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WEIGHTED ESTIMATES FOR VECTOR-VALUED COMMUTATORS OF
MULTILINEAR OPERATORS

Zengyan Si* and Qingying Xue

Abstract. Let T be the multilinear Calderón-Zygmund operator and Tq(�f) be the

vector-valued version of T given byTq(�f)(x) =
( ∑∞

k=1 |T (f1k, · · · , fmk)(x)|q
)1/q

.

In this paper, the weighted strong type and weighted end-point weak type estimates
for the commutators of Tq(�f) were established respectively.

1. INTRODUCTION

Multilinear Calderón-Zygmund operators were introduced and first studied by Coif-
man and Meyer [1-3], and later on by Grafakos and Torres [6, 7]. In analogy with
the linear theory, the class of multilinear singular integrals with standard Calderón-
Zygmund kernels provides a fundamental topic of investigation within the framework
of the general theory. The study of this subject was recently enjoyed a resurgence of
renewed interest and activity.
Let K(x, y1, · · · , ym) be a locally integrable function defined away from the diag-

onal x = y1 = · · · = ym in (Rn)m+1. For constants A > 0 and ε ∈ (0, 1], we say that
K is a kernel in m-CZK(A, ε) if it satisfies
(1) the size condition∣∣∣∣K(x, y1, · · · , ym)

∣∣∣∣ ≤ A

(|x − y1| + · · ·+ |x − ym|)mn
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for all (x, y1, · · · , ym) ∈ (Rn)m+1 satisfying x �= yj for some 1 ≤ j ≤ m;
(2) the regularity conditions

|K(x, y1, ..., ym) − K(x
′
, y1, ..., ym)| ≤ A|x − x

′ |ε
(|x− y1|+ · · ·+ |x− ym|)mn+ε

whenever 2|x− x
′ | ≤ max

1≤k≤m
|x − yk| and, for each fixed k ∈ {1, · · · , m},

|K(x, y1, ..., yk, ..., ym)−K(x, y1, ..., y
′
k, ..., ym)| ≤ A|yk − y

′
k|ε

(|x− y1| + · · ·+ |x− ym|)mn+ε

whenever 2|yk − y
′
k| ≤ max

1≤j≤m
|x − yj |. An operator T , defined on m-fold product of

Schwartz spaces and taking values into the space of tempered distributions, is said to
be an m-linear Calderón-Zygmund operator with kernel K if
(a) T is m-linear;
(b) for q1, · · · , qm ∈ [1,∞] and q ∈ (0,∞) with 1/q =

∑m
k=1 1/qk, T can be

extended to be a bounded operator from Lq1(Rn) × Lq2(Rn) × · · · × Lqm(Rn) to
Lq(Rn);
(c) for f1, · · · , fm ∈ L2(Rn) with compact support and x /∈ ⋂m

k=1 suppfk,

T �f(x) = T (f1, · · · , fm)(x) =
∫

(Rn)m

K(x, y1, · · · , ym)f1(y1) · · ·fm(ym)dy1 · · ·dym,

where K is in m-CZK(A, γ) for some constant A and ε.
Given a collection of locally integrable functions �b = (b1, · · · , bl), where 1 ≤ l ≤

m. The commutators associated with T is defined by

T
Π�b

(�f)(x) = [bl, [bl−1, · · · , [b1, T ]1 · · · ]l−1]l(f1, · · · , fm)(x),

where b is a suitable function and

[b, T ]k(�f)(x) = b(x)T (f1, · · · , fm)(x)− T (f1, · · · , fk−1, bfk, fk+1, · · · , fm)(x).

