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Pack Graphs with Subgraphs of Size Three

Zhen-Chun Chen, Hung-Lin Fu and Kuo-Ching Huang*

Abstract. An H-packing F of a graph G is a set of edge-disjoint subgraphs of G in
which each subgraph is isomorphic to H. The leave L or the remainder graph L of
a packing F is the subgraph induced by the set of edges of G that does not occur
in any subgraph of the packing F. If a leave L contains no edges, or simply L = ¢,
then G is said to be H-decomposable, denoted by H | G. In this paper, we prove
a conjecture made by Chartrand, Saba and Mynhardt [13]: If G is a graph of size
q(G) = 0 (mod 3) and §(G) > 2, then G is H-decomposable for some graph H of

size 3.

1. Introduction

By a graph G = (V,E) we mean a finite, simple and undirected graph. The order,
size, maximum and minimum degree of G are denoted by p(G), ¢(G), A(G) and §(G),
respectively. The neighborhood of a vertex v, denoted by N(v), is the set of vertices
adjacent to v. The graphs P, and C} are a path of order n and a cycle of order k > 3,
respectively. The graph G1 U G» is the edge disjoint union of G; and G». The graph tH
is the union of ¢ copies of H. For more graph theoretic terminologies we refer to |11].

A graph G is said to be H-decomposable, denoted by H | G, if the edge set E(G) of
G can be partitioned into subsets such that the edge-induced subgraph of each subset is
isomorphic to H. Graph decomposition is one of the most important topics in the study of
both graph theory and combinatorial designs, not to mention their applications on many
other fields. Quite a few research results are obtained in considering the decomposition
of complete graphs or complete multipartite graphs into complete subgraphs or cycles.
See |1H6}/8-H104/18-22}25-31,|33:35] for references. Decomposition problems of a general
graphs could be more complicated, as a result of the failure of the tools and methods
used on decomposition of well-structured graphs. On the other hand, if we consider the
decomposition, packing or covering of a general graph, it is getting more complicate.

In [13], Chartrand, Saba and Mynhardt study prime graphs and proposed the following:
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Conjecture 1.1. [13] Suppose G is a graph of size ¢(G) = 0 (mod 3) and §(G) > 2.
Then G is H-decomposable for some graph H of size 3.

Conjecture 1.2. |[13] Suppose G is a 2-connected graph of order p(G) > 4 and of size
q¢(G) =0 (mod 3). Then G is Py-decomposable.

These conjectures motivate our study of decomposing a graph of size 3k into k copies
of isomorphic graphs of size 3. If ¢(H) = 3, then H = K3, Py, K13, PsU P, or Mj3
(a matching of size 3). There are many research results of decomposing graphs into
subgraphs of size three. See [7,[12},14-17,23,[24,32]. For convenience, we use z1xa - -y
and x1xs - - - x4x1, respectively, to denote a path and a cycle of order ¢t. Since the graph
D = {z1moxsxaxsre1} U {T1y122, T3Y224, T5Yy326} disproves the Conjecture we will
focus on the Conjecture In order to prove the Conjecture for each given graph
G such that ¢(G) = 0 (mod 3), we have to find a graph H of size 3 and prove that
H | G. It is not difficult to see that G | G if ¢(G) = 3 and the complete graph Ky is
Pj-decomposable. Moreover, the complete bipartite graph K» 3 is P4-decomposable and
(P3UP,)-decomposable and the complete 3-partite graph K 1 4 is Py-decomposable. Since
the graph K1 13c4+1 = K114U (c —1)Ka3, we have Py | K 13c+1, ¢ > 1. In this paper, we

prove the following to confirm the Conjecture [L.1

Theorem 1.3. If G is a graph of size 6 < q(G) = 0 (mod 3) and 6(G) > 2, then G is
(P3 U Py)-decomposable if and only if G is different from Ky and K1 3c+1, ¢ > 0.

2. Main results

We start this section with the study of (P3 U P»)-packings of graphs. An H-packing of
a graph G is a set of edge-disjoint subgraphs of G in which each subgraph is isomorphic
to H. An H-packing F is mazimum if |F| > |F'| for all other H-packings F’ of G. The
leave L of an H-packing F is the subgraph induced by the set of edges of G that does
not occur in any subgraph of the H-packing F. Therefore, a maximum packing has a
minimum leave. In what follows, all the leaves we consider are minimum. It is easy to see
that H | G if and only if G has an H-packing with empty leave L, that is, L contains no
edge, or simply L = ¢.

The following lemmas are essential for proving the main theorem. Since they are easy

to be proved, we omit the proofs.

Lemma 2.1. If G = G;, 1 <1i <18, given in Figure then PsU Py | G.
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Figure 2.1

Lemma 2.2. If G = Gy, 19 < i < 26, given in Figure then G has a (P3U Py)-packing

with a Py as the leave.
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Figure 2.2

Lemma 2.3. If G =2 G;, 27 < i < 40, given in Figure then G has a (P3U Py)-packing
with a P3 as the leave.
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The followings are our main results.

