TAIWANESE JOURNAL OF MATHEMATICS

Vol. 21, No. 2, pp. April 2017
DOT: 10.11650/tjm /7031

This paper is available online at http://journal.tms.org.tw

Positive Toeplitz Operators Between Different Doubling Fock Spaces

Zhangjian Hu and Xiaofen Lv*

Abstract. Let FP(¢) be the weighted Fock space on the complex plane C, where ¢
is subharmonic with A¢ dA a doubling measure. In this paper, we characterize the
positive Borel measure p on C for which the induced Toeplitz operator T}, is bounded
(or compact) from one weighted Fock space FP(¢) to another F'7(¢) for 0 < p,q < co.

1. Introduction

Let C be the complex plane. Set D(z,7r) ={w e C:|w—z| <r}forz€ Cand r > 0. A
positive Borel measure v on C, written as v > 0, is called doubling if there exists some
constant C' > 0 such that

v(D(z,2r)) < Cv(D(z,r))

for z € C and r > 0. Let dA be the Lebesgue area measure on C. As in |9/17], suppose ¢
is subharmonic, real-valued and not identically zero on C with v = A¢ dA doubling. For
z € C, we denote by p(z) the positive radius such that v(D(z,p(z))) = 1. The function
p~2 can be viewed as a regularized version of Ag, see [9] or [17] for details.

Suppose 0 < p < oo, the space LP(¢) consists of all Lebesgue measurable functions f

on C for which
110 = ([ |10

Let H(C) be the family of all entire functions on C. The weighted Fock space FP(¢) is
defined as

p 1/p
dA(z)) < 0.

FP(¢) = LP(¢) N H(C).

It is clear that F7(¢) is a Banach space under |[|-||, , if p > 1, and FP(¢) is an F-space
under d(f,g) = ||f — gHi s 110 <p < 1. Fock spaces in the present paper cover lots in the
literature. When ¢(2) = & |2|?, F2(¢) is the classical Fock space, which has been studied
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by many authors, see [1-3,/10,13,/15,24] and more references therein. As mentioned in [14]
and [6], when ¢(z) = —mIn(A+ |2|?) +|2|* with some suitable A > 0 and positive integer
m F?(¢) is just the Fock-Sobolev space introduced in [7]. The Fock-Sobolev space has
also been investigated in [4H6,8,/23]. For ¢(2) = |2|™, F?(¢) is the generalized Fock space
in [20] and [21]. If n = 1 and the weight ¢ is as in [14,/16,22], then 0 < ¢ < Ap(z) < C
for all z € C which implies Ap dA is doubling.

Let K(-,-) be the Bergman kernel for F2(¢), that is, for f € F?(¢)

()= Pf() = /@ K (- w) f()e™ @) dA(w).

Suppose 4 is a Borel measure on C, Toeplitz operator T}, with symbol p is defined as

T /() = /C K (- w) f(1)e™® dp(w)

if it is well (densely) defined.

When dy = gdA for some restricted function g, for example ¢ is bounded or g €
BMO, the induced Toeplitz operator T, has been well studied, see [1-3}/10] and other
references. Also, positive Toeplitz operators have been studied on Fock spaces by many
people. For > 0, in 2008 Isralowitz and Zhu characterized the boundedness, compactness
and Schatten-p classes of Toeplitz operators T}, on Fz(% ]2]2), see [15]; Wang, Cao and
Xia extended [15] to Fock-Sobolev spaces in [23]. In [13], we obtained some sufficient
and necessary conditions on y for which 7}, is bounded (or compact) from FP(3 2]?) to
Fa(i |2?) for 1 < p,q < co. Denote d = 8§+ 8 and d° = @(5 — 0). With the restriction
that dd®p ~ dd°|z|* on the weight ¢ in C", in 2012, Schuster and Varolin [22] studied the
boundedness and compactness of Toeplitz operators in terms of averaging functions and
Berezin transforms. In 2014, the corresponding problems were discussed from FP(y) to
Fi(p) for 0 < p,q < oo in [14], between FP(p) and F>*(p) for 0 < p < oo in [16]. In
2015, Oliver and Pascuas [19] characterized the boundedness and compactness of positive
Toeplitz operators on the weighted Fock space FP(¢) for 1 < p < oc.

The purpose of this work is to extend those of [13H16,19,122,23]. In Section [2} we will
give some basic estimates about the Bergman kernel. Section [3]is devoted to characterize
those 1 > 0 for which the induced operators T, are bounded (or compact) from FP(¢) to
Fi(¢) for 0 < p,q < oc.

