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LINEAR MULTIFRACTIONAL STOCHASTIC VOLTERRA
INTEGRO-DIFFERENTIAL EQUATIONS

Nguyen Tien Dung

Abstract. In this paper we prove the variation of parameters formula for linear
Volterra integro-differential equations driven by multifractional Brownian motion.
To do this, an approximation result for the Stratonovich stochastic integral with
respect to the multifractional Brownian motion is given. Based on our obtained
results we study the almost sure exponential convergence of the solution. Also,
the existence and uniqueness of the solution of a multifractional Volterra integro-
differential equation with time delay are proved.

1. INTRODUCTION

Let H : [0,4+00) — (0,1) be a Holder function of exponent 5 > 0, i.e. for any
t1,ty € [0, +00) such that |t; — to| < 1, there exists a constant ¢o > 0 such that

|Hy, = Hy,| < colts — ta] .

According to the definition given by Peltier and Lévy-Véhel in [12], a multifractional
Brownian motion (mBm), B/, with Hurst functional parameter H; € (0,1) is a
stochastic process of the following form

0

¢
1 1 1 1
1.1) Bt = —— / t—s)t=2 — (—s)e=2)dW, +/ t—s)Ht=z2qWy ),
a8 = ([ 169 (ot [l
where Wy is a standard Brownian motion. In the case, where H; is a constant, mBm
reduces to fractional Brownian motion (fBm).

As showed in the literature (for example, see [3, 7, 12]), mBm seems to be a more

flexible model than fBm. The almost sure Holder exponent of mBm is allowed to vary

Received February 29, 2012, accepted July 26, 2012.

Communicated by Yuh-Jia Lee.

2010 Mathematics Subject Classification: 45D05, 60G22, 60H07.

Key words and phrases: Volterra integro-differential equations, Variation of parameters formula, Multi-
fractional Brownian motion, Malliavin calculus.

333



334 Nguyen Tien Dung

along the trajectory, a useful feature when one needs to model processes whose regu-
larity depends in time, such as Internet traffic or images. Because of these advantages,
it is desirable to construct the stochastic integral with respect to mBm, as well as to
study the related problems. However, the same as fBm, mBm is not a semimartingale
if Hy # %, and we cannot use the classical It theory in our context.

Several authors considered the second term in the right hand side of (1.1) as a
definition of mBm which is called a mBm of the Riemann-Liouville type (RL-mBm)
(for example, see [8]). More precisely, we use the following definition for RL-mBm.

Definition 1.1. Let H : [0,4+00) — (0,1) be a Holder function of exponent
B > 0. The multifractional Brownian motion of the Riemann-Liouville form (RL-
mBm) with Hurst functional parameter H € (0, 1), denoted by {W/ ¢t > 0}, is a
centered Gaussian process defined by

t

1
(1.2) WH: = /(t —5)%dW, o = Hy— <.
0

Throughout the paper, we assume that H; is a continuously differentiable function
on [0, +00). Since RL-mBm is a Gaussian process, we can use the stochastic calculus
developed by Alos et al. in [1] to get a definition for stochastic integral with respect
to WHt named the Stratonovich integral. In this paper we use Stratonovich integral
with respect to RL-mBm with Hurst functional parameter H;, > % to study linear
multifractional stochastic Volterra integro-differential equations that are described in
forms

t
(1.3) dX; = <aXt + / G(t — u)Xudu) dt + o dWH,
0

the initial condition Xy = «x is a real constant.

The volatility o; does not depend on Xy, we can employ the traditional iteration
method to prove the existence and uniqueness of the solution. After doing this, we
develop a semimartingale approximate approach to prove a variation of parameters
formula for the solution which plays an important role in theory of Volterra equations.
Our obtained formula allows us to study exponential convergence of the solution via
deterministic Volterra equations. Moreover, it also plays a key role in proving the
existence and uniqueness of the solution for the stochastic delay Volterra equation
driven by RL-mBm:

t
(1.4) dX; = <a,Xt + /G(t — u)Xudu) dt + b(Xt_T>thHt’
0

X = ¢(t),t € [-r,0], where ¢ € C[—r,0].
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This paper is organized as follows: In Section 2, we recall some fundamental
facts about the Malliavin calculus and introduce the Stratonovich stochastic integral
with respect to RL-mBm. We also point out that RL-mBm as well as stochastic
integral with respect it can be approximated by semimartingales. Section 3 contains
the main results of this paper regarding the equation (1.3) which proved the variation of
parameters formula for the solution and the almost sure exponential convergence of the
solution to zero. Section 4 is devoted to study the multifractional stochastic Volterra
integro-differential equations with time delay.