If T is associated with a distribution kernel, which coincides with the function K
defined away from the diagonal y0 = y1 = · · · = ym in (Rn)m+1, then, at formal
level,

T
Π�b

(�f)(x) =
∫

(Rn)m

l∏
j=1

[bj(x)−bj(yj)]K(x, y1, · · · , ym)f1(y1) · · ·fm(ym)dy1 · · ·dym.

whenever x /∈ ⋂m
j=1 suppfj and f1, · · · , fm are C∞ functions with compact support.
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Recently, Lerner, Ombrosi, Pérez, Torres, and Trujillo-González [9] developed a
multiple weight theory. Precisely, for �p = (p1, · · · , pm) and 1

p = 1
p1

+ · · ·+ 1
Pm

with

1 ≤ p1, · · · , pm < ∞. Given �ω = (ω1, · · · , ωm), set ν�ω =
m∏

i=1
ω

p/pi

i . We say that �ω

satisfies the A�p condition if

sup
Q

(
1
|Q|

∫
Q

m∏
i=1

ω
p
pi
i

) 1
p

m∏
i=1

(
1
|Q|

∫
Q

ω
1−p

′
i

i

) 1

p
′
i < ∞,

when pi = 1,

(
1
|Q|

∫
Q ω

1−p
′
i

i

)1/p
′
i

is understood as (infQ ωi)−1.

The weighted strong type and end-point estimates for T
Π�b
with multiple weights

were established.

Theorem A. ([10]). Let �ω ∈ A�p, 1/p = 1/p1 + · · ·+ 1/pm with 1 < pj < ∞, j =
1, · · · , m; and �b ∈ (BMO)m. Then there is a constant C > 0 independent of �b and �f
such that

||T
Π�b

(�f)||Lp(ν�ω) ≤ C

m∏
j=1

||bj||BMO

m∏
j=1

||fj||Lp(ωj),

where �b = (b1, · · · , bm).

Theorem B. ([10]). Let �ω ∈ A(1,··· ,1) and �b ∈ (BMO)m. Then there exists a
constant C depending on �b such that

ν�ω

({
x ∈ R

n : T
Π�b

(�f)(x) > tm
})

≤ C

( m∏
j=1

∫
Rn

Φ(m)(
|fj(yj)|

t
)ωj(yj)dyj

)1/m

,

where Φ(t) = t(1 + log+ t) and Φ(m) =

m︷ ︸︸ ︷
Φ ◦ · · · ◦ Φ .

We will sometime use the notation �f = (f1, · · · , fm), with fj = {fjk}∞k=1, and
�y = (y1, · · · , ym), d�y = dy1 · · ·dym. The vector-valued multilinear Calderón-Zygmund
operator Tq associated with the operator T was defined and studied by Grafakos and
Martell in [8].

Tq(�f)(x) = |T (f1, · · · , fm)(x)|q = ||T (f1·, · · · , fm·)(x)||lq

=
( ∞∑

k=1

|T (f1k, · · · , fmk)(x)|q
)1/q

,

The commutators associated with Tq can be defined by

TΠ�b,q(
�f)(x) = |TΠ�b(

�f)(x)|q = ||TΠ�b(f1·, · · · , fm·)(x)||lq =
( ∞∑

k=1

|TΠ�b(
�fk)(x)|q

)1/q

.
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where fi = {fik}∞k=1 for i = 1, · · · , m.Grafakos and Martell [8] obtained the following
results.
Theorem C. ([8]). Let T be a multilinear Calderón-Zygmund operators, and let

1/m < p < ∞, 1/p = 1/p1 + · · ·+ 1/pm with 1 < p1, · · · , pm < ∞, 1/m < q < ∞
and 1/q = 1/q1 + · · ·+ 1/qm with 1 < q1, · · · , qm < ∞. Then there exists a constant
C > 0 such that

||Tq(�f)||Lp(Rn) ≤ C

m∏
j=1

|||fj|qj ||Lpj (Rn).

Cruz-Uribe, Martell and Pérez [4] obtained a weak version of TheoremC as follows:

Theorem D. ([4]). Let T be a multilinear Calderón-Zygmund operators, and let
1/m ≤ p < ∞, 1/p = 1/p1 + · · ·+ 1/pm with 1 ≤ p1, · · · , pm < ∞, 1/m < q < ∞
and 1/q = 1/q1 + · · ·+ 1/qm with 1 < q1, · · · , qm < ∞. Then there exists a constant
C > 0 such that

||Tq(�f)||Lp,∞(Rn) ≤ C

m∏
j=1

|||fj|qj ||Lpj (Rn).