We would like to mention that the approach in [13-16}/19,22,23] does not work well
in the present case. The research in [13,[15/19,22.23] depends strongly on the restricted
range of the exponent p, say p = 2 or 1 < p < oo, where the Banach space technique can

be applied to. Also, the proof in [14}/16] relies on two points: one is the inclusion

FP(p) C Fi(p) for 0 <p<gq;
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and the other is that Pf = f for any f € FP(p) while 0 < p < oco. However, these
two points are not available in the present case. For example, take ¢(z) = |z|*, ApdA is

doubling, but
FP()\Fi(¢) #0 and F(¢)\ FP(¢) # 0

for p # q, see |11] for details.

In what follows, we use C' to denote positive constants whose value may change from
line to line but does not depend on the functions being considered. Two quantities A
and B are called equivalent, denoted by “A ~ B”, if there exists some C such that
C'A<B<CA.

2. Some basic estimates

In this section, we are going to give some basic estimates which will be used in the following
sections.

For r > 0 and z € C, write D"(2) = D(z,rp(2)), and D(z) = D1(2) for short. By [17],
there exist some absolute constants 4 and C' > 0 such that, for z € C and w € D"(z),

. 1 _ p(w) .
. ~ < — < <Cr? .
(2.1) p(w) ~ p(z)if r <1, and o S0 S Crvifr>1

Then, for fixed r > 0 there exists some constant o > 0 such that
1
(2.2) ~p(2) < plw) < ap(2)

for z € C and w € D"(z). From (2.2) and the triangle inequality, for r > 0 we have

my = my(r), mg = ma(r) that
(2.3) D"(z) CD™"(w) and D"(w)C D™¥"(z) whenever w € D"(z).
Clearly, m; > 1 for j = 1,2. And furthermore,

(2.4) T = sup [mi(r)+ ma(r)] < oo.
0<r<1

In 2009, Marzo and Ortega-Cerda [18] obtained pointwise estimates on the Bergman
kernel K (-,-) as follows.

(A) There exist C,e > 0 such that

d(w)+¢(z) a—w|\©
A (i)

W , w,z € C.

(2.5) K (w,2)| < C

(B) There exists some 79 > 0 such that for z € C and w € D"(z), we have
Hw)+6(2)

(2.6) | K (w, 2)| ~ )
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With these two basic estimates we are going to give some lemmas. When k£ > 0 and
p =1, Lemma[2.1] is similar to Lemma 2.7 in [18].

Lemma 2.1. Given p,t > 0 and real number k, there is C > 0 such that
k —p(LW‘Y k42
p(w)¥e "\ e ) dA(w) < Cp(z)"™*, ze€C.
C

Proof. By a straightforward calculation, we have

Lotwrte ™55 aaw) </D(z)+/m(z>>”( e (55) da(w)

k & .
< [ pwraa« [ s | gy

< Cp(z)k+? +/ e’ ds/ L p(w)k dA(w)
p D(s/p)t (z)

< COp(2)F*2 + sup  p(w)FA (D(S/p)
P

(z)> e~ ds.

1
weD(s/p) T (2)

From (2.1) we know

o0 l/t o0 s k"//t+2/t
sup  p(w)FA (D(S/p) (z)> e *ds < Cp(z)k+2/ () e °ds
p

P owent/mt (z) P
— Cp(2)**2,
Therefore,
[ ot ) aa) < o
The proof is ended. ’ O

The next lemma is about the LP(¢)-norm of the Bergman kernel K(-,-). While p > 1,
Lemma [2.2| is just Proposition 2.9 in [19].

Lemma 2.2. For 0 < p < oo, we have
1K (-, 2)ll, 5 = e?Pp(2)P72, zeC.

Proof. Notice that, |K(-,-)| is symmetric in the two variables, by (2.5)) and Lemma

we obtain

e b(2) o lz=w[\€

< Cemﬁ(Z)p(Z)?—?p'

/ K (w, 2) P dA(w) < C
C

The other direction follows easily from ([2.6). The proof is completed. O



Positive Toeplitz Operators Between Different Doubling Fock Spaces 471

For p>0and z € C, set k(") = K(-,2)/|[K(-,2)l|,, to be the normalized Bergman
kernel for FP(¢).

Lemma 2.3. The set {k,,:z € C} is bounded in FP(¢), and k,, — 0 uniformly on

compact subsets of C as z — oo.
Proof. By definition, we know [|ky:||, , = 1. As that on page 869 in [17] we have n,C >0
and € (0,1) such that

1
(2.7) Gl < n(z) < Clz|?  for |z| > 1.

