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Coreflexive Modules and Semidualizing Modules with Finite Projective

Dimension

Xi Tang and Zhaoyong Huang*

Abstract. Let R and S be rings and swg a semidualizing bimodule. For a subclass
T of the class of w-coreflexive modules and n > 1, we introduce and study modules
of w-T-class n. By using the properties of such modules, we get some equivalent
characterizations for wg having finite projective dimension. In particular, we prove
that the projective dimension of wg is at most n if and only if any module of w-T-class
n is w-coreflexive. Moreover, we get some equivalent characterizations for wg having
finite projective dimension at most two or one in terms of the properties of (adjoint)
w-coreflexive and w-cotorsionless modules. Finally, we give some partial answers to
the Wakamatsu tilting conjecture.

1. Introduction

It is well known that the (Auslander) transpose is one of the most powerful tools in rep-
resentation theory of artin algebras and Gorenstein homological algebra, see |2}3,8], and
references therein. However, this notion does not have its dual version as many notions in
classical homological algebra do. So, a natural question is: How to dualize the (Auslander)
transpose of modules appropriately? To this aim, we introduced in [18,]20] the notions
of the cotranspose and adjoint cotranspose of modules with respect to a semidualizing
bimodule w. Then we showed in [18-20] that many interesting notions and results re-
lated to the (Auslander) transpose have counterparts related to the (adjoint) cotranspose.
For example, the counterparts of torsionless, reflexive and n-torsionfree modules are w-
cotorsionless, w-coreflexive and n-w-cotorsionfree modules, respectively. As a continue of
these three papers, this paper is devoted to developing a further general theory introduced
in them.

Wakamatsu in [21] introduced and studied the so-called generalized tilting modules,

which are usually called Wakamatsu tilting modules, see [5,/16]. The Wakamatsu tilting
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conjecture is an important homological conjecture in representation theory of artin al-
gebras, which states that for a Wakamatsu tilting module rw over an artin algebra R,
the projective (or injective) dimensions of pw and WEnd(gw) are identical [5,/16]. This
conjecture situates between the famous finitistic dimension conjecture and the Gorenstein
symmetry conjecture; in particular, the latter one is a special case of the Wakamatsu tilt-
ing conjecture. All these conjectures remain still open. By |21, Theorem], the Wakamatsu
tilting conjecture is equivalent to that for a Wakamatsu tilting module rw over an artin
algebra R, the projective (or injective) dimension of rw is finite if and only if so is the
projective (or injective) dimension of Wgpg(,w)- Huang in [10] generalized this equivalent
version to left and right noetherian rings.

Observe that the Wakamatsu tilting conjecture makes sense for arbitrary rings. Let
R and S be arbitrary rings. By [22, Corollary 3.2], we have that a bimodule rwg is
semidualizing if and only if rw is Wakamatsu tilting with S = End(gw), and if and only
if wg is Wakamatsu tilting with R = End(wg). It was proved in |21, Theorem (1)] that
for a semidualizing bimodule rwg, the projective dimensions of pw and wg are identical
provided that both of them are finite. So, over arbitrary rings R and S, the Wakamatsu
tilting conjecture is equivalent to that for a semidualizing bimodule rwg, the projective
dimension of rw is finite if and only if so is the projective dimension of wg. In this paper,
we will study when the projective dimension of wg is at most n by using the properties of

modules of w-T-class n, (adjoint) w-cotorsionless and w-coreflexive modules.
This paper is organized as follows.
In Section [2| we give some terminology and some preliminary results.

Let R and S be rings and gwgr a semidualizing bimodule. In Section 3] we introduce
and study Hom-Tensor projections and Tensor-Hom injections as duals of double dual
embeddings in [13]. Let M be a left R-module and F' a left S-module. An epimorphism
w®g F lui%d) w ®g Homp(w, M) of left R-modules is called a Hom-Tensor projection if
it is obtained by applying the functor w ®¢ — to an epimorphism F —(b» Homp(w, M) of
left S-modules. We prove that the kernel of a Hom-Tensor projection with F adjoint
w-coreflexive and w ®g F' 1-w-cospherical is the w-counit submodule of a 1-w-cospherical
left R-module; conversely, the w-counit submodule of a 1-w-cospherical left R-module is
the kernel of a special Hom-Tensor projection. We also get an adjoint version of this result
about Tensor-Hom injections.

Jans introduced in [13] the notion of modules of D-class n in terms of the properties
of double dual embeddings, and proved that for a left and right noetherian ring R and
n > 1, the right self-injective dimension of R is at most n if and only if any finitely
generated left R-module of D-class n is reflexive; and the global dimension of R is at most

n + 1 if and only if Hompg(M, R) is projective for any finitely generated left R-module
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M of D-class n. Motivated by Jans’s philosophy, in Section [ we introduce and study
modules of w-T-class n in terms of the properties of Hom-Tensor projections, where 7 is
a subclass of the class of adjoint w-coreflexive left S-modules and n > 1. We prove that
if U, is a left R-module of w-T-class n, then there exists a collection of exact sequences
0 - Hompg(w,U;) — Fi—1 — Hompg(w,U;—1) — 0 (2 < i < n) of left S-modules with all
F; € T and U; left R-modules; conversely, if there exists a collection of exact sequences
as above, then U, can be selected of w-T-class n. Let T be a subclass of the weak
Auslander class with respect to w containing all projective left S-modules. We prove that
the projective dimension of wg is at most n if and only if any left R-module of w-7-class
n is w-coreflexive, and if and only if Tor? (w,V) = 0 for any adjoint w-cotorsionless left
S-module V. As a supplement to this result, we get that the projective dimension of wg
is at most n + 1 if and only if Tor{(w, Homg(w,U,)) = 0 for any left R-module U,, of

w-T-class n.

In Section [5) we first obtain some useful exact sequences to describe the kernel and
cokernel of the canonical valuation homomorphism w ®g Hompg(w, M) — M with M a
left R-module; and then prove that any n-w-cospherical left R-module is w-coreflexive
provided that either the projective dimension of wg is at most n or wg admits a projective

resolution ultimately closed at n.

In Section [6] we characterize when wg has small projective dimension in terms of the
properties of (adjoint) w-coreflexive modules and w-cotorsionless modules. We prove that
if the projective dimension of rw is at most two, then the projective dimension of wg
is at most two if and only if any 2-w-cospherical left R-module is w-coreflexive, if and
only if any adjoint w-coreflexive left S-module is adjoint 2-w-cospherical, if and only if
any left R-module of w-T-class 2 is w-coreflexive, if and only if Tors (w, V) = 0 for any
adjoint w-cotorsionless left S-module V', and if and only if Tor{(w, Homp(w,U)) = 0 for
any w-cotorsionless left R-module U. Moreover, we get that the projective dimension of
wg is at most one if and only if any 1-w-cospherical left R-module is w-cotorsionless (or
w-coreflexive), if and only if any w-cotorsionless left R-module is w-coreflexive, and if and

only if Tor; (w, V) = 0 for any adjoint w-cotorsionless left S-module module V.

In Section [7, we study the Wakamatsu tilting conjecture in some special cases. Let S
be a left artinian ring, R = S and m,n > 1. We prove that if the projective dimension
of sw is at most n and the Ext-grade of Tor;?](w,N) with respect to w is at most n — 1
for any finitely presented left S-module N, then the projective dimensions of gw and wg
are identical. Then we apply this result to get that if the projective dimension of gw is
at most n and the projective dimension of Homg(P;(w),w) is finite for any 0 < i <mn —2,
where Pj(w) is the (i + 1)-st term in a minimal projective resolution of sw, then the

projective dimensions of sw and wg are identical. As a consequence, we get that if the
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projective dimension of gw is at most one, then the projective dimensions of gw and wg are
identical. Finally, we get that for an artin algebra S, if the right self-injective dimension
of S is at most n and the projective dimensions of the first n — 1 terms in a minimal
injective resolution of Sg are finite, then the left and right self-injective dimensions of S

are identical.

2. Preliminaries

Throughout this paper, all rings are associative rings with unites. For a ring R, we use
Mod R (resp. Mod R°P) to denote the class of left (resp. right) R-modules. Araya, Taka-
hashi and Yoshino in [1] initialed the study of semidualizing bimodules over noetherian

rings. Then Holm and White in [9] extended this notion to associative rings.
Definition 2.1. [1}9] Let R and S be rings. An (R-S)-bimodule gpwg is called semidual-
1zing if

(1) An (R-S)-bimodule rwg is called semidualizing if the following conditions are sat-

isfied.

(al) gw admits a degreewise finite R-projective resolution.
(a2) wg admits a degreewise finite S-projective resolution.
(b1) The homothety map rRp - Homgop (w,w) is an isomorphism.
cl Ext}%l(w,w) =0.

)
)
)
(b2) The homothety map §Ss —= Homp(w,w) is an isomorphism.
(c1)

(c2) Extgc‘}p (w,w) = 0.

(2) A semidualizing bimodule rwg is called faithful if the following conditions are satis-
fied.
(el) If M € Mod R and Homp(w, M) = 0, then M = 0.
(e2) If N € Mod S°P and Homgop (w, N) = 0, then N = 0.
Let R be a ring. Recall from [21,22] that a module w in Mod R is called generalized

tilting (it is usually called Wakamatsu tilting, see [5,16]) if it satisfies the conditions (al)
and (cl) in Definition and there exists an exact sequence

03 rR-W's W5 ... Wi ...

in Mod R with all W' isomorphic to direct summands of finite sums of copies of gw,
such that it remains still exact after applying the functor Hompg(—, rw). The notion of

semidualizing are equivalent to that of Wakamatsu tilting (see the introduction).
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By [9, Proposition 3.1], we have that any semidualizing bimodule over a commuta-
tive ring is faithful. The following example illustrates that there exist sufficiently many

(faithful) semidualizing bimodules.
Example 2.2. (1) For any ring R, pRp is semidualizing.