In this paper, we consider the vector-valued version of Theorem A and B. The following
are the main results:

Theorem 1.1. Let 1/m < p < ∞, 1
p = 1

p1
+ · · · + 1

pm
, with 1 < p1, · · · , pm <

∞, 1/m < q < ∞ and 1
q1

+ · · ·+ 1
qm

= 1
q with 1 < q1, · · · , qm < ∞. If �ω ∈ A�p, ν�ω =∏m

i=1 ω
p
pi
i , and �b ∈ (BMO)l. Then there exists a constant C > 0 such that

||T
Π�b,q

(�f)||Lp(ν�ω) ≤
l∏

j=1

‖bj‖BMO

m∏
j=1

‖|fj|qj‖L
pj (wj)

.

Theorem 1.2. Let 1/m < q < ∞ and 1
q1

+· · ·+ 1
qm

= 1
q with 1 < q1, · · · , qm < ∞.

If �ω ∈ A(1,··· ,1) and �b ∈ (BMO)l. Then there exists a constant C > 0 depending on
�b such that

ν�ω

({
x ∈ R

n : T
Π�b,q

(�f)(x) > tm
})

≤ C

( m∏
j=1

∫
Rn

Φ(m)(
|fj|qj(yj)

t
)ωj(yj)dyj

)1/m

,

where Φ(t) = t(1 + log+ t) and Φ(m) =

m︷ ︸︸ ︷
Φ ◦ · · · ◦ Φ .

2. NOTATIONS AND MAIN LEMMAS

We first introduce some notations. For 1 ≤ l ≤ m, we define some multilinear
maximal operators as follows:
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Ml
L(logL)(|�f|q)(x) = sup

Q�x

l∏
j=1

|||fj|qj ||L(logL),Q

m∏
j=l+1

1
|Q|

∫
Q

|fj|qj ,

ML(logL)(|�f|q)(x) = sup
Q�x

m∏
j=1

|||fj|qj ||L(logL),Q,

and

M(|�f|q)(x) = sup
Q�x

m∏
j=1

1
|Q|

∫
Q
|fj|qj ,

where the supremum is taken over all the cubes containing x.
It is easy to see that

M(|�f|q)(x) ≤ Ml
L(logL)(|�f|q)(x) ≤ ML(logL)(|�f |q)(x).

Throughout the paper, M denotes the Hardy-Littlewood maximal operator. For
δ > 0, Mδ is the maximal function defined by

Mδf(x) = M(|f |δ) 1
δ (x) =

(
sup
Q�x

1
|Q|

∫
Q
|f(y)|δdy

)1
δ

.

In addition, M � is the sharp maximal function of Feffeman and Stein,

M �f(x) = sup
Q�x

inf
c

1
|Q|

∫
Q
|f(y)− c|dy ≈ sup

Q�x

1
|Q|

∫
Q
|f(y) − fQ|dy

and a variant of M � is given by

M �
δf(x) = M �(|f |δ) 1

δ (x).

To prove the main theorems, we need the following lemmas.

Lemma 2.1. Let 0 < δ < 1/m, 1/m < q < ∞ and 1/q = 1/q1 + · · ·+1/qm with
1 < q1, · · · , qm < ∞. Then there exists a constant C > 0 such that

M �
δ(Tq(�f))(x) ≤ CM(|�f |q)(x)

for any smooth vector function {�fk}∞k=1 and any x ∈ R
n.