Write
—n(l—2) ifp<2,

B-2) ifp>2.

CcC =

Thus, Lemma [2.2]and (2.5)) yield

()] < O plas) e (0

Hence, kp . — 0 uniformly on any compact subset of C as z — 0o. The proof is completed.
O

For our later use, we need the concepts of averaging functions and Berezin transforms.
If E C C measurable, write A(E) = [, dA. For > 0 and r > 0, the average of y is
defined as

pir(2) = p(D"(2))JA(D"(2)), z€C.

Lemma 2.4. Suppose 0 < p < oo, u >0, r > 0. There exists some constant C' such that

/‘f ~0)|" d4pu(z <C/’f

P

fir(2) dA(z)

for f € H(C).
Proof. Given r > 0, from (12.2)), there is some 6 > 0 such that
XDs(z) (W) < XDr(w)(2)

for z,w € C. Checking the proof of Lemma 19 in [17] carefully, we have some C' > 0 such
that

(2.8) £z

fw)e=®w) ‘p dA(w
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for f € H(C) and z € C. Hence, Fubini’s theorem and ({2.2)) give

[ Js@eaf
C

dp(z) < C /(C m / XDi(2) (W ‘ Flw ¢(w)‘pdA(w)d,u,(z)

< [ e aaw) [ ’%";iz)du(z)

= [ |rw)e ] o) dA(w),
The proof is completed. O

Given t > 0, we set the ¢-Berezin transform of u to be
(2.9) fir(2) = /@ |kt (w) e~ dpu(w), 2 € C.

Given a measurable function f and du = f dA, we write ﬁ(z) = 11, and ﬁ = ¢ for short.
When ¢(z) = % 2|2, the t-Berezin transform is closely connected with the heat flow on C
which is very important for PDE and relative topics, see [1]. And fi9 is just the classical
Berezin transform on Fock spaces.

Given r > 0, we call a sequence {ag}r., in C is an r-lattice if {D"(ay)}, covers C
and the disks {D’”/ > (ak)} ,, are pairwise disjoint. For r > 0, the existence of some r-lattice
comes from a standard covering lemma, see |17] for details. Given an r-lattice {ay}, and
m > 0, there exists some integer N such that each z € C can be in at most N disks of
{D™" (ax)}). Equivalently,

(2.10) ZXDW (@) (2) <N for z € C,

see [12].

As usual we set the Lebesgue space LP = LP(C, dA). Similar to Lemma 2.1 of |13], we
know that both operators f +— ﬁ and f — ﬁ are bounded on LP for 1 < p < oo. That is,
if 1 <p<oo,

(2.11) ‘ 7

SO and |F < ClflL-

The following lemma, Lemma[2.5], shows the equivalence between the LP-norm of averaging

functions and t-Berezin transforms. When the weight ¢ satisfies p(-) ~ 1, this can be seen
in Lemma 2.3 of [14].

Lemma 2.5. Suppose 0 < p < oo, u > 0. Then the following statements are equivalent:
(A) pr € LP for some (or any) t > 0;

(B) ps € LP for some (or any) 6 > 0;
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(C) The sequence {ﬁr(ak)p(ak)wp}k € P for some (or any) r-lattice {ay},.

Furthermore,
(2.12) 17l o = sl = ||{r@)p(a)?} | -
Proof. First, given p € (0,00), s € R, and r-lattice {ay},, d-lattice {by}, we claim
(213) [{artapptan} | = | {asenoyeen) |
Jp Jip

To see this, for z € C set
J.={j: D) N D" (a5) # 0},

and set |.J;| to be the cardinality of .J,. Notice that {D’”/ ®(aj)}, are pairwise disjoint, and

k
there is some o > 0 such that
1 T
(2.14) &p(z) < pla;) < ap(z) and D"/5(aj) € D*10(2)

for j € J,. By A (Ujer Dr/5(aj)) < A(D?*749(2)) to know |J,| < M with some integer
M > 0 independent of z. Define

5, 1 e D) 20
’ 0 if D%(by) N D" (aj) = 0
Then, 3272, Sjk = [Jp,| < M. Symmetrically, set

L. ={k: DS N D" (2) £ 0}
We have D" (a;) C UkeLaj D%(by,). Similarly

p(br) = p(aj) for k € Lg;.