(2) Let R be an artin algebra, and let {T1,...,T,} be a complete set of non-isomorphic
simple left R-module. Then w := @, I%(T;) is Wakamatsu tilting, where I9(T}) is
the injective envelope of T; for any 1 < i < n. By [22, Corollary 3.2], we have that

rwg is semidualizing, where S = End(gw).

(3) Let k be a field. Then both A = k[z,y]/(z,y)? and S = Afu,v]/(u,v)? are commu-
tative artinian non-Gorenstein local rings; and Homu4 (S, A) and S ®4 Homy (A4, k)
are mutually non-isomorphic semidualizing (S, S)-bimodules with infinite projective

and injective dimensions (see [17, Example 2.3.2]).

(4) Let R be a flat S-algebra over a commutative ring S. If gEg is a semidualizing
bimodule, then F ®g R is a faithfully semidualzing (R, R)-bimodule (see [9, Propo-
sition 3.2]).

From now on, R and S are arbitrary associative rings with unit and gwg is a semidu-
alizing bimodule. We write (—), := Hom(w, —).

Let M € Mod R. Then we have a canonical valuation homomorphism
Orr: w®g My — M

defined by 0y (z® f) = f(z) for any x € w and f € M,. M is called w-cotorsionless if 6y,
is an epimorphism; and M is called w-coreflexive if 6 is an isomorphism (see [18]). We
use Cot, (R) and Cor,(R) to denote the subclasses of Mod R consisting of w-cotorsionless
modules and w-coreflexive modules, respectively.

Let N € Mod S. Then we have a canonical valuation homomorphism
pn: N = (w®g N).

defined by un(y)(z) = x®y for any y € N and z € w. N is called adjoint w-cotorsionless
if px is a monomorphism; and N is called adjoint w-coreflexive if puy is an isomorphism.
We use Acot,,(S) and Acor,(S) to denote the subclasses of Mod S consisting of adjoint

w-cotorsionless modules and adjoint w-coreflexive modules, respectively.

Definition 2.3. (1) The weak Auslander class wA,(S) with respect to w consists of all
left S-modules N satisfying

(A1) TorlSZl(w,N) =0, and
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(A2) N € Acor,(S).

(2) (see |9]) The Auslander class A, (S) with respect to w consists of all left S-modules
N satisfying (A1), (A2) and

(A3) EX‘G}%1 (w,w®g N)=0.
We will heavily use the following two lemmas in the sequel.

Lemma 2.4. Let F: C — D and G: D — C be two functors between categories C and D

such that F' is a left adjoint of G, u: 1¢ — GF and 6: FG — 1p are the unit and the
counit of adjunction arrows, respectively. Then we have

(1) GO - ,uG = 1@.
(2) OF - Fu=1p.
(3) There exists an equivalence of categories

F=w®g—
Acor,(S) ~ Cor,(R).
Gi=(—)«

Proof. See |15, p. 82, Theorem 1(ii)] for the assertions (1) and (2). The assertion (3) is a
direct consequence of (1) and (2). O

Following [9], set

Fu(R) :={w®g F | F is flat in Mod S},
Pu(R) :={w ®g P | P is projective in Mod S},
Z,(S) := {I. | I is injective in Mod R},

Rt = {M € Mod R | Ext3! (w, M) = 0} .

The modules in Fo(R), P,(R) and Z,(S) are called w-flat, w-projective and w-injective
respectively. We use Z(R) to denote the subclass of Mod R consisting of injective modules,
and use P(S) and F(.5) to denote the subclasses of Mod S consisting of projective modules
and flat modules, respectively. For a module M € Mod R, we use Addr M to denote the

subclass of Mod R consisting of all direct summands of direct sums of copies of M.
Lemma 2.5. (cf. [14] Proposition 2.4(1)] and [9, Lemma 4.1 and Corollary 6.1]).
(1) Addrw = P,(R) C F,(R) UZ(R) C Cory,(R) N gw.

(2) P(S) C F(S) UZu(S) € Au(S) C wAL(S) C Acory(S).
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Motivated by the notion of n-spherical modules given in [2], we introduce the following
Definition 2.6. Let n > 1.

(1) (see |18]) A module M € Mod R is called n-w-cospherical if Ext?ign(w, M) =0.

(2) A module N € Mod S is called adjoint n-w-cospherical if Torfgign(w, N)=0.

We shall say that any module in Mod R is 0-w-cospherical, and any module in Mod S is
adjoint 0-w-cospherical.
Let M € Mod R. We use

0 1 1—1 1
PO p ) 10D 1700 o

-1 .
0— M-8 P M I'(M)
to denote a minimal injective resolution of M in Mod R.
Definition 2.7. [18] Let M € Mod R and n > 1.

(1) ¢Try M := Coker fO(M), is called the cotranspose of M with respect to rws.

(2) M is called n-w-cotorsionfree if ¢Tr, M is adjoint n-w-cospherical.

By [18, Proposition 3.2] (see Corollary [5.21) below), we have that for a module M €
Mod R, M is 1-w-cotorsionfree if and only if it is w-cotorsionless; and M is 2-w-cotorsionfree

if and only if it is w-coreflexive. Note that the notion of w-coreflexive modules has appeared

in [4].
Let N € Mod S and we use
(2.1) L) gy B ) gy B gy 0D

to denote a minimal flat resolution of N in Mod S, where each F;(N) — Coker f;(N) is
a flat cover of Coker f;(N). The existence of such a resolution is guaranteed by the fact
that any module has a flat cover (see [6]). Based on the fact that (w ®g —, Hompg(w, —))

is an adjoint pair, the counterpart of Definition was given in [20] as follows.
Definition 2.8. [20] Let N € Mod S and n > 1.

(1) acTry, N := Ker(1, ® fo(IV)) is called the adjoint cotranspose of N with respect to

RWS.-
(2) N is called adjoint n-w-cotorsionfree if acTr,, N is n-w-cospherical.
By Corollary (2) below, we have that for a module N € Mod S, N is adjoint 1-w-

cotorsionfree if and only if it is adjoint w-cotorsionless; and N is adjoint 2-w-cotorsionfree
if and only if it is adjoint w-coreflexive.

The following result about the properties of (adjoint) w-cotorsionless and w-coreflexive

is useful.



1290 Xi Tang and Zhaoyong Huang

Proposition 2.9. (1) Let
0—K5F 5 N—0

be an eract sequence in Mod S with F' € Acor,(S) and N € Acot,(S). Then
N =2 Im(1l, ® ¢)« and K = H,, where H = Ker(1,, ® ¢).

(2) Let
0— M1 H 50

be an exact sequence in Mod R with I € Cor,(R) and M € Cot,(R). Then M =
Im(1, ® ¥,) and H = w ®g K, where K = Coker 1.

Proof. (1) By assumption, we have the following exact sequence
5 1,®¢
0—H —>w®sF — w®s N —0

in Mod R with H = Ker(1, ® ¢). Consider the following exact commutative diagram with

exact rows

0 K F ¢ N 0

|
IR l.“F l/uv
A
0——>H, O (w s F)*(Lw;)*(w %5 N)»,

where h is an induced homomorphism. Because pup is an isomorphism and py is a
monomorphism by assumption, we have that N = Impuy = Im(1l, ® ¢), and h is an
isomorphism by the snake lemma.

(2) By assumption, we have the following exact sequence
0— M, 51, 5 K — 0

in Mod S with K = Coker,. Consider the following commutative diagram with exact

TOWS

1w * w
w®5M*ﬂ>w®SI*ﬂ>w®5K*>0
|

leM le, E
w V

0 M I - H 0,

where 7 is an induced homomorphism. Because 05 is an isomorphism and 0, is an epimor-
phism by assumption, we have that M = Im#); = Im(1,, ® v,) and + is an isomorphism
by the snake lemma. O

3. Hom-Tensor projections and Tensor-Hom injections

We begin with the following definition which will be convenient for our exposition.
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Definition 3.1. Let M € Mod R and F' € Mod S. An epimorphism
1w®¢:w®sF—»w®5M*

in Mod R is called a Hom-Tensor projection (HT-projection for short) if it is obtained by
applying the functor w ®g — to an epimorphism ¢: F' — M, in Mod S.

To study the properties of HT-projections, we need the following

Lemma 3.2. Let F': C — D and G: D — C be two functors between abelian categories C
and D such that F is a left adjoint of G, u: 1¢ — GF and 0: FG — 1p are the unit and
the counit of adjunction arrows, respectively. Then for A, B € D, the following statements

are equivalent.

(2) 04 is an epimorphism and there exists a monomorphism f: A »— B in D such that

G(f) is an isomorphism.

Proof. (1) = (2): Let A 2 Imfp and g: A — Im6fp be an isomorphism in D. Since
Ora(p) is epic by Lemma 2) and A is a quotient object of FG(B), we have 64 is epic.
Let p = i - p be the natural epic-monic decomposition of fp with p: FG(B) — Im6fp
and i: Imfp — B. Then f := - ¢ is monic. Note that G(6p) = G(i) - G(p) and G(6R)
is a retraction by Lemma [2.4[1). It yields that G(i) is an epimorphism and hence an
isomorphism. Thus G(f) = G(i) - G(g) is an isomorphism.

(2) = (1): Let 64 be epic and f: A — B be a monomorphism in D such that G(f) is

an isomorphism. Consider the following commutative diagram with the bottom row exact

FaA) 2 pa(p)
04 0
P

0 A B.

Since G(f) is an isomorphism, FG(f) is also an isomorphism. So we have
Imbp =Im(0p - (FG(f))) =Im(f-04) =Im f = A. O

For a module M € Mod R, we call Im#j,; the w-counit submodule of M. The fol-
lowing addresses the relation between HT-projections and the w-counit submodules of

1-w-cospherical modules.