Proof. For simplicity, we only prove for the casem = 2, since there is no essential
difference for the general case. Fix x ∈ R

n and letQ be a cube of side length r centered
at x. For any smooth vector function sequence {�fk}∞k=1, set �f∞

k = �fk − �f0
k , where

�f0
k = �fkχ2Q = (f1kχ2Q, · · · , fmkχ2Q). Since 0 < δ < 1/2 < 1, we have
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(
1
|Q|

∫
Q

∣∣∣∣|Tq(�f)(y)|δ − |C|δ
∣∣∣∣dy

)1
δ

≤ C

(
1
|Q|

∫
Q

|Tq(�f)(y)− C|δdy

)1
δ

≤ C

(
1
|Q|

∫
Q

∣∣∣∣T ( �f0)(y) + T (�fχ(2Q)c)(y)− c

∣∣∣∣
δ

q

dy

)1
δ

≤ C

(
1
|Q|

∫
Q

∣∣∣∣Tq( �f0)(y)
∣∣∣∣
δ

dy

)1
δ

+
(

1
|Q|

∫
Q

∣∣∣∣T (�fχ(2Q)c)(y)− c

∣∣∣∣
δ

q

dy

)1
δ

= U1 + U2,

where C =
∣∣c∣∣

q
=

(∑
k≥1

∣∣ck

∣∣q)1/q

.

For U1, we applying Kolmogorov’s inequality and Theorem D to get(
1
|Q|

∫
Q

∣∣∣∣Tq(�f0)(y)
∣∣∣∣
δ

dy

)1
δ

≤ C||Tq(�f0)||L1/2,∞(Q, dx
|Q| )

≤ C

2∏
j=1

1
|Q|

∫
Q
|fj|qj(z)dz

≤ CM(|�f |q)(x).

To estimate U2, we choose c =
∑3

i=1 ci, where

c1 = T (f∞
1k , f∞

2k )(x), c2 = T (f0
1k, f

∞
2k )(x), c3 = T (f∞

1k , f0
2k)(x).

We may split U2 as U2 ≤ U21 + U22 + U23, where

U21 =
(

1
|Q|

∫
Q

∣∣∣∣T (f∞
1k , f∞

2k )(y)− T (f∞
1k , f∞

2k)(x)
∣∣∣∣
δ

q

dy

)1
δ

;

T22 =
(

1
|Q|

∫
Q

∣∣∣∣T (f0
1k, f

∞
2k )(y)− T (f0

1k, f
∞
2k )(x)

∣∣∣∣
δ

q

dy

)1
δ

;

T23 =
(

1
|Q|

∫
Q

∣∣∣∣T (f∞
1k , f0

2k)(y)− T (f∞
1k , f0

2k)(x)
∣∣∣∣
δ

q

dy

)1
δ

.

For the first term U21, we have

|T (f∞
1k , f∞

2k)(y)− T (f∞
1k , f∞

2k)(x)|

≤ C

∫
(Rn\2Q)2

|Q|ε/n

|(x − y1, x− y2)|2n+ε

2∏
j=1

|f∞
jk (yj)|d�y

≤ C

∞∑
s=1

∫
(2s+1Q)2\(2sQ)2

|Q|ε/n

(2s+1|Q|1/n)2n+ε

2∏
j=1

|fjk(yj)|d�y

≤ C

∞∑
s=1

2−εs
2∏

j=1

1
2(s+1)n|Q|

∫
2s+1Q

|fjk(yj)|dyj.
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Now let gsjk = 1
2(s+1)n|Q|

∫
2s+1Q |fjk(yj)|dyj and Gsk =

∏2
j=1 gsjk. Then we

obtain

|T (f∞
1k , f∞

2k )(y)− T (f∞
1k , f∞

2k)(x)| ≤ C
∞∑

s=1

2−εsGsk.

For any two positive real numbers ε and q, let ρ = min{1, q}. It is easy to show that∣∣∣∣
∞∑

s=1

2−εsμs

∣∣∣∣
q

≤ C(ε,q)

∞∑
s=1

2−ερs|μs|q

for any sequence μs. Applying this inequality to μs = Gsk, we get

|T (f∞
1k , f∞

2k )(y)− T (f∞
1k , f∞

2k )(x)|q ≤ C

( ∞∑
s=1

2−ερs
∑

k

Gq
sk

)1/q

.

Next, Minkowski’s inequality gives(∑
k

g
qj

sjk

)1/qj

≤ 1
2(s+1)n|Q|

∫
2s+1Q

|fj|qj(yj)dyj

and then Hölder’s inequality gives(∑
k

Gq
sk

)1/q

≤
2∏

j=1

(∑
k

g
qj

sjk

)1/qj

≤ M(|�f|q)(x).

