qp(K) < nwi V(I K) 76,

with equality if and only if K is an ellipsoid centered at the origin.
Note that if 7 = 0, then inequality (1.8) is just inequality (1.7).
We also establish a general version of the L,-geominimal surface area inequality.

Theorem 1.2. I[f K € K, p > 1, 7 € [-1, 1], then

n—p

(1.9) Gp(K) < nwn™ V(LK)
with equality if and only if 11, K is an ellipsoid centered at the origin.

Here, G,(K) denotes the L,-geominimal surface area of K € K (see Section 2).
From Theorem 1.2 and a combination of the definitions of L,-affine surface area
and L,-geominimal surface area, we obtain a further extension of Theorem 1.1:

Corollary 1.1. If K € K, p > 1, 7 € [-1,1], then

n

(1.10) Qp(K) < nwi 7 V(I K) 77,

with equality if and only if 11, K is an ellipsoid centered at the origin.

Let 7 denote the set of convex bodies whose centroid is at the origin. If K € K7,
then the equality conditions of inequality (1.9) may be improved as follows:

Theorem 1.3. I[f K € K, p > 1, 7 € [-1, 1], then

(1.11) Gp(K) < nwn™ V(ITK)E,
with equality if and only if K is an ellipsoid centered at the origin.
Similarly, we obtain the following generalization of Theorem 1.3:
Corollary 1.2. If K € K, p > 1, 7 € [-1,1], then
Q(K) < nwy 7 V(LK)

with equality if and only if K is an ellipsoid centered at the origin.
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2. Basic NOTIONS

2.1. Radial Function and Polar Bodies
If K is a compact star-shaped (about the origin) set in R", its radial function,
pr = p(K,-) : R"\{0} — [0, +00), is defined by (see [7])
p(K,z)=max{\>0: A x € K}, x € R™\{0}.

If px is positive and continuous, K will be called a star body (about the origin).
Two star bodies K and L are said to be dilates (of one another) if px(u)/pr(u) is
independent of u € S L.

If £ C R"™ is nonempty, the polar set of E, £*, is defined by (see [7])

Er={zxeR":z-y<1l,ye E}.

For K € K7 and its polar body, the well-known Blaschke-Santal6 inequality can
be stated as follows (see [29]):

Theorem 2.A. If K € K}, then

(2.1) V(K)V(K*) < w?

n
with equality if and only if K is an ellipsoid.

Note that an extension of the Blaschke-Santal6 inequality (2.1) to star bodies whose
centroid is at the origin was obtained by Lutwak (see[19]).
2.2. L,-Mixed Volume

For K,L € K};, p > 1 and A, u > 0 (not both zero), the Firey L,-combination,
AN K +4,p-LeKy, of K and L is defined by (see [6])

h(A K tp b L,- )p = Ah(Ku .>p + Mh(La '>p7

where ” -7 in A - K denotes the Firey scalar multiplication.

Associated with the Firey L,-combination of convex bodies, Lutwak ([21]) intro-

duced for K, L € K7, ¢ > 0 and p > 1, the L,-mixed volume, V,,(K, L), of K and L,
defined by

V(K L) -V (K
“y(K,L)= lim (K tpe-L) - V(K)
P e—0t IS
Corresponding to each K € K, Lutwak ([21]) proved that there is a positive Borel
measure, S, (K, -), on S"~! such that

1

(2.2 VD = [ s, 0)
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for each L € K. The measure S,,(K, -) is called the L,-surface area measure of K.
From formula (2.2) and (1.3), it follows immediately that for each K € K[,

(2.3) Vo (K, K) = % /S  hi(0)dS (K, v) = V(K).

2.3. L,-Affine Surface Area and L,-Geominimal Surface Area

A convex body K € K is said to have an L,-curvature function (see [22])
fo(K,) : S»71 — R, if its L,-surface area measure S,(K,-) is absolutely con-
tinuous with respect to spherical Lebesgue measure S, and

(2.4) foxc, ) = )

Using definition (2.4) of the L,,-curvature function, Lutwak [22] defined the notion
of Ly-curvature image as follows: For each K € F/' and real p > 1, define A, K € S],
the L,-curvature image of K, by

p(ApK’ .>n+p — %:Kv)fp([(’ )

The notion of L,-affine surface area was introduced by Lutwak (see [22]). For
each K € K] and p > 1, the Ly-affine surface area, ,(K), of K is defined by

(2.5) RO (K) 5 = inf{nV, (K, Q)V(Q)" : Q € Sy},

Moreover, Lutwak in [22] proved that if K € F] and p > 1, then the L,-affine
surface area of K has the integral representation

(2.6) 0(K) = [ 5(K.wFFas(w.

L,-affine surface area is very important in the L,-Brunn-Minkowski theory, see
[15-17, 33, 40, 41].

In [22] Lutwak also introduced the notion of L,-geominimal surface area. For each
K € K7 and p > 1, the L,-geominimal surface area, G,,(K), of K is be defined by

(2.7) Wi Gy(K) = inf{nVy(K, QV(Q) : Q € KI}.