Theorem 3.3. Let M € Mod R and F' € Mod S. If

1o ®o: w®sg F — w®g M,
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is a HT-projection with F' € Acor,(S) and w ®g F' 1-w-cospherical in Mod R, then H :=
Ker(1,®9) is isomorphic to the w-counit submodule of a 1-w-cospherical module in Mod R.
Conversely, if H is isomorphic to the w-counit submodule of a 1-w-cospherical module

in Mod R, then there exists an exact sequence
0—H-—E-5Y —0

in Mod R with E injective and a: E —'Y a HT-projection.

Proof. Let

0—>H—>w®sF1ﬂ§ﬁw®sM*—>O

be an exact sequence in Mod R with 1, ® ¢ a HT-projection, F' € Acor,(S), w®g F 1-w-
cospherical in Mod R and H = Ker(1,, ® ¢). Then we have the following exact sequence

(3.1) 0—K-—F-2 M —0

in Mod S, where K = Ker ¢. Because F' € Acor,(S) and M, € Acot,(S) by assumption
and Lemma [2.4(1) respectively, we have K = H, by Proposition [2.9(1). Applying the
functor w ®g — to yields that H is isomorphic to a quotient module of w ®g K.
Using Lemma [2.4(2) and [18, Corollary 3.8], we get H € Coty,(R). Let L = Im6), and
let 85y = 7 - p be the natural epic-monic decomposition of s with p: w ®g M, — L and
i: L — M. Then

ix s Pu s fing, = (O0r)s - g, = 1o,

by Lemma (1) It implies that i, is an epimorphism, and hence an isomorphism. So
Ds - paz, 18 also an isomorphism. Set H' = Ker(p - (1, ® ¢)). Consider the following

commutative diagram with exact rows

0> H— > wagF %20 es M, — 0
|
(3.2) A \LP
M P w89)

O4>H/4>CU®S L Oa

where A is an induced homomorphism which is monic. Because (1, ® @)« - up = pir, - ¢
and w ®g F' is 1-w-cospherical in Mod R, applying the functor Hompg(w, —) to (3.2)) gives

the following commutative diagram with exact rows

. —1
OHH*H(QJ@SF)*d)HF M, 0

i)\* ip*'uM*
£l 1w
—— (W ®g F)]i (_®ﬁ’)L* —— Exth(w, H') —0.
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Because py - s, is an isomorphism, we have that Exth(w, H') = 0 and ), is also an
isomorphism. Then it follows from Lemma that H is isomorphic to the w-counit
submodule of a 1-w-cospherical module H'.

Conversely, assume that H is isomorphic to the w-counit submodule of a 1-w-cospherical
module H' in Mod R. By Lemma/[3.2] there exists a monomorphism f: H ~ H’ such that

f+« is an isomorphism. Consider the following commutative diagram with exact rows

0 H-YsE_°.y 0
|
8 \

0 H —~-E Y’ 0,

where E is injective, e is an embedding, 1) = e - f, Y = Coker and Y’ = Cokere.
We claim that a: E — Y is a HT-projection. Since H’ is 1-w-cospherical, we have the

following commutative diagram with exact rows

0 o --p .7z 0
|
if* ‘
€ ﬁ* v

0 H B, Y! 0,

where Z = Coker1),. Since f, is an isomorphism, we have Z = Y/. By Proposition (2)
and its proof, we have that Y 2 w®g Z and a: E — Y, up to isomorphism, is formed by
tensoring 7: Eyx — Z (2Y]) with w ®g —. The claim is proved. O

As a consequence of Theorem [3.3] we have the following

Corollary 3.4. Let M € Mod R and F € Mod S, and let
1w®¢:w®SF—»w®SM*

be a HT-projection with F € Acor,(S) and w ®g F 1-w-cospherical in Mod R. Then
H :=Ker(1, ® ¢) is a w-cotorsionless and 1-w-cospherical module in Mod R provided that

one of the following conditions is satisfied.
(1) M € Cory(R).
(2) w®g M, € Cory,(R) and rws is faithful.
Conversely, if H is a w-cotorsionless and 1-w-cospherical module in Mod R and

O—H—F—>Y—0

18 an exact sequence in Mod R with E injective, then E — Y is a HT-projection.
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Proof. By Theorem [3.3] we have that H € Cot,(R). From the exact sequence

0—>H—>w®5Flﬂ>¢w®sM*—>0

¢

in Mod R, we get the following commutative diagram with exact rows:
M, 0

lﬂF lllj\/[*
1u®9)
(w®s F)*(JQ (w®g M) — Exth(w, H) —0,

where pp is an isomorphism.

Case 1. Let M € Cory(R). Then by Lemma [2.4[3), we have that M, € Acor,(S) and
s, is an isomorphism.

Case 2. Let w®g M, € Cor,(R) and rwg be faithful. Then gz, is an isomorphism.
Since Ouggnrr, - (Lo ® par,) = luggar, by Lemma [2.4(2), we have that 1, ® pas, is an
isomorphism. Since w is faithful, we have that pps, is an epimorphism by [9, Lemma 3.1],
and hence an isomorphism by Lemma 1).

Consequently, in either case, (1, ® ¢), is epic and Ext}%(w,H) = 0, that is, H is
1-w-cospherical.

The converse part of the corollary stems from the proof of the corresponding part of
Theorem using the fact that H is its own w-counit submodule. O

In the rest of this section, we state, but do not prove, adjoint counterparts of the above

notions and results about HT-projections.

Definition 3.5. Let N € Mod S and I € Mod R. A monomorphism
Yyt (W@ N)y — I,

in Mod S is called a Tensor-Hom-injection (TH-injection for short) if it is obtained by
applying the functor Hompg(w, —) to the monomorphism ¢: w ®g N — I in Mod R.

To study the properties of TH-injections, we need the following

Lemma 3.6. Under the same assumptions as that in Lemma [B.2], for M,N € C, the

following statements are equivalent.
(1) N =Impuy.

(2) wun is a monomorphism and there exists an epimorphism g: M — N in C such that

F(g) is an isomorphism.
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For a module N € Mod S, we call Im puy the w-unit quotient module of N. The
following addresses the relation between TH-injections and the w-unit quotient modules

of adjoint 1-w-cospherical modules.

Theorem 3.7. Let N € Mod S and I € Mod R. If
Yyt (wRg Ny — I

is a TH-injection with I € Cor,(R) and I, adjoint 1-w-cospherical in Mod S, then K :=
Coker 1, is isomorphic to the w-unit quotient module of an adjoint 1-w-cospherical module
in Mod S.

Conversely, if K is isomorphic to the w-unit quotient module of an adjoint 1-w-

cospherical module in Mod S, then there exists an exact sequence
0—X-5P—K-—0

in Mod S with P projective and A\: X — P is a TH-injection.
As a consequence of Theorem we have the following

Corollary 3.8. Let N € Mod S and I € Mod R, and let
Yy: (w®g M)y — I

be a TH-injection with I € Cory,(R) and I. adjoint 1-w-cospherical in ModS. Then
K := Coker 9, is an adjoint w-cotorsionless and adjoint 1-w-cospherical module in Mod S

provided that one of the following conditions is satisfied.
(1) M € Acory,(95).
(2) (w®g M), € Acor,(S) and rwg is faithful.

Conversely, if K is an adjoint w-cotorsionless and adjoint 1-w-cospherical module in
Mod S and
0 X—=F—>K—=0

is an exact sequence in Mod S with P projective, then X — F is a TH-injection.

4. Modules of w-T-class n and finite projective dimension

Motivated by the notion of modules of D-class n introduced in [13], in this section, we first
introduce the notion of modules of w-T-class n as follows. Then we give some equivalent
characterizations for wg having finite projective dimension in terms of the properties of

modules of w-T-class n.
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Definition 4.1. Let 7 be a subclass of Acor,(5). An w-cotorsionless module U,, in Mod R
is said to be of C-T-class n if there exist Fy,...,F,—1 € T and Us,...,U,_1 € Coty(R)
such that

0=U, >w®s o1 >w®sUp_1, =0,
0—=>Up1 2w®s Fh9 > w®sUp_o, =0,

0>U >w®®s F »>w®sUi, — 0

are exact with all the above epimorphisms HT-projections. We shall say that any w-

cotorsionless module is of w-T -class 1.

It seems that it is not easy to grasp the definition of modules of w-T-class n. The

following result is helpful to comprehend it, which will be used frequently in the sequel.

Theorem 4.2. Let T be a subclass of Acory,(S). If a module U,, € Mod R is of w-T -class

n, then there exists a collection of exact sequences

in Mod S with all F; € T and U; € Mod R.
Conversely, if there exists a collection of exact sequences as in (4.1)), then U, can be

selected of w-T -class n.

Proof. Let U, € Mod R be of w-T-class n. Consider the exact sequences in Definition
For any 2 < i < n, since w®g F;_1 - w®gU,;_1, is a HT-projection, we have the following

commutative diagram with exact rows

Fi Ui—1, 0

iﬂFil iMUil*

0—— Uz* E—— (w XKs E—l)* - (w XKs Ui—l*)*-

Note that pp,_, is an isomorphism by assumption and that py,_, is a monomorphism by
Lemma [2.41). Then we get an exact sequence

0—>Ui*—>Fi71—>Ui71*—>0 (QSZS’I’L)

Conversely, assume that there exists a collection of exact sequences as in (4.1)). First,

consider the following exact sequence

0—>H1—>F1£>U1*—>0
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in Mod S with H; = Ker ¢1. Set Uz = Ker(1,, ® ¢1). Then we have an exact sequence
05Uy —wesF 2 weglU, —0

in Mod S. Then 1, ® ¢1 is a HT-projection and U, is of w-T-class 2. Notice that w ®g
H; € Cot,(R) by Lemma [2.42), so Uy € Coty,(R) since it is isomorphic to a quotient
module of w ®g Hy. Because F} € Acor,(S) and U;, € Acot,(S) by assumption and
Lemma 1) respectively, it follows from Proposition[2.9(1) and its proof that Hy = U,

and Uy, = Im(1, ® ¢1)«. So we get an exact sequence

1w® *°
O—)UQ*—>F1( d)—l))'uFlUl*—)O

in Mod S.