From which we deduce |T (f∞
1k , f∞

2k )(z) − T (f∞
1k , f∞

2k )(x)|q ≤ CM(|�f |q)(x). Since
0 < δ < 1/2, we have(

1
|Q|

∫
Q
|T (f∞

1k , f∞
2k )(y)− T (f∞

1k , f∞
2k )(x)|δqdy

)1
δ

≤ C
1
|Q|

∫
Q
|T (f∞

1k , f∞
2k )(y)− T (f∞

1k , f∞
2k)(x)|qdy

≤ CM(|�f|q)(x).

For U22, we observe the following fact

|T (f0
1k, f

∞
2k )(z)− T (f0

1k, f
∞
2k )(x)|

≤ C

∫
2Q

|f1k(y1)|dy1

∫
(2Q)c

|x − z|ε|f2k(y2)|dy2

(|z − y1| + |z − y2|)2n+ε

≤ C
∞∑

s=1

|Q|ε/n

(2s|Q|1/n)2n+ε

∫
2s+1Q

|f1k(y1)|dy1

∫
2s+1Q

|f2k(y2)|dy2

≤ C

∞∑
s=1

2−εs
2∏

j=1

1
2(s+1)n|Q|

∫
2s+1Q

|fjk(yj)|dyj.
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The dealing of the other part is almost the same as U21, we omit the detail. U23 can
be estimated in the same way. Hence we proved Lemma 2.1.

For positive integers m and j with 1 ≤ j ≤ m, we denote by Cm
j the family of

all finite subsets σ = {σ(1), · · · , σ(j)} of {1, · · · , m} of j different elements and the
associated complementary sequence σ

′ is given by σ
′
= {1, · · · , m} \ σ.

Lemma 2.2. Let 0 < δ < ε < 1/m. Then there exists a constant C > 0 depending
only on δ and ε such that

M �
δ (TΠ�b,q

�f)(x) ≤ C

l∏
j=1

||bj||BMO

(
Ml

L(logL)(|�f |q)(x) + Mε(Tq
�f)(x)

)

+ C

l−1∑
j=1

∑
σ∈Cl

j

∏
i∈σ

||bi||BMOMε(TΠb
σ
′ ,q �f)(x)

(2.1)

for any smooth vector function {�fk}∞k=1 and for any x ∈ R
n, where σ

′
= {1, · · · , l}\σ.

Proof. Let F (�y) = f1(y1) · · ·fm(ym), for any λ = (λ1, · · · , λm) we have

TΠ�b(
�f)(x) =

∫
(Rn)m

(b1(x) − b1(y)) · · ·(bl(x)− bl(y))K(x, �y)F (�y)d�y

=
∫

(Rn)m
((b1(x) − λ1)− (b1(y)− λ1)) · · ·((bl(x) − λl)− (bl(y)− λl))

× K(x, �y)F (�y)d�y

=
l∑

i=0

∑
σ∈Cl

i

(−1)l−j
∏
j∈σ

(bj(x) − λj)
∫

(Rn)m

∏
j∈σ′

(bj(yj) − λj)K(x, �y)F (�y)d�y

= (b1(x) − λ1) · · ·(bl(x)− λl)T (�f)(x) + T ((b1(·1) − λ1) · · · (bl(·l) − λl)�f)(x)

+
l−1∑
i=1

∑
σ∈Cl

i

(−1)l−j
∏
j∈σ

(bj(x)− λj)
∫

(Rn)m

∏
j∈σ

′
(bj(yj)− λj)K(x, �y)F (�y)d�y.