2. STRATONOVICH INTEGRAL WITH RESPECT TO RL-mBm

The aim of this section is to introduce the Stratonovich stochastic integral with
respect to RL-mBm with Hurst parameter H; > 1/2 and being a continuously differ-
entiable function.

First of all, let us recall some elements of stochastic calculus of variations with
respect Brownian motion. Fixed T > 0, for h € L2([0,T],R), we denote by W (h)
the Wiener integral

T
W(h) = / B()dW.
0
Let S denote the dense subset of L?(§2, F, P) consisting of those classes of random
variables of the form
2.1) F = FW(h1), s W (),

wheren € N, f € Cg°(R™, L*([0, T], R)), hy, ..., by, € L*([0, T], R). If F has the form
(2.1), we define its derivative as the process D' F := {D/VF,t € [0, T]} given by

PVF=%" %(W(hl), o W (ha)) B ().
k=1

More generally, for each k¥ > 1 we can define the iterated derivative operator on a
cylindrical random variable by setting
Wk W W
Dy, o F =Dy ..Di F.

t1,eees

For any p > 1 we shall denote by DII,{}D the closure of S with respect to the norm

1
P

T
Py = (E1F7+ [ E1DY FPar)
0
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We now apply the stochastic calculus with respect to Gaussian processes developed
by Alos et al. [1] to introduce a definition of stochastic integration with respect to
RL-mBm WtH’f. In [1], for regular kernels, the following hypothesis is required.

Hypothesis (K4). For all s € [0,T), K(., s) has bounded variation on the interval
T

(s,T] and [ |K|((s,T],s)%ds < oo (where, for all s € [0,T),|K|((s,T],s) denotes
0

the total variation of K (., s) on (s, 7).
In our context, it is obvious that the kernel K (¢, s) = (t—s)** fulfils the hypothesis
(K4) because oy = Hy— % is a differentiable function with bounded derivative in [0, 7.
In the remaining of the paper, we set K (¢, s) := (t — s)**. Denote by & the set of
step functions on [0, 7] and consider the norm on & :

T T 9
lol% = / ( / oK (1, s>dt) s,
0 s

where 91K (t,s) = 2K(t,s). The completion of £ with respect to the ||.|| x-norm

will be denoted by H .. Also denote by DII,{/Q (Hx) the space of stochastic processes
satisfying the following two conditions:

T T 9
(1) Ellull% :E/ </\ut\8lK(t, s)dt) ds < oo,
0 s

s

T T T T 9
(C2) E/\;D%\y%dr:E// (/\DZVut\alK(t, s)dt) dsdr < oc.
0 0 0

Let w = {us,t € [0,7]} be a stochastic process in Dll/{f (Hxr), one can define the
divergence integral of u with repsect to RL-mBm by (see formula (21) in [1])

t t ot
/uS(SWSHS = / </u881K(s,r)ds)5WT,
0 0 r

t
where 0W,. is Skorohod differential. Moreover, r — f us01 K (s, r)ds is Stratonovich

T
integrable with respect to . By taking into account the relation between Skorohod
integral and Stratonovich integral, we use in this paper the following definition for
mutifractional stochastic integral.



Multifractional Volterra Integro-differential Equations 337

Definition 2.1. Assume that H; > 1/2 and is a continuously differentiable function.
Letu € DII,{E (Hx~), the Stratonovich stochastic integral of u with respect to RL-mBm,
WH: is defined by

t

t t t
/udeSHS = /u85WSH°‘ —i—//DgVur O K(r,s)drds,
0 0 0 s

where 01K (r,5) = (r — 8)* ol (r — s)In(r — s) + ).

T
Remark 2.1. When H, = H is a constant, the divergence integral with respect to
fBm with H € (0, 1) has also been defined by Privault in [13, Definition 10].

Proposition 2.1. Let uw = {uy,0 <t < T} be an adapted process bounded in the
norm of the space DII,{E, ie.