Next, consider the following exact sequence
0—)H2—>F2£>U2*—>0

in Mod S with Hy = Ker ¢y. Set Us = Ker(1, ® ¢2). By using an argument similar to

above, we get an exact sequence

1u® * "
0—>U3*—>F2( @)#FQUQ*—)O

in Mod S with Us of w-T-class 3. Continuing this process, we get the desired assertion. [

The following two lemmas are useful for proving the next theorem.

Lemma 4.3. Let N € Acot,(S) and L € Cot,(R). If either N or L is given, then the

other exists such that these two modules are connected by the following exact sequences
0— N (weg N), — Exth(w, L) — 0,
0 — Tor} (w, N) — w ®g Ly P o,
Proof. Given N € Acot,(.5), consider the following exact sequence
0—+N—>P—-N=0
in Mod S with P projective. Then we get the following exact sequence
0L —>w®sP—>w®sN —0

in Mod R with L = Ker(w ®¢s P — w ®g N). Notice that w ®g N1 € Coty(R) by
Lemma [2.4(2) and that L is isomorphic to a quotient module of w ®g Ny, so L € Coty,(R).

Now consider the following commutative diagram with exact rows

0 Ny P N 0

00— L, — (w®g P), — (w®g N)y —> Ext(w, L) — 0.
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Since pp is an isomorphism and py is & monomorphism by Lemma (2) and assumption
respectively, we have the following two exact sequences

0— N (weg N), — Exth(w, L) — 0,

0= L= (w®s P (2P)— N —0.
Then we get the following commutative diagram with exact rows

0 — Tor} (w,N) —> w ®g Ly —> w Q5 (w ®g P)y —>w g N —=0

Jo [ |

0 L w®g P w®s N——=0,

where 0,5 ¢p is an isomorphism by Lemma (1) It yields the following exact sequence
0 — Tor{ (w, N) — w Qg L, S —o.
If L is given, then we get the assertion dually. O

Lemma 4.4. Let ¢: F — N be an epimorphism in Mod S with F € Acor,(S) and
N € Acoty(S). Then we have the following exact sequence

Tor} (w, F) — Tor} (w, N) — w ®g H, LENy ¢
in Mod R, where H = Ker(1, ® ¢).
Proof. By assumption, we have the following exact sequence
0— H-5wesF“YuwasN—0

in Mod R. Then we get the following commutative diagram with exact rows

r ¢ N 0

lMF iMN
* 1w® *

Because F' € Acor,(S) and N € Acot,,(S) by assumption, pup is an isomorphism and py

is a monomorphism. So we get the following exact sequence

o1
0— He 25 (wos F), (2 F) " N0

in Mod S and the following commutative diagram with exact rows

Torls(w,F) HTOI&S(W,N) — W ®g H*lﬂw ®Rs (w®g F)y

i@]{ \Lew@SF

0 H e w®g F.
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Also because F' € Acor,,(S), we have w ®g F € Cor,(R) by Lemma 2.4(3). So O, is

an isomorphism and we get the desired exact sequence. O

From now on, we fix 7 a subclass of w.A,(S) containing all projective left S-modules,
that is, P(S) C T C wA,(S). We use pdgop w and fdger w to denote the projective and flat
dimensions of wg, respectively. The following result establishes a relationship between the
finiteness of pdgop w and the properties of modules of w-7-class n, w-coreflexive modules

and adjoint w-cotorsionless modules.
Theorem 4.5. For any n > 1, the following statements are equivalent.
(1) pdger w < m.
(2) Any module of w-P(S)-class n in Mod R is w-coreflexive.
(3) Any module of w-T -class n in Mod R is w-coreflezive.
(4) Tors(w,V) =0 for any V € Acoty(S).
(5) Tory, (w,N) =0 for any N € Mod S.

Proof. (1) < (5): It is trivial since pdgep w = fdger w. The implication (3) = (2) is also
trivial.

(2) = (4): If n = 1, then the assertion follows from Lemma[4.3] Now let V € Acot.,(S)
and n > 2. By the proof of Lemma there exists an exact sequence

0—->U1,—>P—>V—=0

in Mod S with P projective. By Theorem and its proof, we have the following two

exact sequences

0 Upy — P 3 P UL, — 0,

1w®fn71

0 — U, —w®s Pr_1 w®sUp-1, — 0

with all P; € Mod S projective, U, € Mod R of w-P(S)-class n and U,_1, = Im f,_1,
such that 1, ® f,—1 is a HT-projection. Then by Lemma [4.4] we have the following exact
sequence

0
0 — Tor} (w,Un_1,) — w ®g Up, —% U, — 0.

By (2), U, € Cor,(R) and 6y, is an isomorphism. So Tor{(w,U,_1,) = 0, and hence

Torg(w, V)= Tor;?_l(w, Ury) & Torf(w, Un-1,) =0.
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(4) = (3): Let U, € Mod R be of w-T-class n. Then by Theorem there exists an

exact sequence

0 Up — Ty " 5Ty 5 Uy — 0

in Mod S with all T; € T such that U, = Ker(1l, ® f,—1). By Lemma we have the

following exact sequence
0
(4.2) 0 — Tory (w, Up_1,) — w Qg Upyx — Uy, — 0,

where U,_1, = Im f,_;. In addition, we have the following exact sequence

U
0 — Uy — IO(Ul)* fg)* Il(Ul)* — cTr, Uy — 0

in Mod S. By Lemma [2.52), we have
Torgl(w,IO(Ul)*) =0= Torgl(w, INUY),).
Put V = Im fO(U1)«. Then V € Acot,(S). So by (4), we have
Tor} (w, Up_1,) = Tors (w,Uy,) = Tors (w, V) = 0.

It follows from (4.2) that 6y, is an isomorphism and U,, € Cor,(R).
(4) & (5): Let N € Mod S and

0>V ->P—>N-=0

be an exact sequence in Mod S with P projective. Then V' € Acot,(S). Conversely, let
V € Acot,(S). Then by [20, Lemma 3.7(1)], there exists an exact sequence

00—V —->FE—-N-=0

in Mod S with E w-injective. Note that Torgl(w,E) = 0 by Lemma [2.5(2). Now the

assertion follows easily from the dimension shifting. O
As a consequence of Theorem [£.5] we have the following
Corollary 4.6. For any n > 1, the following statements are equivalent.
(1) Uny € Acor,(S) for any U, of w-P(S)-class n in Mod R.
(2) Ups € Acory(S) for any Uy, of w-T -class n in Mod R.
(3) [Tors (w, V)]s« = 0 for any V € Acot(S).

If pdgop w < m, then these equivalent conditions are satisfied.
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Proof. (1) = (3): Let V € Acoty(S). From the proof of the implications (2) = (4) in
Theorem we know that there exists U, € Mod R be of w-P(S)-class n such that
Ker 0y, = Tor? (w, V). Tt implies

Ker(0y, )« = (Ker 0y, )« = [Tor? (w, V)]

By (1), we have Uy, € Acor,(S). So uy,, is an isomorphism, and hence (0, )« is also an
isomorphism by Lemma (1) It follows that [TorS (w, V)], = 0.

(2) = (1): It is trivial because P(S) C T.

(3) = (2): Let U, € Mod R be of w-T-class n. Then by Theorem there exists an

exact sequence

0 Up — Ty " Ty 5 Uy — 0

in Mod S with all T; € T such that U, = Ker(1,, ® fn,—1). Because T C wA,(S), by

Lemma [1.4] we have the following exact sequence
0
(4.3) 0 — Tor} (w, Un—1,) — w ®g Up, —% U, — 0,

where U, _1, = Im f,_;. In addition, we have the following exact sequence

o(U-
0 — U, — I%(UY), fg)* I'Uy)y — cTr, U — 0

in Mod S. Put V = Im fO(U)«. Then V € Acot,,(S). So by ([.3)) and the assumption of

(3), we have

Ker(Ap, )« = (Ker 0y, )« = [Tory (w, Un_1,)]«
& [Tor? 4 (w,Up,)]s = [Tors (w, V)], = 0.

It follows from Lemma [2.4(1) that py,, is an isomorphism and Uy, € Acor,(S).
The last assertion follows immediately from Theorem O

The following result is a supplement to Theorem
Theorem 4.7. For any n > 1, the following statements are equivalent.
(1) pdgep w <m+ 1.
(2) Tor{(w,Up,) =0 for any module U,, of w-P(S)-class n in Mod R.
(3) Tor; (w,Up,) =0 for any module U, of w-T -class n in Mod R.

Proof. (1) = (3): Let U, € Mod R be of w-T-class n. Then by Theorem there exists

an exact sequence

0=>Ups =Th-1— - —T1 =2 U, —0
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in Mod S with all T; € 7. Then Toril(w,Ti) =0 for any 1 <7 <n —1. On the other

hand, we have the following exact sequence
0 fO(Ul)* 1
0— Uy, —I'(U1) — I'(U1)s — cTr, U — 0

in Mod S. Note that Torgl(w,IO(Ul)*) =0= Tor‘gl(w,fl(Ul)*) by Lemma 2). So by
(1), we have
Tor; (w, Uy,) = Tor5+2(w,cTrw Up) =0.