Then,
(2.15) fir(a)p(a) 20 < C Y 7 s (i) plb) 2.
]{JELaj
Therefore,
00 0o p
S din(a)Pp(a) T2 < S ST fis(br)o(be)
J=1 j=1 \k€La,

<C Z Z S elis (b )P p(by,) P H2

k=1 j=1

< CM Y fis(br) p(br) 2.
k=1
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By symmetry, we obtain ([2.13]).
Similar to that in Theorem 4.4 of |15], with (2.2)) and (2.13), we can check the equiv-

alence between (B) and (C). Moreover, for fixed §,7 > 0, we obtain

(2.16) 1Fsll Lo > (12|l 1o -

To prove (A) = (B), we take ry as in (2.6). Then

(2.17) firg (2) < Cpig(2).

From (2.16]), the conclusion (B) follows. Now we prove the implication (B) = (A). If
1 <p < o0, taking f(w) = k¢ ,(w) and ¢t = p in Lemma we know

ae(2) < Clus)(2), ze€C.
By (2.11), f — ﬁ is bounded on LP,

I7ill e < C sl , < € islzo-

Next, suppose 0 < p < 1 and fi5 € LP for some ¢ > 0. For any r-lattice {aj},, from the

proof above we have

(2.18) |{ar@et@)®r} | < Clislls

Also, we have some constant m > 1 such that

U D"(z) C D™ (ay) for z € C.
z€DT(ay)

We can divide {ax}, into J subsequence {aji},, 7 = 1,2,...,J, each {a;i}, is an

mr—lattice. From ([2.18)), we have

J oo
Zﬂmr Gk ZZ a]k a],k:)2 <C Hﬁl?“gp .

j=1k=1

Hence, Lemma (2.8), (2.5) imply

p
Il < 0920 ([ K2l e w) dA(w)

o
<Ce e (S (K a)f e O ) dA(w)
=1 Dr(a;)
p

< Ce ) p(2)2722 [ " i (a) /D ( )\K(w,z)\te—w(w)dA(w)
j=1 E
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< Cetro( Z) 2tp 2p Timr(a; /
>t ([

_ PN —t z—w|
< Cp(z)tp p g ,umr(aj)pp(aj)zp sup P( ) tpe p( p(w) ) .
j=1 weD™(ay;)

p
1K (w, 2)|" et dA(w))
"(aj)

For z € D% (a;), (2-2) implies
z—w|

p(z)tprpp(aj)Qp sup p<w)7tpe—tp< (w)> SC.
’LUGDT((IJ')

If 2 € C\ D?(a;) and w € D"(a;), (2.2) shows

ol o) (L) ()
o (lz=w] )€ —tp<w —aftp| S5 —(/2)%tp| S

. tp( s ) <e p(w) <e paz) <e o '
These, (2.2) and Lemmayield

0 . lz—w| €
/ PP S Fn(as)Ppla)®  sup pla) e 5 ) qa(z)
C j=1 wGDT(aj)
= fimela;)?pla;)* ( [+ ) p(2)P 2
j=1 D27 (ay) C\D?"(ay)
g (2wl €
x sup p(w) Pe tp( p(w)> dA(z)
weDT (ay)
s t o, )
<O i (a)? | play? + ol | 2y dA(2)
j=1 C\D?"(a;)

<C Z ﬂmT(aj)pp(aj)Q.

7j=1
Therefore,
o
IFaelle < Y Fimr(a)Pplaz)? < Cll7is 7,
j=1
The quantity equivalence comes from a carefully checking of the implication above.
The proof is completed. O

The next lemma, Lemma [2.6] is some partial result about atomic decomposition on
F7(9).

Lemma 2.6. Let {ay}, be an r-lattice. For 0 <p < oo and {\i}, € P, set

(2.19) 1) = 3 s ()l .

Then f € FP(¢) and || f]l,4 < Cl{Ax}llp-
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Proof. The proof is similar to that of Lemma 2.4 from [14]. If 0 < p < 1, Lemma gives
oo
15 5 < D el k20l 5 plan)? =2 < C A}, -
k=1

For 1 < p < o0, define F(z) = Y oy | Al p(ak)*2/pXDr(ak)(z). With the 1-Berezin trans-
form, from ([2.9) and (2.8]) we get

(@) e < Ce DN Nl pla)® P [ K (2, ap)| ) < CFi(z).
k=1

By (2.10) and the boundedness of F — Fy on L, we see
1 le < C || < CIPIL < Ol -

This completes the proof. O

3. Toeplitz operators

In this section, we are going to characterize those p > 0 for which the induced Toeplitz
operator 7T}, is bounded (or compact) from one weighted Fock space to another. To this
purpose, we need the relatively compact subsets in FP(¢). With the same proof as that
of Lemma 3.2 in [14], we know a bounded subset E C FP(¢) is relatively compact if and
only if for each € > 0 there is some S > 0 such that

TdA(2) < e.