T
sup <E\ut\2 + /E\D}fvut\er) < 0.
0<t<T )

Then u € DII/{E(HKT).

Proof. By using Holder inequality it is easy to check the conditions (C1) and
(C2). ]

We end this section by showing that RL-mBm can be approximated by semimartin-
gales. This approximation will be the background of the paper and before stating it in
Theorem 2.1, let us recall a fundamental property of RL-mBm.

Lemma 2.1. Ler {W/" 0 <t < T} be a RL-mBm with H; € (0,1). Then for
each p > 0, there exists Ct, > 0 such that

EIWS ™ — WP < Crylts — 2™ 300 v 1)ty € [0,7),
where h = min H;.
t€[0,T
Proof.  We refer to [12, page 7]. ]

Theorem 2.1. Assume that H; be a continuously differentiable function.
L Let Hy € (0,1). RL-mBm {W}*, 0 <t < T} can be approximated in LP(2),p > 0
by semimartingales T/VtH’“6 which are defined as follows for every ¢ > 0

t
1
(2.2) Wth’g = /(t —s+e)MtedW, |, oy = Hy — 5
0
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IL Let u = {uy,0 <t < T} be an adapted process bounded in the norm of the space
}D)Il/{f . Then
¢ ¢

/ usdWHs = lim [ u,dWH+* in L*(Q),
—0t+
0 ) 0
uniformly in t € [0, T], provided that H, > 1/2V t € [0,T].
Proof. 1. Firstly, we show that I/VtH’“6 is a semimartingale. Indeed, we have the
following semimartingale decomposition for stochastic Volterra integrals
t

/g(t, s)dWS:/tg(s,s)dWS—i—/t </S%g(s,u)qu)ds,
0 0 0

0

provided that integrals in the right hand side exist. And then by choosing g(t, s) =
(t — s+ ¢&)v+e we get

t t
(2.3) wltee = /50‘5+EdW8 + /cpids ,t€10,7],
0 0

where ¢S = [0 K (s +¢e,u)dW,, 01 K(s+e,u) = (s —u+e)%+"1a,, (s —u+

0
e)In(s —u+¢) + asqel.
By the Itd isometry formula and Lemma 2.1 we have

2

E\Wth’ WHt\2 ’ (t —s+e)*t=dW, — / (t —s)*dW;

t

¢

(2.4) —/(t—s—i—a )2orteds — 2 [ (t — 54 )™t (t — )O‘tds—i—/ (t — 5)?“ds
' 0
the ¢

< /(t—s—l—a)Qo‘t*Eds—Q (t—s+e)*te(t — O‘tds—i—/ 5)2%ds

Tt~ O\wo\“

0 0
_ Hiqe Hyi |2 2 min l, h
= B|W, . — W2 < Ope?min(z ),

Since both I/VtH’“6 and I/VtH’£ are Gaussian processes, (2.4) implies that for each p > 0,
there exists C7, such that

E‘Wtth - Wth‘p < C'T,p‘gpmm(%”&h)

which means that WH"’ converges to I/VtH’f in LP(Q?),p > 0 when € — 0, uniformly
inte0,7].
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II. From the decomposition (2.3) and by the integration by parts formula for the
Skorohod integral we have

S

t t
Usg de’E = /usa‘“*f dW +/us/81K(s+8,7“)dW,.ds
0 0 0

t s ¢t
(2.5) = [ ueste dWs—i—// usalK(s—i—E,?“)(SW,.ds—i—// DYV u,01K (s+¢,r)dsdr

07
¢
uge¥ e dW, +// usalK(s—i—E,?“)dséW,.—i—// vausalK(s—i—a,r)dsdr.
. e
As a consequence,
¢ ¢ ¢
E‘/udef’E—/udefE ‘/u
0

¢
/ué K(s+e,r)— 01 K(s,r))dsoW,

O\No\ﬁo\ﬁ

2
(2.6) -w4

T
2

—3(A+ B+0).