Lemma 2.4. Suppose G is a connected 3-reqular graph of order p(G) > 8. Then there is
an edge vy € E(G) with N(z) = {y,a,b}, N(y) = {z,c,d}, ac ¢ E(G) and bd ¢ E(QG)
such that the graph G' = (G — {z,y}) U {ac,bd} is a connected 3-reqular graph of order
p(G") =p(G) —2.

Proof. If G has a cut vertex, since G is 3-regular, G has a cut edge xy such that G —
{zy} = Hy U Hy, where H; is a block containing x and Hy is connected containing y. Let
N(z) = {y,a,b} and N(y) = {z,¢,d}. Since H; is a block, H; — x is connected. Hence,
a and b are connected in H; — z and then the graph G’ = (G — {z,y}) U {ac, bd} is a
connected 3-regular graph of order p(G’) = p(G) — 2.

Let G be 2-connected. Suppose there is an edge zy € E(G) such that {z, y} is a cut set.
Then G—{z,y} contains exact two components H; and Hs. Otherwise, there a component
Hj of G — {x,y} such that N(x) N V(H3) = ¢. Then y is a cut vertex, a contradiction.
Moreover, |N(z) NV (H;)| = [N(y) NV (H;)| =1 for ¢ = 1,2. Let N(z) = {y,a,b} and
N(y) = {z,¢,d} such that a and ¢ are in H; and b and d are in Hy. If a and ¢ are coincide,
then a is a cut vertex, a contradiction. Hence, a # c¢. Similarly, b # d. Since H; and Hj
are components, the graph G’ = (G — {z,y}) U {ad, bc} is a connected 3-regular graph of
order p(G') = p(G) — 2.

Suppose G — {u, v} is connected for every edge uv € E(G). Choose an edge zy € E(G)
with N(z) = {y,a,b} and N(y) = {z,c,d}. If {a,b} = {c,d}, then ab ¢ E(G). Otherwise,
G = Ky. Let N(a) = {z,y,2} and N(z) = {a,u,v}. If b € N(z), then z is a cut vertex,
a contradiction. Hence, b ¢ N(z) and then N(z) N{u,v} = N(y) N {u,v} = ¢. Thus, the
graph G’ = (G—{a, z})U{zu, yv} is a connected 3-regular graph of order p(G’) = p(G)—2.
Suppose [{a,b}N{c,d}| =1, say a = c. If ab € E(G) (similarly if ad € E(G)), then N(a) =
{z,y,b}. Let N(b) = {z,a,z}. If z = d, then d is a cut vertex, a contradiction. Hence,
z #d. Let N(z) = {b,u,v}. Then the graph G’ = (G —{b, z}) U{zu, av} is a connected 3-
regular graph of order p(G’) = p(G) — 2. Suppose N(a)N{b,d} = ¢. Let N(a) = {z,y, z}
and N(z) = {a,u,v}. If {u,v} = {b,d}, then the graph G' = (G — {a,z}) U {zd, yb}
is a connected 3-regular graph of order p(G') = p(G) — 2. If [{u,v} N {b,d}| = 1, say
b = u, then the graph G’ = (G — {a, z}) U {xv, yb} is a connected 3-regular graph of order
p(G') = p(G) — 2. If {u,v} N{b,d} = ¢, then the graph G' = (G — {a, 2}) U {zu,yv} is
a connected 3-regular graph of order p(G’) = p(G) — 2. Suppose {a,b} N{c,d} = ¢. If
IN(a) N{c,d}| = 2 (similarly if N(b) = {x,c,d}, N(c) = {y,a,b} or N(d) = {y,a,b}),
then |[N(b) N {c,d}| < 1. Otherwise, G = K33 and p(G) = 6, a contradiction. We may
assume that bd ¢ E(G). Let N(d) = {a,y, 2z} and N(z) = {d,u,v}. If z = ¢, then z is a
cut vertex, a contradiction. Hence, z # ¢. Since N(a) = {z,¢,d} and N(y) = {z,c,d},
{a,y} N {u,v} = ¢ and then the graph G' = (G — {d, 2}) U {au,yv} is a connected 3-
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regular graph of order p(G’) = p(G) — 2. Suppose |N(a) N{c,d}| <1, |N(b)N{c,d}| <1,
IN(c) N {a,b}| <1 and |N(d) N{a,b}| < 1. If ac € E(G) or bd € E(G), then ad ¢ E(G)
and bec ¢ E(G). If ad € E(G) or be € E(G), then ac ¢ E(G) and bd ¢ E(G). We may
assume ac ¢ FE(G) and bd ¢ E(G). Then the graph G' = (G — {z,y}) U {ac,bd} is a
connected 3-regular graph of order p(G') = p(G) — 2. O

Theorem 2.5. Suppose G is a graph different from Ki 1 3c41 with p(G) > 5, ¢(G) > 6
and §(G) > 2. Then G has a (P3 U P)-packing with leave L, where

¢ ifq(G)=0 (mod 3),
L=4P ifqg(G)=1 (mod 3),
Py ifg(G)=2 (mod 3).