(3.1) sup /Z|>S ‘f(z)efaﬁ(z)

fer

This observation on the compact subsets in Fock spaces is crucial to our study on the
compactness of T}, from FP(¢) to F4(¢). While 1 < p = g < oo, our result coincides with
that in [19]. But the proof in [19] strongly depends on some basic facts about compactness
of operators in the setting of Banach spaces, see |22, Proposition 4.3] as well.

When p = ¢ > 1 the following lemma, Lemma can be found in [19].

Lemma 3.1. Suppose pi > 0 satisfying jisp” € L™ for some 6 > 0 and o € R. Then T}, is
well-defined on FP(¢) for 0 < p < co. And, for R > 0, Toeplitz operator T, is compact
from FP(¢) to Fi(¢p) for 0 < p,q < oo, where ug is defined by

(3.2) ur(V)=p (V N D(0, R)) for V-C C measurable.
Proof. Suppose [isp° € L. For f € FP(¢) and z € C, from (2.8 to know

(3-3) ()| e < Cp(z) P | fl],4-
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Applying to the weight 2¢ and the holomorphic function K (-, z)f(-) to get
(3.4) 10 < C [ 1K (. 2)] 1) €0 ) dAw).
Then by Lemma

Tuf(2)] < CHpr,qﬁ||//I5pU”L°°/Cp(w)_a_z/p’K(wvz)’€_¢(w) dA(w)

< 0™ p(2) " |11isp” | oo

~ (=l

M}/ p(w)—l—a—2/p€ (p(z>) dA(w)
C

< Ce?@p(2) 7 2P ||fisp” | oo |1 £, < 00

This means that 7}, is well-defined on FP?(¢).
Next, we show the compactness of T}, ,,. To see this, we claim there are some 7, 0,¢e > 0,
such that for f € FP(¢)

q ols€
[ [fnt@e ] aa) < i, [ fme o aac)
|z[=S |2|>S

when S is large enough. In fact, there is some positive constant M, whenever |w| < R we

have
Mt <pw)<M
and R
z—wl| > z| = |w| > |z| — Zﬁisz—.
R |2 2

The estimates ([2.7) and (3.3) imply, when S is large enough,

J )TuRf<z>e—¢<z>"
21>

q
= (/ [F(w)] K (z,w)] 290 e fis (w) dA<w>> dA(z)
|21>S \ J|w|<R+5M

dA(2)

) a4

< CIFIG 17sp7 1 Lo
q

_ |z—w]| €
<[ ( / o) puw) 21 (5a7) dA(w)) dA(2)
|z|>8 |lw|<R+0M
<alfle, / 2] =171 GA(2)
T z>8

where the constant C is independent of f and S. Hence,

il = ([ ) [t s <y,
z|I< z|>
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Thus, T}, is bounded from FP(¢) to F9(¢). Suppose E is the unit ball of FP(¢), then
{Tu.f: f € E}isabounded subset in F9(¢). To prove the compactness, for € > 0, since

fooo pnat2n—1e=0r dr < 50, there exists some S large enough such that

> c €
/ pnat2n=1o=0r< g, )
S Ci+1

This implies

qu(z) < C’l/ Pt =le=0rt gp < ¢,

sup/ ’T“Rf(z)e_(b(z)
12>8 s

fer

The proof is completed. O

We are now in the position to characterize the boundedness (and the compactness)
of positive Toeplitz operators T}, from one weighted Fock space FP(¢) to another F(¢).
Because the inclusion between any two spaces FP(¢) and F9(¢) is no longer valid while p #
q, and also FP(¢) is not a Banach space with 0 < p < 1, the approach in [13-16,/19,[22}23]

does not work here.

Theorem 3.2. Let 0 < p < g < oo, and let u > 0. Then the following statements are

equivalent:
(A) T,: FP(¢p) — F4(¢) is bounded;
(B) fip? =9/ € [ for some (or any) t > 0;
(C) fisp*®P=D/(9) € L for some (or any) § > 0;
(D) The sequence {ﬁr(ak)p(ak)Q(p_Q)/(pQ)}k € > for some (or any) r-lattice {ay},.
Furthermore,
1Tl po gy o = |0
~ H{ﬁr(ak)p(akﬁ(pw)/(m)}

Proof. Tt is trivial that (D) follows from (C) because of ([2.13)), moreover

. )/(pq)HLOo ~ H%IOQ(p—q)/(m)HLO<>

kHloo'

(3.6) H{ﬁr(ak)p(aky(pfq)/(m)}kHloo < Hﬁap%pfq)/(pq)HLoo.