For the study of L,-geominimal surface area, apart from [22], also see [43, 38].
From definitions (2.5) and (2.7), the following fact can be obtained (see [22]):

Theorem 2.B. If K € K, p > 1, then
(2.8) Q)™ < (nwn) Gy (K"
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3. THE GENERAL L,-VERSION OF PETTY’S AFFINE PROJECTION INEQUALITY

In this section, we give the proofs of Theorem 1.1-1.3. The proof of Theorem 1.1
requires the following lemmas.

Lemma 3.1. [f K, Le K}, p> 1, 7 € [-1,1], then

(3.1) V(K. L) = V(L. I K).

Proof. From (1.5) and (2.2), we easily obtain

1
VALTGK) = [ by la)dsy(L.u)
1
=2 [ w0 [ prlu oS, (K. oS, (L
Sn—1 Sn—1
1

-1 /S Bl (0)dS,(K, v)

= Vp(K,ILL). [ ]
Using (2.6), Wang and Leng in [37] proved the following result.
Lemma 3.2. If K € F]), L € K] and p > 1, then
(3.2) Q,(K) < nVy(K, L)T7V (L) 77,
with equality if and only if A, K and L* are dilates.

Note that for K, L € K}, inequality (3.2) can immediately be deduced from defi-
nition (2.5), however without the equality conditions.

Lemma 33. [f K € 7', L € K} and p > 1, then

n—p n

(3.3) Q(K)V(L) " < nwp ™ Vy(K, T L) w7,

with equality if and only if K and L are dilates of the same ellipsoid centered at the
origin.

Proof. Taking H;L for L in inequality (3.2), we obtain
(3.4) Qp(K) < nV,(K, T L) 7 V (" L),

with equality if and only if A,K and II"L are dilates.
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Using the general L,-Petty projection inequality (1.6), we have
Q(K)V(L)"5 < nVy(K, L)% [V (L) PV (IT* L)) 7

< w7V, (K, T L) w7

Equality holds in inequality (1.6) if and only if L is an ellipsoid centered at the origin.
This together with the condition under which equality holds in inequality (3.4), shows
that equality holds in inequality (3.3) if and only if K and L are dilates of the same
ellipsoid centered at the origin. ]

Proof of Theorem 1.1. For K € F}', L € K, inequality (3.3) states that

n—p n

(3.5) Qp(K)V (L) < nwg 7 V(K L) .
Using (3.1), we have
(3.6) Qp(K)V(L) " < g Vy(L, T K) 747,

where equality holds in (3.5) and (3.6) if and only if K and L are dilates of the same
ellipsoid centered at the origin by the condition under which equality holds in (3.3).
Taking L = II} K in inequality (3.6), and using (2.3), we get inequality (1.8).
According to the conditions under which equality holds in (3.6), we easily see that
equality holds in (1.8) if and only if K is an ellipsoid centered at the origin. ]

Proof of Theorem 1.2. For L € Ky, taking Q = II,L in (2.7) and using (3.1), we
have » .,
wit Gp(K) < nVy (K I L)V (I L)»
= nV,(L, I K)V(ILL* L)

P
Taking L = IIJ K and using (2.3), we get

2
wi Gp(K) < nV (LK) V(I K) 7,

which together with the general L,-Petty projection inequality (1.6), then yields

wnGyp(K)5 < v V(I K)[V(ITK) 7 V(T T K)]
(3.7)

B3

<nrw? V(H;K ).
From (3.7), we now obtain inequality (1.9).

According to the conditions of equality in inequality (1.6), we know that equality
holds in the second inequality of (3.7) if and only if II} K is an ellipsoid centered at

the origin. ]
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Proof of Corollary 1.1. Using inequalities (1.9) and (2.8), we immediately get
inequality (1.10). ]

Proof of Theorem 1.3. By Theorem 1.2, if K € K7, then inequality (1.11) is true,
and equality holds in (1.11) if and only if II} K is an ellipsoid centered at the origin.
In this case the Blaschke-Santal6 inequality (2.1) yields

(3.8) VILK)VIIK) = w).

But equality in inequality (1.11) implies that

n—p

Gp(K) = nw," V(ILK)™,

from this and definition (2.7), we obtain for any Q € K7,

P n—p

(3.9) winwn ™ VILK) " < nVy(K, QV(Q*)".
Take Q = K in (3.9) and use the Blaschke-Santal6 inequality (2.1) to get

2 n—p

N w2 =2
wa V(I K) % < V(K)WV(K*)® < w V(K)S"

Thus

2p—n n—p

(3.10) VADK)n <w, ™ V(K)5.

From (3.8) and (3.10), we see that

2 n 2p—n _
A7n n—p
—_— <w,"™ V(K)n

n

V(K) 7 V(T K) > w?.

1.e.,

This together with the general L,-Petty projection inequality (1.6) yields

V(K) 7 V(T K) = w?,

which is possible only if K is an ellipsoid centered at the origin.
Therefore, we know that equality holds in inequality (1.11) if and only if K is an
ellipsoid centered at the origin. ]

From inequalities (1.11) and (2.8), we easily obtain Corollary 1.2.
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