Proof. 1f ¢(G) = 6, then G = G;, 1 <1i < 5, given in Figure By Lemma we have
P; U B)|G.

Let G be a counterexample with fewest edges. We shall prove that the assertion holds
for G and obtain a contradiction. There are three cases to be considered.

Case 1: A(G) >4 and §(G) > 3.

By degree-sum formula, ¢(G) = %Exev((;) d(z) > 3(4+3 x 4) = 8. If ¢(G) = 8, then
G = G97. By Lemma G has a (P3 U Py)-packing with a Ps as the leave.

Now, suppose ¢(G) > 8. Let v be a vertex with d(v) = A(G) and N(v) = {vy,v2, ...,
vae)}- If v is adjacent to some v; for i > 2, say vivy € E(G), let F1 = {vzvvy, v1va}
and G’ = G — Fy; otherwise, let u be a neighbor of v; which is different from v and
G' = G — Fy, where Fy = {vgvvz,viu}. Then the assertion holds for G’ by the choice of
G. Since G = G' U (P3 U P»), the assertion holds for the graph G.

Case 2: G is 3-regular.

Suppose G is connected. If p(G) = 6, then G = Gg or G7. By Lemma[2.1] PsU P | G.
For p(G) > 8, by Lemma G has an edge xy with N(z) = {x1,22,y}, N(y) = {y1, y2, z},
N(z)NN(y) = ¢, ;ay1 ¢ E(G) and z2y2 ¢ E(G) such that G' = (G—{z, y})U{z1y1, z2Y2}
is a connected 3-regular graph of order p(G) — 2. By the choice of G, G’ has a (P3 U P»)-
packing F with empty leave. Without loss of generality, we may consider the following
cases.

(1) If there is an F' = {x1y1v1, 22y} in F, then G has a (P3U P»)-packing (F —{F'})U
{z1229, Y31 } U {2YyYy2, y1v1} With empty leave.

(2) If there are Fy = {vivous,z1y1} and Fo = {ujugus, oy} in F, then G has a
(P3U Py)-packing (F — {F1, Fo}) U{z1222, yy1 } U{v1vov3, 2y} U {urusus, yy2 } with empty
leave.

(3) If there are F; = {vivovs,z1y1} and Fy = {zayoui,uguz} in F, then G has a
(Ps U Py)-packing (F — {F1, Fa}) U{z1222, yy1 } U{v1vavs, 2y} U {yyaus, ugus} with empty
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leave.

(4) Suppose there are F} = {x1y1v1, vovs} and Fy = {zayaui, ugus} (or Fo = {yexous,
ugus}) in F. If x1 ¢ {ug,us}, then G has a (PsUPs)-packing (F—{F}, F»})U{z12y, ugus U
{yy1v1,vou3} U {yyour,zx2} (or {zzoui,yy2}) with empty leave. If 1 = ug or ug (say
x1 = ug) and u3 # vy, then G has a (P3 U Py)-packing (F — {F1, Fo}) U {zz1us, y1v1} U
{zyy1, vavs} U {yyaui, xxa} (or {xxoui,yys2}) with empty leave. If z; = ug and us = vy,
then G has a (P3 U Py)-packing (F — {F, F»}) U{x12y, you1 (or xouq)}U{z10191, 0203} U
{y1yy2, xx2} with empty leave. Hence, we have P3 U P, | G for any connected 3-regular
graph G.

If G is disconnected, let G = (mK,) U Hy U --- U H,, such that each H; is different
from K4 and a connected 3-regular component, where m > 0 and 1 < ¢ < n. Since
P; U P, | H; by the choice of G, G — mK, has a (P3 U Py)-packing F with empty leave.
If m = 1, choose an F' in F. Since K4y = 3P3 and F = 3P, K4 UF = 3(P3 U P,).
Hence, UP, | G. If m # 1, then G = §(2K4) U Hy U ---U H,, when m is even and
G = mT_g(2K4) U(BK4)UH;U---UH, when m is odd. Since K4 = 2P3 U 2P, it is not
difficult to see that P3 U Py | (tK4) for t = 2 or 3. Hence, P3sU Py | (mKy) for m > 2 and
then P3U Py | G.

Case 3: 0(G) = 2.

Suppose G has a cycle-component. Let C,, = z1z2---x,21 be the minimum cycle-
component. If 3 < n <5, let & = G — C,. Suppose n = 3 and C,, = z1xow371. If
G = Gy, Gy, G19, Gag or Gag, by Lemmas and the assertion holds for these
graphs G. Otherwise, by the choice of G, G’ has a (P3 U P)-packing F with leave L.
Choose an F' = {vjvavs,vavs} in F. Hence, G has a (P3 U Py)-packing (F — {F'}) U
{x12923, V405 } U {v1v903, 2123} With leave L.