Estimate (2.17)) tells us that (B) implies (C) for ro with ro in (2.6). Notice that, (2.16)) is
still true for p = co. These imply

(3.7) H ﬁ5p2<p—q>/<pq>‘

~ |70 p2P=a)/(pa) < C ||y p2e—2)/ (pa)
Lo Hump HLOO H'LLtp HLOO

for all 6 > 0.
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Now we prove that (D) implies (B). By (2.2)), we have some m > 0 such that D"(z) C
D™ (a) for z € D"(a) and a € C. For any t > 0, set s = tpq/(pqg — p + q). The

inequality (2.8) tells us, for f € F*(¢),

s C /
< —
= p(a)? Jpmr(a)

ke o (w)[" p(2)? @~ 0 ~ [k, (w)]

Then from (3.8]) and - we obtain

(2)p(2) 2(p—q)/(pq)
/ g () €9 dp(w)

=y / o) =) dpa(un)
k=17 D" (ax)

(3.8) sup | f(z)e *)

z€D"(a)

By Lemma [2.2]

fw)e= | dA(w)

S

ks,z(w)e_‘ﬁ(w)

) (pq—p+q)/(pq)

o0
SZ (D"(ay)) ( sup
k=1

weDT (ay)

C'S fir(ar) play) 20—/ @) ( /

k=1 D™ (ay)
< Csup i, (ax ) p(ay)2@—0/(P) /

= kpﬂ (ak)p(ar) Z -

< CNWPI—P+0)/ (9 sup i, (ag,) plak) (p q /(pq) ks,
k

| /\

. (pg—p+9)/(pq)
ksyz(w)e*‘z’(w)‘ dA(w))

) (pq—p+q)/(pq)

e~ ) ‘S dA(w)

S¢>

This gives

(3.9) |fup?e-o@n|| < c||{ntanp(@)e-2/e0} |

Lee [0
That is, (D) implies (B).
To prove the implication from (A) to (B) we suppose the statement (A) is valid. By

Lemma (2.8) and the fact that
[ Koo (w) [ p(2)? @~ 0D o2 0P, (w) K (2, w)

we have

ﬁ2(z)p(z)2(p—q)/(pq) < Cp(z)Q/q |Tpkp,z(z)| e ()

(3.10)
C

. 1/q
Tukpvz(w)e*‘ﬁ(w)‘ dA(w)) .
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Then

(3.11) Fia (2)p(2)20 0 P < C [Tk, 5 < C Tl oy o)

This and the equivalence between (B) and (C) shows the estimate remains true
when 19 is replaced by iy for any ¢ > 0.

Now we are going to prove the implication (C) = (A). Lemma tells us that T}, is
well-defined on FP(¢). Given ¢ > 0, we first claim there is some positive constant C' such
that

(3.12) 1T, < C / 1 (w)|7 €990 G5 () dA(w)

for f € FP(¢). In fact, if ¢ > 1, (3.4) and Holder’s inequality tell us

T f(2)]7eC) < ¢ ( [ st 7@ w2 20t dA<w>>q

< c/ | f (w)]? e~ 99w ‘K w, 2)e"@e=¢(3)| dA(w)
a/q’
(/‘sz ¢ e=9G) | dA(w ))
<C / |f(w)|? e~ w>ﬁ5(w)q]K(w,z)e*qﬁ(w)efﬂ'z) (w).

Integrating both sides above, applying Fubini’s Theorem and Lemma to get (3.12]).
To deal with the case ¢ < 1, for given § > 0 we pick some r > 0 so that 72r < min {6, 1}
with 7 as in (2.4)), and let {as}, be some r-lattice. By (2.8) we know, for f € FP(¢),

T, 7)1 < (Z [ i, e du(w))
=1 T(ak)
q
< w)K (w, 2)| e~ 22 qu(w
_;(/Dr(ak)m K (w, )] " >)

SZM%)%(%)%( sup f(w)K(w,z>|e—2¢<w>> .

weDT (ag)

From ([2.8), there are some constant C' > 0 such that |7}, f(z)|? is no more than C' times

> fir(a)?plag)®? / |f ()| K (w, 2)|7 e724%) dA(w).

k=1 D7 (a)

From (2.3) and (2.4), we have D"(a;) € D™"(w) if w € D™ (a;,). This, together with
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(2.2) and ([2.10]), implies

T f(2)]* < CZ/ iz () p(w) 172 | f(w)|T K (w, 2)|7e72190) dA(w)

Tr(ak

<CN / Firzg (W) ()22 | f ()] K (w, 2)|7 72990 dA(w)

<c / s (w)p(w) 212 | f ()| | K (w, )| =209 dA(w).