O\NO\NO

¢
/D}/Vué K(s+e,r)— 01 K(s,r))dsdr

I

+3E‘

It is obvious that A — 0 as e — 0, uniformly in ¢ € [0, T']. By Meyer’s inequality (see,
[11]) we have

dr

2
1,2

t ot
BS/H/%@m@+aﬂ—&K@wws
0 r
which implies that B — 0 uniformly in ¢ € [0, 7] as ¢ — 0 because the process u; is
bounded in the norm ||.||; 2. Similarly, C' — 0 since

t
2
CSH/%@K®+aﬂ—&K@ﬂMS

1,2
The Theorem thus is proved. ]

3. LINEAR MULTIFRACTIONAL VOLTERRA INTEGRO-DIFFERENTIAL EQUATION

In this section, we consider the linear multifractional Volterra integro-differential
equation without time delay (1.3). We first prove the existence and uniqueness of the
solution with the help of the following lemma.
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Lemma 3.1. Suppose that G € L'[0,T] and v € LP([0,T] x Q),p > 1. Then

t s t
p
E/ </G(s—7’>u7~d’r’) ds < Lp/E‘ur‘pdru
0 0 0

T
where L = [ G(s)ds being a finite constant.
0

Proof.  An application of Holder inequality yields
3.1)

j(jG(sr)urdr)pds < O/t <0/8Gt(sr)u§fdr) <0/SG(3:)dr)p1ds

t

Lp_l//G(s—r)ufdsdr < Lp/ufdr.

0o r 0
The Lemma is proved. u

IN

Proposition 3.1. Suppose that G € L'[0,T] and o € DII,{E(HKT). Then the equa-
tion (1.3) has a unique solution.

Proof.  Since the multifractional stochastic term in the right hand side of (1.3)
does not contain of X;, we can prove our theorem by the classical method of Picard
iteration. For all ¢ € [0, 7], consider the functional sequence {Xt(n), n > 0} defined
by

t
XV = Xo+ [, dWH:,
(3.2) 1 ° s !
X" = X+ [ (axs(”) + [G(s - u)Xﬁn)du) ds + [ o dWHs.
0 0 0

We have
S

t
2
33) BlxV - x2< /(a2+L2)E<\XO\2+ ’/UTdWTH’" )ds =L < 00,
0

uniformly in ¢ € [0, T']. For a generic n, we thus have
t
BIXY - X(P < [ (@4 DB - X[V
(3.4) 9

t s1 Sn—1

L+T™ 2 L2 n—1
g(a2+L2)"—1//.../ E| XD -XxO2ds,,...ds; <= (™ L7
00 0

n!




Multifractional Volterra Integro-differential Equations 341

From (3.4) we get the existence and uniqueness of the solution by using standard
arguments of the method of iteration. ]

The first main results of this section are stated in the following.

Theorem 3.1. Suppose that G € L*[0,T] and o is an adapted process bounded
in the norm of the space DII/{?.

L. Consider the linear Volterra integro-differential equation driven by semimartin-
gales

(3.5) dXi = <aXf + /G(t — u)XZdu) dt + o, dW° | XE = Xo = a.

Then the solution X{ of the equation (3.5) converges in L*(Q) to the solution X; of
the equation (1.3) as € tends to zero.

II. The unique solution X, of the equation (1.3) admits the representation which
is so-called the variation of parameters formula
¢
(3.6) X = Z: X0+ / Zi_ o dW s,
0
where Z; is a unique solution of the resolvent equation

t
3.7) dZ, = <aZt + /G(t - u)Zudu) dt, Zo = 1.

Proof. 1. We have
t

X; = X0+/<GXS+/G s—uXdu)ds—i—
0 0

t

0/

A t
Xf:X0+/<aX§+/G s—qudu)ds—i-/UdesHs’g~
0 0 0

osdWHs

Hence,

s

2
E|X§ — X;|? < 3a? /E\X5 X \2d3+3E/</ s—u)\X;j—Xu\du) ds

0
2

t
+3E’ /asd (WHse _ i)
0
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By Lemma 3.1 we get
t

(3.8) E|Xf - X,* < 3(a2+L2)/E\X§—Xs\2ds+fg(t),
0

2

t
where f-(t) = 3E’ [ osd(WH* —WHs)|  that converges to zero as ¢ — 0, uniformly
0

inte[0,7].
Applying a generalization of the Gronwall-Bellman inequality (see, [6]) to (3.8) we
get

t
(3.9) EIX: — X3 < f.() + 4(a® + L?) / £(5) A=) g
0

We finish the proof by dominated convergence theorem.