Noting the fact
∏

j∈σ
′ (bj(yj) − λj) =

∏
j∈σ

′ [(bj(yj) − bj(x)) + (bj(x) − λj)].
Then we obtain

T
Π�b,q

�f(x) ≤ |(b1(x)− λ1) · · · (bl(x)− λl)|Tq(�f)(x)

+ |T ((b1(·1)− λ1) · · · (bl(·l) − λl)�f)(x)|q

+ C

l−1∑
i=1

∑
σ∈Cl

i

∏
j∈σ

|bj(x) − λj|TΠb
σ
′ ,q

�f(x),
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Now fix x ∈ R
n, for any cube Q of side length r and centered at x. Let λj =

1
|2Q|

∫
2Q bj(z)dz, for j = 1, · · · , l. Since 0 < δ < 1/m < 1, it follows that

(
1
|Q|

∫
Q

∣∣∣∣|TΠ�b,q
(�f∞)(z)|δ − |C|δ

∣∣∣∣dz

)1/δ

≤ C

(
1
|Q|

∫
Q

∣∣∣∣TΠ�b
(�f)(z)− c

∣∣∣∣
δ

q

dz

)1/δ

≤ C

(
1
|Q|

∫
Q

∣∣∣∣(b1(z)− λ1) · · · (bl(z) − λl)T (�f)(z)
∣∣∣∣
δ

q

dz

)1/δ

+ C

l−1∑
i=1

∑
σ∈Cl

i

(
1
|Q|

∫
Q

( ∏
j∈σ

|bj(z) − λj|TΠb
σ
′ ,q �f (z)

)δ

dz

)1/δ

+ C

(
1
|Q|

∫
Q

∣∣∣∣T ((b1(·1) − λ1) · · · (bl(·l)− λl)�f)(z)− c

∣∣∣∣
δ

q

dz

)1/δ

= I + II + III,

where C =
∣∣c∣∣

q
.

We can choose 1 < p1, · · · , pl < ∞ with 1
p1

+ · · ·+ 1
pl

+ 1
ε = 1

δ . Since 0 < δ <

ε < 1/m. Hölder’s inequality gives

I ≤ C

l∏
j=1

||bj||BMOMε(Tq
�f )(x).

Similarly, we have

II ≤ C

l−1∑
i=1

∑
σ∈Cl

i

∏
j∈σ

||bj||BMOMε(TΠb
σ
′ ,q

�f)(x).

For III , let �fj = �f0
j +�f∞

j , where �f0
j = �fjχ2Q, and we choose c =

∑
α1,··· ,αm

|(T ((b1(·1)−
λ1) · · · (bl(·l) − λl)fα1

1 · · ·fαm
m ))(x)| .

We use the notation �fα to denote fα1
1 · · ·fαm

m . Obviously, we have∣∣∣∣T ((b1(·1) − λ1) · · · (bl(·l) − λl)�f)(z)− c

∣∣∣∣
q

≤ Tq((b1(·1) − λ1) · · · (bl(·l) − λl)�f0)(z)

+ C
∑

α1,··· ,αm

|(T ((b1(·1)− λ1) · · · (bl(·l) − λl)�fα))(z)

− (T ((b1(·1) − λ1) · · · (bl(·l) − λl)�fα))(x)|q,
where in the last sum each αj = 0 or∞ and in each term there is at least one αj = ∞.



670 Zengyan Si and Qingying Xue

For the first term, we applying Kolmogorov’s estimate and Theorem D to get

(
1
|Q|

∫
Q

∣∣∣∣Tq((b1(·1)− λ1) · · · (bl(·l) − λl)�f0)(z)
∣∣∣∣
δ

dz

)1/δ

≤ C||Tq((b1(·1) − λ1) · · · (bl(·l)− λl)�f0)||L1/m,∞(Q, dz
|Q| )

≤ C
l∏

j=1

1
|Q|

∫
Q

|bj(yj)− λj||fj(z)|qjdz
m∏

j=l+1

1
|Q|

∫
Q

|fj(z)|qjdz

≤ C

l∏
j=1

||bj||BMO|||fj|qj ||L(logL),Q

m∏
j=l+1

1
|Q|

∫
Q
|fj(z)|qjdz

≤ C

l∏
j=1

||bj||BMOMl
L(logL)(|�f |q)(x).