Suppose n = 4 and C,, = z1xox3x471. If G = G1o, G11, G209, Go1 or G3g, by Lem-
mas and the assertion holds for these graphs G. Otherwise, by the choice of
G, G’ has a (P3U Py)-packing F with leave L. For L = ¢, choose an F' = {vjvav3, v4v5} in
F. Then G has a (P3U Py)-packing (F — {F'}) U{z1z2x3, v4v5} U{v1v2v3, 2324} With leave
x1x4. For L = vjvg, G has a (P3U Py)-packing F U {z1z2x3, v1v2} with leave xzx4x;. For
L = vivgus, G has a (P3 U Py)-packing F U {x1x9w3, v1v2} U {x3z421, vov3} with empty
leave.

Suppose n =5 and Cp, = r1xoxsrersri. If G = Gag, Gag, G31 or G2, by Lemmas [2.2
and the assertion holds for these graphs G. Otherwise, by the choice of G, G’ has a
(P3U Py)-packing F with leave L. Choose an F' = {vjvovs, v4v5} in F. For L = ¢, G has a
(P3 U Py)-packing (F — {F'}) U{z1z2x3, v4v5 } U {v1v9v3, 324 } With leave zqx521. For L =
ujug, G has a (P3UP,)-packing (F—{F})U{x1x223, v4vs }U{x32475, uyus }U{v1v9v3, 125}
with empty leave. For L = wjugus, G has a (P3 U P)-packing F U {z1xex3, ujus} U



Pack Graphs with Subgraphs of Size Three 7

{z3x425, uguz} with leave zixs.

For n > 6, let C), = z1x9 -+ xpx1. If ¢(G) =0 (mod 3), let G' = (G — {x2,x3,24}) U
{z125}. Then ¢(G’) = q(G) —3 = 0 (mod 3). By the choice of G, G’ has a (Ps U P,)-
packing F with empty leave. Choose an F' in F with x5 € F'. Since F = {x1x526, v405},
{znx125, V405 } or {vivavs, z125}, (F — {r125}) U {T129232425} (= P U {v4v5} or P U
{vivauz}) = 2(P3 U ). Hence, G has a (P3 U P,)-packing with empty leave.

If ¢(G) = 1 (mod 3), let G = (G — x2) U {z123}. Then ¢(G') = ¢(G) —1 =0
(mod 3). By the choice of G, G’ has a (P3 U Py)-packing F with empty leave. Choose an
F in F such that zy23 € F. Since F' = {12324, v405}, {xnx123, 0405} or {viv9v3, 2123},
(F —{x123}) U{x12223} (= Py U{v4v5} or PsU{vjveus}) = (P3U Py) U{L}, where L =
x129 or xex3. Hence, G has a (P U Py)-packing with leave L.

If ¢(G) =2 (mod 3), let G' = (G — {xa,23}) U{x124}. Then ¢(G’) = q(G) —2=0
(mod 3). By the choice of G, G’ has a (P3 U P»)-packing F with empty leave. Choose an
F in F such that zy24 € F. Since F = {x12425,v405}, {xnx124, 0405} or {v102V3, 124},
(F — {z1z4}) U {z1222324} (= Ps U{v4v5} or Py U {vivovs}) = (P3 U Py) U {L}, where
L = zyx9x3 or woxsxry. Hence, G has a (P3 U Py)-packing with leave L.

Suppose G has no cycle-component. Since 6(G) = 2, there is a path zoxi2z2 - - x4 (nOt
necessary open), called 2-path, in G with d(z¢) > 3, d(z:) > 3 and d(z;) =2 for 1 <1i < t,
where t > 2. We may choose a 2-path such that ¢ is as small as possible. Note that if
t > 3, then G = G — {x1,29, -+ ,x4-1}, G2 = (G — {z1, 22, - ,24-1}) U {zoz:} and
Gs = (G —{z1,22, - ,x4—2}) U{zozs—1} are all different from K 13041, since K11 3041
has a 2-path with ¢ = 2. Consider the following cases.

(1) oz € E(G).

Suppose ¢(G) = 2 (mod 3). If t = 2, let G" = G — x1. Then ¢(G’) =0 (mod 3). If
G = Gs3, G34 or G35, by Lemma G has a (P3 U Py)-packing with a P3 as the leave.
Otherwise, by the choice of G, P3U P, | G'. Hence, G has a (P3 U P;)-packing with leave
ToT1T2.

If t =3, let G = G —{x1,22}. Then ¢(G’) =2 (mod 3). If G = G36, by Lemma
G has a (P; U Py)-packing with a P3 as the leave. Otherwise, by the choice of G, G’ has
a (P3 U Py)-packing F with L = vjvous as the leave. If zoxs = vjve or vevs, then {L} U
{xox1mow3} = (PsUPy)U{L'}, where L' = xoxszg or z1z0x3. If {z0, 23}N{01, 02,03} = @ or
{va}, then { L} U{zoz12023} = (PsUP2)U{L'}, where L' = xox129 or 212023. If {70, 23} N
{v1,v2,v3} = {v1} or {vs}, then {L} U {xox12923} = Ps = (Ps U Py) U{L'}, where L' =
ToT1T2 Or T1Tex3. Suppose {xo,xr3} = {v1,v3}. Choose an F' in F with zox3 € F. Then
F = {xox3us, uqus }, {xsrous, ugus} or {ujugus, xoxs}. If F = {xorsus, uqus}, then {L}U
FU{zoz1220m3} = {m002273, T122 }U{T23U3, Ugus }U{z12023}. If F = {w320U3, Usus}, then
{LYUFU{zox12973} = {®oU23, T122 }U{T1T0U3, Ugus }U{zox320}. If ' = {ujuous, xoxs},
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then {L} U F U {xoz12223} = {T0X3V2, T172} U {Z120V2, T223} U {ujugus}. Hence, G has
a (P3 U Py)-packing with a Pj as the leave.