I1. Firstly, we consider the following two equations with the initial conditions Uy, Vj
such that Uy + V) = X

t
(3.10) dUs = (aUs + [ Gt — w)Udu ) dt + e+ o, dW;,
t t u
0
t
(3.11) AV = <an + /G’(t —u)Vidu+ Utcpf) dt.
0

The equation (3.10) is a stochastic Volterra integro-differential equation in the sense
of Itd and for every fixed w € 2, (3.11) is a deterministic Volterra integro-differential
equation. And then by the classical variation of parameters formula we have

t
Us = Z,Uy + / Zy_ e oy dW,
0

t
Vf = Zt‘/b +/Zt_8g0§0'5d8.
0

On the other hand, from the decomposition (2.3) we see that X7 = Uy 4 V;® is solution
of (3.5). Consequently,

t
(3.12) Xf=7ZXo+ / Zy_sosdWH=*,
0

The formula (3.6) follows directly from (3.12) by taking the limit in L?(2) as ¢ — 0.
The Theorem thus is proved. ]
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Corollary 3.1. The solution of multifractional Langevin equation
dX; = —bXdt + odW [

is unique and given by
t
X =e Xy + / oe =) g Hs,
0

We now give a sufficient condition for the almost sure exponential convergence
of the solution. Thank to the variation of parameters formula (3.6), this can be done
via exponentially asymptotic stability given by Murakami [10] for the deterministic
Volterra equations:

t
(3.13) dxy = <amt —i—/G(t — u)a:udu) dt , t >,
0

the initial condition x; = ¢(t),t € [0, to], where ¢ € C([0, to], R).

Lemma 3.2. Suppose that f € C(RT R*) N LY (R") satisfies
/f(t)evtdt < oo for some vy > 0.
0
IfX\>0and N = XN\~ then
t o0
/e_’\(t_s)f(s)ds < e_’\/t/f(s)evsds.
0 0

Proof.  Refer to [2, Lemma 3.1]. [
We now are position to formulate the next main results of this section.

Theorem 3.2. Suppose that o is a deterministic function and that the zero solution
of (3.13) is uniformly asymptotically stable, and that the following conditions hold

o
(3.14) /\G(s)\ehsds < 0o for some A >0,
0
o , 1
(3.15) /Ug <ﬁsas+l(lns mlo 1) + so‘s)e%ﬁds < oo for some Ay > 0.

0
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Then

L. there exists v > 0 and My,(Xo) > 0 such that for each p > 0, the solution of (1.3)
satisfies

(3.16) E|X4|P < My(Xo)e ™™ | t>0

IL. the solution of (1.3) is almost surely exponentially convergent, i.e. there exists
Bo > 0 such that

(3.17) hmsup log\Xt\ < -8, a.s.
t—

Proof. 1. We observe that if u is a deterministic function then
ot

t
/%ﬂw*:/</%&K@m@)mg
0 0

T
t
where dW, is the classical Itd differential. Thus, for each ¢ the integral f udeSHS 18

0
centered Gaussian random variable with the variance satisfying the following estimate

t 5 bt )
E(/uSdWSHS) = / </u581K(s,r)ds) dr
0 0

T
t

< / </t\u5\281K(s,r)ds)K(t, r)dr

(3.18) o, t s
to‘t/ lus|?01 K (s, dsdr—to‘t//\us\ O K (s,r)drds
00

! 1
:to‘f/\us\Q _%s 5% (Ins — )+ s |ds.
ags+1 ags+1
0

Let Z; be the solution of (3.7). Since the zero solution of (3.13) is uniformly asymp-
totically stable and (3.14) holds, there exists C' > 0 and A > 0 such that (see, [10, 2])

(3.19) |Z,] < Ce ™ W t>0.
From (3.6) and using the estimates (3.18), (3.19) we have
E|X; — Z; X,