If all the αj = ∞, we have
(

1
|Q|

∫
Q

∣∣∣∣(T ((b1(·1) − λ1) · · · (bl(·l) − λl)�fα))(z)

− (T ((b1(·1) − λ1) · · · (bl(·l)− λl)�fα))(x)
∣∣∣∣
δ

q

dz

)1/δ

≤ 1
|Q|

∫
Q

∣∣∣∣(T ((b1(·1) − λ1) · · · (bl(·l) − λl)�fα))(z)

− (T ((b1(·1) − λ1) · · · (bl(·l)− λl)�fα))(x)
∣∣∣∣
q

dz

≤ C

∫
(Rn\2Q)m

|x − z|ε|(b1(y1) − λ1) · · · (bl(yl) − λl)||f1(yj)|qj · · · |fm(ym)|qmd�y

(|z − y1| + · · ·+ |z − ym|)mn+ε

≤ C

∞∑
k=1

1
2kε

l∏
j=1

1
2(k+1)n|Q|

∫
2k+1Q

|bj(yj)

− λj||fj|qjdyj

m∏
j=l+1

1
2(k+1)n|Q|

∫
2k+1Q

|fj |qjdyj

≤ C
∞∑

k=1

1
2kε

l∏
j=1

||bj−λj||BMO|||fj|qj ||L(logL),2k+1Q

m∏
j=l+1

1
2(k+1)n|Q|

∫
2k+1Q

|fj |qjdyj

≤ C

∞∑
k=1

1
2kε

kl
l∏

j=1

||bj||BMO|||fj|qj ||L(logL),2k+1Q

m∏
j=l+1

1
2(k+1)n|Q|

∫
2k+1Q

|fj|qjdyj

≤ C

l∏
j=1

||bj||BMOMl
L(logL)(|�f|q)(x).
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Now we estimate the typical representative of III . By Minkowski’s inequality, we
have

(
1
|Q|

∫
Q

∣∣∣∣T ((b1(·1)−λ1) · · · (bl(·l)−λl)f∞
1 , · · · , f∞

i , f0
i+1, · · · , f0

m)(z)−c

∣∣∣∣
δ

q

dz

)1/δ

≤ C

|Q|
∫

Q

∣∣∣∣T ((b1(·1) − λ1) · · · (bl(·l) − λl)f∞
1 , · · · , f∞

i , f0
i+1, · · · , f0

m)(z)

− T ((b1(·1)− λ1) · · · (bl(·l) − λl)f∞
1 , · · · , f∞

i , f0
i+1, · · · , f0

m)(x)
∣∣∣∣
q

dz

≤ C

∫
(Rn\2Q)l

|x − z|ε|(b1(y1) − λ1) · · · (bl(yl) − λl)||f1(y1)|q1 · · · |fl(yl)|ql
dy1 · · ·dyl

(|z − y1| + · · ·+ |z − ym|)mn+ε

×
m∏

j=l+1

∫
2Q

|fj(yj)|qjdyj

≤ C

m∑
k=1

|Q| ε
n

(2k|Q| 1
n )mn+ε

l∏
j=1

∫
2k+1Q

|bj(yj) − λj||fj(yj)|qjdyj

m∏
j=l+1

∫
2k+1Q

|fj(yj)|qjdyj

≤ C

m∑
k=1

kl

2kε

l∏
j=1

||bj||BMO|||fj|qj ||L(logL),2k+1Q

m∏
j=l+1

1
2(k+1)n|Q|

∫
2k+1Q

|fj|qjdyj

≤ C

l∏
j=1

||bj||BMOMl
L(logL)(|�f|q)(x).

In other cases, we can also deduce the same estimates with little modifications on the
above argument. Then we proved Lemma 2.2.

3. PROOF OF THE MAIN RESULTS

By similar arguments used in the proof of Theorem 3.1 in [11] we get the following
estimates for T

Π�b,q
. Since the the main ideas are almost the same, we omit the proof.