(3) = (2): It is trivial.
(2) = (1): Let N € ModS. Then we have the following commutative diagram with

exact rows
(V) —2 Ry N——0
l‘uFl(N) \L#FO(N)
1w ®fo(N))x«
0 — (acTry N)s —> (w @5 P (V)L 06 Fy(N)).,

where pip vy and pp () are isomorphisms by Lemma (2) So we get the following

exact sequence

—1
KPPy (N) @
1—>

0 —s (acTry, N). AV BNy — N —o0
in Mod S. By Theorem 4.2 we have the following exact sequence
0—=Upy > Ppo1— - — P — (acTry, N) — 0
in Mod S with all P; projective such that U, is of w-P(S)-class n. Then by (2), we have
Tor? , o(w, N) = Tor? (w, Uy,) = 0.
It implies that pdgop w = fdgor w < n + 1. O

For a module N € Mod S, the A, (S)-projective dimension A, (S)-pdr N of N is
defined as

inf {n | there exists an exact sequence 0 — A4, — --- — A} — A9 - N — 0 in Mod S
with all 4; € Aw(S)}.

If no such n exists, then set A, (S)-pdr N = co. As a byproduct of Theorem we get
the following

Proposition 4.8. For any n > 1, the following statements are equivalent.
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(1) A,(S)-pds N <n+1 for any N € Mod S.
(2) Upny € Ay(S) for any U, of w-Ay,(S)-class n in Mod R.
(3) Uny € Ay(S) for any U, of w-P(S)-class n in Mod R.

Proof. (1) = (2): Let U,, € Mod R be of w-A,(S)-class n in Mod R. Then by Theorem 4.2

there exists an exact sequence
0—>Upy 2 A4p 11— — A —-U,—0

in Mod S with all 4; € A,(S) and U; € Mod R. On the other hand, we have the following

exact sequence
0 fo(Ul)* 1
0— U, — I'(U1)s — I'(Uy)x — cTr, U — 0

in Mod S. So we get the following exact sequence

0
0—Upy — Apg — - — A — I°(Uy), F@y- INUy)y — cTr, U — 0

in Mod S, where I°(Uy)«, I'(U1)« € A,(S) by Lemma (2) Because A, (S5) is projec-
tively resolving and closed under direct summands by [9, Theorem 6.2 and Proposition 4.2],
we have Uy, € A,(S) by |2, Lemma 3.12].

(2) = (3): It is trivial.

(3) = (1): Let N € Mod S and

0K, P . Iypfop N0
be an exact sequence in Mod S with all P; projective. Then for any 1 < ¢ < n, we have

the following commutative diagram with exact rows

0 K; P, fizt P4

|
\ l/‘Pi i”P¢1
\
(1w®fi7 )*
00— Ujy — (W ®5 Py = (w0 @5 Pr—1)s,

K; = Ker fi_1 and U; = Ker(l, ® fi—1). By Lemma [2.5(2), we have that all up, are
isomorphisms. So K; = U;, for any 1 < i < n. Then by Theorem U,, can be selected
of w-P(S)-class n. So K,, (2 Uyy) € Au(S) by (3), and hence A, (S)-pdg N <n+1. O

5. Some useful exact sequences

In this section, we give some exact sequences, which will be used frequently in the sequel.

The following result is fundamental.
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Proposition 5.1. Let
(5.1) 0—M-—U° Lyt
be an exact sequence in Mod R satisfying the following conditions:

(1) Both U° and U' are in Cor,(R).

(2) UY, is adjoint 1-w-cospherical and U, is adjoint 2-w-cospherical.
Then there exists an exact sequence

0 — Tors (w, H) — w @5 My 2 M — Tor(w, H) — 0
in Mod R, where H = Coker f.
Proof. By applying the functor (—). to (5.1)), We get an exact sequence
0— M —U% 50U, H 0

in Mod S. Let
f=ip
with p: U% = Im f and i: Im f < U" and

fo=1"p

with p': U? — Im f, and #': Im f, < U', be the natural epic-monic decompositions of f
and f., respectively. Since Tor{(w,U%) = 0 and o is an isomorphism by assumption,

we have the following commutative diagram with exact rows

OHTorf(w,Imf*)Hw@)RM*Hw@s Uo*ﬂw®51mf**>0

\
iHM lGUO | h
4

0 M Uo i Imf 0,

where h is an induced homomorphism. Then
p-Opo=h-(1,®p).
In addition, by the snake lemma, we have
Kerfy, = Tor; (w,Im f,) and Coker 6y, = Ker h.

On the other hand, since Torf (w,UY) =0= Torg (w, UL,) by assumption, by applying

the functor w ®g — to the exact sequence

0—Tmfo ~ U — H—0,
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we get the following exact sequence:

0 — Tor{(w, H) — w ®g Im f, O s U — w®g H — 0

and the isomorphism
Tor? (w, Im f,) = Tors (w, H).

Because

lw *
w®g UL ﬁ>w®s Ut,

\LOUO J(GUl

Uo Ut

is a commutative diagram, we have
[ bpo =61+ (1o ® fu).
Because f, =1 -p/, we get
L@ fi=1l,@ @ p)=1o07) (l, D).
Thus we have
i-h-(l,®@p)=i-p-0yo=f -Opo=0p - (1, @ fu) =0 - (1, ®@7) - (1, ®p').

Because 1, ® p’ is epic, we get i - h = 1 - (1, ® 7). Notice that i is monic and ;51 is an
isomorphism, so
Coker 0 = Ker h = Ker(1,, ® i') = Tor} (w, H).

Consequently we obtain the desired exact sequence. O

In the following, we give some applications of Proposition [5.1

Corollary 5.2. (1) (see [18, Proposition 3.2]) Let M € Mod R. Then there exists an

exact sequence
0 — Tor} (w, cTr, M) — w ®g M, LLINY /N Tor} (w, c¢Try, M) — 0
i Mod R.
(2) Let N € Mod S. Then there exists an exact sequence
0 — Exth(w,acTr, N) — N 2% (0 @5 N), — BExt%(w,acTr, N) — 0

in Mod S.
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Proof. The assertion (1) follows from Lemma[2.5]and Proposition[5.1} and the assertion (2)
follows from Lemma and |19 Proposition 6.7]. O

Corollary 5.3. (1) Let N € Mod S. Then there exists an exact sequence
Oac
0 — Tor5 (w, N) — w @5 (acTr, N), %" acTr, N — Tor} (w, N) — 0
in Mod R.

(2) Let M € Mod R. Then there exists an exact sequence

0 — Exth(w, M) — cTr, M HelrwM (w®g cTry, M), — Exth(w, M) — 0

i Mod S.

Proof. (1) Let N € Mod S. Then we have the following exact sequence

0 — acTry N — w s A (V) “2N L og Fy(N) — weg N — 0

in Mod R with both w®g F1(N) and w®g Fy(N) in F,(R). By Lemmal[2.5(1), we have that
both w ®g F1(N) and w ®g Fy(N) are in Cor,(R). On the other hand, by Lemma [2.5)2),
we have that (w ®g F'), = F for any flat module F' in Mod S. So we have

Tor3 (w, (w ®s Fo(N))) = 0 = Tord, (w, (w ®g Fi(N)).).

Now the assertion follows from Proposition [5.1}
(2) See |19, Corollary 6.8]. O

For the case n = 0, the first assertion in the following result is exactly Corollary
Proposition 5.4. Let M € Mod R be n-w-cospherical with n > 0. Then we have
(1) There exists an exact sequence

0 —> Tor®»(w, Coker f"(M),) — w ®g M, 2% M

— Tor§+1(w, Coker f*(M),) — 0
in Mod R.
(2) Coker f"(M), is adjoint n-w-cospherical.

Proof. Let M € Mod R be n-w-cospherical. Then Ext};ign(w,M ) = 0 and we get the

following exact sequence

0 1
0 — M, — 1°), "M gy, T

(5.2) o
Jr).

), ) gy, s Coker (M), — 0
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in Mod S with ¢Tr, M = Coker fO(M),.

(1) Because Torgl(w,f*) = 0 for any injective module in Mod R by Lemma (2),
we have Tor? (w,cTr, M) = Tor3;(w, Coker f*(M),) for any i > 1. Now the assertion
follows from Corollary

(2) Applying the functor w ®g — to we get the following commutative diagram

1,®FO (M), 1@ ™ (M)
w®s I°(M). erap:.. ——w Qg I"(M). L>L)d®s " (M), — w ®s Coker f*(M), —=0

ieIO(JW) i%n(M) lﬂmﬂ(M)

0 M (M
1°(M) an ... ]n(M)#>[n+l(M)_

All columns in this diagram are isomorphisms by Lemma (1) So the upper row is
exact, which implies Torfgign(w,Coker f"(M)s) = 0 and Coker f*(M ). is adjoint n-w-

cospherical. ]

Let N € Mod S°P and let
L p, 2y g By BN 0

be a projective resolution of N in Mod S°P. If there exists n > 1 such that Im g, =2 @7‘:1 U;
with each U; isomorphic to a direct summand of some Im g;; with i; < n, then we say N
has a projective resolution ultimately closed at n (see |12]).

We now are in a position to prove the following

Theorem 5.5. Let n > 1. Then any n-w-cospherical module in Mod R is w-coreflexive

provided that one of the following conditions is satisfied.
(1) pdgopw < m.
(2) wg admits a projective resolution ultimately closed at n.

Proof. (1) It follows directly from Proposition [5.4/(1).
(2) Let

dn
s BN —0

be a projective resolution of w in Mod S°P ultimately closed at n. Then Im g, = @;”:1 U;
with each Uj; isomorphic to a direct summand of some Img;; with i; < n. Now let
M € Mod R be n-w-cospherical. Then Ext}fign(w, M) =0 and we have

Tor, ; (w, Coker f*(M).) = Tor; (Im g,,, Coker f"(M),)

>~ Tor} @ Uj, Coker f"(M),
j=1

o EB Tor{ (U, Coker f™(M),).
j=1
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By Proposition [5.4f2), we have
Tor*lg(lmgi]., Coker f™"(M),) = Torfj+1(w, Coker f"(M),) = 0.