<to<t/t‘Z ‘2< Ctls oc-l—l(l 1 >+ a)d

< 1—s0s|"| ——=5%"(Ins — s |ds
(3.20) ) os +1 os+ 1

/ o 1
< C?t /6_2>\(t_8)‘05‘2 —5 5% (ns — )+ 5% |ds.
ag+1 ags+1



Multifractional Volterra Integro-differential Equations 345

Let A = min(\, A\g) and v = ’\7/ By Lemma 3.2

E|X; — Zi Xo|?
o0 , 1
—2)\/ «
(3.21) < C2toct€ 2’\t/\05\2<%7j_13a5+1(1n3 _ — 1) +Sa5)62>\28d8
0
< C2e~ 21,

o0 /
where C3 = Cy [ \Us\2<%3%+1(m3 — @)+ So‘s)e”'é’sds and G = sup
0 t€(0,00)
C?ore N,
In order to establish (3.16) we need two technical results:
(i) Let Y denote a random variable following an N (0, 02) law. Then for any p > 0
we have
1
/()
I(3)
(i) (a+ b)? < cp(aP +bP) V a,b > 0, where ¢, = 1 if 0 < p < 1 and ¢, = 2P~ L if

p> 1.
We now have

E|lY|P = o?.

EIXy|P < cp(E| Xy — Z:Xo|P + | Z: X0o[")

op/2p(ptL
— o PRl EN - 2oy + 2o
2
op/2p (L
- <%C§e‘p” - \Xo\pcpe_pﬁ)
@)

< Mp(Xo)e ™,

/20 (Rt
%(%)2)05 + \Xg\pC’p).

II. We use the Theorem 4.3.1 in [9] to prove (3.17), it is enough to show that there
exists a constant y; > 0 such that

where M, (Xy) = cp<

(3.22) E( sup \Xﬁ) < Me =D v >,
n—1<t<n
Indeed, if (3.22) is true then Gy = %-.
We have foreach ¢t > n — 1

t t

Xi=X,_1+ / <aX8 + /G(s — u)Xudu) ds + / UdeSHS,
0

n—1 n—1
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and then
o o 7)
n—1<t<n
n S 2
§3<E\Xn_1‘2+E/ <a,XS+/G(s—u)Xudu) ds
n—1 0
7 2
+FE su /UdWHS ))
(3.23) <n_1£§n 1 saWg
e

n
< 3<E\Xn_1\2—|—(a2+L2) / E|X,|%ds
-1

1)

¢
/ o s dW Hs
1
By the Burkholder-Davis-Gundy inequality, there exists C'3 > 0 such that

t 9 n n 9
/UdeSHS ) < C3 / </0881K(s,r)ds) dr
1 1 T

n— n—

+FE < sup

n—1<t<n

E( sup

n—1<t<n

n
o 1
<C 2 s Oés+11 _ Qs d
(G24) = 3/‘05‘ <a5+13 (s = 2—7) % )ds
n—1
x

! 1
< Cge—2>\2(n—1) / ‘Us‘2< Qg Sas—f—l(lns _ ) + Sa5>€2>\28d8
1

ags+ 1 ags+1

n

S 046—2>\2(n—1) ’

o0 /
where Cy = C3 [ |0, <%sas+1(lns - i)+ sO‘S)eQAﬁds < 0.

0
Combining (3.16), (3.23) and (3.24) we get

E( sup \Xt\Q) <3 <(M2(XO> +a? + L?)e 1 046‘”2(”‘1))

n—1<t<n
< Me n(=1)

where Y1 = 2’)’ and M = MQ(X0> + a,2 + L2 + 04.
The Theorem thus is proved. ]

Remark 3.1. In the classical case, where RL-mBm reduces to a standard Brow-
nian motion, the exponential convergence of the solution is discussed more details by
Appleby and Alan in [2].
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4. MULTIFRACTIONAL VOLTERRA INTEGRO-DIFFERENTIAL EQUATION WITH TIME DELAY

The aim of the section is to prove the existence and uniqueness of the solution of
the multifractional stochastic Volterra integro-differential equation with time delay:

t
(4.1) ¢&::<m&4i/cxﬁ—MAQMOdﬁ+MX;¢MWf“,te[QTL
0

X = ¢(t),t € [-r,0], where ¢ € C[—r,0].

Noting that since multifractional stochastic integral defined in Definition 2.1 con-
tains of Skorohod integral and Malliavin derivative, we cannot use traditional methods
to prove the existence and uniqueness of the solution. However, fortunately, the delay
time, 7, is discrete we can use the method of induction to do this. Our idea is as
follows: first prove the result for the interval [0, r|, then we use this solution process
as the initial condition to solve the equation within the interval [r, 2r|, and so on. We
need the following two lemmas.