Similarly, integrating both sides of the above with respect to e~ 7¢(?) dA(z) and applying
Fubini’s Theorem to get (3.12)).

Now we prove (C) < (A). Suppose (C) is true, by p < ¢, (3.12)) and (3.3)) we obtain

N ¢)q_p dA(w)

0 < / )P P ()7 (pla) 7

<CHM5/J sl Y
for f € FP(¢). Therefore, T}, is bounded from FP(¢) to F4(¢) and

(3.13) ITull o gy ooy < € Hﬂ‘;pz(piq)/(pq)HLoo '

The estimates of (3.5) come from (3.6)), (3.7), (3.9), (3.11)) and (3.13]). The proof is

ended. ]

For the compactness of T}, while p < ¢ we have the following Theorem

Theorem 3.3. Let 0 < p < g < oo, and let u > 0. Then the following statements are

equivalent:
(A) T,: FP(¢) — F9(¢) is compact;
(B) fig(2)p(2)20=0/®0) — 0 as 2 — oo for some (or any) t > 0;
(C) fis(2)p(2)2 =0/ (0 5 0 as z — oo for some (or any) § > 0;
(D) fir(ax)play)?P=0/PD) — 0 as k — oo for some (or any) r-lattice {ay.},.

Proof. The proof of the implication that “(B) = (C)” and “(C) = (D)” can be carried
out as the same part of Theorem

Now we assume 4 satisfies condition (D) for some r-lattice {aj},. Then, for ¢ > 0
there exists some integer K > 0 such that fi,(ax)p(az)??~ /P9 < ¢ whenever k > K.

Notice that, Uszl B™(ay,) is a compact subset of C, and {ks.},.c C F*(¢) uniformly
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converges to 0 on Ule B™(ay,) as z — oo, where s = tpq/(pg —p+q). From Lemma
(3.8)) and (2.10), when |z| is sufficiently large we have

Tie(2)p(z )2(p—q)/(pq)

~ [ I o) ()

< / e () €10 dpa(w0)
Ukal er(ak)

+ Z (B"(ag)) ( sup

k=K +1 weBT (ay)

. (pg—p+4q)/pq)
ks,z(w)e_‘z’(w) ‘ )

s

ks o (w)e @ dA(w)

> (rg—p+9)/pa)
<e+C Z //L\r(ak)p(ak)2(p_Q)/(PQ) (/ >
er(ak)

k=K+1

<e+C sup fir(ar)p(ar)*P 0/ P
E>K+1

(S Ll

k=K+1
< & + C NPa—r+4)/(pg) [ ye=Ce

. (pa—p+9)/(pq)
w)e~ W) ‘ dA(w))

where C' is independent of €. This yields that iz(2)p(2)2®~9/®?) — 0 as z — oo. So, p
satisfies (B) for any ¢ > 0.

To prove “(A) = (B)”, we suppose T}, is compact from FP(¢$) to F'9(¢p). Since
{kp,> : z € C} is bounded in FP(¢), {Tkp. : z € C} is relatively compact in F?(¢). By
, for any € > 0 there exists some S > 0 such that

sup/ ‘T k. (w)e ) qu(w) < el
2€C J|w|>S

When |z| is sufficiently large and w € D(z),
] > |2] = [w = 2| > |2| = p(2) > |2| = C|2° > |2)° > 5,

where 3 € (0,1) as in (2.7). Hence, D(z) C {w : |w| > S}. By (3.10), we obtain

1/q
Fia(2)p(2)20=0/ 0 < © ( [ |nbeweeo) dA<w>> < Ce
D

(2)

when |z| is sufficiently large. Hence,

lim Jig(2)p(z)2P~0/(P0) — g

Z—00

The equivalence between (B) and (C) shows the above limit is still valid if po is replaced

by p for any t > 0.
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Finally, we suppose the statement (C) is true. Set ug as (3.2). Lemma shows that
T, is compact from FP(¢) to F9(¢). And also, p — ug > 0. By (C) and (3.5)), for 6 > 0
fixed we have

1T = Turll po gy page) = H(“ = )" HLoo —0

as R — oo. Therefore, T}, is compact from FP(¢) to F'4(¢). The proof is completed.  [J

Now we are in the position to characterize the boundedness (and equivalently the

compactness) of T}, for ¢ < p.