Lemma 3.1. Let 0 < p < ∞, 1/m < q < ∞, and 1
q1

+ · · · + 1
qm

= 1
q with

1 < q1, · · · , qm < ∞. Suppose that �b ∈ (BMO)l and w ∈ A∞, then there exists a
constant C > 0, such that

∫
Rn

|T
Π�b,q

�f |pw(x)dx ≤ C

l∏
j=1

||bj||pBMO

∫
Rn

(
Ml

L(logL)(|�f|q)(x)
)p

w(x)dx,(3.1)

and
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sup
t>0

1
Φ(m)(1/t)

ω

({
y ∈ R

n : |T
Π�b,q

�f(y)| > tm
})

≤ C sup
t>0

1
Φ(m)(1/t)

ω

({
y ∈ R

n : Ml
L(logL)(|�f |q)(y) > tm

})
,

(3.2)

for any smooth function �f with compact support.

Lemma 3.2. ([11]). Let 1/m < q < ∞ and 1 < q1, · · · , qm < ∞ with 1
q =

1
q1

+ · · ·+ 1
qm

.

(i) Let 1/m < p < ∞ and 1 < p1, · · · , pm < ∞ with 1
p = 1

p1
+ · · ·+ 1

pm
, and �ω

satisfy the A�p condition. Then there exists a constant C > 0 such that(∫
Rn

∣∣∣Ml
L(logL)(|�f|q)(x)

∣∣∣p ν�ω(x)dx

)1/p

≤ C

(∫
Rn

∣∣|fj|qj(x)
∣∣pj ωj(x)dx

)1/pj

.

(ii) Let �ω ∈ A(1,··· ,1). Then there exists a constant C > 0 such that

ν�ω

({
x ∈ R

n : Ml
L(logL)(|�f|q)(x) > tm

})

≤ C

( m∏
j=1

∫
Rn

Φ(m)(
|fj|qj(yj)

t
)ωj(yj)dyj

)1/m

,

where Φ(t) = t(1 + log+ t) and Φ(m) =

m︷ ︸︸ ︷
Φ ◦ · · · ◦ Φ .

Lemma 3.2 was proved by Si and Xue in [11].

Proof of Theorem 1.1 - 1.2. Theorem 1.1 is a consequence of (3.1) and Lemma
3.2. We now prove Theorem 1.2. By homogeneity we may assume t = 1. Since Φ is
submultiplicative, Lemma 3.1 and Lemma 3.2 yields

ν�ω

({
x ∈ R

n : T
Π�b,q

�f (x) > 1
})m

≤ C sup
t>0

1
Φ(m)(1/t)m

ν�ω

({
x ∈ R

n : TΠ�b,q
�f(x) > tm

})m

≤ C sup
t>0

1
Φ(m)(1/t)m

ν�ω

({
x ∈ R

n : Ml
L(logL)

�f(x) > tm
})m

≤ C sup
t>0

1
Φ(m)(1/t)m

m∏
j=1

∫
Rn

Φ(m)(
|fj|qj(yj)

t
)ωj(yj)dyj

≤ C sup
t>0

1
Φ(m)(1/t)m

m∏
j=1

∫
Rn

Φ(m)(|fj|qj(yj))Φ(m)(
1
t
)ωj(yj)dyj

(3.3)
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≤ C

m∏
j=1

∫
Rn

Φ(m)(|fj|qj(yj))ωj(yj)dyj.

This complete the proof of Theorem 1.2.
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iterated commutators of multilinear singular integrals, preprint, arXiv:1004.4976.

11. Z. Si and Q. Xue, Weighted estimates for commutators of vector-valued maximal multi-
linear operators, preprint.

12. L. Tang, Weighted estimates for vector-valued commutators of multilinear operators,
Proceedings of the Rayal Society of Edingburgh, 138A (2008), 897-922.

Zengyan Si
School of Mathematics and Information Science
Henan Polytechnic University
Jiaozuo 454000
People’s Republic of China
E-mail: sizengyan@yahoo.cn



674 Zengyan Si and Qingying Xue

Qingying Xue
School of Mathematical Sciences
Beijing Normal University
Laboratory of Mathematics and Complex Systems
Ministry of Education
Beijing 100875
People’s Republic of China
E-mail: qyxue@bnu.edu.cn