Ift >4, let G' = (G — {x1,22}) U{xozs}. Then ¢q(G’) =0 (mod 3). By the choice
of G, G' has a (P3 U Py)-packing F with empty leave. Choose an F' in F with zozs €
F. Then F = {xor3x4,v4v5}, {x30003, 0405} Or {viv903, Tox3}. Hence, (F — {xoz3}) U
{zox12073} (= P5 U {v4v5} or Py U {vivous}) = (Ps U Py) U {L}, where L = zoxiz2 Or
x12923. Hence, G has a (P3 U P»)-packing with leave L.

Suppose ¢(G) =1 (mod 3). Let G’ = G — {xoxt}. Then ¢(G') =0 (mod 3). Since 21
is of degree two in G’ and zoz: ¢ E(G’), G’ is neither Ky nor K 1 3.+1. By the choice of
G, G’ has a (P; U Py)-packing with empty leave. Hence, G has a (P35 U P)-packing with

leave xox;.

Suppose ¢(G) =0 (mod 3). If t =2, let G’ = G — x1. Then ¢(G') =1 (mod 3). By
the choice of G, G’ has a (P3 U Py)-packing F with an edge e as the leave. If {zgxi22, e}
forms a P3U Py, then PsU Py | G. If e = z¢z, 2z # x5 (similarly if e = z9z, 2z # ), choose
an F' in F with xoxe € F. Then F = {xoxavs, v4vs}, {zazovs, vavs} or {vivevs, zoxa}.
If F' = {xowgus,v4vs}, then F U {zzox122} = {®12022, 0405} U {22003, Z122}. Suppose
F = {vivous, xoz2}. If 2 = vy, then F U {zxoz122} = {T12072, 0102} U {0203, 2122}
If z = vy (similarly if z = v3), then F U {zzxoz122} = {Z12022, 0203} U {20202, 2122}.
If 2 # v, i = 1,2,3, then F U {zzozx122} = {xox1272, 0102} U {22072, v203}. Suppose
F = {xorovs,vqvs}. If z # w3, then F U {zxor122} = {T12022, 0405} U {12203, 202}
Let z = v3. Choose an F1 = {ujugus,uqus} in F — {F}. If {xg,22} NV (F}) = ¢,
then F'U Fy U {zzgz122} = {zom172, U455} U {T0222, v405} U {ususus, xox2}. Suppose
{zo, 2} NV (F1) = {zo} (similarly if {zg,z2} NV (F1) = {z2}). If 29 = w4 (similarly if
xo = us), then Fy U {zxor122} = {2z20U5, T122} U {U1ugus, zox1}. If 29 = uy (similarly
if 9 = us, then F'U Fy U {zzox122} = {12072, ugus} U {zo222, v405} U {ujugus, x122}.
If g = ug, then Fy U {zzoz120} = {2H0U1, T122} U {2120U3, Ugu5}. Suppose {xo,z2} N
V(F1) = {zg,z2}. If 0 = w1 and x2 = ug (similarly if 9 = us and z2 = u;), then
F U Fy U {zzozi122} = {T2mous, ugus} U {z1222, 0405} U {x1202, T2U2}. If 20 = 04, 7 =
1,2,3 and x9 = wuy or us (similarly if 29 = w;, ¢ = 1,2,3 and xyp = u4 or us), then

Fy U {zzxoz122} = {22021, Ugus} U {ujugus, z1x2}. Hence, PsU Py | G.

Suppose e = zox2. Since G is different from Kj 1 3.41, there is an edge vivy such
that e and vyvo are vertex disjoint edges. Choose an F' in F with vivs € F. Then F =
{urugusg, v1v2} or {v1vovs, v4vs}. Suppose F = {ujugus, vivae}. If ujusug = zouszs, choose
an F1 in F — {F'}. By the same argument as the last paragraph, F'U F} U {xoz1z220} =
3(P3 U Py). Otherwise, |[{zg,z2} NV (F)| < 1. We may assume zg # u;, i = 1,2,3.
Then Fy U{zox12920} = {x12022, v102} U {usugus, x1x2}. Suppose F = {vivovs, vqvs}. If
{xo, 22} NV (F)| = 2, then xg = v3 and xo = v4 or vs (similarly if 2o = v3 and xg = vy
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or vs). Hence, F' U {zox122070} = {Z12920, 102} U {Z12002, 0405}. If {20, 22} NV (F) =
{zo} (similarly if{xg,xo} NV (F) = {x2}), then zo = v;, i = 3,4,5. If 9 = v3, then
F U {zor1m220} = {v1iv270, T122} U {17022, 0405}, If 20 = w4 (similarly if 9 = vs),
F U{zozi12920} = {T12920, V102 } U {X12005, v203}. Hence, PsU P | G.