Note that Uj is isomorphic to a direct summand of some Im g;;. Then we have Tory (U;

Coker f*(M),) = 0 for any 1 < j < m, and so Tor},  (w, Coker f"(M),) = 0. By Propo-
sition 2), we conclude that Tor‘fgignﬂ(w, Coker f™"(M),) = 0. Similar to the above
argument we get Tor? 4o(w, Coker f*(M),) = 0. Consequently, by Proposition (1), we

have that 0, is an isomorphism and M is w-coreflexive. O

Corollary 5.6. For any n > 1, a module M € Mod R satisfying Ext%gisn(w,M) =0
implies M = 0 provided that one of the following conditions is satisfied.

(1) pdger w < m.
(2) wg admits a projective resolution ultimately closed at n.

Proof. If M € Mod R satisfies Exts'="(w, M) = 0, then M € Cor,(R) by Theorem
So M =2 w®g M, =0. O

Obviously, for a module N € Mod S°P, if pdgep N < n, then N admits a projective
resolution ultimately closed at n + 1. However, the converse does not hold in general as

illustrated by the following example.

Example 5.7. Let R be a finite-dimensional algebra over an algebraically closed field

given by the quiver:

n—1
QZl Tan—Q
3 n—2
Qnp—3

n—4—-sn—3
Qp—4

modulo the ideal generated by {ajt104, 100, |1 <i<n—1}. For any 1 < i < n, we
use S(i) and P(i) to denote the simple R-module and the indecomposable projective R-
module corresponding to the vertex ¢, respectively. Then R is a self-injective algebra with
infinite global dimension. For any 1 < i < n, the following exact sequence
(5.3)

-—P(i)—»Pi-1)—-+—P1l)—-Pn)—Pn—-1)—---— P()— SGE) =0
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is a minimal projective resolution of S(i) with Im(P (i) — P(i—1)) = S(7). So pdp S(i) =
oo and (j5.3)) is ultimately closed at m for any m > n.
From ([5.3), we know that

n

(5.4) = @PPE) > @ P6E - PP - P SiE) -0
=1 =1

i=1 i=1

I

is a minimal projective resolution of @, S(:) with Im(@;_, P(i) — @, P(i))
@B, S(i). So pdr @P;, S(i) = oo and (p.4) is ultimately closed at m for any m > 1.

6. w-coreflexive modules and small projective dimension

In this section, by investigating the relationship between w-coreflexive modules and adjoint
w-coreflexive modules, we give some equivalent characterizations for wg having projective

dimension at most two. We begin with the following
Proposition 6.1. The following statements are equivalent.
(1) Any 2-w-cospherical module in Mod R is w-coreflexive.
(2) Any adjoint w-coreflexive module in Mod S is adjoint 2-w-cospherical.

Proof. (1) = (2): Let N € Acor,(S). Then acTr, N € Mod R is 2-w-cospherical. So by
(1), we have that acTr, N € Cor,(R). By Corollary there exists an exact sequence

Oac by
0 — Tors (w, N) — w ®g acTr, N, %" acTr, N —s Tor; (w, N) — 0.

It induces that
Tory (w, N) = 0 = Torj (w, N)

and N is adjoint 2-w-cospherical.
(2) = (1): Let M € Mod R be 2-w-cospherical. Then

Exth(w, M) = 0 = Ext}(w, M).
By Corollary [5.3|(2), there exists an exact sequence
0 — Exth(w, M) — ¢Try M "E4Y (b @ ¢Try, M), — Bxth(w, M) —> 0.
So piety, ar is an isomorphism and c¢Tr, M € Acor,(S). Hence by (2), we have

Tor} (C, ¢Tr,, M) = 0 = Torj (w, cTr,, M).

It follows from Corollary that 6y is an isomorphism and M € Cor,(R). O
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Dually, we have the following
Proposition 6.2. The following statements are equivalent.
(1) Any adjoint 2-w-cospherical module in Mod S is adjoint w-coreflexive.
(2) Any w-coreflexive module in Mod R is 2-w-cospherical.
By Propositions and we have the following
Corollary 6.3. The following statements are equivalent.
(1) A module in Mod R is 2-w-cospherical if and only if it is w-coreflexive.
(2) A module in Mod S is adjoint w-coreflexive if and only if it is adjoint 2-w-cospherical.

In the following, we establish a direct connection between w-coreflexive modules and

adjoint w-coreflexive modules.

Proposition 6.4. For any N € Mod S, the following statements are equivalent.
(1) w®g N € Cory(R).
(2) (w®g N). € Acor,(S).

Proof. (1) = (2): By Lemma[2.4)3).
(2) = (1): By Lemma 2), we have

Owosn - (1o ® un) = LuggN-
S0 0,5¢nN is an epimorphism and
Ker f,yg4n = Coker(1, ® pn) = w ®g Coker pup.
On the other hand, since (OugsN)s - HwasN), = Lwasn), by Lemma (1), we have

(Ker Ougsn )« = Ker(Ouggn )« = Coker pyp 4N, -

So (w ®s Coker uy)« = Coker picggny, = 0 by (2). Thus w ®g Coker uy = 0 by [19,
Corollary 6.6(2)], and therefore 6,5y is a monomorphism. Consequently, we conclude

that 0,54n is an isomorphism and w ®g N € Cor, (R). d
Dually, we have the following
Proposition 6.5. For any M € Mod R, the following statements are equivalent.

(1) M, € Acor,(9).
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(2) w®g M, € Cory,(R).
As a consequence of Propositions and we have the following
Corollary 6.6. The following statements are equivalent.
(1) w®g N € Cory,(R) for any N € Mod S.
(2) M, € Acor,(S) for any M € Mod R.

Proof. (1) = (2): Let M € Mod R. Then w®gM, € Cor,(R) by (1). Thus M, € Acor,(S)
by Proposition [6.5

(2) = (1): Let N € ModS. Then (w®g N)« € Acor,(S) by (2). Thus w®g N €
Cor,(R) by Proposition O

Lemma 6.7. If pdpw < 2, then Extél(w,w ®s N) =0 for any N € Mod S.

Proof. Let N € Mod S. Then we have the following exact sequence

0 — acTry, N — w®g F1(N) lw%gN)w@)sFo(N) —w®s N —0

in Mod R. By Lemma [2.52), we have
Extz'(w,w®g Fy(N)) = 0 = Extz' (w,w ®g F1(N)).
Because pdp C' < 2 by assumption, we have
Exth(w,w ®g N) 2 Ext’?(w, acTr, N) = 0
for any ¢ > 1. O
The following is the main result in this section.

Theorem 6.8. If pdpw < 2, then the following statements are equivalent.

(1) pdgep w < 2.

(2) Any 2-w-cospherical module in Mod R is w-coreflexive.

(3) A module in Mod R is 2-w-cospherical module if and only if it is w-coreflexive.

(4) Any adjoint w-coreflexive module in Mod S is adjoint 2-w-cospherical.

(5) A module in Mod S is adjoint w-coreflexive if and only if it is adjoint 2-w-cospherical.

(6) Any module of w-P(S)-class 2 in Mod R is w-coreflexive.
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(7) Any module of w-T -class 2 in Mod R is w-coreflezive.
(8) Tors (w, V) =0 for any V € Acot,(S).
(9) Tor§(w, N) =0 for any N in Mod S.

(10) Tor{(w,U,) =0 for any U € Cot,(R).

Proof. By Theorems and we have (1) & (6) < (7) & (8) & (9) & (10). The
assertions (1) = (2) < (4) and (3) < (5) follow from Theorem Proposition and
Corollary [6.3] respectively. The implications (3) = (2) and (5) = (4) are trivial.

(2) + (4) = (1): Let N € ModS. Then Ext7'(w,w ®g N) = 0 by Lemma So
w®g N € Cor,(R) by (2). Then it follows from Corollary [6.6]that (acTr,, N), € Acor,(S).
So Torf (w, (acTr, N).) = 0 by (4). Since (w ®g F1(N))x = Fi(N) and (w ®g Fy(N))s =
Fy(N) by Lemma[2.5(2), it induces that Ker fo(IN) 2 (acTr, N).. So we have that

Tor3 (w, N) = Tor{ (w, (acTre N)y) = 0

and pdgop w < 2.
(2) = (3): Let M € Cory(R). Then M = w ®g M,. By Lemma we have
Extzé(w,M) o Ext%(w,w ®g M,) =0 for any i > 1. B

As a consequence of Theorem we have the following

Corollary 6.9. pdrw = pdgepw < 2 if and only if for M € Mod R, the following

statements are equivalent.
(1) M € Cory(R).
(2) There exists an exact sequence
Up—-Uy—M—0

in Mod R with all U; € Addgw U Inj R.
(3) M is 2-w-cospherical.

Proof. Let pdgw = pdgopw < 2. Then (1) < (3) by Theorem and (1) = (2)
by [18, Lemma 3.6]. Now let
Uy —-Uy—M—0

be an exact sequence in Mod R with all U; € Addrw U Inj R, and let K = Ker(U; — Up).
Then by Lemma (1), we have Exth(w, M) = Extif?(w, K) = 0 for any i > 1. So we
have (2) = (3).
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Conversely, for any K € Mod R, consider the following exact sequence
0
0— K — I°(K) 25 I'(K) — M — 0,

where M = Coker f°. Then by the equivalence between (2) and (3), we have Ext%(w, K) =
Exth(w, M) = 0. It implies pdgw < 2. So by Theorem and assumption, we have
pdgop w < 2. It follows from [21, Theorem (1)] that pdpw = pdgep w. O

In the following result, we give some equivalent characterizations for wg or rw being

projective.
Proposition 6.10. (1) The following statements are equivalent.

(1a) wg is projective.
(1b) Any module in Mod R is w-coreflexive.

(1c) Any module in Mod R is w-cotorsionless.
(2) The following statements are equivalent.

(2a) grw is projective.
(2b) Any module in Mod S is adjoint w-coreflexive.

(2¢) Any module in Mod S is adjoint w-cotorsionless.