Lemma 4.1. Let u be a adapted stochastic process bounded in the norm of the
space IDDII/{/2 such that for all v € [0, T), stochastic process DYV u also does. We have
forany r <t

t t t
D)f‘/(/uSdWSHS) = /DZVuSdWSHS +/u881K(s,r)ds.
0 T T

Proof.  From the decomposition (2.3) we have
¢ ¢ ¢
/us dWSH’S = /5O‘S+Eus dW, + /uscpids.
0 0 0
By taking Malliavin derivative

t

DW(/uﬂwﬁﬁ
0

t t t
(42) =¢e%teu, + /50‘5+5D7Wu8 AW —l—/cpiDZVusds + /usalK(s +e,7)ds

T T T
t

t
_ 50""+Eur —i—/DZVuS dWSI{S&J + /usalK(S—i-é“, T)ds.
T

T

Taking limit above expression in L2(Q2) as ¢ — 0 and by closability of Malliavin
derivative we get desired result. ]
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For fixed k > 1, we denote by %2 the space of stochastic processes such that
u € D{f{f and ) Wi )
sup Flus|” + sup E\D," us|” < L
Se[ovT] 7“17...,7“1786[07T]

for any [ < k, where L; is a finite constant.
By Proposition 2.1 we have ©%2 C DII/{E(HK).

Lemma 4.2. Suppose that ¢ € D12, The unique solution X; of (1.3) belongs
to DF2.

Proof. Let Z is the solution of the resolvent equation (3.7). Since Z is a continuous
deterministic function and o € ©*t1.2, we have 0,Z;_, belongs to ©*+12. From

¢
Lemma 4.1 and by using the method of induction, { [ 0sZ;_sdW !t € [0,T]} €
0

D*2 Consequently, the fact the solution X; of (1.3) belongs to ©%2 follows from the
variation of parameters formula (3.6). ]

Theorem 4.1. Suppose that b(x) is N-order differentiable function with bounded
derivatives, where N is the smallest integer not smaller than % and that b(0) is
bounded. Then (4.1) admits a unique solution in [0, T]. Moreover, the solution can be
explicitly expressed by

Xe = ¢(t>7 te [—7’, 0]7

(4.3) ! H
X = ZiXo+ [ Ziob( X )dWHs, >0,
0

where Z; is the solution of the resolvent equation.

Proof. For simplicity let us assume 7" = Nr, where N is a positive integer
number. Our induction hypothesis, for n < N, is the following:
(Hy) The equation

t s t
4.4) X, = qﬁ(())—i—/ <a,X5—|—/G(s—u)Xudu)ds—i—/b(XS_T)dWSHS , t €10,nr],
0 0 0

with X; = 0, t > nr, has a unique solution in DN ™2
We check (H) at first. Let ¢ € [0, r], the equation (4.4) now becomes

4.5) Xt:¢(0)+/t <aXS+/SG(s—u)Xudu)ds—i—/tb(qﬁ(s—r))dWSHS t € 10,r],
0 0 0

It is obvious that s := b(¢(s — 1)) € DV:? because ¢ is a continuous deterministic
function. From Lemma 4.2 we have that (4.5) has a unique solution and that this
solution belongs to D ~12. Thus, (H;) is true.
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We now assume that (H;) is true for any ¢ < n, where n < N. We need to check
that (H,,+1) is also true. Put
¢(t—’f’>, OStST,
Y, =<¢ X, r<t<(n+1)r
0, t>(n+1)r,
where X is the solution found in (H,). It is easy to see that Y € DV ~"2 since
X € DN-n2 and
W DYFX, ., r<t<(n+1)r
DYy = :
0, otherwise.

The equation (4.4) now becomes (1.3):

t s t
46) X, = ¢(0)+/ <aX5+/G(s—u)Xudu) ds—i—/anWSHS te o, (1)),
0 0

where o5 = b(Ys).

Since b(x) has bounded derivatives up to order N, b(0) is bounded and Y €
DN-2 it is clear that o € ®V ™2, As a consequence, (4.6) has a unique solution
and this solution belongs to ®V—"712,

We complete the proof of this theorem. ]
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