Ift =3, let G’ = G — {21, 22}. Then ¢(G’) =0 (mod 3). If G = Gi2, by Lemma 2.1]
P; U Py | G. Otherwise, by the choice of G, G’ has a (P3 U P5)-packing F with empty
leave. Choose an F' in F with zoxs € F. Then F = {xox3vs,vavs}, {T3zov3,v405}
or {vivous, xox3z}t. If F = {xox3vs,vqvs}, then F U {xoriz223} = {x0T172, 2303} U
{zox3za,v4v5}. If F' = {x32003, 0405}, then F U {xoz12003} = {T120223, 003} U {T12073,
vavst. I F = {vivous, zozs}, then F U {zozix023} = {xox122,v102} U {Z02322, V203 }.
Thus, PsU P | G.

Ift =4,let G' = G—{x1,z2,23}. Then ¢(G') =2 (mod 3). If G = G13, by Lemmal|2.1]
PsUP; | G. Otherwise, by the choice of G, G’ has a (P3U P,)-packing F with leave vv9vs3.
Since {vivous} U {xoz1202324} = {T0X122, T34} U {v10903, T223}, PsU Ps | G.

Ift > 5, let G = (G — {z1,22,23}) U{xoza}. Then ¢(G’) = 0 (mod 3). By the
choice of G, G’ has a (P3 U P;)-packing F with empty leave. Choose an F' in F with
xoxa € F. Then F = {xor4w5,v405}, {42003, 0405} or {v1v203, T4} and (F — {zozs})U
{zox1207324} (= P U Py or PsU P3) = 2(P3 U P,). Hence, PsU P | G.

(2) zoz ¢ E(G) and xo # 4.

Suppose ¢(G) = 2 (mod 3). If t = 2, let G' = G — x;. Then ¢(G') = 0 (mod 3). If
G’ = K1,13c+1, then the three partite sets are {u}, {v} and {x¢, x2,ws, ..., wsc4+1}. Hence,
G = G' U {xoz1z2} = {zox122, 00} U (cK23) U Py = {2122, 00} U (2¢(P3 U Py)) U Ps.
Otherwise, by the choice of G, G’ has a (P3 U P,)-packing F with empty leave. Hence, G
has a (P3 U Py)-packing F with leave zgxixs.

Ift > 3, let G’ = (G — {z1,22}) U{zoz3}. Then ¢(G’) = 0 (mod 3). If G = Gar,
by Lemma G has a (P3 U Py)-packing with a P; as the leave. Otherwise, by the
choice of G, G’ has a (P35 U Py)-packing F with empty leave. Choose an F' in F with
xors € F. Then F = {zor3vs,v4vs}, {x3xovs, v4v5} or {vivevs, xox3}. Hence, (F —
{xol‘g}) U {x0x1$2x3} (: PsUP; or P4U Pg) = (Pg U Pz) U {L}, where L = zgx1x9 O
x1x923. Hence, G has a (P3 U P»)-packing with leave L.

Suppose ¢(G) =1 (mod 3). Let G’ = (G — x1) U {xpz2}. Then ¢(G') = 0 (mod 3).
If G = Gog or G5, by Lemma G has a (P3 U Py)-packing with a P, as the leave.
Otherwise, by the choice of G, G’ has a (P35 U P;)-packing F with empty leave. Choose
an F in F with zgze € F. Then F = {zoxovs, v4v5}, {x220v3, 405} or {vivovs, zoz2} and
(F — {zoza}) U{zoz122} (= PyU Py or PsUPs) = (P3U Py) U{L}, where L = zpx; or
x122. Hence, G has a (P3 U P,)-packing with leave L.