Proof. (1) The implication (1a) = (1b) follows from Corollary [5.2(1), and the implication
(1b) = (1c) is trivial.

(Ic) = (la): Let N € Mod S. By (1c), acTr,, N € Cot,(R) and Oac1y, v is an epimor-
phism. So by Corollary (1), we have that Tor{(w,N) = 0 and wg is flat, and hence
projective.

(2) The implication (2a) = (2b) follows from Corollary [5.2(2), and the implication
(2b) = (2¢) is trivial.

(2¢) = (2a): Let M € Mod R. By (2c), c¢Tr, M € Acot(S) and picty, as is @ monomor-
phism. So by Corollary (2), we have that Ext}(w, M) = 0 and gw is projective. O

Let R be an artin algebra and D its ordinary duality. Then we have the following
facts: (1) gD(R)R is a semidualizing bimodule; and (2) R is selfinjective if and only if
D(R) is projective as a left (or right) R-module. The following result is an immediate
consequence of Proposition Compare it with |11, Corollary 1.2], which states that a
left and right noetherian ring R is self-injective if and only if any finitely generated left
(or right) R-module A is reflexive, that is, Homgr(Hompg(A, R), R)) = A.

Corollary 6.11. For an artin algebra R, the following statements are equivalent.
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(1) R is selfinjective.

(2) Any module in Mod R is D(R)-coreflexive.

(3) Any module in Mod R is D(R)-cotorsionless.

(4) Any module in Mod R is adjoint D(R)-coreflexive.
(5) Any module in Mod R is adjoint D(R)-cotorsionless.

In the following result, we give some equivalent characterizations for wg having pro-

jective dimension at most one.

Theorem 6.12. The following statements are equivalent.
(1) pdger w < 1.
(2) Any 1-w-cospherical module in Mod R is w-cotorsionless.
(3) Any 1-w-cospherical module in Mod R is w-coreflexive.
(4) Any w-cotorsionless module in Mod R is w-coreflexive.
(5) Tor; (w,V) =0 for any V € Acot,(S).
(6) Tory(w,N) =0 for any N € Mod S.

Proof. By Theorem [4.5|and Lemma[1.3] we have (1) < (4) < (5) < (6). The implication
(3) = (2) is trivial.

(2) = (4): Let M € Coty,(R). Then 6 is an epimorphism. By [18, Proposition 3.7]
and Lemma [2.5{1), there exists an exact sequence

O—-N—-W-—->M-—20

in Mod R with W € P,,(R) and N 1-w-cospherical. Then we get the following commutative

diagram with exact rows

wWRs Ny —wR® g Wy —=w®g M, ——0

b

0 N w M 0,

where 6y is an isomorphism by Lemma [2.5(1). Because N € Cot,(R) and 6y is an
epimorphism by (2), we have that 6, is a monomorphism, and hence an isomorphism.
Thus M € Cor,(R).
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(4) = (3): Let M € Mod R be 1-w-cospherical. Then the following exact sequence
0— M —I°(M)— M; =0
in Mod R yields the following commutative diagram with exact rows

W®SM* 4>CL)®SIO(M)* Hw®sM1*4>O

l9M \LQIO(M) l9M1

0 M I°(M) M, 0,

where 670(7) is an isomorphism by Lemma (1) So Oy, is an epimorphism and M; €
Coty,(R). By (4), we have that M; € Cor,(R) and 6, is an isomorphism. Thus s is an
epimorphism and M € Cot,(R). By (4) again, M € Cor,(R). O

7. Wakamatsu tilting conjecture over artinian rings

In this section, we aim at studying the Wakamatsu tilting conjecture in some special cases.

Let N € Mod S. In the minimal flat resolution of N in Mod S, for any i > —1,
put Im f;(N) = N;, and let f;(N) = «; - m; be the natural epic-monic decomposition of
fi(N) with m;: Fi41(N) — N; and «;: N; — Fj(N).

Lemma 7.1. Let N € Mod S. Then for any i > 0, we have
(acTry, Ni_1)« = Niy1  and Exth(w,acTr, N;) = 0.
Proof. For any 7 > 0, we have the following two exact sequences

0— NZ‘+1 ai—“) FZ‘+1(N) fﬂ)) Fz(N) 75) N;_1 — O,

1w®fi(N)

0 — acTr, Niot S w s Frn (V) “24Y w g R(v) 20

w®s N;—1 — 0.

Then we get the following commutative diagram with exact rows

Ji(N)

Q41

0 Nip1 Fip1(N) Fi(N)

|
(7'1) 3 \L'U'FH—I(N) \L“Fi(N)

v Bit1, L@ fi (N
0 — (acTry Ny 1)« 5 (w @5 Fia (V) 22200 05 B(N))..

where h is an induced homomorphism. Note that ur, vy and pig,(v) are isomorphisms
by Lemma [2.5(2). So h is an isomorphism and (acTr, N;—1)« = Njy1. Because Nj is
isomorphic to a submodule of the adjoint w-coreflexive module F;(N), N; is adjoint w-
cotorsionless. It follows from Corollary (2) that Ext}(w, acTr, N;) = 0. O
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Lemma 7.2. Let N € Mod S. Then for any i > 0, there exists an exact sequence
(7.2)  mi: 0 — acTr, N; — w ®g Fiya(N) Iy acTry, Ny_q — Tor;ngl(w, N) —0.

Proof. Let g; be the composition

1o ®miq1 1,®h OacTre, N;_y
w®g Fi+2(N) — WRg Ni+1 25w Kg (acTrw Nifl)* — acTr,, Nl'fl,

where h is as in ([7.1)). Since 1, ® 741 is an epimorphism and 1, ® h is an isomorphism,
we have

Im 9i = Im(gacTrw N;_1° (1w ® h) : (1w ® 7Ti+1)) =Im eacTrw N;_1-
So
Coker g; = Tor? (w, Nj—1) = Tor?,  (w, N)
by Corollary (1) For ([7.1)) we know that

Bit1s - h = pp () - Cig1,
so we have
(Lo @ Big1,) - (Lo @ 1) = (Lo @ pr (V) - (Lo ® aigr).
Note that

fir1(N) = ajp1-mip1r and Big1 - bacey Moy = Owggry (v) - (1o @ Bit1,)-
So by Lemma [2.4)2), we have

Lo ® fir1(N) = Ouggripr(v) - (Lo @ pr,, (v) - (Lo @ fir1(N))
= 0w®sFi+1(N) : (10.) ® /‘LFZ+1(N)) ’ (1"-) ® a1+1) : (10-) ® Trl“l’l)
= OuwsFia (V) - (1o @ Bit1,) - (Lo ® h) - (Lo @ Tit1)
= 6i+1 : eacTrw N;_1° (1w & h) : <1w ® 7ri+1)
= Bi+1 - Gi-
Since B;41 is a monomorphism, we have
Ker g; = Ker(lw X fz—i—l(N)) = acTr, N;.
The proof is finished. ]

Following |19 Definition 6.2], the Ext-cograde of a module M in Mod R with respect
to w is defined as E-cograde, M := inf {i > 0 | Extl(w, M) # 0}. If Ext3’(w, M) = 0,
then set E-cograde, M = oo.

In the following, m and n are positive integers. We use mod S to denote the class of

finitely presented left S-modules.
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Lemma 7.3. Let S be a left coherent ring. If E-cograde, Tor> (w, N) > n — 1 for any
N € mod S, then Extg%(w, acTr, Nipj—2) =0 for any i >m and 1 < j <n.

Proof. (1) The case for n = 1 follows from Lemma Now suppose n > 2. Because S is
left coherent and E-cograde,, Tor> (w, N) > n —1 for any N € mod S by assumption, it is
immediate that E-cograde,, Tor;g (w,N) >n—1for any N € mod S and i > m. We divide
the exact sequence in Lemma into the following two exact sequences

(7.3) 0 — acTr, N; — w ®g Fi19(N) =5 K; — 0,
(7.4) 0 —s K; 25, acTr, Ni_y — Tord, (w, N) — 0,

where K; = Im g; and g; = \; - v; is the natural epic-monic decomposition of g;. For ¢ > m,
applying the functor (—). to (7.3) yields

Extg%(w, K;) = Extg—l(w, acTr,, N;)

for any j > 1 by Lemma (1); and then applying the functor (—). to (7.4]) gives a

monomorphism
Ext%(w, acTr, N;) (2 Exth(w, K;)) — Exth(w,acTr, Ni_1).

Doing similarly for the exact sequences 7;+1,%i+2, - - - s Mnti—2, We get a chain of monomor-

phisms
Ext}(w,acTr, Npiig) = - - - — Bxth(w, acTr, N;) — Exth(w, acTr, N;_1).
Now the assertion follows from Lemma [Tl O

Lemma 7.4. Let S be a left coherent ring. If pdpw < n and E-cograde, Tors, (w, N) >
n—1 for any N € mod S, then we have

(1) Extﬁl(w, acTr, N;) =0 for anyi>m+n — 2.

(2) N; is adjoint w-coreflexive for any i > m +n — 2.

(3) Ext]%l(w,w ®s N;) =0 for anyi>m+n— 2.

(4) E-cograde, Tor{, (w, N) = 0o for any i >m +n — 1.

Proof. (1) Let i > m+n — 2. It follows from Lemmathat Ext}fjgn(w, acTr, N;) = 0.

Since pdp w < n, we have Extlz%nﬂ(w,acTrw N;) =0.
(2) It follows from (1) and Corollary [5.2|2).