Theorem 3.4. Let 0 < ¢ < p < o0, and let u > 0. Then the following statements are

equivalent:

(A) T,: FP(¢) — F9(¢) is bounded;

(B) T,: FP(¢) — Fi(¢) is compact;

(C) iy € LPY =9 for some (or any) t > 0;

(D) fis € LP/®=9 for some (or any) § > 0;

(E) {ﬁ,«(ak)p(ak)Q(p*q)/(pq)}k € 17/(1=9) for some (or any) r-lattice {ax},.

Furthermore,

||T,U«HFP(¢)—)FQ(¢) = ”ﬁtHLm/(pf@ = ||/75||qu/(pfq)

(3.14) N H {ﬁr(ak) p(ak)z(p@/(pq)}

kll[pra/(p—q) ’

Proof. The equivalence among the statements (C), (D) and (E) follows from Lemma
It is trivial that (B) = (A). To finish our proof, we are going to prove the implications
(A) = (E), (D) = (A) and (D) = (B).

To get (A) = (E), we borrow some idea from [14]. First, we claim that (E) is true for
r =g with 7o in (2.6). For any ro-lattice {ax}, and sequence {\}, € (7, set f as .
Lemma shows f € FP(¢) with |[f[|, , < C[[{A}gll;p- By Khinchine’s inequality and

the boundedness of T},, we have

o) Q/2
/C (Z \Akp<ak>1—2/m<k2,ak)<z>\2) e B dA(z)
k=1

<C ||TuH%p(¢)HFq(¢) ”{)‘k}kn?p .
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Meanwhile, there is

oo q/2
/ (Z \Aw(ak)lMTM(@,%)(Z«)\Q) e719C) dA(z)
k=1

> C’Z X9 p( 2+2q 2q/p / |K(w,aj)|2e‘2¢(w) dp(w) e—2a¢(aj)
Dro(ay)

> CZ A1 g () Tplag)* 20,

=1

the last inequality follows from and (2.6). Setting 8; = |A;|%, then {Bj}j.il e v/a,

Therefore,

Zﬂjum 0392 < C Tl gy oy [ 0
= ClITullbo gy ooy [{814]) 0
The duality argument shows
{ﬁm (aj)qp(aj)2_2q/p}::1 e [p/(p—a)
and
{ﬁro (aj)qp(aj>2_2q/p}j - < CNTullEr ()= pags) -

This and Lemma imply

(3.15)

{ﬂr(bj)p(b]’)Q(p_Q)/(pq) }

< ClITullpr ) pace)

I pas/(r—a)

for any r-lattice {b;}. From this, the conclusion (E) follows.
Now we prove (D) = (A). Suppose fis € LP?/ (=9 for some § > 0. By Lemma

we know {ﬁg(ak)p(ak)Q(p*q)/(pq)}k € [ for some d-lattice {aj},. Theorem |3.2| gives
figp?P=0/P0) ¢ [ which shows that T}, is well-defined on FP(¢), see Lemma Notice

that p/q > 1. By (3.12]), Holder’s inequality and Lemma we obtain

1T £ 16 < {/ (£ (w2 erem)” dA(w)}q/p {Ajﬁ(;(w)m/(p—q) dAW)}(p_q)/”

<C H/MHLM/ (p—a) Hf“;]%(b

for f € FP(¢). Hence, T, is bounded from F?(¢) to F(¢) and

(3'16) HT/iHFp(qj)_)Fq(qﬁ) < C ||/76||qu/(p7q) .
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To prove (D) = (B), we take ug as (3.2). Then p — pur > 0, and for 6 > 0 we have

([ 0 as R — oc. By (B10),

Lra/(p—q)

—0

— ‘

1T = TMR||FP(¢)—>Fq(¢>) = HT(u—uR)HFp(¢)_>Fq(¢) = H(“ — KR);

Lpa/(p—q)

whenever R — oo. Since T}, is compact from FP(¢) to F'4(¢), the operator T),: FP(¢) —

Fi(¢) is compact as well.

The norm equivalence (3.14)) comes from Lemma (3.15) and (3.16[). The proof is

completed. O
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