Suppose ¢(G) =0 (mod 3). If t =2, let G’ = G — x1. Then ¢(G') =1 (mod 3). By
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the choice of G, G’ has a (P3 U Py)-packing F with an edge e as the leave. If {zgxix2, e}
forms a P3 U Py, then PsU Py | G. Let e = xgz (similarly e = x92z). Choose an F' in
F with o € V(F). Then F = {vivovs, 2205}, {vixavs, vavs} or {xavavs, vavs}. Suppose
F = {vivqus, zgus}. If 2 # v, then FU{zxgz122} = {21202, T205} U{v10203, T122}. Sup-
pose z = vs. If g = vy (similarly if g = v3), then F U {zzoz122} = {21202, 0203} U
{z1222, 2002}, If 9 = w2, then F U {zxor122} = {x12001,222} U {22003, 2122} If
xo # v, © = 1,2,3, then F U {zxor122} = {20T122, 0102} U {T0222,0203}. Suppose
F = {vix9vs,v4v5}. Then z # v; (similarly if z # v3) and FU{zzox122} = {x1202, 201 } U
{z1290V3,v4v5}. Suppose F' = {xovyvs, v4v5}. If 2 is neither vg nor vz, then FU{zzoz122} =
{z1202, 203} U {12902, v405}. Suppose z = va. If g = vy (similarly if g = v3), then
FU{zzor1m2} = {w2203, T0w1 } U{ 22005, T122}. If ) # 05, © = 4,5, then FU{zxox122} =
{zox122, 0203} U {0222, 0405}. Suppose z = wv3. If xg = vy (similarly if 29 = vs),
then F U {zzgz122} = {x12005, 022} U {12909, 202}. Suppose z¢ # v;, i = 4,5, then
F U {zxoz122} is the disjoint union of 5-cycle zoxizovazzy and an edge vqvs. Since
d(x2) > 3, there is an F} in F — {F'} such that zo € V(F}). By the same argument
as above, F) U {zxoz122} = 2(P3 U P3) except F1 U {zzprix2} is the disjoint union of
5-cycle xoriwougzry and an edge uqus. In this case, if vo = uy (similarly if vo = us,
then F'U Fy U {zzxoz122} = {mom172, 0405} U {T0202, T2Uu2} U {T202U35, 2U2}; Otherwise,
F U Fy U{zzox120} = {mox122, 0405} U {ugwove, 202} U {ugzvs, ugus}. Hence, G has a
(P3 U Py)-packing with empty leave.

If t =3, let G = G — {x1,22}. Then ¢(G') = 0 (mod 3). By the choice of G,
G’ has a (P3 U P»)-packing F with empty leave. Choose an F in F with zg € V(F).
Then F = {zgvexs, vqv5}, {xovovs, v4vs} (v3 # x3), {vizoUs, V405} Or {ViVoVs, ToUs}. If
F = {xgvaxs,v4vs}, then F U {zorix223} is a union of 5-cycle zorixexsvazy and an edge
v4vs. By the same argument as above, we have PsU Py | G. If F' = {zgvovs, v4vs} or
{vizovs, vav5}, then F U {zox12923} = {xor122,v405} U {00203 (Or V120V3), 23}, If
F = {vivous, zgvs}, then F U {xoz12003} = {T12223, T0U5} U {10203, Z91}. Hence, G
has a (P3 U P,)-packing with empty leave.

Ift >4, let G = G — {x1,22,23} U{xorsa}. Then ¢(G’) = 0 (mod 3). By the
choice of G, G’ has a (P35 U P)-packing F with empty leave. Choose an F in F with
xoxg € F. Then F = {xoz4v3,v405}, {T42003, 0405} Or {v10903, Tox4} and (F — {zozs}) U
{xox1297324} (= Ps U P2 or P5s U P3) = 2(P3UP,). Hence, G has a (P3UP,)-packing with
empty leave.

(3) xo = x4 and t > 3.

Suppose ¢(G) =2 (mod 3). Fort =3 or4,ifd(z) >4, let G' = G—{z1,29,..., 241}
If G = G3g or G3g9, by Lemma G has a (P3 U Py)-packing with a P; as the leave.
Otherwise, by the choice of G, G’ has a (P3 U P,)-packing F with leave L. If t = 3,
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then L = P3 and {L} U {zox12270} = {L,x122} U {x12022}. If t = 4, then L = P, and
{L} U{zor120m320} = {L, 2120223} U {212023}. Hence, G has a (P3 U P»)-packing with
a P3 as the leave. Suppose d(xg) = 3. Let N(xo) = {z1,2:—1,2}. In this case, d(z) > 3.
Let G = G — {xg,21,...,24-1}. If G = Gy, by Lemma G has a (P3 U P,)-packing
with a Ps as the leave. Otherwise, by the choice of G, G’ has a (P3 U P)-packing F with
leave L. If t = 3, then L = Py and {L} U {xoz122m0} U {202} = {L, 202122} U {m2202}. If
t =4, then L = ¢ and {zor1227370} U {202} = {12073, 202} U {Z12023}. Hence, G has
a (P3 U Py)-packing with a P as the leave.

For t > 5, let G' = (G — {x2,23}) U {z124}. Then ¢(G’) = 0 (mod 3). By the
choice of G, G’ has a (P3 U P,)-packing F with empty leave. Choose an F in F with
x124 € F. Then F = {xox124, v405}, {12425, v405} or {v1v903, 2124} and (F — {z124})U
{z1222324} (= P5s U Py or Py U P3) = (PsUPy)U{L}, where L = zjx9x3 or xoxsxs. Hence,
G has a (P3 U Py)-packing with leave L.