(3) Since there exists an exact sequence

0— acTry, N; = w®g Fi12(N) > w®g Fi11(N) - w®g N; — 0,



1318 Xi Tang and Zhaoyong Huang

the assertion follows from (1) and Lemma [2.5[(1).
(4) Let g; be as in the proof of Lemma with ¢ > m +n — 1, that is,

9i = OacTr, N;_y - <1w & h) : (1w ® 7Ti+1).
Then we have
g’i* = (eaCTI‘w N’L*l)* : (10.) ® h)* : (]-w ® ﬂ-ZJrl)*

Because both ., and g, ,(n) are isomorphisms by (2) and Lemma 2), the equality

(Lo @ Tit1)s LBy o (N) = BNipy * Titl

implies that (1, ® m41)« is an epimorphism. Because (factr, N, , )« IS an epimorphism by
Lemma (1), we have that g;, is also an epimorphism.
Consider the exact sequences ([7.2)—(7.4) in Lemmasand Because g;, = iy Vix,

we have that \;, is an epimorphism, and hence an isomorphism. Applying the functor
(—)« to the exact sequence ([7.3]) we have

Ext’, (w, K;) 2 Ext)y ™ (w, acTr, N;) = 0

for any j > 1 by (1) and Lemma (1) Moreover, applying the functor (—),. to the exact

sequence ([7.4) we get a long exact sequence

) 0 — Kiy 25 (acTry, Ni—1)s —> (Tor, (w, N))s —> - -

cee— Extg{(w,Ki) — Ext%(w, acTr, N;—1) — Extg%(w,ToriS_H(w, N)) — -

Notice that i > m+n—1, so also by (1) we have Extj%1 (w,acTr, N;—1) = 0. Then from the
exact sequence (7.5) we get Extﬁl (w, Tor? 4 (w, N)) = 0. Because \;, is an isomorphism,
we have that (Tor?,,(w, N)). = 0 and E-cograde,, Tor?,; (w, N) = oc. O

The main result in this section is the following

Theorem 7.5. Let S be a left artinian ring and R = S. If pdgw < n and
E-cograde,, Tor? (w, N) > n — 1 for any N € mod S, then pdgw = pdgep w < 7.

Proof. Define a linear map

v: Ko(mod §) — Ko(mod S) via ~y([M]) =Y (—1)'[Extls(w, M)].
>0

Since pdgw < m, this map is well defined. By Lemmas and [7.4(2)(3), for any N €

mod S and i > m +n — 1 we have



Coreflexive Modules and Semidualizing Modules with Finite Projective Dimension 1319

~
|
—

(=1Y[(w ®s Fj(N))u] + (=1)'[(w ®s Ni-1).]

7=0
i—1
=D (17w @s Fj(N)]) + (=1)"y([w ®s Ni-1])
7=0
i—1 A ‘
=7 [ Do (1Y [wes F(N)] + (1) w®s Ni-1] | ,
§=0

which implies that ~ is surjective. Because S is left artinian by assumption, it follows from
[3, p. 5, Theorem 1.7] that Ko(mod S) is a finitely generated free abelian group and ~ is
bijective. On the other hand, for any Y € mod S, we have that [Y] = 0 if and only if Y = 0.
Since Extgo(w, Tor§m+n(w, N)) = 0 by Lemma [7.4(4), we have 7([T0r§m+n(w, N)]) =0
and [Torngrn(w,N)] = 0. So Tor“;m+n(w,N) = 0 and pdgopw < m+n — 1. Now it
follows from [21, Theorem (1)] that pdgep w = pdgw < n. O

In the following, we study when the Ext-cograde condition in Theorem is satisfied.
We need the following

Lemma 7.6. Let Q € Mod R be finitely generated projective and t > 0. Then
fdger Homp(Q,w) <t if and only if Hompg(Q, Torerl(w,N)) =0 for any N € Mod S.

Proof. Let N € Mod S and
P=...-PFP— - =P —-F—-N=0

be a projective resolution of N in ModS. Because () € Mod R is finitely generated

projective by assumption, the functor Hompg(Q, —) is exact. Then we have

TortSJrl(HomR(Q,w),N) >~ Hyr(Homp(Q,w) ®s P)
= Hyy1(Homp(Q,w ®s P))
=~ Homp(Q, Hi+1(w®s P))  (by [8, p. 33, Excercise 3])
=~ Homp(Q, Tory,  (w, N)).

Now the assertion follows easily. O

Let R be a semiperfect ring. Then any finitely generated left or right R-module has a
projective cover. In this case, since pw admits a degreewise finite R-projective resolution

by Definition [2.I] we may assume that

1Y pw) )2 P ) 2 py(w) 2w — 0
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is a minimal projective resolution of pw in Mod R with all P;(w) finitely generated. Put
w; = Img;(w) for any ¢ > —1 (in particular, w_; = w). Let n > 0. Recall from [19,
Definition 6.2] that the strong Ext-cograde of a module M € Mod R with respect to w,
denoted by s. E-cograde,, M, is said to be at least n if E-cograde X > n for any quotient
module X of M.

Proposition 7.7. Let R be a semiperfect ring. Then the following statements are equiv-

alent.
(1) s.E-cograde,, Tor> (w, N) > n — 1 for any N € Mod S.
(2) fdgor Homp(P;(w),w) <m —1 for any 0 <i<n—2.

Proof. The case for n =1 is trivial. Now suppose n > 2.

(1) = (2): We proceed by using induction on i.

When i = 0, we will prove fdgor Homp(Py(w),w) < m — 1. Let N € Mod S. Because
s. E-cograde,, Tor> (w,N) > n — 1 by (1), we have Hompg(w, Tor> (w, N)) = 0. Let f €
Homp(Py(w), TorS (w, N)). Then f induces naturally a homomorphism

[+ w (& Py(w)/wo) = Tor}, (w,N)/ f(wo)

in Mod R. Since s. E-cograde,, Tor? (w, N) > n — 1 by (1), we have f = 0. So Py(w) =
Ker f + wo. Notice that Py(w) is the projective cover of w, so wy is superfluous in Py(w).
It induces that Ker f = Py(w) and f = 0. Thus we have Hompg(Py(w), Tors (w, N)) = 0,
and therefore fdger Homp(Py(w),w) < m — 1 by Lemma

Now suppose that ¢ > 1 and N € Mod S. Let X be a quotient module of Torﬁl(w, N).
By (1), we have Ext%="=""%(w, X) = 0. Then

Exth(wig, X) = Extl(w, X) =0
for any 1 <4 <n — 2. From the exact sequence
0= wi—1 = Pi1(w) = wi—2 — 0,
we get the following exact sequence
(7.6) Homp(P;_1(w), X) — Homp(w;_1, X) — Exth(wi_2, X) — 0.

By the induction hypothesis, we have fdger Homp(P;—1(w),w) < m — 1. Then it follows
from Lemma that Hompg(P;_;(w), Tory (w, N)) = 0 and Hompg(P;_1(w), X) = 0. So it
is derived from that Homp(w;—1,X) = 0. Note that P;(w) is the projective cover of
w;—1. Then by using an argument similar to that in the proof of the case for i = 0, we get
Homp(Pi(w), Tor? (w, N)) = 0. Thus fdger Homp(P;(w),w) < m — 1 by Lemma
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(2) = (1): Let X be a quotient module of Tor>,(w, N). Then by (2) and Lemma
we have Hompg (@}~; Pi(w), Tors,(w, N)) = 0 and Homp(&D[~¢ P;(w), X) = 0. Since w;_1
is a quotient module of P;(w) for any ¢ > 0, we then have HomR(GB?Z_D2 wi—1,X) =0. So
from ([7.6]) we get Ext}z(@?;f w2, X) = 0. Since Ext ! (w, X) = Ext}(w;_1, X) for any

i > 0, we have that Ext%SiS"_Q(w, X) = 0 and s. E-cograde,, Tor? (w, N) > n — 1. O
By applying Theorem and Proposition [7.7] we get the following

Theorem 7.8. Let S be a left artinian ring and R = S. If pdgw < n and
pdgep Homg(P;(w),w) < oo for any 0 <i <n — 2, then pdgep w = pdgw < n.

Proof. Without loss of generality, assume pdgep Homg(P;(w),w) < m (< oo) for any
0 <1i <n-—2. By Proposition s. E-cograde,, Tor? , 1 (w, N) > n—1 for any N € Mod S.
Then it follows from Theorem [7.5] that pdger w = pdgw < n. O

Note that in the case for n = 1, the condition “pdger Homg(P;(w),w) < oo for any
0 <7< n-—2"1in Theorem is automatically satisfied. So we immediately have the

following

Corollary 7.9. Let S be a left artinian ring and R = S. If pdgw < 1, then pdgep w =
pdgw < 1.

We do not know whether the statements (1a) and (2a) in Proposition are equiv-
alent in general. However, by Corollary we have the following

Corollary 7.10. Let S be a left artinian ring and R = S. If sw is projective, then wg is

projective.

Let S be an artin algebra over a commutative artinian ring and D the usual Matlis
duality between mod S and mod S°P. Then gD(S)s is a semidualizing bimodule and
Hom(—,D(S)) maps minimal injective (resp. projective) resolutions of modules in mod S

to minimal projective (resp. injective) resolutions of modules in mod S°P. Let
0— Sg — I19(Ss) = I*(Ss) = --- — I*'(Ss) = - -

be a minimal injective resolution of Sg in Mod S°P. Note that ¢D(S) and D(S)s are
injective cogenerators for Mod S and Mod S°P, respectively. So pdgID(S) = idger S and
pdger D(S) = idg S by [8, Theorem 3.2.19]. Now, by putting sws = sD(S)g in Theo-
rem we get the following

Corollary 7.11. Let S be an artin algebra and idger S < n. If pdgep I'(Ss) < oo for any
0<i<n-—2, thenidgS =idger S < n.



1322

Xi Tang and Zhaoyong Huang

The following corollary is well known, which is a dual version of Corollary

Corollary 7.12. (cf. [7, Theorem I]) Let S be an artin algebra. If idger S < 1, then
idg S = idger S < 1.

Putting n = 2 in Corollary we have the following

Corollary 7.13. Let S be an artin algebra and idger S < 2. If pdgep I9(Ss) < 00, then
idg S =idgor S < 2.
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