Suppose ¢(G) =1 (mod 3). For t = 3, if d(xg) > 4, let G’ = G — {x1,22}. If G = Gog,
by Lemma G has a (P3UPy)-packing with a Ps as the leave. Otherwise, by the choice of
G, G' has a (P3UPy)-packing F with a P» as the leave. Choose an F' in F with z¢ € V(F).
Then F = {xzovovs,vqvs}, {vizous,vqvs} or {vivous, zovs}. If F = {xgvavs,v4vs} or
{vizovs, v4v5} , then F U {zox12970} = {®12072, 0405} U {00203 (OT V120V3), 2122}, If
F = {vjvavs, zgus }, then FU{xoz12220} = {T0T122, V102 } U{Z220V5, 1203}. Hence, G has
a (P3 U Py)-packing with a P5 as the leave. Suppose d(zg) = 3. Let N(zg) = {z1, 2, 2}
In this case, d(z) > 3. Let G’ = G — z9z. Then ¢(G’) = 0 (mod 3). By the choice of G,
G’ has a (P; U Py)-packing F with empty leave. Hence, G has a (P3 U P,)-packing with

leave xqgz.

For t > 4, let G’ = (G — x2) U {z123}. Then ¢(G’) = 0 (mod 3). By the choice of
G, G’ has a (P3 U Py)-packing F with empty leave. Choose an F in F with xjx3 €
F. Then F = {zox1x3,v405}, {x12324, 0405} or {vivevs, z1x3} and (F — {z1z3}) U
{r1m2223} (= PyU Py or PsUP;) = (P3U Py) U{L}, where L = z1z3 or zax3. Hence,
G has a (P3 U Py)-packing with a P as the leave.

Suppose ¢(G) =0 (mod 3). For3 <t <5, ifd(xg) > 4,let G = G—{x1,29,..., 241}
If G = G4 or G5, by Lemma G has a (P3 U Py)-packing with empty leave. Oth-
erwise, by the choice of G, G’ has a (P3 U P,)-packing F with leave L. If t = 3, then
L = ¢. Choose an F in F with zg € V(F). Then F = {xgvavs,vsvs}, {vizovs, v4vs}
or {vivous, xovs}t. If F = {xguvovs,vqvs} or {vixzgvs,vqvs}, then F U {xor1me20} =
{z12022, V405 } U{T0V203 (Or V12OV3), 122}, If F = {v10903, ZoU5 }, then FU{xoz12220} =
{xor122, 1102} U {22005, 1203 }. If t =4, then L = P3 = x¢ (= v1) vavs, v10203 OF v1Z(Vs3.
If L = zgvovs or vivgus, then {L} U {xoz12200320} = {T12223, v102} U {Z12073, V203 }.
If L = vizgvs, then {L} U {xoz1m02320} = {12001, X223} U {T32003, 2122}, If t = 5,
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then L = wv. If xp is incident with wv, say xg = u, then {xozxiz2232420} U {Uv} =
{xor122, v324} U {VZ024, 2223} Otherwise, choose an F' = {vivovs,vqv5} in F with
xog € V(F). If zy = vg or vy, then F U {xor1220037470} U {uv} = {xox129, 00} U
{zox3zy,v4v5} U {v10903, 2420}, If 29 = 1, v2 Or vs, then F U {xor1T2032470} U {uv} =
{zox122, uv} U {T32420, V405 } U {v10203, Z223}. Hence, G has a (P3 U Py)-packing with
empty leave.

Suppose d(zg) = 3. Let N(xz9) = {x1,21—1,2}. In this case, d(z) > 3. Let G' =
G— {1‘0, T1,... ,xt_l}. If G = Gi6, G17 or G1s, by Lemma G has a (Pg U Pg)—packing
with empty leave. Otherwise, by the choice of G, G’ has a (P35 U P»)-packing F with leave
L. If t =3, then L = zvyvs, vizv3 or vivaus. If L = zvgus, then {L} U {xox12970, 202} =
{zox122, 209} U{w2m02, UoU3}. If L = v1203, then { L} U{xoz12270, 202} = {T12022, 201 } U
{zozvs, z122}. If L = v1v9us, then {L}U{zox 12920, 202} = {07122, V102 }U{Z2202, V203 }.
If t =4, then L = vyve and {L} U {zoz1202320, T02} = {T12223, T02} U {T12023, V102 }. If
t =5, then L = ¢ and {zoz1x2232470, 02} = {T0oT172, T324} U {4702, 2223}. Hence, G
has a (P3 U P,)-packing with empty leave.

For t > 6, let G' = (G — {z2,23,24}) U {z125}. Then ¢(G’) = 0 (mod 3). By the
choice of G, G’ has a (P35 U P)-packing F with empty leave. Choose an F' in F with
x125 € F. Then F = {xoz125, 0405}, {x12576, V405 } or {v1v903, 125} and (F — {z125})U
{x0x1x2x3$4x5} (: Ps U P, or P5 U Pg) = 2(P3 U PQ). Hence, G has a (Pg U Pg)—packing
with empty leave.

Therefore, we complete the proof. O

Now, we are ready to prove the Conjecture [1.1

Theorem 2.6. If G is a graph with ¢(G) = 0 (mod 3) and 6(G) > 2, then H | G for
some graph H of size 3.

Proof. If ¢(G) = 3, then it is trivial that G | G. It have been argued that Py | G if G = K4
or K1 13c+1. By Theorem we have P3U Py | G. Therefore, we complete the proof. [
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